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Abstract. The paper describes an approach to monochrome image in-
painting by completing damaged isophotes (level lines of brightness) by
optimal curves for the left-invariant sub-Riemannian problem on the
group of rototranslations (motions) of a plane SE(2). The approach and
the algorithm for computation of completing isophotes are presented in
detail.
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1 Image inpainting, neurogeometry of vision and
sub-Riemannian geometry

The task of restoring damaged or latent images is one of actual problems in
computer graphics, photo restoration, film and painting. A number of methods
were suggested to solve this problem, many of which are based on advanced
mathematical techniques, in particular, on the application of the calculus of
variations and optimal control [2–5].

This paper is based on provisions a new direction of neuroscience — neuroge-
ometry [6,7], as well as on recent results of sub-Riemannian geometry [8–10]. On
the basis of results of these studies were developed an algorithm and a parallel
software to restore monochrome binary or halftone images represented as series
of isophotes (level lines of brightness).

1.1 Neurogeometry of vision

An important recent discovery of neurophysiology is a geometric structure cor-
responding to the primary visual cortex of the human brain. The primary visual
cortex performs a primary (preceding any treatment) perception of visual infor-
mation by the human brain. It was established [6,7] that in order to save images,
the primary cortex simulates the contact structure {(x, y, p)} = D×RP 1 on the
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surface of the retina D ⊂ R2. Here, the tangent element p is the slope of the
curve y(x) at the point x. It turned out that for effective imaging, for the human
brain it is profitable to keep a contour not as a set of successive points (xi, yi),
but as a set of strokes (xi, yi, pi), in the limit — in the form of a continuous
curve (x(t), y(t), p(t)), p = dy/dx. If part of the curve is damaged or hidden
from observation, the missing arc is restored on the basis of the following varia-
tional principle: the restored arc should have minimum Euclidean length in the
space of contact elements (x, y, θ), θ = arctan p:∫ √

ẋ2 + ẏ2 + θ̇2 dt→ min . (1)

(If the Euclidean length would be computed in the plane (x, y), then the arc
would be trivially and erroneously restored by a straight line segment). The
variational principle (1) is taken in this work as a basis of the method of restor-
ing a hidden arc. The described internal geometry of the visual cortex is one of
the main objects of study of neurogeometry of vision — a direction of neuro-
physiology which studies the geometric structure of the human brain simulating
the spatial images of the external world.

1.2 Statement of the problem of image reconstruction
and method of solution

We consider the problem of recovering a monochrome (binary of gray-scale)
image, some fragments of which are corrupted or hidden from observation. The
goal is to restore the damaged parts of the image in an anthropomorphic (natural
for a human being) way. Mathematically, the problem can be formalized as
follows. Given a domain D ⊂ R2, mutually disjoint subdomains

O1, ..., ON ⊂ D, (2)

and a function f : D \ (
⋃N
i=1Oi) → [0, 1], one should restore the function

f in the domains O1, . . . , ON . Here D is the domain of the initial image, Oi
are subdomains with corrupted image, and the function f determines the image
(brightness for gray-scale image, and for binary image it is a function, whose
level lines coincide with the curves constituting the image). We propose to re-
store the image in subdomains Oi by completing isophotes — level curves of f in
these subdomains (in the case of halftone images, the strips between the recon-
structed curves are painted according to the brightness values on these curves).
The reconstructing curves are calculated via the variational approach (1): the
constructed curve (x(t), y(t)) should minimize the distance in the space (x, y, θ),
where (x, y) are coordinates in the plane R2 and θ(t) = arctan p(t) = arctan(ẏ/ẋ)
is the slope of the tangent to the curve (x(t), y(t)). In this work we describe an
algorithm for solving the corresponding optimal control problem on the basis
of papers [8–10]. In the further work [21] is described the corresponding set of
parallel software for reconstruction of corrupted images.

Our approach seems successful under the following assumptions:
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– Isophotes of an image can be represented by level lines of a smooth function
f : D → [0, 1],

– The function f has no critical points in the corrupted subdomains O1, . . . ,
ON ⊂ D,

– Information on intersection points of level lines of f with boundaries of Oi
can be effectively extracted from the image.

We believe that under these assumptions the proposed method can be success-
fully used in combination with other methods of image inpainting.

