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CUT LOCUS AND OPTIMAL SYNTHESIS
IN THE SUB-RIEMANNIAN PROBLEM
ON THE GROUP OF MOTIONS OF A PLANE*

YUu.L. SACHKOV!

Abstract. The left-invariant sub-Riemannian problem on the group of motions (rototranslations) of
a plane SE(2) is considered. In the previous works [7,10], extremal trajectories were defined, their local
and global optimality were studied.

In this paper the global structure of the exponential mapping is described. On this basis an explicit
characterization of the cut locus and Maxwell set is obtained. The optimal synthesis is constructed.
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1. INTRODUCTION

This work completes the study of the left-invariant sub-Riemannian problem on the group of motions of a
plane SE(2) = R? x SO(2) started in [7,10]. In visual geometric terms, this problem can be stated as follows:
given two unit vectors vy = (cos by, sin ), v1 = (cos 1, sin ;) attached respectively at two given points (g, yo),
(z1,¥1) in the plane, one should find an optimal motion in the plane that transfers the vector vg to the vector vy,
see Fig. 1. The vector can move forward or backward and rotate simultaneously. The required motion should
be optimal in the sense of minimal length in the space (z,y,6), where 6 is the slope of the moving vector.

q1 = (xlyylyel)

‘QO == (x07 Yo, 90)

T
FIGURE 1. Problem statement
The corresponding optimal control problem reads as follows:
& =uycosl, §=uising, 6=us,, (1.1)

q:(xvyaa)eM:Ri,yxséa u:(ul,UQ)GRQ,
Q(O) =4qo = (0,0,0), Q(tl) =q1 = (xlaylagl)v

1.3
ty1
l:/ \/u? + u3 dt — min, (1.4)
0
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or, equivalently,

1M
J = 5/0 (u? 4 u2) dt — min. (1.5)

This problem has important relations to vision [5,8,9], robotics [6], and diffusion equation on SE(2) [3].

Notice that before this work a global description of the cut locus and optimal synthesis was known for left-
invariant sub-Riemannian problems on the following Lie groups only: the Heisenberg group (A.M. Vershik,
V.Y. Gershkovich [11]), and SO(3), SU(2) = S3, SL(2) (U. Boscain, F. Rossi [4]).

First we recall the main results of the previous works [7,10]. In paper [7] the normal Hamiltonian system
of Pontryagin Maximum Principle was written in a triangular form in appropriate coordinates on cotangent
bundle T*M, so that its vertical subsystem takes the form of mathematical pendulum:

¥=¢, ¢&=—sinvy, (7,0) € C = (28)) x R, (1.6)
:b:sin%cosﬂ, y:Sin%siHQ, éz—cos%. (1.7)

The phase cylinder of pendulum (1.6) decomposes into invariant subsets according to values of the energy
E =c?/2 —cosvy:

5
c=\Ja,
i=1

Ci={xeC|Ee(-1,1)}, (1.8)
Co={\AeC|FEe€(l,+00)}, (1.9)
C3={AeC|E=1, c£0}, (1.10)
Ci={NeC|E=-1}={(y,¢) € C|v=2mn, ¢c=0}, (1.11)
Cs={MeC|E=1,¢=0}={(y,0) e C|y=m+2mn, ¢c=0}. (1.12)

In the subsets Cy, Cy, Cs elliptic coordinates (i, k) that rectify the flow of the pendulum were introduced: ¢ is
the phase, and k a reparametrized energy of pendulum (1.6):

k= (E+1)/21D01U037 ]{3:\/2/(E+1)1I102

The Hamiltonian system (1.6), (1.7) was integrated in Jacobi’s functions [12]. The equation of pendulum (1.6)
has a discrete group of symmetries G = {Id,e,...,e"} = Zo X Zg X Zy generated by reflections in the axes of
coordinates 7, ¢, and translations (v, ¢) — (y+2m,c). Reflections &’ are symmetries of the exponential mapping

