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1 Introduction

This work is devoted to the study of the left-invariant sub-Riemannian problem
on the group of motions of a plane. This problem can be stated as follows: given
two unit vectors vy = (cos by, sinbp), v = (cosfy,sinf;) attached respectively at
two given points (xo, o), (1,y1) in the plane, one should find an optimal motion
in the plane that transfers the vector vy to the vector vy, see Fig. 1. The vector
can move forward or backward and rotate simultaneously. The required motion
should be optimal in the sense of minimal length in the space (z,vy,0), where 0 is
the slope of the moving vector.

Y

q1 = (x17y1701)

“qo = (%0, Y0, bo)

Figure 1: Problem statement

The corresponding optimal control problem reads as follows:

& =wujcosl, §=using, 6=uo, (1.1)
q=(z,y,0) e M = Ri,y x S§,  u=(u1,uz) € R? (1.2)
Q(O) =qo = (O)O)O)a Q(tl) =q1 = (xlay1791)7 (13)

t1
l:/0 \/u? + u3 dt — min, (1.4)

or, equivalently,

1M
J = 2/0 (u? + u3) dt — min. (1.5)



This work is an immediate continuation of the previous work [8]. We use ex-
tensively the results obtained in that paper, and now we recall the most important
of them.

Problem (1.1)-(1.5) is a left-invariant sub-Riemannian problem on the group
of motions of a plane SE(2) = R? x SO(2). The normal Hamiltonian system of
Pontryagin Maximum Principle becomes triangular in appropriate coordinates on
cotangent bundle T* M, and its vertical subsystem is the equation of mathematical
pendulum:

¥=¢, ¢&=—sinny, (7,¢) € C = (25]) x R, (1.6)
j::sin%cosﬁ, y':sin%sinﬁ, éz—cos%. (1.7)

In elliptic coordinates (p, k), where ¢ is the phase, and k a reparametrized en-
ergy of pendulum (1.6), the system (1.6), (1.7) was integrated in Jacobi’s func-
tions [19]. The equation of pendulum (1.6) has a discrete group of symmetries
G = {Id,e',...,e"} = Zy x Zy x Zsy generated by reflections in the axes of co-
ordinates v, ¢, and translations (vy,c¢) — (v + 2m,¢). Action of the group G is
naturally extended to extremal trajectories (xy,v;), this action modulo rotations
is represented at Figs. 2—4.

Figure 2: Action of Figure 3: Action of Figure 4: Action of
el e® on (x4, yy) et e”on (24, yr) e®, % on (x4, yy)

Reflections €’ are symmetries of the exponential mapping Exp : N = CxRy —
M, EXp()‘at) = qt-
The main result of work [8] is an upper bound on cut time

teut = sup{t1 > 0 | ¢s is optimal for s € [0, 1]}

along extremal trajectories ¢s. It is based on the fact that a sub-Riemannian
geodesic cannot be optimal after a Maxwell point, i.e., a point where two distinct
geodesics of equal sub-Riemannian length meet one another. A natural idea is to
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look for Maxwell points corresponding to discrete symmetries of the exponential
mapping. For each extremal trajectory ¢s = Exp()\,s), we described Maxwell

times t7;(A\), i = 1,...,7, n = 1,2,..., corresponding to discrete symmetries gt
The following upper bound is the main result of work [8]:
teut(A) < t(N), reC, (1.8)

where t(A) = min(t};())) is the first Maxwell time corresponding to the group
of symmetries G. We recall the explicit definition of the function t(A) below in
Egs. (3.3)-(3.7).

In this work we obtain a complete solution to problem (1.1)—(1.5).

First we study the local optimality of sub-Riemannian geodesics (Section 2).
We show that extremal trajectories corresponding to oscillating pendulum (1.6)
do not have conjugate points, thus they are locally optimal forever. In the case of
rotating pendulum we prove that the first conjugate time is bounded from below
and from above by the first Maxwell times t;z and ti5 respectively. For critical
values of energy of the pendulum, there are no conjugate points.

In Sections 3-5 we study the global optimality of geodesics. We construct
decompositions of the preimage and image of exponential mapping into smooth
stratas of dimensions 0, ...,3 and prove that the exponential mapping transforms
these stratas diffeomorphically. As a consequence, we show that inequality (1.8)
is in fact an equality. Further, we describe explicitly the Maxwell strata and cut
locus in the problem. For some special terminal points ¢;, we provide explicit
optimal solutions. Finally, we present plots of the conjugate and cut loci, and of
sub-Riemannian spheres.

2 Conjugate points

In this section we obtain bounds on conjugate time in the sub-Riemannian problem
on SE(2), see Th. 2.6.

2.1 General facts

First we recall some known facts from the theory of conjugate points in optimal
control problems. For details see, e.g., [2,3,17].
Consider an optimal control problem of the form

¢=f(gw), q€M, uweUCcCR"™, (2.1)
q(0) = qo, q(t1) = q1, t1 fixed,
t1
J :/ w(q(t),u(t)) dt — min, (2.3)
0



where M is a finite-dimensional analytic manifold, f(q,u) and ¢(q,u) are respec-
tively analytic in (q,u) families of vector fields and functions on M depending on
the control parameter u € U, and U an open subset of R™. Admissible controls
are u(-) € Loo([0,11],U), and admissible trajectories ¢(-) are Lipschitzian. Let

hu(X) = (A, fq,w)) — (g, u), ANeT*M, q=7(A\)eM, uel,

be the normal Hamiltonian of PMP for the problem (2.1)-(2.3). Fix a triple
(u(t), ¢, q(t)) consisting of a normal extremal control u(t), the corresponding ex-
tremal A, and the extremal trajectory ¢(¢) for the problem (2.1)-(2.3).

Let the following hypotheses hold:

2

hy . )
(H1) For all A € T*M and u € U, the quadratic form %UQ (M) is negative definite.

(H2) For any A\ € T*M, the function u — hy(N), uw € U, has a mazimum point
a(X) e U:

hﬁ()\)(A) = Iglea[}( hu()\>, AeT*M.

(H3) The extremal control u(-) is a corank one critical point of the endpoint map-
ping.

(H4) All trajectories of the Hamiltonian vector field I—T(A), A€ T*M, are continued
fort € 0,400).

An instant t, > 0 is called a conjugate time (for the initial instant ¢t = 0) along
the extremal )\; if the restriction of the second variation of the endpoint mapping
to the kernel of its first variation is degenerate, see [3] for details. In this case the
point q(t.) = w(\,) is called conjugate for the initial point ¢y along the extremal
trajectory ¢(+).

Under hypotheses (H1) —(H4) , we have the following:

1. Normal extremal trajectories lose their local optimality (both strong and
weak) at the first conjugate point, see [3].

2. An instant £ > 0 is a conjugate time iff the exponential mapping Exp, =

7o ef is degenerate, see [2].

3. Along each normal extremal trajectory, conjugate times are isolated one
from another, see [17].

We will apply the following statement for the proof of absence of conjugate
points via homotopy.



Proposition 2.1 (Corollaries 2.2, 2.3 [16]). Let (u®(t), \f), t € [0, +0), s € [0,1],
be a continuous in parameter s family of normal extremal pairs in the optimal
control problem (2.1)—(2.3) satisfying hypotheses (H1) —~(H4) .

(1) Let s — t; be a continuous function, s € [0,1], tJ € (0,+00). Assume that
for any s € [0, 1] the instant t = t5 is not a conjugate time along the extremal
Af.
If the extremal trajectory ¢°(t) = ©(\Y), t € (0,tY], does not contain conju-
gate points, then the extremal trajectory ¢*(t) = w(A\}), t € (0,t1], also does
not contain conjugate points.

(2) Let for any s € [0,1] and T" > 0 the extremal A\; have no conjugate points
fort € (0,T]. Then for any T > 0, the extremal \} also has no conjugate
points for t € (0,T].

One easily checks that the sub-Riemannian problem (1.1)—(1.5) satisfies all
hypotheses (H1) —(H4) , so the results cited in this subsection are applicable to
this problem.

We denote the first conjugate time along an extremal trajectory q(t) = Exp(A, t)
as t77M(N).

2.2 Conjugate points for the case of oscillating pendu-
lum

In this subsection we assume that A € C; and prove that the corresponding ex-
tremal trajectories do not contain conjugate points, see Th. 2.1.

Using the parametrization of extremal trajectories obtained in Subsec. 3.3 [§],
we compute explicitly Jacobian of the exponential mapping:

J— 0w, yt, 0r) _ 4 7

t, o, k) k3(1—k2)(1 —k2sn2psn27) "
p=t/2, T=p+1t/2, (2.4)
Ji(7,p, k) = v sn? 7 + vy en? 7, (2.5)

v1=(1-k*)(p— E(p))(E(p) — (1 - k*p),
va = (p— E(p) )(E(p) — (1 —k*)p) + k*cnp dnp (2E(p) + (K* — 2)p)snp
+k*((E(p) —p)(E(p) — (1 —k*)p) — k*)sn’p + k*sn'p,

so that sgn J = sgn Jj.
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2.2.1 Preliminary lemmas

Lemma 2.1. For any k € (0,1) and p > 0 we have v1(p, k) > 0.

Proof. The statement follows from the relations
p P
p— E(p) = k2/ sn’tdt >0,  E(p) —(1—-k})p= k2/ ecn’tdt > 0. (2.6)
0 0
O

Lemma 2.2. For any k € (0,1), n € N, and 7 € R we have Jy(1,2Kn, k) > 0.

Proof. If p = 2Kn, n € N, then va(p, k) = (p — E(p) )(E(p) — (1 — k%)p) > 0 by
inequalities (2.6).

By virtue of Lemma 2.1 and decomposition (2.5), we obtain the inequality
Ji(m,2Kn, k) > 0. O

Lemma 2.3. V p; > 0 3k € (0,1) V k € (O,E) Vp € (0,p1) V7 € R
Jl(T,p,k)>O.

Proof. The statement of the lemma follows from the Taylor expansions:

k‘4

J1 = —16(4]92 — sin? 2p) + 0(k4), k — 0, (2.7)
1

S R R e s (2:8)

By contradiction, if the statement is not verified, then there exists a converging
sequence (Tp, Pn, kn) — (70,p0,0) such that J(7,,pn, k) < 0 for all n € N. If
po > 0, then a standard calculus argument yields contradiction with (2.7). And if
po = 0, then similarly one obtains a contradiction with (2.8). O

2.2.2 Absence of conjugate points in C}

Theorem 2.1. If A € C1, then the extremal trajectory q(t) = Exp(\,t), t > 0,
does not contain conjugate points.

Proof. We choose any N € Ci, t > 0, and prove that the extremal trajectory
q(t) = Exp(X, t) does not contain conjugate points for ¢ € (0,7 |.

Find the elliptic coordinates (E, ©) corresponding to the covector = C1 ac-
cording to Subsec. 3.2 [8], and let p = t/2, T = 3+ p. Find n € N such that
p1 = 2K (/k\)n > p. Choose the following continuous curve in the plane (k, p):

{(k%,p°) | s €[0,1]}, Kk =sk, p°=2K(K")n,

11



with the endpoints (k°,p°) = (0,7n) and (k' p') = (/k\:, 2K(7<:\)n)
Consider the following family of extremal trajectories:

~v* ={¢°(t) = Exp(p®, k% t) | t € [0,t°]}, s €]0,1],
=2 =T -p.