2 Reconstruction of isophotes via variational approach

Consider a smooth flat curve AB = {(x(t), y(t)) | t ∈ [a, b]}. Suppose that a
part of this curve CD = {(x(t), y(t)) | t ∈ [c, d]} is hidden from observation or
damaged. To restore the curve CD, construct the tangent TC to the curve AC at
the point C and the tangent TD at the point D, see Fig. 1. Denote by θc, θd the
slope of the tangents TC , TD. The required curve CD = {(x(t), y(t)) | t ∈ [c, d]}
should start at the point C with the slope θc, terminate at the point D with the
slope θd, and have the minimum Euclidean length in the space (x, y, θ), see (1).
The boundary conditions imply a smooth conjugation of the restored curve CD
with the known arcs AC and DB of the original curve. The original and restored
curves are shown in Fig. 2. The minimum condition (1) formalizes a natural
condition for the new curve CD: in its search, large deviations are penalized
both in the coordinates (x, y), and in the angle θ. Thus, there is minimized
a certain integral compromise between the linear and angular velocities of the
curve. Moreover, one can minimize a more general length functional reflecting
the different weights of space variables (x, y) and the angle variable θ:∫ √

ẋ2 + ẏ2 + α2 θ̇2 dt→ min, α > 0, (3)

this extension is easily performed by the change of variables

x = αx̃, y = αỹ, θ = θ̃, u1 = αũ1, u2 = ũ2. (4)

Examples of curves restored via the approach described are presented in
Figs. 3, 4.

3 Sub-Riemannian geometry
on the group of motions of a plane

Problem (1) is formalized as the following optimal control problem [14]:

ẋ = u1 cos θ, ẏ = u1 sin θ, θ̇ = u2, (5)

q = (x, y, θ) ∈M = R2
x,y × S1

θ , u = (u1, u2) ∈ R2, (6)

q(0) = q0 = (0, 0, 0), q(t1) = q1 = (x1, y1, θ1), (7)

l =
∫ t1

0

√
u2

1 + u2
2 dt→ min . (8)



4 Andrei A. Ardentov and Yuri L. Sachkov

0.5 1.0 1.5

0.4

0.8

1.0

1.2

1.4

A

C

D

B

TC

TD

Fig. 1. Boundary conditions for
restoration of the arc CD

Fig. 2. Curve AB with original and re-
stored arcs CD
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tion point
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The state space of this problem M = R2
x,y × S1

θ is naturally identified with
the group SE(2) of orientation-preserving motions (rototranslations) of a two-
dimensional plane, which is represented by 3× 3 matrices as follows:

SE(2) =


 cos θ − sin θ x

sin θ cos θ y
0 0 1

 | θ ∈ S1 = R/(2πZ), x, y ∈ R

 .

Then problem (5)–(8) is obviously reformulated as a left-invariant sub-Rieman-
nian problem on the Lie group SE(2) [14, 15]. Consider a rank 2 nonintegrable
left-invariant sub-Riemannian structure on SE(2), i.e., a rank 2 nonintegrable
left-invariant distribution ∆ on SE(2) with a left-invariant inner product 〈·, ·〉
on ∆. One can easily show that such a structure is unique, up to a constant
scalar factor in the inner product. We choose the following model for such a
sub-Riemannian structure:

∆q = span(X1(q), X2(q)), 〈Xi, Xj〉 = δij , i, j = 1, 2,
X1(q) = qE13, X2(q) = q(E21 − E12), q ∈ SE(2),

(where Eij denotes the 3×3 matrix with identity entry in row i and column j, and
zero entries elsewhere) and study the corresponding optimal control problem:

q̇ = u1X1(q) + u2X2(q), q ∈M = SE(2), u = (u1, u2) ∈ R2,

q(0) = q0 = Id, q(t1) = q1,

l =
∫ t1

0

√
u2

1 + u2
2 dt→ min .

The problem can be reformulated in robotics terms as follows. Consider a
mobile robot in the plane that can move forward and backward, and rotate
around itself (Reeds-Shepp car) [16]. The state of the robot is described by
coordinates (x, y) of its center of mass and by angle of orientation θ. Given an
initial and a terminal state of the car, one should find the shortest path from
the initial state to the terminal one, when the length of the path is measured in
the space (x, y, θ), see Fig. 5.