Exp: N=CxRy — M, Exp(\t) = ¢
The main result of work [7] is an upper bound on cut time
teut = sup{t; > 0| gs is optimal for s € [0,1]}

along extremal trajectories gs. It is based on the fact that a sub-Riemannian geodesic cannot be optimal after
a Maxwell point, i.e., a point where two distinct geodesics of equal sub-Riemannian length meet one another.
A natural idea is to look for Maxwell points corresponding to discrete symmetries of the exponential mapping.
For each extremal trajectory ¢s = Exp(},s), we described Maxwell times t7;(A), i = 1,...,7, n = 1,2,...,
corresponding to discrete symmetries €. The following upper bound was proved in work [7]:

tetA) <t()),  AeC, (1.13)



4 TITLE WILL BE SET BY THE PUBLISHER

where t(\) = min(t!; (X)) is the first Maxwell time corresponding to the group of symmetries G. We recall the
explicit definition of the function t(\) below in Eqgs. (2.1)—(2.5).

In work [10], the local optimality of sub-Riemannian geodesics was completely characterized. Extremal
trajectories corresponding to oscillating pendulum (i.e., to A € C) do not have conjugate points, thus they are
locally optimal forever. In the case of rotating pendulum (A € C2) the first conjugate time is bounded from
below and from above by the first Maxwell times tég and t;s respectively. For critical values of energy of the
pendulum, there are no conjugate points. As a consequence, the following bound was proved in Th. 2.5 [10]:

t(\) <M\, Aed. (1.14)

Also, in work [10] the global optimality of geodesics was studied. We constructed open dense domains in
preimage and image of exponential mapping and proved that the exponential mapping transform these strata
diffeomorphically. As a consequence, we showed that inequality (1.13) is in fact an equality.

In this work we obtain our further results for problem (1.1)—(1.5). We consider in detail the action of
the exponential mapping at the boundary of the 3-dimensional diffeomorphic domains. This boundary is
decomposed into smooth strata of dimension 2, 1, 0 so that restriction of exponential mapping to these strata
is a diffeomorphism (Section 2). These results provide a detailed description of the global structure of the
exponential mapping (Th. 3.1). The optimal synthesis is constructed in Th. 3.2.

In Theorems 3.4, 3.5 we characterize the global structure of the Maxwell set (the set of points ¢ connected by
more than one optimal trajectory with the initial point g), and the cut locus (the set of points where extremal
trajectories lose optimality). For each point of the Maxwell set there are exactly two optimal trajectories. The
cut locus has 3 connected components Cutfgc, Cut,, ., and Cutge,. The initial point gq is contained in the closure
of the local components Cutic, and is separated from the global component Cutgo,. The global component
admits a simple description:

Cutglob == {q = (x,y,@) (S M | 9 = 7{'}7

while the local components are subsets of the Moebius strip:
Cut. C {qg= (2,9,0) € M | xcos(8/2) = ysin(6/2) = 0}

defined by some inequalities, see Th. 3.5. Embedding of the cut locus in the solid torus is shown at Fig. 18.
In Section 4 we present explicit optimal solutions for special boundary conditions.

2. STRUCTURE OF EXPONENTIAL MAPPING AT THE BOUNDARY OF OPEN STRATA

We recall some more definitions and notation introduced in the previous works [7,10]. The function t :
C — (0,+00] on the phase cylinder of pendulum (251) x R, = C' = U}_,C; that evaluates the cut time along
sub-Riemannian geodesics Exp(\, t), t € C, is defined as follows:

AeCr = t(\) =2K(k), (2.1)
AeCy = t(\) = 2kpi(k), (2.2)
AEC; = t(A) = too, (2.3)
AeCy = th)=n, (2.4)
AeCs = t())=+oo, (2.5)
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where pi(k) is the first positive root of the equation cnp (E(p) —p) — dnp snp = 0. Here and below we use
Jacobi’s functions cn, sn, dn, E, and the complete elliptic integral of the first kind K [12]. Further,

M = M\ {ao},

N={(\t)eN|t<t(\N},

Ny =Ci xRy, i=1,...,5

N = {(\t) €U N; |t <t(N), snTecenT # 0},

N ={(\t) € U_,N; |t =t()\) or sn7 cn7 =0} UN; U N,
Ny=NnN,

M = {q € M| Ri(q)Rs(q)sin 0 # 0},

M'" = {q € M | Ri(q)Rz(q)sinf = 0},

where

0
Rlzycosif:csini, R2:$COS§+ySiH§.

Along with the coordinates (k, ¢, t), we use in the domains Ny, N, N3 also the coordinates (k, p, 7):

(M) ENTUN; = 7=2p+1)/2, p=1t/2,
(M) eENy = 17=20+1)/(2k), p=1t/(2k).