The endpoint ¢*(t°) of each trajectory 7*, s € [0, 1], corresponds to the values
of parameters (7,p, k) = (7,2K(k*)n, k®). Thus Lemma 2.2 implies that for any
s € 10, 1] the endpoint ¢*(t°) is not a conjugate point.

Further, Lemma 2.3 states that

Tko € (0,k) VreR Vpe(0,p1) J(r,pk)>0. (2.9)

Denote sy = ko/k € (0,1), so that k% = ko. Condition (2.9) means that the
extremal trajectory v*0 does not contain conjugate points for all ¢ € [0, t%°].

Then Proposition 2.1 yields that for any s € [so, 1], the extremal trajectory
¢*(t) does not contain conjugate points for all ¢ € [0,¢°]. In particular, the trajec-
tory q(t) = ¢'(t), t € (0,1], is free of conjugate points. O

So we proved that extremal trajectories q(t) = Exp(A,t) with A € C; (i.e.,
corresponding to oscillating pendulum) are locally optimal at any segment [0, ¢;],
t1 > 0.

2.3 Conjugate points for the case of rotating pendulum

In this subsection we obtain bounds on conjugate points in the case A € Cs.
Using the formulas for extremal trajectories of Subsec. 3.3 [8], we get:

J = a(xtvytaet) _ 4k J
8(t7¢7k) (1_k2)(1_k28n2p SHQT) &

p=1t/(2k), T=v¢+1t/(2k) = (2¢p +1)/(2k),

(2.10)
Jo=asn’7 4+ Ben’7T, (2.11)
a=(1-k)snpay, (2.12)
ay = cnp dnp(p—2E(p)) + snp(dn*p + E(p) (p — E(p))), (2.13)
B=fip)B1,  Br= cnpE(p) — dnpsnp, (2.14)

where fi(p,k) = cnp (E(p) —p) — dup snp, see Eq. (5.12) [§].

12



2.3.1 Preliminary lemmas

Recall that we denoted the first positive root of the function fi(p) by pi(k), see
Lemma 5.3 [8].

Lemma 2.4. If k € (0,1) and p = pi(k), then a(p, k) > 0.
If additionally snT #£ 0, then Jo > 0 and J < 0.

Proof. In terms of the auxiliary function

¢(p, k) = snpdnp — (2E(p) —p)cnp, (2.15)

we have a decomposition

a1 = dnpep(p) + snp E(p) (p — E(p) ). (2.16)
Let k € (0,1) and p = pi(k). Then fi(p) = 0, i.e., snpdnp = cnp(E(p) —
p).- Thus ¢(p) = ecnp(E(p) —p) — (2E(p) —p)enp = —E(p) cnp. By virtue

of Cor. 5.1 [8],we have cnp < 0, so ¢(p) > 0. Moreover, snp > 0. Then
decomposition (2.16) yields aq(p) > 0, consequently, a(p) > 0.
If additionally sn7 # 0, then it is obvious that J» > 0 and J < 0. O

Lemma 2.5. 3k € (0,1) Vke (0,k) Vpe (0,p1] a(p, k) > 0.

Proof. The statement of this lemma follows by the argument used in the proof of
Lemma 2.3 from the Taylor expansions

a = sinp(sinp — pcosp) + o(1), k— 0,
4
a:%+o(p2+k2)2, P2+ k% —0.

Lemma 2.6. V k€ (0,1) Vpe (0,2K] Bi(p, k) < 0.

Proof. Since (B1(p)/cnp) = —(1 — k?)sn?p/cen?p, the function B1(p)/cnp de-
creases at the segments p € [0, K) and p € (K, 2K].

We have 31(0) = 0, thus £1(p)/cnp <0, so B1(p) < 0 for p € (0, K).

Further, 1(K) = —v1— k2 <0.

Since f1(p)/ ecnp — 400 as p — K + 0, and (1(2K)/cn(2K) = E(2K) > 0,
we have (1(p)/cnp > 0, so f1(p) < 0 for p € (K, 2K]. O

Lemma 2.7. Let k € (0,1).

13



(1) Let snt = 0. Then Jao(7,p, k) > 0 for p € (0,p}), and Jo(7,p, k) = 0 for
1
P=Di-

(2) Let snt #0. Then Jo(T,p, k) > 0 for p € (0,pi].

Proof. Ifp € (0,p}), then fi(p, k) < 0 (Cor. 5.1 [8]), and 31 (p, k) < 0 (Lemma 2.6),

thus 6(]77 k) = fl(p7 k)ﬁl(]% k) > 0.

(1) Let snT = 0. If p € (0,p1), then Jo(7,p, k) = B(p, k) > 0. And if p = pi,
then fi(p, k) =0, thus Jo(7,p, k) = B(p, k) = 0.

(2) Let sn7 #0.

(2.a) We prove that the function ¢(p) given by (2.15) satisfies the inequality

¢(p) >0  Vpe(0,K]
First, o(p) = p3/3 + o(p?) > 0 as p — +0. Second,
(¢(p)/enp) = dn’psn*p/en’p >0 Vpe (0,K).

Thus ¢(p) > 0 for p € (0, K). And if p = K, then p(p) = V1 — k2 > 0.
(2.b) By virtue of the decomposition ¢(p) = —fi(p) — E(p)cnp, we get the
inequality ¢(p) > 0 for all p € (K, p]. We proved that

e(p) >0  Vpe(0,p]

(2.c) In view of (2.16), we obtain that a;(p) > 0 for p € (0,pi]. Then Eq. (2.12)
yields a(p) > 0 for p € (0, p}]. Finally, Eq. (2.11) gives Jo > 0 for p € (0,p}]. O

Lemma 2.8. V z € (0,1] 3 ke (0,1) Vke (0,k) Vpe (0,p1] we have
JQ(Z7P7 k) > 0.

Proof. Fix any z € (0,1]. By Lemma 2.5,
3ke(0,1) Yke(0,k) Vpe(0,pl]  alpk)>O0.

But if p € (0,pi], then p € (0,2K], thus 31 (p, k) < 0 by Lemma 2.6, so 3(p, k) > 0
by Cor. 5.1 [8].

Then the inequalities «(p, k) > 0, B(p,k) > 0 imply the required inequality
Jo(7p, k) > 0. 0

14



2.3.2 Conjugate points in C,

First we obtain a lower bound on the first conjugate time. It will play a crucial
role in the subsequent analysis of the global structure of the exponential mapping
in Sections 3, 4.

Theorem 2.2. If A\ € Cy, then t({onj()\) > 2kpi(k).

Proof. Given any A € Cy, compute the corresponding elliptic coordinates (¢, k).
If additionally we have ¢ > 0, find the corresponding parameters p = t/(2k),
7 =/k+1t/(2k) and denote z = sn?T.

We should prove that for any A € Cy the interval ¢ € (0,2kpi(k)) does not
contain conjugate times for the extremal trajectory q(t) = Exp(\,t).

Take any A! € Cy and denote the corresponding elliptic coordinates (¢!, k').
For t! = 2k1p%(k1) we denote the corresponding parameters p*, 7', z'. In order
to prove that the extremal trajectory ¢'(¢) = Exp(A\!,t) does not have conjugate
points at the interval ¢t € (0,¢!), we show that

JAS (0,]91) = J2(Zlvp7 kl) >0 = J(Zlvpakl) <0.

(1) Assume first that z' = sn?(71, k') # 0, i.e., 2! € (0,1]. We prove that in
this case
pe(0,p'] = J(='p k") <0

Consider the following continuous curve in the space (z,p, k):
(L k) s €01}, kS =sk!, p°=pi(k°).
The corresponding curve in the space (7,p, k) is
{(7%,p%, k%) | s € (0,1]}, 7% = F(am(7h, kY), k%),
and in the space (¢, p, k) is
{(t*,¢° k%) | s € (0,1]}, t* =2k°p®, ©° = (7° —p°)k".

Let A\* = (¢°,k°), s € (0,1], be the corresponding curve in Co, and consider the
continuous one-parameter family of extremal trajectories

¢°(t) = Exp(\°, 1), te[0,t°], se(0,1].

For any s € (0,1], if t = ¢, then by Lemma 2.4 we have Ja(z!, pi(k*), k*) <
0, i.e., the terminal instant ¢ = t° is not a conjugate time along the extremal
trajectory ¢°(t).

15



Further, by Lemma 2.8, for z! € (0, 1]
3ke(0,1) Yke(0,k) Vpe (0,pi(k)]  Jao(z'.p k) > 0.

Consequently, there exists sg € (0,1) such that the whole trajectory ¢*°(t), t €
(0,t°0], is free of conjugate points.

Then Propos. 2.1 implies that the trajectory ¢'(t), t € (0,t!], also does not
contain conjugate points.

We proved that if 2! # 0, then the trajectory q¢'(t) = Exp(\l,t), t € (0,t!],
does not have conjugate points.

(2) Now consider the case 2! = sn?(7!,k!) = 0. Then Lemma 2.7 states that
the terminal instant ¢ = 2k!pl (k') is a conjugate point. We prove that all the less
instants are not conjugate.

Since conjugate points are isolated one from another at each extremal trajec-
tory, there exists p < p}(k!) arbitrarily close to p}(k!) such that the corresponding
time t = 2k!p is not conjugate.

Consider the continuous curve in the space (z,p, k):

{(ze:p, k') | s €[0,6)}, 25 = szl

By item (1) of this proof, there exists ¢ > 0 such that for any s € (0,¢) the
extremal trajectory ¢*(t), t € (0,t°], t* = 2k'p, does not have conjugate points.
By Propos. 2.1, for s = 0 the initial extremal trajectory ¢°(t), t € (0,t°], also does
not contain conjugate points. The endpoint t° = 2k!p can be chosen arbitrarily
close to t! = 2k?pi (k'), so the initial extremal trajectory does not have conjugate
points for ¢ € (0,!). O

Now we obtain the final result on the first conjugate time in the domain Cy —
the following two-side bound.

Theorem 2.3. If A\ € Cs, then
2kpl (k) < t°M(N) < 4kK (k). (2.17)

Proof. We proved in Th. 2.2 that 2kpi(k) < tionj()\); moreover, if ¢ € (0, 2kp}),
then J < 0.
Let t = 4kK, then p = 2K, thus a =0, fi = p— E(p) >0, 51 = —E(p) <0,

SO
4k 4k

WJQ = WCIFT E(p) (p— E(p)) > 0.