Problem (5)–(8) is important for diffusion equation on SE(2) [17–20].
It was shown in work [8] that problem (5)–(8) has an optimal solution for

any terminal point q1 ∈ SE(2).

3.1 Reduction of problem (5)–(8) to solving systems of equations

In this subsection we describe some results of papers [8–10] that allow us to
reduce problem (5)–(8) to solving systems of equations in elliptic functions.

Via Pontryagin Maximum Principle [11, 14], extremal trajectories in prob-
lem (5)–(8) are parameterized by points of the phase cylinder C = (2S1

γ) × Rc
of the pendulum

γ̇ = c, ċ = − sin γ. (9)
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Fig. 5. Statement of problem (5)–(8)

The family of arc-length parametrized extremal trajectories in problem (5)–(8)
is described by the exponential mapping

Exp : N →M, N = C × R+,

Exp(ν) = Exp(λ, t) = q(t), ν = (λ, t) = (γ, c, t) ∈ N.

The equation of pendulum (9) has the energy integral E =
c2

2
− cos γ ∈

[−1,+∞). Consider the following decomposition of the cylinder C into disjoint
invariant sets of the pendulum:

C =
5⋃
i=1

Ci, (10)

C1 = {λ ∈ C | E ∈ (−1, 1)},
C2 = {λ ∈ C | E ∈ (1,+∞)},
C3 = {λ ∈ C | E = 1, c 6= 0},
C4 = {λ ∈ C | E = −1} = {(γ, c) ∈ C | γ = 2πn, c = 0}, n ∈ N,
C5 = {λ ∈ C | E = 1, c = 0} = {(γ, c) ∈ C | γ = π + 2πn, c = 0}.

In work [8] were introduced elliptic coordinates (ϕ, k) on the domain C1 ∪
C2 ∪ C3 of the cylinder C, where k is a reparametrized energy, and ϕ is the
time of motion of the pendulum (9). In the elliptic coordinates the flow of the
pendulum (9) rectifies: ϕ̇ = 1, k̇ = 0. Using these coordinates we obtained the
following parametrization of extremal trajectories.

If λ = (ϕ, k) ∈ C1, then ϕt = ϕ+ t and:

cos θt = cnϕ cnϕt + snϕ snϕt,
sin θt = s1(snϕ cnϕt − cnϕ snϕt),
θt = s1(amϕ− amϕt) (mod 2π),
xt = (s1/k)[cnϕ(dnϕ− dnϕt) + snϕ(t+ E(ϕ)− E(ϕt))],
yt = (1/k)[snϕ(dnϕ− dnϕt)− cnϕ(t+ E(ϕ)− E(ϕt))].
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In the domain C2, it will be convenient to use the coordinate ψ = ϕ/k,
ψt = ϕt/k = ψ + t/k. If λ ∈ C2, then:

cos θt = k2 snψ snψt + dnψ dnψt,
sin θt = k(snψ dnψt − dnψ snψt),
xt = s2k[dnψ(cnψ − cnψt) + snψ(t/k + E(ψ)− E(ψt))],

yt = s2[k2 snψ(cnψ − cnψt)− dnψ(t/k + E(ψ)− E(ψt))].

Here and below we use Jacobi’s functions am(ϕ, k), cn(ϕ, k), sn(ϕ, k), dn(ϕ, k),
E(ϕ, k); moreover, K(k) is the complete elliptic integral of the first kind [13]. If
λ ∈ ∪5

i=3C1, then extremal trajectories are parameterized by elementary func-
tions [8].

Consider the following decomposition of M = SE(2) = R2
x,y × S1

θ depending
on values of the functions R1 = y cos θ2 − x sin θ

2 , R2 = x cos θ2 + y sin θ
2 :

M̃ = {q ∈M | R1(q)R2(q) sin θ 6= 0},

M̃ = ∪8
i=1Mi, Mi ∩Mj = ∅ ∀ i 6= j,

M ′ = {q ∈M | R1(q)R2(q) sin θ = 0},

where each of the sets Mi is determined by constant signs of the functions sin θ,
R1, R2 described in Table 1.