In work [10] we proved that Exp : N—Misa diffeomorphism, and that Exp(N’) € M’. In this section we
describe the action of the exponential mapping

Exp:N/:]\Af\NHM’:M\\M.

2.1. Decomposition of the set N’
Consider the following subsets of the set N':

New = {(\,8) € N [ = t(N)}, (2.6)
Neonj = {(A\,t) € Na |t =t()), snT =0},
Numax = Neut \Nconj, Nyest = N’ \ Neut.

The meaning of the subscripts in Neut, Neonj, NMax, and Nyt is the following: we will show that Exp(Nout)
is the cut locus, Exp(Numax) is the first Maxwell set, Exp(Nconj) is the intersection of the cut locus with the
conjugate locus (caustic), and Exp(Nyest) has no special meaning in this problem (so it contains all the rest
strata), see Th. 3.4. We have the following decompositions:

NZNHN’, Nl:NcutUNresh Ncut:NMaXUNconj7 (28)

here and below we denote by LI the union of disjoint sets.
In order to study the structure of the exponential mapping at the set N’, we need a further decomposition
into subsets N/, i = 1,...,58, defined by Table 1.
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N | N N; N N N; Ng Ny Ny
X | OV o v v Cl Cl Cl Cl
7 100, K) | (K,2K) | (2K,3K) | 3K, 4K) | (0,K) | (K,2K) | 2K, 3K) | (3K, 4K)
» | K K K K K K K K
N Ny Ni, Ni, N, Ni; Ni, Nis | N
A cy Cy Cy Cy Cy o Cy Cy
7 [ BK,4K) | 0, K) | (K,2K) | 2K,3K) | (3K, —2K) | (—2K, —K) | (=K,0) | (0, K)
p pi P P P P P pi P
Nj | Niz | Nig | Nig | N3g | Noq | N3g | Nog | Nog | Nos | Nog | Naz | Nag | N3g | Nig
ANV ceo ey e [clcetletlciley el [erlei|c, [ ¢,
71 0 | K |2K | 3K | 0 | K | 2K |3K |3K | 0 | K | 2K | K | —2K
p | K| K| K| K| K|K|K|K][|pi|lpilpilpilpl ] p
N/ | N3y [ Njp | Nis | Nig | Niz | Nig | Nig | Nip | Ny | Ni
NG, [C, | €V [ ¢ [ ¢ | ¢ | ¢ [ ¢ | ¢ | cf
T | —K| 0 0 K 9K | 3K 0 K 9K | 3K
p |l p | p [(0K)](0,K)](0,K)[(0,K)][(0K)](0K)]|(0K)](0K)
N/ | Ny Nis Nig Ny Niy | Nip | N | Niy
N O |- | o [ [ ¢ |6 [ ¢ |65
T 0 0 0 0 3K 0 K 2K
p | (0,+00) | (0,+00) | (0,+00) | (0,400) | (0,p1) | (0,p1) | (0,p1) | (0,p1)
N/ | Ng5 | Nig | Ny | Nig
N[ C, | ¢, [ ¢ | C,
T | K | 2K | -K 0
p | (0,p1) [ (0,p1) | (0,p1) | (0, p1)
N/ | N3z [ N3y | Nis | Niu | Nis Nis
NTCO [l eb [l [ oo 1
t T 7w | (0,m) | (0,7) | (0,400) | (0,+00)

Images of the projections

TABLE 1. Definition of sets N/

N/ n{t <t(\), snTent =0} — {p =0},
Nin{t=t(\)} — {p=0},

are shown respectively at Figs. 2, 3.
Table 1 provides a definition of the sets N/; e.g., the second column of this table means that

(k,7,p) = (K, 7,0),
(k,7,p) = (K, 7,0),

N ={(\,t)eN | xeC? 7€ (0,K), p=K, kec(0,1)}.
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U !/ / U
Vi1 Vo [Vss V54