It follows that for any A € Cs the function ¢ +— J has a root at the segment
t € [2kp}, 4k K]. Consequently, also the first root ™" € [2kpl, 4k K]. O

J=-
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One can show that the bound (2.17) can be a little bit improved. The precise
bound on the first conjugate time is

2kpi (k) < 11" (\) < y(k) = min(4kK, 2kp{" (k)), (2.18)

where p = pi* (k) is the first positive root of the equation «;(p) = 0, and the
function o is given by Eq. (2.13). One can show that (k) = 4kK for k € (0, ko]
and (k) = 2kp* (k) for [ko, 1), where ko ~ 0.909 is the unique root of the equation
2E(k) — K (k) = 0, see Proposition 11.5 [15]. Thus for k € (kg, 1) the bound (2.17)
is not exact and can be replaced by the following exact one:

2kpt (k) < £5°M(N) < 2kp$ (), ke (ko,1). (2.19)

The bound (2.17) is illustrated at Figs. 5, 6; and the bound (2.19) — at Fig. 7.
The exact bounds (2.18) are plotted at Fig. 8.

t t
KE = =R 77777 4kKF

80
6.0
75F

701
55

65

50 60F

ol
_____ _— - 2kpy

L L L L
2 4 6 8 2 4 6 8 w

2kpil

Figure 5: Plot of t<Y(¢, k), k = Figure 6: Plot of £ (¢, k), k = kg
0.8 < ko

Proposition 2.2. Let A € Cy and 7 = (2¢ + 2kpl)/(2k).
(1) If snT =0, then t<V(\) = 2kp!.

(2) If snT #0, then M ()\) € (2kp!, 4kK].

Proof. Notice first that by Th. 2.2, the interval (0,2kp}) does not contain con-
jugate times. Then items (1), (2) of this proposition follow directly from the
corresponding items of Lemma 2.7, and from Th. 2.3. O

Now we apply Proposition 2.2 to fill the gap appearing in Th. 5.3 [8].
Theorem 2.4. There holds the bound
teut(A) < t(A) viecC. (2.20)
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Figure 7: Plot of t&M(¢, k), k = Figure 8: Bounds of ¢ (i, k)
0.99 > kg

Proof. If A\ € C'\ Cy or (\,t) € No, p = pl(k), snT # 0, then Th. 5.3 [8] gives
the required bound. And if (\,t) € Na, p = pi(k), snT = 0, then the bound is
provided by Proposition 2.2 since ey (A) < £5°(X) (local optimality is lost after
or simultaneously with the global optimality). O

2.4 Conjugate points for the cases of critical energy of
pendulum

The subset C5 U C4y U Cy of the cylinder C' is the boundary of the domain C1,
see Fig. 2 [8]. Thus absence of conjugate points for the corresponding extremal
trajectories follows by limit passage from C].

Theorem 2.5. If A\ € C3 U C4 U C5, then the corresponding extremal trajectory
q(t) = Exp(A, t) does not have conjugate points for t > 0.

Proof. For any A € C3 U Cy4 U C5, there exists a continuous curve A°, s € [0, 1],
such that A\* € Cy for s € [0,1) and A' = X\. By Theorem 2.1, the trajectories
¢*(t) = Exp(\s,t), t > 0, are free of conjugate points. Then Propos. 2.1 implies
the same for the trajectory ¢'(t) = q(t). O

2.5 General bound of conjugate points

We collect the bounds on the first conjugate time obtained in the previous subsec-
tions.

Theorem 2.6. (1) If A\ e C1UC3UCyUCs5, then tionj(/\) = +o00.

(2) If X € Cyo, then t5M () € [2kp!, 4kK].
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(3) Consequently, t°™(\) > t(\) for all X € C.

3 Exponential mapping of open stratas and
cut time

In this section we prove that tcut(A) = t(A) for any A € C and describe the optimal
synthesis on an open dense subset of the state space.

3.1 Decompositions in preimage and image of expo-
nential mapping

Denote M = M \ {go}. For any point ¢ € M there exists an optimal trajectory
q(s) = Exp(A, s) such that ¢(t) = ¢, (\,t) € N. Thus the mapping Exp : N — M
is surjective. By Th. 5.4 [8], the optimal instant ¢ satisfies the inequality ¢t < t(X).
So the restriction

Exp : ]/\7—>]\/4\,
N={(\t)eN|t<t(\)},

is surjective as well.

3.1.1 Decomposition in N

Now we select open dense subsets of N such that restriction of Exp to these subsets
will turn out to be a diffeomorphism. Let

N ={(\t) €U, N; |t <t(\), snTent # 0}, (3.1)
N' ={(\t) €U N;|t=t(\) or snTcnT =0} U N4 U N,
]/\74 = ]/\7 N Ny.

We have the obvious decomposition N=NuNn (we denote by U the union of
mutually non-intersecting sets).
There hold the following implications, see [8]:

(M) ENT = t(\) =2K, T € R/(4KZ),
(A1) €Ny = t(\) =2kpi, T € R/(4K7),
(\t)e N3 = t(\) =400, TER.
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Consequently, there holds the following decomposition:

N

8
= |—|i:1Di7

where the sets D;, ¢ = 1,...,8, are defined by Table 1.

D; Dy D, Ds Dy Dy Dg Dy Dy
U oo v v 1 1 1 1
7| BK,4K) | (0,K) | (K,2K) | @K,3K) | (=K,0)| (0,K) | (K,2K) | (2K,3K)
p| (0K) | (0K) | (0K) | (0,K) | (0K) | (0,K) (0, K) (0, K)
A Cy Cy Cy Cy Cy Cy Cy Cy
| (-K,0) | (0,K) | (-K,0)| (0,K) |(K,2K)|(2K,3K) | (-3K,—2K) | (—2K,—K)
p | (0,p)) | (O,p1) | (0,p1) | (O,p1) | (O.p1) | (O,p1) (0, p1) (0, p1)
A Ccyr CIr Ccy Ccy C3t C3t C3~ Cy
7 | (=00,0) | (0,400) | (—00,0) | (0,4+00) | (—00,0) | (0,+00) (—00,0) (0, +00)
p | (0,400) | (0,400) | (0,400) | (0,+00) | (0,+00) | (0,+00) (0, 400) (0, 4+00)

Table 1: Definition of domains D;

Table 1 should be read by columns. For example, the first column means that

D = (Dl N Nl) (| (Dl N NQ) (| (Dl N N3),

DiNNy={(r,p,k) e Ny | X C?, 7€ (3K ,4K), p €

(0,K), ke (0,1)},

Dl m]\[2 = {(T7p7 k) € N2 | A€ C+7 TE (_K7 0)7 pE (O7p%)7 k€ (07 1)}7
DiN N3 ={(1,p,k) € N3 | A€ CYF, 7 € (~00,0), p € (0, +00), k = 1}.

Projections of the sets D; to the phase cylinder of the pendulum (v,c) are

shown at Fig. 9.

Lemma 3.1. Each set D;, i =1,...,8, is homeomorphic to R3.

Proof. We prove the statement only for the set Dy since all other sets D; can be
defined in the coordinates (7,p, k) by the same inequalities as Do by a shift of
origin in elliptic coordinate . Taking into account Table 1 and Eqgs. (2.4), (2.10),

we get:

Dy = (D3 N Ny) U (Dy N Ny) LU (Dy N N3),
DyN Ny ={(\Mt)eNL [ A€, ke (0,1), te(0,2K), p € (—t,—t+2K)},

DyN Ny ={(\t)e Ny | A€ Cf, ke (0,1), t € (0,2kpi), p € (—t,—t +2kK)},
DyNN3={(\t) €Ny [ A€ COYF, k=1, t € (0,+00), ¢ € (—t,+00)}.
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Figure 9: Projections of domains D; to the phase
cylinder of pendulum (257) x R}

As shown in [15], one can choose regular system of coordinates (ki, ¢, t) on the
set Do, where

ki =kfor \eCy; ki =1/kfor A€ Cy; ki =1for X € Cs.
In this system of coordinates
Dy = {V = (khwa t) ‘ kl € (0,+OO), le (Oatl(kl)a pE (_t7 _t+t2(k2))}v (32)

where t1(k1) = 2K(k1) for k1 € (0,1), t1(k1) = 4oo for k1 = 1, ti(k1) =
(2/]{1)])%(1/]?1) for k1 € (1, +OO); and tg(kl) = QK(kl) for k1 € (0, 1), tg(kil) = 400
for k1 = 1, ta(k1) = (2/k1)K(1/ky) for k1 € (1,400). The both functions
t; + (0,400) — (0,400, ¢ = 1,2, are continuous. Thus representation (3.2)
implies that the domain Dy is homeomorphic to R3. O

Consequently, all domains D; are open, connected, and simply connected.
These domains are schematically represented in the left-hand side of Fig. 10.

3.1.2 Decomposition in M

The state space of the problem admits a decomposition of the form
M=MUM,
M = {q € M | Ri(q)Ra(g)sinf # 0},
M'={q € M| Ri(q)Rz(q)sin6 = 0},

where

0
Rlzycosi—msini, Rgzxcos§+ysin§.

Further, o
M = 18_, M;,
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M; My | My | My | My | M5 | Mg | M7 | Mg
sgn(sinf) | — | — | = | = | + |+ | + | +
sgn(Ry) | + | + | — | = | — | = | + | +
sgn(Ra) | + | — | — |+ |+ | — | — | +

Table 2: Definition of domains M;

where each of the sets M; is characterized by constant signs of the functions sin 6,
Ri, Ry described in Table 2.

For example, My = {q € M |sinf < 0, R; >0, Ry > 0}. The numeration of
the sets M; is chosen so that it correspond to numeration of the sets N; (we prove
below in Th. 3.1 that each mapping Exp : N; — M; is a diffeomorphism). It is
obvious that all the sets M; are diffeomorphic to R3.

All the domains M; are contained in the set {¢ € M | 6§ # 0}. At this set 6 is
a single-valued function, and we choose the branch 6 € (0,27). Thus in the sequel
we assume that # € (0,27) on the sets M;. Then R;, Rz become single-valued
functions, and the last two rows of Table 2 reflect the signs of these single-valued
functions R; on the sets M;. s

The boundary M’ of the domain M decomposes into four mutually orthogonal
surfaces: two planes {6 = 0}, {# = 7} and two Moebius strips { R; = 0}, {R2 = 0},
see the right-hand side of Fig. 10, and Fig. 7 [§].

3.2 Diffeomorphic properties of exponential mapping

Lemma 3.2. For anyi=1,...,8, we have Exp(D;) C M.

Proof. We prove only the inclusion Exp(D;) C M; since the rest inclusions are
proved similarly.

Let (\,t) € D1N Ny = {(\t) € Ny | A€ CY, 7€ BK,4K), p<€ (0,K), k €
(0,1)}, see Table 1. Since A € C¥, then s; = sgn(;/2) = 1. Moreover, we have
cnpsnp dn7t > 0, thus sinf; < 0 by virtue of Eq. (5.2) [8]. So 6;/2 € (7w/2,7).
Consequently, cos(6;/2) < 0, sinf;/2 > 0 on D; N Ny, thus s3 = —1, s4 = 1 in
Eq. (5.3)—(5.6) [8]. Then we get Ry > 0 from Eq. (5.5) [8], and Ry > 0 from
Eq. (5.6) [8] and Lemma 5.2 [8]. We proved that if v € D; N Ny, then siné; < 0,
Ry >0, Ry > 0, i.e., Exp(v) € My, see Table 2. That is, Exp(D; N Ny) C M.

Since the domains D; and M; are connected, it follows that Exp(D;) C M.

O

Lemma 3.3. The restriction Exp|g is nondegenerate.
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Proof. If v = (A\,t) € N, then t < t(\). By Th. 2.6, t™(\) > t(}\), thus
t <t"™(N\) = inf{s > 0 | Exp(], s) is degenerate }. Consequently, the exponential
mapping is nondegenerate at the point (A, ). O

Lemma 3.4. For anyi=1,...,8, the mapping Exp : D; — M; s proper.