Mi M1 M2 M3 M4 M5 M6 M7 M8

sgn(sin θ) − − − − + + + +

sgn(R1) + + − − − − + +

sgn(R2) + − − + + − − +

Table 1. Definition of domains Mi

Preimage of the exponential mapping is the Cartesian product N = C×R+.
In [9, 10] was obtained a global description of the cut time

tcut(λ) = sup{t1 > 0 | qs is optimal for s ∈ [0, t1]}, λ ∈ C,

along extremal trajectories of problem (5)–(8). In work [10] were defined the sets

M̂ = M \ {q0}, N̂ = {(λ, t) ∈ N | t ≤ tcut(λ)}.

Since for any q1 ∈M an optimal control exists, then the mapping Exp : N̂ → M̂
is surjective; although, it has multiple (Maxwell) points, thus it is not injective.
Further, in works [9, 10] were defined an open dense subset Ñ ⊂ N̂ , and its
decomposition into disjoint subsets Ñ = ∪8

i=1Di, such that the exponential
mapping has the following global structure:

Exp : Ñ → M̃ and all Exp : Di →Mi are diffeomorphisms. (11)
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4 Algorithm for image inpainting

This section describes the algorithm GlobalSolve of restoring images via the
variational principle (3) on the basis of results described in the previous section.
The general structure of the algorithm is presented in Fig. 6. From the top to
the bottom, GlobalSolve consists of the following subalgorithms:

– RestoreDomain restores corrupted isophotes in a subdomain Ok, k = 1, . . . ,
N (2), see Subsec. 4.4,

– FindRoot numerically evaluates parameters that determine a corrupted iso-
phote (x(t), y(t)) from its boundary conditions q1 = (x1, y1, θ1) (7), see Sub-
sec. 4.2,

– Solver solves a system of 3 algebraic equations in 3 elliptic functions

Exp(ν) = q1, q1 ∈Mi, ν ∈ Di (12)

for its root ν ∈ Di ∩ Cj , j ∈ {1, 2}, see Subsec. 4.1,
– RemoveCusp aims to remove cusps at optimal trajectories (x(t), y(t)) by ap-

propriate change of the parameter α (3), see Subsec. 4.3.

The algorithm GlobalSolve was realized by a parallel software
OptimalInpainting described in [21].

GlobalSolve

RestoreDomain

Fig. 6. General structure of the algorithm

4.1 Algorithm Solver for solving system of equations (12)

Input: q1 ∈ Mi, initial ∈ {true, false}, j ∈ {1, 2}, i ∈ {1, . . . , 4}, ν ∈
Di ∩ Cj .
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Output: ν ∈ Di ∩ Cj .
Performed actions: The algorithm searches numerically for an approximate
root ν ∈ Di ∩ Cj of system (12) with a prescribed accuracy ε. The variable
ν is both an input parameter (initial approximation of the root in the case
initial = true) and an output parameter (the root found).
Constants of the algorithm: maxiteration, maxiterrnd ∈ N, ε > 0.

Steps of the algorithm:

1. If initial = true, then go to step 3.
2. Initial approximation ν is selected randomly in the subdomain Di ∩ Cj .
3. An iterative algorithm of search for an approximate root of system (12) is

started from the initial point ν. If the number of iterations of this algorithm
exceeds maxiteration, then go to step 2. If ν /∈ Di∩Cj , then go to step 2. If
the total number of iterations of the algorithm Solver exceeds maxiterrnd,
then the algorithm terminates (the root was not found).

4. If |Exp(ν)− q1| < ε, then the algorithm terminates and returns the value of
the root ν.

4.2 Algorithm FindRoot for computing an optimal trajectory of
problem (5)–(8)

Input: q1 ∈M , initial ∈ {true, false}, j ∈ {1, 2}, ν ∈ Cj .
Output: j ∈ {1, 2}, ν ∈ Cj .
Performed actions: The algorithm finds numerically a root ν of system (12)
and the number j of the domain Cj such that ν ∈ Cj . The parameter α (4) is
set equal to 1. The variables ν and j are both input parameters (initial approx-
imation of the root and the number of the domain which contains this root in
the case initial = true) and output parameters (the root found).

Steps of the algorithm:

1. The number i of the domain Mi such that q1 ∈Mi is computed by Table 1.
2. If initial = true, then go to step (j + 2), i. e., 3 or 4.
3. The algorithm Solver is run with the parameters q1, initial, i, j = 1, ν.