/ / / /
7\755 N58 VS? VSG

FIGURE 2. N/ N{t <t(\), snT en7 =0}

c

Vos Ny Va6 Nig  Nor N V2 Ni,

/ ! / / / ! / /
7\729 NlG N32 N15 VSl N14 VSO N13

FIGURE 3. N/ N{t=t(\)}

Here we use the following decomposition of the sets C; into connected components:
O =ULoCl,  Cf={(1.¢) € C1 | sgn(eos(7/2)) = (1)}, i=0,1,
Co=CfuCy, CFf={(y,¢)€Cy|sgnc==+l1},
Cs = Uj(C5T U CY),
C’éi = {(y,¢) € C3 | sgn(cos(v/2)) = (—1)%, sgne=+1}, i=0,1,
Cy=Ul_oCi, Ci={(v,e)€C|y=2mi, c=0}, i=0,1,
Cs =Ul_,C:  Ci={(y,c)eC|y=m+2mi, c=0}, i=0,1.
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Introduce the following index sets for numeration of the subsets N/:

I={1,...,58}, C={1,...,34}, J=1{26,28,30,32}, (2.9)
R={35...,58}, X =C\.J (2.10)

Notice that I =CUR, J C C.

Lemma 2.1. (1) We have N; NN =0 for any distinct i,j € I.
(2) There are the following decompositions of subsets of the set N':

Ncut = UiECNz'/7 Nconj = UiEJNi/a Nrest = UiERNz',7
thus
NMax - UiEXNi/a (211)
N’ = U;e /N (2.12)

Proof. Both statements (1), (2) follow directly from Table 1, definitions of the sets N’, Nytax, Neut, Neonjs Nrests
and decompositions (2.8). O

2.2. Exponential mapping of the sets Ni., Nj., Nig, Ni,
2.2.1. Exponential mapping of the set Njg

In order to describe the image Exp(V45), we will need the following function:
R2(0) = 2(artanh(sin(6/2)) —sin(0/2)), 0 € [0, 7). (2.13)
It is obvious that R? € C*°[0,7), R?(0) = 0, R3(0) > 0 for 6 € (0,7), limp_._o R3(#) = +o0, and

d R
do

(0) = 0. (2.14)

A plot of the function R?(f) is given at Fig. 4.

FIGURE 4. Plot of Ry = R3(0)

Define the following subset of the set M’; see Fig. 6 and Fig. 14:

M ={qe M|0¢c (r,2n), Ry € (0,R?(2r —0)), Ry =0}.
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Lemma 2.2. The mapping Exp : Nj; — M} is a diffeomorphism of 2-dimensional manifolds.

To be more precise, we state that Exp(Ni;) = MJ; and Exp| ny, s a diffeomorphism of the manifold Niy
onto the manifold Mj;. Below we will write such statements briefly as in Lemma 2.2.

Proof. Formulas (5.2)—(5.6) [7] imply that in the domain N5; we have the following:
sin(/2) = snp, cos(0/2) = —cnp, (2.15)
Ry =2(p—E(p))/k, Ry =0. (2.16)

By Th. 2.5 [10] (see (1.14)), the restriction Exp|1\[é5 is nondegenerate. Thus the set Exp(IV};) is an open
connected domain in the 2-dimensional manifold

S={qeM|0e (r2m), R >0, Ry =0}
On the other hand, the set N is an open connected simply connected domain in the 2-dimensional manifold
T={v=MNt)eN1|7=0,pe (0,K), ke (0,1)}.
In the topology of T', we have
8N§5 = U?:lm,
n={veN,|r=0, p=0, ke[0,1]},
ng={venN;|7=0, pel0,7/2] k=0},

ny={veN;|7=0, p=K(k), kel0,1)},
ng={veN; |7=0, pe0,+0), k=1]},

see Fig. 5.
p 0
27 ¢y
ns
™ ma
2 N4
! m4
N2 N35
Mg
k R
0 ny 1 T ms 1
FIGURE FIGURE
5. Domain N 6. Domain M}

It follows from formulas (2.15), (2.16) that

Exp(ni) =mi ={¢e M |0=2m, Ry =0, Ry =0},

Exp(ng) =mo={q¢e M |0 € [n,27], Ry =0, Ry =0},
Exp(ns)=ms={¢e M |0=mx, R >0, Ry =0},

Exp(ng) =my ={q€ M |0 € [r,21], Ry = R?(2r — 0), Ry = 0},
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moreover, OMj; = UL m;, see Fig. 6.
Now we show that Exp(N4s) C M, and Exp : N}, — Mj; is a diffeomorphism.