Proof. Similarly to Lemma 3.1, we can consider only the case i = 2. Let K C M
be a compact, we show that S = Exp_l(K) C D5 is a compact as well, i.e., S is
bounded and closed.

There exists € > 0 such that

|sind| > ¢, e <|Ry|,|Re| < 1/e for all ¢ € K.

(1) We show that S is bounded. By contradiction, let vy, = (kn, @n,tn) — 00
for some sequence {v,} C S. Then there exists a sequence {v,,} C SN N; for some
i=1,2,3 with v, — oo.

Let SN Ny 3 vy, = (kp,pn,tn) — oo. Then t, = 2p, € (0,K(ky)), 7 =
(pn +tn)/2 € (0,K(ky)). If ky, is separated from 1, then p,, 7, are bounded,
thus t,,, ¢, are bounded, a contradiction. Thus k, — 1 for a subsequence (we will
assume that this holds for the initial sequence).

If (yn,cn) — (£m,0), then (6¢,y¢:) — 0, thus Ry — 0, a contradiction. Thus
the sequence (v, c,) is separated from the point (&, 0).

Then there exists a sequence such that k, — 1 and ¢, — ¢ € (—o0,+00),
thus ¢, — 400, p, — 400, 7, — +oo. Then (p, — E(pn))/(knvVA) — oo,
f2(pn7 kn)/(kn\/z) — Q.

If cn(7,) is separated from zero, then R; — oo (see Eq. (5.5) [8]). And if en(7,)
is not separated from zero, then there exists a sequence such that cn(7,) — 0, thus
sn(7,) is separated from zero, then Ry — oo (see Eq. (5.6) [8]).

So the hypothesis SN Cy > vy, = (kn, @n, tn) — 00 leads to a contradiction.

Similarly the hypotheses C N C; 3 v, — 00, i = 2,3, lead to a contradiction.

Thus the set S = Exp~!(K) is bounded.

(2) We show that S is closed. Let {v,} C S, we have to prove that there
exists a subsequence v,, converging in D». By contradiction, let v, — oo or
Vp — v € 0Ds.

Consider the case vy, = (T, Pn, kn) € S N N7

If k,, — 0, then (x,y) — 0, thus R;, Ry — 0, a contradiction.

Let k, — 1. If (y,¢n) — (£m,0), then (0,y) — (0,0), thus Ry — 0, a
contradiction.

If (yn,cn) — (7, ¢) # (£m,0), then v € N3, a contradiction.

Thus k, — k € (0,1). Then 7, — 7 € [3K(k),4K (k)]. If 7 = 3K, then Ry —
0, and if 7 = 4K, then Ry — 0, a contradiction. Thus 7, — 7 € (3K (k), 4K (k)).
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Further, p, — p € [0, K(k)]. If p =10, then t = 0 and Ry, Ry — 0. If p = K,
then R; — 0. Thus p, — p € (0, K).

So (Tn, Pn, kn) — (7,p, k) € N1, a contradiction.

We proved that any sequence v, € S N N; contains a subsequence converging
in Do. Similarly one proves the same for a sequence v,, € SN N;, ¢ = 2, 3.

Thus any sequence v, € S contains a subsequence converging in Dy, thus
converging in S. So the set S = Exp 1(K) is closed. O

Theorem 3.1. For any i = 1,...,8, we have Exp(D;) C M;, and the mapping
Exp : D; — M; is a diffeomorphism.

Proof. The inclusion Exp(D;) C M; was proved in Lemma 3.2. The mapping
Exp : D; — M; is smooth, nondegenerate (Lemma 3.3), and proper (Lemma 3.4),
thus it is a covering. Since M; is simply connected, the mapping Exp : D; — M;
is a diffeomorphism. O

Lemma 3.5. Exp(Ny) = {¢ € M | Ry = Ry, =0} ={¢g e M |z =y =0},
Exp(Ns) ={¢e M |R1 =0, Ro #0, =0} ={qe M |z#0, y=0, § =0}.

Proof. Follows immediately from the corresponding formulas for extremal trajec-
tories of Subsec. 3.3 [8]. O

Lemma 3.6. Exp(N') C M’.

Proof. Follows from formulas (5.2)—(5.11) [§]. O
Theorem 3.1 implies the following statement.

Corollary 3.1. The mapping Exp : N—Misa diffeomorphism.

In view of Lemma 3.6, for any ¢ € M there exists a unique v = (\t) =
Exp~l(q) € N, A= \(q), t = t(q).~ N

The diffeomorphism Exp : N = U§:1Di - M = U§:1Mi is schematically
shown at Fig. 10.

3.3 Cut time

Theorem 3.2. For any q1 € M, let (A1, t1) = Exp~Y(q1) € N. Then the extremal
trajectory q(s) = Exp(\1, s) is optimal with q(t1) = q1.
Thus optimal synthesis on the domain M 1is given by

ui(q) = hi(\), i=1,2, (\t) =Expl(q) € N, ge M.
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Figure 10: Global structure of exponential mapping
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Proof. Let q1 € M. There exists vi = (A,t1) € N = N U N’ such that the
trajectory ¢(s) = Exp(A1, s) is optimal and ¢(¢1) = Exp(v1) = ¢;. By Lemmas 3.5
and 3.6, we have v; € N. By Cor. 3.1, there exists a unique v; € N such that
Exp(v1) = 1. So q(s) = Exp(A1,s) is a unique optimal trajectory coming to
qQ- O

In work [8] we introduced the following function t : C' — (0, +00] on the phase
cylinder of pendulum (25%) xR.=C=1°,C;

el = t(\) =2K(k), (3.3)
AeCy = t(\) = 2kpl(k), (3.4)
ANeC3 = t(\)=+oo, (3.5)
AeCy = t\)=m, (3.6)
ANeCs = t(\)=+oc. (3.7)

and proved the inequality teus(A) < t(\). Now we prove the corresponding equality.
Theorem 3.3. For any A € C we have teu(A) = t(A).

Proof. We proved the inequality tcut(A) < t(A) in Th. 5.4 [8].

(1) Consider first the generic case Ay € U3_;C;. There exists t; € (0,t(A1))
and arbitrarily close to t(A;) such that sn7 cnm # 0. Then v = (A1,t1) € N
thus ¢1 = Exp(11) € M. By Th. 3.2, the trajectory ¢(s) = Exp(A1,s), s € [0,4]
is optimal, thus t; < teug(A1).

So there exists t; € (0,t(\1)) arbitrarily close to t(A1) such that t1 < tcu(A1).
Consequently, t(A\1) < teut(A1).

We proved that tew (A1) = t(A1) for any A\ € U3, C;.

(2) If X € C4, then the extremal trajectory (z,y,0) = (0,0, £¢) is a Riemannian
geodesic for the restriction of the sub-Riemannian problem on SE(2) to the circle
{(0,0,0) | 6 € S'}. It is optimal up to the antipodal point, thus teut(\) = 7 = t()).

(3) In the case A € Cs the extremal trajectory is a line (z,y,0) = (£t,0,0),
thus it is optimal forever: teu(A) = 400 = t(A). O

9
)

4 Structure of exponential mapping
at the boundary of open stratas

In this section we describe the action of the exponential mapping

EXpZN/:ﬁ\NHM,:M\\M.
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4.1 Decomposition of the set N’

Consider the following subsets of the set

N' =N\ N={(A\t) €U, N; |t =t(A) or sntcnt =0} UNyUNs:

Newt = {(N\,t) e N |t =t(N)}, (4.1)
Neonj = {(A\,t) € Na | t =t(N), snT =0}, (4.2)
NMax = Neut \ Neonj Nrest = N'\ Neut.
So we have the following decompositions:
N=NUN', N =NelUDNwst,  New = Ntax U Noonj. ~ (4.3)

In order to study the structure of the exponential mapping at the set N’, we
need further decomposition into subsets N/, i = 1,...,58, defined by Table 3.
Images of the projections

N/ n{t <t(\), snTenT =0} — {p=0}, (k,7,p) — (k,T,0),
Nn{t=t(\)} = {p=0},  (k,7,p) — (k,70),

are shown respectively at Figs. 11, 12.
Table 3 provides a definition of the sets N/; e.g., the second column of this
table means that

N ={(Mt)eN|XeC], T€(0,K), pe (0,K), ke (0,1)}.
Introduce the following index sets for numeration of the subsets N/:
I={1,...,58}, C={1,...,34}, J=1{26,28,30,32}, (4.4)
R={35,...,58}, X=C\J (4.5)
Notice that I =CUR, J C C.
Lemma 4.1. (1) We have N; N\ N} =0 for any distinct i,j € I.

(2) There are the following decompositions of subsets of the set N':

Ncut = UiECNi,a Nconj = UieJNi/7 Nrest = UieRNila
thus
Nyfax = UiEXNi/’ (46)
N’ = Ujer N, (4.7)
Proof. Both statements (1), (2) follow directly from Table 3, definitions of the sets
N’, NMax, Neus, Neonj, Nrest, and decompositions (4.3). O
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NT N | N N N N N N N
X | P %) co %) Cl Cl Cl C!
7 | (0,K) | (K,2K) | 2K, 3K) | BK,4K) | (0,K) | (K,2K) | 2K, 3K) | 3K, 4K)
» | K K K K K K K K
N Ny Ny Ny Ni, Ni; Ni, N | Ni
A Cy Cy Cy Cy Cy Cy Cy Cy
T | (3K, 4K) | (0, K) | (K,2K) | 2K,3K) | (—3K, —2K) | (—2K,—K) | (=K, 0) | (0, K)
p i i i pi i pi i i
Nj | Niz | Nig | Nig | Ngg | Ny | Nog | Nog | Nog | Nag | Nog | Nog | Nog | Nag | Nig
N COCYV [ CY Y [er[er[erer|a) oo ei e, | c,
710 | K |2K|3K| 0 | K |2K|3K|3K]| 0 | K |2K | K | 2K
p | K | K| K| K| K|K|K|K|p|p|p|p|p| n
N/ N3y [ Ngp| Nz | Nig | Nyz | Ngg | Nyg | Nip | Ny | Ny
X[ C, [C, | €0 [ ¢co [ ¢ [ ¢ | ¢ [ ¢l | ¢ [ Cf
T |—K| 0 0 K | 2Kk | 3K 0 K | 2K | 3K
plp | p [(0,K)][(0,K)(0,K)|(0,K)|(0,K)[(0,K)](0,K)](0,K)
N/ | N Nig Nig N Ni | Nip | Nig | Niy
N T | ¢ | o [ o [ oFf [ ¢ [ ¢ [ o)
T 0 0 0 0 3K 0 K | 2K
p | (0,+00) | (0,+00) | (0,+00) | (0,+00) | (0,p1) | (0,p1) | (0,p1) | (0,p1)
N/ | Nis | Nig | Ny | Ny
N ¢, | ¢ [ ¢ | g,
7| K | 2K| _K | 0
p | (0,p1) | (0,p1) | (0.p1) | (0, p7)
N/ N3y [ N3y | Nig | Ny | Njs Nis
| COlCcr ¢cv | ¢! cv Cl
t | 7 7w | (0,7) | (0,7) | (0,400) | (0,+0c0)

Table 3: Definition of sets N/
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4.2 Exponential mapping of the set NV,

In order to describe the image Exp(Nss), we will need the following function:
R2() = 2(artanh(sin(6/2)) — sin(8/2)), 6 €[0,m). (4.8)

It is obvious that R? € C*[0, ), R?(0) = 0, R?(#) > 0 for 0 € (0,7),
limg_.._o R3(0) = +oo, and
d R
do
A plot of the function R2(6) is given at Fig. 13.