If the root is found, then the algorithm terminates successfully, otherwise
initial := false.

4. The algorithm Solver is run with the parameters q1, initial, i, j = 2, ν.
If the root is found, then the algorithm terminates successfully, otherwise
initial := false and go to step 3.

Given a root ν = (λ, t1) of system (12), the corresponding optimal trajectory
of problem (5)–(8) is q(t) = Exp(λ, t), t ∈ [0, t1]. Although, optimal trajectories
of problem (5)–(8) may have cusps (see Fig. 5), which seems not appropriate
for isophotes of images being reconstructed. One can often remove cusps by
changing the parameter α (4), see Subsec. 4.3.
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4.3 Algorithm RemoveCusp for removal of cusps on isophotes

Input: q1 = (x1, y1, θ1) ∈M .
Output: α > 0, j ∈ {1, 2}, ν ∈ Cj .
Performed actions: The algorithm searches for a value of α > 0 such that the
optimal trajectory (x(t), y(t)) of the problem (5)–(7) with the cost functional

lα =
∫ t1

0

√
u2

1 + α2 u2
2 dt→ min (13)

has no cusps. The new problem (5)–(7), (13) is reduced to the original prob-
lem (5)–(8) by the change of coordinates (4).
Constants of the algorithm: ∆α = 0.1,

αinit = 0.6
π − |θ1 − π|+ 0.7 |y1|

|x1+0.2|

0.05 +
√
x2

1 + y2
1

+ 0.2.

Steps of the algorithm:

1. Initial values of α := αinit, initial := false are set.
2. (xα, yα) := (αx1, αy1).
3. The algorithm FindRoot is run with the parameters (xα, yα, θ1), initial,
j, ν.

4. If the root ν computed by FindRoot corresponds to a curve (x(t), y(t)) with-
out cusps (i.e., ẋ2(t)+ ẏ2(t) 6= 0), then the algorithm terminates successfully.

5. initial := true, α := α+∆α and go to step 2.

Examples of recovered images with and without cusps are given in Figs. 7
and 8. These images were obtained respectively without and with change of the
parameter α.

The diffeomorphic property (11) of the mapping Exp is used in this algorithm:
close points in the preimage of the exponential mapping are transformed by Exp
to close points in its image. The same property (11) is used below in the algorithm
RestoreDomain, see Subsec. 4.4.

4.4 Algorithm RestoreDomain for computing isophotes in a corrupted
domain

Input: k ∈ N.
Output: text file outputs<k>.
Performed actions: The number k corresponds to the input file inputs<k>
which contains coordinates of endpoints q1 of all isophotes for the corrupted
domain Ok ⊂ D (2). The algorithm finds all the parameters for restoring these
isophotes and writes them to the file outputs<k>.

Steps of the algorithm:
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Fig. 7. Recovered image with cusps Fig. 8. Recovered image without cusps

1. initial := false.
2. The input data q1 = (x1, y1, θ1) for the current isophote is read from the file

inputs<k>. If the file is empty, then the algorithm terminates.
3. If initial = true, then α0 := α + sign(α − αinit)∆α and the algorithm

FindRoot is run with the parameters (α0x1, α0y1, θ1), initial, ν, j. If
the root ν computed by FindRoot corresponds to a curve without cusps,
then the required root is found, go to step 5. Otherwise α0 := αinit +
sign(αinit − α)∆α and the algorithm FindRoot is run with the parameters
(α0x1, α0y1, θ1), initial, ν, j. If the root ν computed by FindRoot corre-
sponds to a curve without cusps, then the required root is found, go to step
5.

4. The algorithm RemoveCusp is run with the input q1.
5. The parameters α, ν, j are written to the file outputs<k>, go to step 2.

Since the calculation of the parameters for the trajectories from different
corrupted domains occurs independently, then it makes sense to evaluate them
in parallel. This was realized in a parallel software for image inpainting [21].

This paper describes in detail an approach to monochrome image inpainting
via completing damaged isophotes by sub-Riemannian length minimizers for the
left-invariant sub-Riemannian problem on the group of motions of a plane SE(2).
The approach and the algorithm presented in this work were realized by a set of
parallel software OptimalInpaiting presented in a further work [21].

The authors thank A.P.Mashtakov for participation in the work on this paper.
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