(a) We show that Exp(N4s) N Mjs # (0. Formulas (2.15), (2.16) give the following asymptotics as k — 0:
0 =2m —2p+o(1), Ry =k(p/2 — (sin2p)/4) + o(k).
There exists (p, k) close to (7/2,0) such that the corresponding point (6, Ry) is arbitrarily close to (0,0), with

6 >0, Ry > 0. Thus there exists v € Nj5 such that Exp(v) € M.
(b) We show that Exp(N4;) # S. Formulas (2.15), (2.16) yield the following chain:

0—2r—0 = snp—0 = p—0 = R —0.

Thus there exists ¢ € S\ Exp(V5).

(c) We prove that Exp(N4;) C Mi.. By contradiction, suppose that there exists a point ¢; € Exp(N45)\ Mj5.
Since the mapping Exp|N§5 is nondegenerate, we can choose this point such that ¢; € Exp(Vgs) \ cl(Mi5).

Choose any point go € S\ cl(Mj5). Connect the points ¢1, g2 by a continuous curve in S, and find at
this curve a point g3 € S\ Exp(Ni5), g3 ¢ cl(Mj5) such that there exists a converging sequence ¢" — gs,
q" = Exp(v") € Exp(Nj;). Further, there exist a subsequence v € Nj. converging to a finite or infinite
limit. If v™ — U € Ni; then g3 = Exp(?) € int Exp(/N4;) by nondegeneracy of EXp|Né5, a contradiction. If
V" — U € ONJ5, then

q3 = Exp(v) € Exp(ON3;) = OMzs C cl(Ms;),

a contradiction. Finally, if #™ — oo, then at this sequence k™ — 1 — 0, p™ — oo, thus Ri(¢™) — oo, a
contradiction.

Consequently, Exp(N35) C Mjs.

(d) The mapping Exp : Nj; — M. is a diffeomorphism since Exp| NI is nondegenerate and proper, and
Nis, M. are connected and simply connected. O

2.2.2. Exponential mapping of the set Nj;
Define the following subset of M’, see Fig. 14:
M, ={qe M|0¢c (r,2r), Ri = R}(21 —0), Ry =0}.

Lemma 2.3. The mapping Exp : Nj, — M}, is a diffeomorphism of 1-dimensional manifolds.

Proof. We pass to the limit ¥ — 1 — 0 in formulas (2.15), (2.16) and obtain for v € N/
sin(0/2) = tanhp, cos(/2) = —1/coshp, Ry =2(p—tanhp), Re=0.

This coordinate representation shows that Exp : N, — M}, is a diffeomorphism. 0

2.2.3. Exponential mapping of the set Nig

Before the study of Exp| NI postponed till the next subsection, we need to consider the set Nj; contained
in the boundary of N{,. In order to parametrize regularly the image Exp(Nig), we introduce the necessary
functions.

Recall that the function p = p}(k), k € [0,1), is the first positive root of the function fi(p) = cnp (E(p) —
p) — dnp snp, see Eq. (5.12) and Cor. 5.1 [7]. Define the function

vl (k) = am(pi(k), k), kel0,1). (2.17)
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Lemma 2.4. (1) The number v = vi(k) is the first positive root of the function
hi(v,k) = E(v, k) — F(v,k) — V1 — k2sin*v tanv, ke [0,1).

(2) vi € C™[0,1).

(3) v ( ) € (7/2,7) for k € (0,1); moreover, vi(0) = 7.

(4) The function vi(k) is strictly decreasing at the segment k € [0,1).

(5) hmle ovi(k) = /2, thus setting vi(1) = m/2, we obtain vi € C[0,1].
(6) vi(k) =m— (7/2)k?* + o(k?), k — +0.