(0) = 0. (4.9)

Figure 13: Plot of Ry = R}(0)

Define the following subset of the set M':
My ={qe€ M |0 ¢c (r,2n), Ry € (0,R3(2r — 0)), Ry = 0}.

Lemma 4.2. The mapping Exp : Ni; — M. is a diffeomorphism of 2-dimensional
manifolds.

To be more precise, we state that Exp(Nj;) = Mjs and EXP‘Ng, is a diffeo-
morphism of the manifold Ni; onto the manifold Mj.. Below we will write such
statements briefly as in Lemma 4.2.

Proof. Formulas (5.2)—(5.6) [8] imply that in the domain N. we have the following:

sin(f/2) = snp, cos(0/2) = —cnp, (4.10)
Ry =2(p — E(p))/k, Ry = 0. (4.11)

31



By Th. 2.6, the restriction Exp] Ny 18 nondegenerate. Thus the set Exp(V5;) is an
open connected domain in the 2- dimensional manifold

S={qeM|0¢c (m2m), R >0, Ry =0}.

On the other hand, the set Nj; is an open connected simply connected domain in

the 2-dimensional manifold

T={veN |7=0,pe(0,K), ke (0,

In the topology of T, we have

z 174,

m:{ueNlszo,
ng={veN |7t=0,
ny={veN |T=0,
ni={veN |T=0,pe€

see Fig. 14.
p
ns
™
2 N
Nno N§5
k
0 nqy 1

Figure 14: Domain N/,

1)1,

p=0, k€[0,1]},
p€[0,7/2] k =0},
p=K(k), ke[0,1)},

[0,+00), k=1]},

2w

my

Figure 15: Domain Mj;

me={q€ M]|0 € [r2r], Rl =0, Ry =0},

We have
EXp(?’Ll):mlz{QEM‘0:27T, R1:0, R220}7
Exp(ng) =
Exp(ng) =m3={qe M |0 =m, R >0, Ry =0},
Exp(ns) =ma={qe M |0 € [r,2rn], Ry

moreover, OM}. = Ui, m;, see Fig. 15.
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(a) We show that Exp(Njs;) N M4, # 0. Formulas (4.10), (4.11) give the
following asymptotics as k — 0:

0 =21 —2p+o(1), Ry = k(p/2 — (sin2p)/4) + o(k).

There exists (p, k) close to (7/2,0) such that the corresponding point (6, Ry) is
arbitrarily close to (0,0), with # > 0, Ry > 0. Thus there exists v € N, such that
Exp(v) € Mjs.
(b) We show that Exp(Njs) # S. Formulas (4.10), (4.11) yield the following
chain:
0—2r—0 = snp—-0 = p—0 = R —0.

Thus there exists ¢ € S\ Exp(V45).

(c) We prove that Exp(N35) C Mss. By contradiction, suppose that there
exists a point q; € Exp(NN45) \ Mj5. Since the mapping Exp| N is nondegenerate,
we can choose this point such that ¢; € Exp(Nig) \ cl(Ms5).

Choose any point g2 € S\ cl(M35). Connect the points g1, g2 by a continuous
curve in S, and find at this curve a point g3 € S\ Exp(Ns5), g3 ¢ cl(Mj;) such that
there exists a converging sequence ¢" — g3, ¢" = Exp(v") € Exp(N45). Further,
there exist a subsequence v™ € Nj; converging to a finite or infinite limit. If
V" — b € Ni; then g3 = Exp(7) € int Exp(N;) by nondegeneracy of Exp\Né5, a
contradiction. If v™ — U € Nj;, then

g3 = Exp(7) € Exp(ON35) = OMz5 C cl(M3s),

a contradiction. Finally, if ™ — oo, then at this sequence k" — 1 — 0, p"™ — o0,
thus R;1(¢™) — oo, a contradiction.
Consequently, Exp(N45) C Mis.

(d) The mapping Exp : Nj; — Mj. is a diffeomorphism since Exp| Ny, 18
nondegenerate and proper, and Nj., Mj. are connected and simply connected. [

4.3 Exponential mapping of the set N,
Define the following subset of M’

M, ={qe M |6 ¢ (r,2r), R = R}(2r —0), Ry = 0}.

Lemma 4.3. The mapping Exp : Nj; — M}~ is a diffeomorphism of 1-dimensional
manifolds.
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Proof. We pass to the limit & — 1 — 0 in formulas (4.10), (4.11) and obtain for
v e Nj:

sin(f/2) = tanhp, cos(6/2) =—1/coshp, R;=2(p—tanhp), Rp=0.

This coordinate representation shows that Exp : Nj; — M} is a diffeomorphism.
O

4.4 Exponential mapping of the set i,

Before the study of Exp| NZ,» postponed till the next subsection, we need to consider
the set N4y contained in the boundary of N/,. In order to parametrize regularly
the image Exp(Njg), we introduce the necessary functions.

Recall that the function p = pl(k), k € [0,1), is the first positive root of the
function fi(p) = cup (E(p) —p) — dnp snp, see Eq. (5.11) and Cor. 5.1 [8]. Define
the function

vi(k) = am(pi(k),k),  kelo0,1). (4.12)

Lemma 4.4. (1) The number v = vi(k) is the first positive root of the function

hi(v, k) = E(v, k) — F(v,k) — V1 — k?sin® vtan v, ke [0,1).

2) v} € C™[0,1).

3) vi(k) € (n/2,7) for k € (0,1); moreover, vi(0) = 7.

5) lim,_1_ovi(k) = 7/2, thus setting vi(1) = m/2, we obtain vi € C[0,1].

(2)
(3)
(4) The function vi(k) is strictly decreasing at the segment k € [0,1).
(5)
(6)

vi(k) = m — (7/2)k? + o(k?), k — +0.

Proof. (1) follows from (4.12) since p = p} is the first positive root of the function
f1(p).

(2) follows since p} € C*°[0,1) by Lemma 5.3 [8].

(3) follows since p} € (K,2K) and pi(0) =, see Cor. 5.1 [8].
(4) We have for v € (7/2,7]:

h
Ot TP/ costo <0,
8h1 . k S
ok 1_k2(E(U7k) 1 — k?sinvtanv) < 0.
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Th L —_ for k 1).
us —— 8h1/8v<0 or ke0,1)

(5) Monotonicity and boundedness of vi(k) imply that there exists a limit
limy 1 _gvi(k) =0 € [r/2,7). If v € (7/2,7), then as k — 1 —0

hl(v%(k),k)ﬁ/ (|cost| —1/|cost|) dt — /1 —sin?Gtanv = oo,
0

which contradicts the identity hy(vi(k),k) =0, k € [0,1). Thus v = 7/2.
(6) As (k,v) — (0,7), we have hy(v,k) = v — 7 + (7/2)k? + o(k? + (v — 7)?),
thus vi(k) = 7 — (7/2)k* + o(k?), k — +0. O

A plot of the function v{ (k) is given at Fig. 16.

v | 3
Pl

Ry

Figure 16: Plot of v = vi(k) Figure 17: The curve I'y

Define the curve I'y € S = {¢g € M | 8 € (0,7), Ri > 0, Ry = 0} given
parametrically as follows:

6 = 2 arcsin(k sin v{ (k)), (4.13)
Ry = 2(F(vi(k), k) — E(vi(k), k)), kel0,1), (4.14)
see Fig. 17.

Lemma 4.5. (1) The function ksinvi(k) is strictly increasing as k € [0,1],
thus the function 6 = 0(k), k € [0,1], determined by (4.13) has an inverse
function k = ki(0), 6 € [0, ).

(2) ki € C[0, 7] NC>|0, 7).

(3) The function ki(0) is strictly increasing as 6 € [0, 7).
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(4) The curve T'y is a graph of the function
Rl:R%(a)v e [O’ﬂ-}v
Ri(0) = 2(F(vi (k). k) — E(vi (k),k)), k= ki(0). (4.15)
(5) Ri € Cl0,7]NC>(0,7).
(6) RL(0) = &/m/26%3 4 0(%?), 6 — +0.
Proof. (1) As k € [0, 1], we have:
vik) I, vilk) € [m/2,7),
sinv (k) 1, Esinvi (k) 1, 2arcsin(kvi (k) 1.

2 (2), (5) of Lemma 4.4.
3) follows from item (1) of this lemma.
(
)

(2) follows from items

(3)

(4) follows from (4.13), (4.14).
()

(6)

follows from item (2) of this lemma.
As k — 40, we have

vi(k) =7 — (7/2)k% + o(k?),  sinvi(k) = (7/2)k* + o(k?),
and for the functions (4.13), (4.14)
0 =7k>+o(k®),  Ry=(n/2)k*+ o(k?).
Thus as 8 — +0, we have
ki(0) = ¥/0/m+0o(V0),  Ri(0) = I7/20%° + o(6*/3).

Define the following subset of M’:
Mis={qe M |6 c (n,2n), Ri = R{(2r — ), Ry = 0}.

Lemma 4.6. The mapping Exp : Nj, — Mg is a diffeomorphism of 1-dimensional
manifolds.

Proof. For v € Nj; we obtain from formulas (5.7)—(5.12) [8]:
sin(6/2) = ksnp%(k) = ksinv] (k),

cos(0/2) = —dnpl(k \/1 k2 sin? v} (k),
Ry = 2(pi (k) — E(Pl(k)) = 2(F (v (k), k) — B(vi(k), k),
Ry =0.
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Thus Exp(Njs) = M. Moreover, the mapping Exp : Njg — M, decomposes
into the chain

Nag " Iy ) Mg,
(%) : k— (0 =2arcsin(ksinvi(k)), Ry = 2(F(vi(k),k) — E(vi(k),k)), Ry =0),
(%) : (6, R1, Ry) — (27 — 6, Ry, Ry).

The mapping (%) is a diffecomorphism by Lemma 4.5. Thus Exp : Njs — Mg is a
diffeomorphism. I

4.5 Exponential mapping of the set V),

Lemma 4.7. (1) The functions Ri(6), R3(0) defined in (4.15), (4.8) satisfy the
mequality
Ri(0) < Ri(0),  0€(0,m).

(2) The mapping Exp : Nl, — MY, is a diffeomorphism of 2-dimensional man-
ifolds, where

Miy={qe M|0¢c (r,2n), Ry € (R3(27 —0),R{ (21 — 0)), Ry = 0}.
Proof. We have
Ny ={ve N, |7=0, ve(0,vi(k)), ke (0,1)},
where v = am(p, k). Thus
NhycT={veN,|r=0,ve(0,n], kel0,1]},
and in the 2-dimensional topology of T’

ONgy = Uiy,

nm={veNS|r=0,v=0, kel0,1]},

ng={veNS|r=0,vel0,r], k=0},

ng={ve Ny |7=0, v=uvi(k), ke€[0,1]},

ng={veNS|r=0,vel0,7/2], k=1},
see Fig. 18.

By formulas (5.7)-(5.12) [8], the exponential mapping in the domain N/, reads
as follows:

sin(6/2) = ksinwv, cos(6/2) = -1 — kZsin? v,

Ry = 2(F(v, k) — E(v,k)), Ry = 0.
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i ns 2w PU
n2
m
2| Njo
Ty
[y = My
k V2 = My
0 ny 1 w R1
Figure 18: Domain N, Figure 19: Curves 7, and I’y
Thus

EXp(N) S:{QEM|€9€(7T,27T), R1>07 R2:0}7
Exp(ni) = Exp(na) = Po={q€ M | § =27, Ry =0, Ry =0},
(
(

Exp(ns) = Mbs =T, [y := Mg,

Exp(ng) = M47 Y2, Y2 = Mz17-

By Th. 2.6, the mapping Exp| N, is nondegenerate, thus Exp(NNf,) is an open
connected domain in S, with d Exp(NY,) C Exp(ONL,) = Ty U .

The curves 'y and 73 intersect one another at the point Py. We show that they
have no other intersection points. By contradiction, assume that the curves I's and
72 have intersection points distinct from Py, then the domain Exp(Vf,) is bounded
by finite arcs of the curves I'y and 73, i.e., there exists a point P € yoNly, P # Py,
such that 0 Exp(Nfy) = PyyeP1 U PyI'oPi. Then Exp(Vf,) does not contain the
curves 2, I'2. This is a contradiction to the diffeomorphic property of the mapping
Exp : n3g = Njy — I's = M}, and Exp : ny = Nj; — 2 = M}, see Lemmas 4.6
and 4.3 respectively.

Consequently, 72NTs = Py, and the domain Exp(N, t5) is bounded by the curves
72 L2 1 2

The equalities %(O) = +o0, %(O) = 0 (see Lemma 4.5 and Eq. (4.9))
imply that R?(0) < Ri(0) for sufficiently small § > 0. Further, the representations

Iy =Mys={qeM|0¢c (r2r), Ry = RI(2r —6), Ry =0},
72:M417:{q€M‘0€ (7T,27T), RIZR%(Z’T_Q)? RQ:O}
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imply the required inequality
R(0) < Ri(8),  6€(0,m),

and the equality Exp(Nf,) = MY,.

Since the mapping Exp : N[, — M{, is nondegenerate and proper, and the
domains N{,, M., are open, connected, and simply connected, it follows that this
mapping is a diffeomorphism. ]

The mutual disposition of the curves y9 = M), and I'y = M} is shown at
Fig. 19.

4.6 Decomposition of the set M’

Now we have the functions R?(0) < R1(6) required for definition of the following

decomposition:
M’ = U Mj, (4.16)

where the subsets M/ are defined by Table 4. Notice that some of the sets M/
coincide between themselves, unlike the sets N/, see (4.7).

The structure of decomposition (4.16) in the surfaces {# = 0}, {§ =7}, {R1 =
0}, {R2 = 0} is shown respectively at Figs. 20, 21, 22, 23.

Ry=y Ry
ML, M, M} = M}, M, = M}
Mg = M, M3 = M,
Mig M Miq = M3, M = Mz, Miz = My
R2 =T
0 0 Ry
MG = M), Mis = My,
M}, M}, M} = M} M| = M}
Figure 20: Decomposition of sur- Figure 21: Decomposition of sur-
face {6 = 0} face {0 = 7}
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NI | M7 = My | M = M| My = M| M= 3| My =M, | M, =,

0 T T s 7T (7, 2m) (0,7)

Ri| (0,400) | (—00,0) | (=00,0) | (0,400) | (Ri(27 —0),+00) | (—o0, —R{(6))
Ry | (—00,0) | (—00,0) | (0,400) | (0,+00) 0 0
M| Mis = Mj, M5 = Mg Mi; = Myy | Mig = M, | Mig = My,

0 (0,7) (7, 2m) T T T

Ry | (R}(0),+0) | (—oo, —R}(2m —0)) | (0, +00) 0 (—00,0)
R, 0 0 0 (—0,0) 0
M| Myy = My | Mys = My, M3 Mg | Myy = M3, | M, Ms,

7 7r 0 (7, 2m) (0,7) 0 (0,7) (m,2m)
Ry 0 (—00,0) |Ri(2m—6) | —Ri(#)| (0,400) | Ri(0)|—Ri(2m —0)
Ry | (0, +00) 0 0 0 0 0 0
M | Mgy = M, M3 M3 Mz, Mz Mz

7 T (7, 2m) (7, 2m) (7, 2m) (7, 2m) (0,7)
B0 ORCe-0) 0 [CRe-0.0] 0 R0
Ry 0 0 (—0,0) 0 0, +00) 0
M| M Mi, My, | My | My, | M Mg Miy

6 | (0,m) (0, ) (0,7) | (m,2m) | (0,m) 0 0 (m,2m)

Rl 0 |OR®) 0 0 0 0 0 | R(27 —0)
Ro | (—00,0)| 0 |(0,100)| © 0 | (0,+00) | (—o0,0) 0
M; Mg Miy | Mg, | Mg Mg, Mg,

7 (m,2m) (0,m) | (0,m) 0 (7, 2m) 0
Ry | —RiQ2r — 0) | —Ri(6) | Bi(6) | (=0,0) | (R§(27 — 0), Ri (27 — 0)) | (=0,0)
Ry 0 0 0 | (—00,0) 0 (0, +00)
M; Mg, Mg Mg Ms; Mg

7 (0,7) 0 (0,7) 0 (7, 2m)

Ry | (=Ri(0), —Ri(9)) | (0,+00) | (RI(6), B1(0)) | (0, +00) | (—Rj(27 — 0), —Ri(27 — 0))
Ry 0 (—00,0) 0 (0,400) 0

Table 4: Definition of sets M/
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21

My,

Mg = My,

V)5

Mg

My = My,

/
My,

/
Mg

‘ZW?/)B _ ]\4?/,4

™

My

/
My,

M3

Figure 22: Decomposition of surface {R; = 0}

V3 ]\/[1/0 = M41 Mé

‘z': MéA ]V[{ —
s

Figure 23: Decomposition of surface {Ry = 0}
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4.7 Exponential mapping of the set N,
Lemma 4.8. The mapping Exp : Nis — Mjg is a diffeomorphism of 2-dimensional
manifolds.

Proof. By formulas (5.2)—(5.6) [8], exponential mapping in the domain N, reads
as follows:

sin(0/2) = /1 —k%snp/dnp, cos(f/2) = —cnp/dnp,
Ry =0, Ry = =2fa2(p,k)/(kdnp),
where fo(p,k) = k*cnpsnp + dnp(p — E(p)) > 0 by Lemma 5.2 [8], thus
Exp(Nig) C M.
In the topology of the manifold {R; = 0}, we have:
ONks = Ul in;,
m={veN)|r=K, p=0, kc[0,1]},
na={veN|r=K, pel0,7/2], k =0},
ns={veN)|r=K, p=K, ke |0,1)},
ng={veN)|r=K, pe[0,=o0), k=1},

see Fig. 24.

Further, we have Exp(n;) = m;, i =1,...,4, where
miy={qe M|60=2r, Ry =0, Ry =0},
me={qe M |0 € r2r], R =0, Ry =0},
ms={¢qeM|0=mn, Ry =0, Ry € (—0,0]},
my={qeM|0=2n, Ry =0, Ry € (—00,0]},

see Fig. 25.

The mapping Exp : Nj; — Mj, is nondegenerate and proper, the domains
Nig, Mg are open (in the 2-dimensional topology), connected and simply con-
nected, thus it is a diffeomorphism. O

4.8 Exponential mapping of the set N/,

Lemma 4.9. The mapping Exp : Nl; — M4 is a diffeomorphism of 2-dimensional
manifolds.

Proof. The argument follows similarly to the proof of Lemma 4.8 via the following
coordinate representation of the exponential mapping in the domain N/,:

=0, Ry =—-2vV1—-k3(p—E(p))/dnp <0, Ry = —2kfi(p,k)/dnp,
where f1(p, k) = cnp (E(p)—p)—dnpsnp < 0 for p € (0,p}), see Cor. 5.1 [8]. [
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Figure 24: Domain NN, Figure 25: Domain M}

4.9 Exponential mapping of the set Nq

Lemma 4.10. The mapping Exp : Nig — Mg is a diffeomorphism of 1-dimensional
manifolds.

Proof. By formulas (5.2)—(5.6) [8], we have in the set Njg:
O=m, R =0,  Ry=-2/k(K(k)— E(K)),

and the diffeomorphic property of Exp| Nl follows as usual from its nondegeneracy
and properness, and topological properties of the sets Nig, Mig. O

4.10 Exponential mapping of the sets Ni;, N3,

Lemma 4.11. The mappings Exp : Niy — Mjs and Exp : Nj, — M}, are
diffeomorphisms of 0-dimensional manifolds.

Proof. Obvious. O

4.11 Exponential mapping of the set V|,

Lemma 4.12. The mapping Exp : N, — Mj; is a diffeomorphism of 1-dimensional
manifolds.

Proof. The statement follows as in the proof of Lemma 4.10 via the following
coordinate representation of the exponential mapping in the domain N7

0=n,  Ri=2/k(K(k)—EE), Ry=0.
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4.12 Exponential mapping of the set NV;,

Lemma 4.13. The mapping Exp : Ny, — Mby is a diffeomorphism of 2-dimensional
manifolds.

Proof. Formulas (5.7)—(5.12) [8] yield:
9:71‘, R1 = -2 1—k2 (p—E(p))/dnp|p:p%(k), RQ:O

Since 7 = K, then Lemma 2.4 gives J < 0, thus the mapping Exp| Ny, is non-
degenerate. Then the diffeomorphic property of Exp : Nj, — M. follows as
usual. O

4.13 Exponential mapping of the set N]

Lemma 4.14. The mapping Exp : N{ — M] is a diffeomorphism of 2-dimensional
manifolds.

Proof. Formulas (5.2)—(5.6) [8] yield:
0=, Ry =2(K (k) — E(k))ent /(kdnT) > 0,
Ry = —2v/1—k*(K(k) — E(k))snt /(kdnT) <0,

and the statement follows as usual since the mapping Exp| N is nondegenerate. [

4.14 Exponential mapping of the set Ny,

Lemma 4.15. The mapping Exp : Ni, — Mj, is a diffeomorphism of 2-dimensional
manifolds.

Proof. By formulas (5.7)—(5.12) [8] we get:

sin(0/2) = ksnpient /VA > 0, cos(0/2) = —dnpl /VA <0,
Ry =2(p—E(p)dnr/VA| >0, Ry=0,
b=p;

where A = 1 — k?sn?p sn? 7, and the statement follows by standard argument
since Exp] N, is nondegenerate and proper. ]
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D | N5 | Nig | N5y | Nig | Nag
e'(D) | N7 | Nig | Nig | Nig | N3y
54(D) Nig | Nig | Niy | Nay | Nog
(D) [ Ny | Nio | Nig | Naz | Ny

. 3 1 4 5 ! / / / /
Table 5: Action of €', €%, € on Nig, Ny, Niy, Niz, Nog

D | Ny | Nig D | Ngs | Ny
e2(D) | Nis | Nay e'(D) | Nz | N3,
(D) | Nig | N3y e*(D) | Ny | Nos
(D) | Nis | Ny e’ (D) | Ny | Nag
Table 6: Action of €2, ¢*, % on Table 7: Action of !, €2, €% on
Né67 N{S NE/>37 N£7

D | Mzs | Mz | My, | Mg | Mg
D) | Mgy | My | Mg | Mig | Ms,
D) MéQ MZLQ Mé4 Mél MéS
D) Mllll MéO Méﬁ Méi’) MéO

1

e
el(
e(

5

. - 1 4 5 / / / / /
Table 8: Action of ¢*, €%, € on Mgy, My, M:,, Mi;, M,

D | Mg | Mig D | Mgg | My,
e°(D) | Mg | My, e'(D) | My; | M,
e'(D) | My | M, e?(D) | My, | My
e%(D) | My, | My, e’(D) | Ms | My
Table 9: Action of €2, ¢*, €% on Table 10: Action of €', €2, €3 on
MZ/’;67 M{S Méi’w Mé?
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D | Nj| Ny D | Mj | M,

el(D) | Ny | Nis el(D) | My | Mis

e?(D) | Ni| Ny e (D) | My | My

e’(D) | N3 | Nig e’ (D) | Ms | Mg

e'(D) | Nz | N1, e'(D) | My | Mj,

e’ (D) | Ng | Nis e’ (D) | Mg | Mis

e’(D) | Ng | Ny, e’(D) | Mg | My,

e"(D) | N7 | Ny, e'(D) | Mz | Mj,
Table 11: Action of €', ..., €7 on Table 12: Action of €', ..., €7 on
N{’ N{O M{7M{0

4.15 Action of the group of reflections in the preimage
and image of the exponential mapping

In order to extend the results of the preceding subsections to all 58 pairs (N7, M),
we describe the action of the group of reflections G = {Id,e!,..., 7} on these sets.

Theorem 4.1. Tuables 5, 6, 7, 11 and 8, 9, 10, 12 define diffeomorphisms between
the corresponding manifolds N| and M.

Proof. Follows from definitions of the manifolds N/ and M (Subsections 4.1 and 4.6)
and Propositions 4.3, 4.4 [8] describing action of the reflections ¢! € G in the image
and preimage of the exponential mapping. Moreover, in the coordinates (6, Ry, Ra)

action of the reflections is described by Table 13. 0
el | &2 | & gt g’ e® g’
Ry|—R| R |—R| — 4 Ry —Ry Ry
Ry| Ry | —Ry| —Ry Ry Ry —Rs — Ry
0 0 0 0 |2n—0|2r—0 |27 —0 |27 — 0

Table 13: Action of €', ..., e" on M = {(Ry, Rs,0)}

4.16 The final result for exponential mapping
of the sets N/

Theorem 4.2. For any i € I, the mapping Exp : N} — M/ is a diffeomorphism
of manifolds of appropriate dimension 2, 1, or 0.
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Proof. For i € {35,47,26,52,36,53,18,17,27,1,10} the statement follows from
Lemmas 4.2, 4.3, 4.6, 4.7, 4.8, 4.9, 4.10, 4.12, 4.13, 4.14, 4.15 respectively.

For ¢ € {33,34} the statement was proved in Lemma 4.11.

For all the rest i the statement follows from the above lemmas and Th. 4.1
since the reflections ¢! € G are symmetries of the exponential mapping, see Pro-

pos. 4.5 [8]. O

4.17 Reflections ¥ as permutations

In addition to the index sets I, C, J, R, X introduced in (4.4), (4.5), we will need
also the set

T={@G,j)elxI|i<j, MZ':MJ’}
From the definition of the sets M/ in Subsec. 4.6 we obtain the explicit represen-
tation:

T ={(1,6), (2,5), (3,8), (4,7), (9,10), (11,12), (13,14), (15,16),
(17,23), (18,22), (19,21), (20,24), (25,27), (29,31), (33,34)}.

Notice that X ={ie I |3jel : (i,j) € T or (j,i) € T}.

Now we show that reflections e € G permute elements in any pair (i, j) € T

We will need multiplication Table 14 in the group G, which follows from def-
initions of the reflections ¥ (Sec. 4 [8]). The lower diagonal entries of the table
are not filled since G is Abelian.

el e?|ed|et|e®|eb]er
el lId|ed|e?|ed|et|e" | e
g2 Id|el |||t &
g3 Id | " |8 | & | &t
et Id|et|e?]|&?
g’ Id | &3 | €2
56 Id 51
e’ Id

Table 14: Multiplication table in the group G
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Lemma 4.16. For any (i,j) € T there exists a reflection e¥ € G such that the
following diagram is commutative:

Exp Exp

Nj —= M;] (A 1) ——a
aki ild skl lld
’ Exp / k Exp
Nj _— Mj ()\ s t) —qt

Proof. From definitions of the sets N/ (Subsec. 4.1) and the reflections e (Sec. 4 [8]),
Tables 5, 6, 7, 11, 14 and Propos. 4.5 [8], we obtain the following indices k of re-
quired symmetries e for pairs (i, ;) € T*

(1,7) € {(1,6), (2,5), (3,8), (4,7), (17,23), (19,21)} = k=15,

(i,7) € {(9,10), (15,16), (11,12), (13,14), (25,27), (29,31)} = k=2,
(i,7) € {(33,34), (18,22), (20,24)} = k=4

5 Solution to optimal control problem

In this section we present the final results of this study of the sub-Riemannian
problem on SE(2).

5.1 Global structure of the exponential mapping

We say that a mapping F' : X — Y is double if any point y € Y has exactly two
preimages:
VyeY Fl(y) = {1, 22}, 1 # 9.

Theorem 5.1. (1) There is the following decomposition of preimage of the ex-
ponential mapping Exp : N — M:

N=NuN',

N =L, D;,

N" = Nnax U Neonj U Nrest,
Nntax = Uiex Ny,

Neonj = Uies N,

Nrest = UierNj,
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and in the image of the exponential mapping:
M=MUDM,
M =18, M;,
M/ == MMax ( Mconj L Mrest7
Mytax = UiEXMi/?
M{NM;#0,i<j = (i,5)eT, {ij}CX,
(i,j) €T = M=Mj,
Mconj = l—liGJMilv
Miest = UiERMi/’

—

(2) In terms of these decompositions the exponential mapping Exp : N—-M
has the following structure:

Exp : D; — M; is a diffeomorphism ¥V i =1,...,8, (5.1)
Exp : N/ — M/ is a diffeomorphism ¥ i € I. (5.2)
Thus
Exp : N—Misa bijection,
Exp : Nyvax — Myax @5 a double mapping,

Exp : Neonj — Mconj 15 a bijection,

N N N N
or ov ot o
IR RS
AR NN

Exp : Nyest — Miest s a bijection.

(3) Any point q € M (q € Mconj, ¢ € Myest) has a unique preimage v = Exp~(q)
for the mapping Explﬁ : N — M. Moreover, v € N (resp., v € Nconj,
Ve Nrest)-

(4) Any point q € Mypax has exactly two preimages {1/, 1"} = Exp~*(q) for the
mapping Exp|g : N — M. Moreover, V',v" € Nyax and V" = ek for
some €F € G.

Proof. Equalities in item (1) follow immediately from definitions of the correspond-
ing decompositions.

(2) Property (5.1) was proved in Th. 3.1, and property (5.3) is its corollary, with
account of item (1). Property (5.2) was proved in Th. 5.2, and properties (5.4)—
(5.6) are its corollaries, with account of item (1).

(3) The statement follows from (5.3), (5.4), (5.5), (5.6), with account of item
(1).

(4) The statement follows from (5.4), (5.5), (5.6), and Lemma 4.16. O

49



5.2 Optimal synthesis

Theorem 5.2. Let g € M.

(1) Let q € MU Meonj U Myes; = ]\/4\\ Myfax. Denote v = (\t) = Exp !(q) €
NU Neonj U Nyest = N \ NMax- Then gs = Exp(A, s), s € [0,t], is the unique
optimal trajectory connecting qo with q. If q € MU Miest, then t < t(\); if
q € Meonj, then t = t(X) =t ()).

(2) Let ¢ € Myjax. Denote {V/,v"} = Exp (¢) C Nyax, V' = (N, t) # V' =
(N')t). Then there exist exactly two distinct optimal trajectories connecting
qo and q; namely, ¢, = Exp(N,s) and ¢ = Exp(\’,s), s € [0,t]. Moreover,
t=1t(\) <t7"M(N).

(3) An optimal trajectory qs = Exp(\, s) is generated by the optimal controls
wi(s) = hi(Xs),  As =€), i=1,2.

Thus

wn(s) = sin(rs/2),  ua(s) = — cos(y/2),
where s is the solution to the equation of pendulum 45 = — sin~y, with the
initial condition (yo,%0) = A.

Proof. For any point g € M there exists an optimal trajectory ¢s = Exp(A,s),
s €]0,t], v = (A t) € N, such that ¢ = ¢ and ¢t < tcy(A). By Th. 5.4 [8], we have
t < t()\), thus v € N.

(1) If ¢ € M U Meonj U Myesy, then by Th. 5.1, there exists a unique v =
(A1) € N such that q = Exp(v), moreover, v € NU Neonj U Nrest. Consequently,
qs = Exp(A, s), s € [0,1], is a unique optimal trajectory connecting go with g.

The inequality ¢ < t(X) for v = (X, t) € N U Nyest, and the equality ¢ = t()\) =
11" (X) for v € Neopj follow from definitions of the sets N s Nrests Neonj-

(2) If ¢ € Myjax, then the statement follows similarly to item (1) from Th. 5.1
and definition of the set Nyjax.

(3) The expressions for optimal controls were obtained in Sec. 2 [8]. O

It follows from the definition of cut time that for any A\ € C' and t € (0, teut(N)),
the trajectory ¢(s) = Exp(],s) is optimal at the segment s € [0,¢]. For the case
of finite tcut(\), we obtain a similar statement for ¢ = tcu(A).

Theorem 5.3. Iftcu (M) < 400, then the extremal trajectory Exp(, s) is optimal
for s € [0, teut(N)].

Proof. Let teyt(A) = t(\) < +00, i.e., A € C1 UCyUCy, and let t = teyy(A). Then
(A, t) € NMax, and the statement follows from item (2) of Th. 5.2. O
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5.3 Cut locus

Now we are able to describe globally the first Maxwell set

Max = {qg € M | 3t > 0, 3 optimal trajectories ¢s # ¢., s € [0,1],
such that ¢; = ¢ = ¢},

the cut locus
Cut = {Exp(\,t) | A € C, t = teu(N)},
and its intersection with caustic (the frst conjugate locus)
Conj = {Exp(\, 1) | X € C, t = t5M(\)}.
Theorem 5.4. (1) Max = Myax,
(2) Cut = Meus,
(3) CutnConj = Mconj-

Proof. Items (1), (2) follow from Theorem 5.2 and Corollary 5.3.

(3) Let ¢ € Mconj, and let g5 = Exp(A, s), s € [0,t()), be the optimal trajectory
connecting go with ¢. Thus there are no conjugate points at the interval (0,t())).
We show that t()\) is a conjugate time.

Since ¢ = Exp(\,t(A\)) € Meonj, then (A, t(N)) € Neonj, thus A € Cy and
snt =0, p = pi(k), (k € (0,1). Then Propos. 2.2 states that t(\) = 2kp} is a
conjugate time. .

We proved that ;™ (A) = t(\). Thus Meopnj C Conj, and in view of item (2) of
this theorem we get Mconj C Cut N Conj. Now we prove that Cut N Conj C Mconj,
ie., Meye N Conj C Mop;.

Fix any point ¢ € Mcy. Then ¢ = Exp(A,t) for some (A, t) € Newt = Nypax U
Neonj- In order to complete the proof, we assume that (A, t) € Nyax and show
that ¢ ¢ Conj. Since (A, t) € Nyjax, then ¢ = t()). We prove that t < t5()).

If X € C; UCy, then t5(\) = 400 by Th. 2.6,

Let A € Cy. If snT =0, then (A, t) € Neonj, which is impossible since (A, t) €
Nuax- And if sn7 # 0, then ¢t < tionj()\) by Propos. 2.2.

The inclusion Cut N Conj C Mconj follows. O
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Theorem 5.5. The cut locus has 3 connected components:

Cut = Cutglon U Cut;- LI Cuty_, (5.7)
Cutgloh = {g € M | 0 = 7}, (5.8)
Cutf". = {ge M |0 € (—m7), Ry=0, Ry > R}(0]}. (5.9)
Cutp.={qe M |0 € (~m ), Ry=0, Ry < —R(0]}, (5.10)

where the function R} is defined by Eq. (4.15). The initial point qo is contained in
the closure of the components Cutl'gc, Cut, ., and is separated from the component
Cutglob.

Proof. By Theorems 5.4, 5.1 and Lemma 4.1, we have
Cut = Moy = EXp(Ncut) = UiGCMZ‘/'

Denote
Cqlob = {1,...,8,17,...,24,33,34},
Cro=1{13,...,16,29,...,32},
Croe=1{9,...,12,25,...,28}.
Then
UiECglosz‘/ = CUtglob> UiECIﬁCMZ{ = Cutﬂ;c, U’iECIECMi/ = Cutl:m,

and decomposition (5.7)—(5.10) follows.
The topological properties of Cutgop, Cutljg . follow from equalities (5.7)-(5.10).
O

The curve I' = Cut N Conj has the following asymptotics near the initial point
do-
Ry = Ri(0) = ¥/m/20%3 +0(6*3), 6 -0, Ry=0,
see item (5) of Lemma 4.5. This agrees with the result on asymptotics of conjugate

locus for contact sub-Riemannian structures in R obtained by A. Agrachev [1],
and J.-P. Gauthier et al [4].

5.4 Explicit optimal solutions for special terminal points

In this subsection we describe optimal solutions for particular terminal points
q1 = (z1,y1,01). Where applicable, we interpret the optimal trajectories in terms
of the corresponding optimal motion of a car in the plane.

For generic terminal points, we developed a software in computer system Math-
ematica [20] for numerical evaluation of solutions to the problem.
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N
4 N
- ~
Figure 26: Cut point for A € Cf, Figure 27: Cut point for A € Cf,
generic case (Optimal solutions for symmetric case with cusp (Opti-
0, =) mal solutions for z; # 0, y; = 0,

61:71')

541 x;#0,y1=0,0,=0
In this case v € N5, and the optimal trajectory is

xy =tsgnxy, vy =0, 6;,=0, t€0,t1], t1=|x1],
and the car moves uniformly forward or backward along a segment.
5.4.2 x,=0,y =0, |0 € (0,7)
We have v € Ny, and the optimal solution is

=0, vy =0, 0, =tsgnb, t€0,t1], t1=161],
the car rotates uniformly around itself by the angle 6.
543 x;=0,y1=0,0, =
We have v € Ny, and there are two optimal solutions:

e =0, =0, 6 ==t te0,t1], t1=m,

the car rotates uniformly around itself clockwise or counterclockwise by the angle
m, see Fig. 33.
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Figure 28: Cut point for A € (', sym-
metric case without cusp (Optimal so-
lutions for 1 =0, y; # 0, ; = 7)
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Figure 29: Cut point for A € Cj, Figure 30: Cut point for A € Cj,
generic case special case with one cusp

Figure 31: Cut point for A € Cy Figure 32: Cut point for A € Cs
approaching conjugate point coinciding with conjugate point
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Figure 33: Cut point for A € C; (Opti-
mal solutions for ;1 =y; =0, 6 = 7)

5.4.4 T §£ O, Yy = 0, 91 =T

There are two optimal solutions:

xy = (sgnxy)/k(t+ E(k) — E(K + t,k)), y=(s/k)(V1—Ek?>—dn(K +t,k)),
0y = ssgnxi(n/2 —am(K +t,k)), s==1, tel0,t1], t =2K,

and k € (0,1) is the root of the equation
(2/k)(K (k) — E(k)) = [21],
see Fig. 27.

5.4.5 T = 0, Y1 # 0, 01 =T

There are two optimal solutions:

zp = s(1—dn(t, k))/k, ye= (sgny1/k)(t — E(t, k)),
0; = ssgnyy am(t, k), s==+1, te[0,t1], t1=2K,
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and k € (0,1) is the root of the equation
(2/k)(K (k) — E(k)) = [y1],
see Fig. 28.

5.4.6 T = O, U1 # 0, 91 =0

There are two optimal solutions given by formulas for (x4, v, 6;) for the case A € Cy
in Subsec. 3.3 [8] for the following values of parameters:

te[0,t1], t1=2kp;(k),
with the function p}(k) defined in Lemma 5.3 [8],
so=—sgnyi, ¥ =+K(k) - pi(k),
and k € (0,1) is the root of the equation

2(pi (k) — E(pi(k), k) V1 — k2/ dn(pi(k), k)) = |y,

see Fig. 34.

Figure 34: Optimal solutions for z; = 0, y; # O,
0, =0
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5.4.7 (1'1, yl) 7é O, 01 =T

Introduce the polar coordinates z; = p; cos x1, y1 = p1sin x1. There are two opti-
mal solutions given by formulas for (z, y;, 0;) for the case A € C in Subsec. 3.3 [§]
for the following values of parameters:

t e [O,tl], t1 = QK(I{Z),
and k € (0,1) is the root of the equation
2(pi(k) — E(pi(k),k)V'1—k?/ du(py(k), k) = p1,
Slzﬂ:l, (pZS1F(7T/2—X1,k),
see Figs. 26, 27, 28. In the cases y; = 0 and x1 = 0 we get respectively the cases
considered in Subsubsecs. 5.4.4 and 5.4.5
548 y; #0,0,=0

There is a unique optimal solution given by formulas for (z,y:,6;) for the case
A € Cy in Subsec. 3.3 [8] for the following values of parameters:

S2 = —8sgnyi,
k € (0,1) and p € (0, p}(k)] are solutions to the system of equations

s(sgny1)2kfi(p, k)/ dn(p, k) = x1, s = =41,
2(p — E(p)) V1 —k?/dn(p, k) = |y1],

and

te [Oatl]a tl :2kp7 ¢:3K(k)_p

5.5 Plots of caustic, cut locus, and sub-Riemannian
spheres

Here we collect 3-dimensional plots of some essential objects in the sub-Riemannian
problem on SE(2).

Figure 35 shows the sub-Riemannian caustic in the rectifying coordinates
(R1, R2,0).

The cut locus in rectifying coordinates (R, R, 0) is presented at Fig. 36, notice
that here the horizontal planes # = 0 and 6 = 27 should be identified. Global
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Figure 35: Sub-Riemannian caustic

embedding of the cut locus to the solid torus (diffeomorphic image of the state
space M = SE(2)) is shown at Fig. 37.
Figures 38-46 present sub-Riemannian spheres

Sr={q€ M |d(q,q) = R}

of different radii R, where

d(qo,q1) = inf{l(q(+)) | q(+) trajectory of (1.1), ¢(0) = qo, q(t1) = q1}

is the sub-Riemannian distance — the cost function in the sub-Riemannian prob-
lem (1.1)—(1.5).

In this problem sub-Riemannian spheres can be of three different topological
classes. If R € (0,7), then Sg is homeomorphic to the standard 2-dimensional
Euclidean sphere S2, see Fig. 40. For R = 7 the sphere Sg is homeomorphic to
the sphere S? with its north pole N and south pole S identified: S, = S?/{N = S},
see Fig. 43. And if R > m, then Sg is homeomorphic to the 2-dimensional torus,
see Fig. 46.

Figure 38 shows the sphere S/, in rectifying coordinates (Ri, R2,0). Fig-
ure 39 represents the same sphere with a cut-out opening the singularities of
the sphere: the sphere intersects itself at the local components of the cut lo-
cus Cutlfc. Figure 40 shows embedding of the same sphere to the solid torus.
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Cut locus in rectifying coordinates

Figure 36:

(Rla R279)
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Figure 37: Cut locus: global view
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Sub-Riemannian spheres of small radii resemble the well-known apple-shaped sub-
Riemannian sphere in the Heisenberg group [18]. Although, there is a major
difference: the sphere in the Heisenberg group has a one-parameter family of sym-
metries (rotations), but the sphere in SE(2) has only a discrete group of symmetries
G = {Id,e!,... &7} (reflections).

Figures 41-43 represent similarly the sub-Riemannian sphere of the critical
radius 7. In addition to self-intersections at the local components Cutlf)c, the
sphere S; has one self-intersection point at the global component Cutgob.

Figures 44-46 show similar images of the sphere of radius 37/2. For R > =
the sphere Sk has two topological segments of self-intersection points at Cutic
respectively, and a topological circle of self-intersection points at Cutgop.

Figures 47, 47 shows intersections of the spheres S;/3, Sr, S3r/2 with the
half-spaces # < 0 and Ry > 0 respectively.

Figure 49 shows self-intersections of the wavefront

Wr ={Exp(\,R) | A € C}

for R = .
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Figure 43: Sub-Riemannian sphere S;, global view
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Figure 47: Sub-Riemannian hemi-spheres S5, Sr,
8377/2 for 8 <0
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Figure 49: Wavefront W, with cut
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6 Conclusion

The solution to the sub-Riemannian problem on SE(2) obtained in this paper and
the previous one [8] is based on a detailed study of the action of the discrete
group of symmetries of the exponential mapping. This techniques was already
partially developed in the study of related optimal control problems (nilpotent
sub-Riemannian problem with the growth vector (2,3,5) [11-14] and Euler’s elastic
problem [15,16]). The sub-Riemannian problem on SE(2) is the first problem in
this series, where a complete solution was obtained (local and global optimality,
cut time and cut locus, optimal synthesis). We believe that our approach based
on the study of symmetries will provide such complete results in other symmetric
invariant problems, such as the nilpotent sub-Riemannian problem with the growth
vector (2,3,5), the ball-plate problem [6], and others.

The sub-Riemannian problem on the group of rototranslations SE(2) appeared
recently as an important model in robotics [7] and vision [5,9]. We expect that
our results can be applied to these domains.
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