Proof. (1) follows from (2.17) since p = p} is the first positive root of the function fi(p).
(2) follows since p} € C*°[0,1) by Lemma 5.3 [7].
(3) follows since pi € (K,2K) and p}(0) = 7, see Cor. 5.1 [7].
(4) We have for v € (7/2,7:

8h1 = —V1—k2sin?v/cos? v < 0,

8h1 k 3
W:—W(E(U,k)— 1— k2sin Utanv)<0.
dvi _ Ohy/0Ok
dk — Ohi/Ov
(5) Monotonicity and boundedness of v} (k) imply that there exists a limit limy_1_¢vi(k) = o € [7/2, 7). If
v€(r/2,m), thenask —1—0

Thus

<0 for k €[0,1).

o
hl(?}%(k),k)—)/ (|cost| —1/|cost|) dt — V1 —sin®tanv = oo,
0

which contradicts the identity hy(vi(k),k) =0, k € [0,1). Thus v = /2.
(6) As (k,v) — (0,7), we have hy (v, k) = v—7+ (7/2)k? +o(k? + (v —m)?), thus vi (k) = 7 — (7/2)k? + o(k?),
k — +0. O

A plot of the function vi(k) is given at Fig. 7.

(%
™

|
e

Ry

FIGURE 7. Plot of FIGURE 8. The
v =vi(k) curve I'y
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Define the curve I'y € S={qge M |0 € (0,7), Ry > 0, Ry = 0} given parametrically as follows:
6 = 2arcsin(ksinvj (k)), .
Ry = 2(F(U%(k)7 k) - E(’U%(k)7 k))a ke [07 1)a (219)
see Fig. 8.

Lemma 2.5. (1) The function ksinvi(k) is strictly increasing as k € [0,1], thus the function 0 = 0(k),

k € [0,1], determined by (2.18) has an inverse function k = ki(6), 0 € [0, 7).
(2) ki € Cl0,7]NC>[0, 7).
(3) The function ki(0) is strictly increasing as 6 € [0, 7).
(4) The curve T'y is a graph of the function

Ry = R%(G)a 0 e [077(]3
Ri(0) = 2(F(vi(k), k) — B(vi(k),k)), k= ki(0). (2.20)

(5) Ri € Cl0,7]NC>(0,).
(6) RI(O) = ¢/m/2 623 + 0(6%/%), § — +0.

Proof. (1) As k € ]0,1], we have:
vik) L, k) € [r/2,7),
sinvf (k) 1, ksinvl(k) 1, 2arcsin(kvi (k) T .

follows from items (2), (5) of Lemma 2.4.

) 2

(3) follows from item (1) of this lemma.
(4) follows from (2.18), (2.19).

(5) follows from item (2) of this lemma.
(6) As k — +0, we have

vi (k) =7 — (1/2)k* + o(k?), sinvy (k) = (1/2)k* + o(k?),

and for the functions (2.18), (2.19)

0 = k> + o(k*), Ry = (1/2)k? 4 o(k?).

Thus as 8 — 40, we have

kL(0) = ¥/0/7 +0(V0),  RNO) = I7/2 623 + 0(6%/?).

Define the following subset of M’, see Fig. 14:
My ={q€ M |0¢c (r,2r), R = Ri(21 —0), Ry = 0}.

Lemma 2.6. The mapping Exp : Njg — Ml is a diffeomorphism of 1-dimensional manifolds.
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Proof. For v € N} we obtain from formulas (5.7)—(5.12) [7]:

sin(0/2) = ksnpi(k) = ksinvi(k),

cos(0/2) = —dnpi(k) = —/1 — k2sin® v} (k),

Ry =2(p1(k) — B(p1(k)) = 2(F (v1 (k). k) — E(v1 (k). k)),
Ry =0.

Thus Exp(Njs) = Mig. Moreover, the mapping Exp : Njs — Mg decomposes into the chain

My r D g

(*) : k— (0 =2arcsin(ksinvy (k)), R1 = 2(F(vi(k), k) — E(vi(k),k)), Ro=0),
(**) : (9, Rl, RQ) — (271' — 0, Rl, Rg)

The mapping (*) is a diffeomorphism by Lemma 2.5. Thus Exp : Nj; — Mg is a diffeomorphism.

2.2.4. Exponential mapping of the set Ni,
Lemma 2.7. (1) The functions Ri(6), R3(0) defined in (2.20), (2.13) satisfy the inequality

RY(6) < Ry(8), 6 (0,m).
(2) The mapping Exp : Nty — Ml is a diffeomorphism of 2-dimensional manifolds, where
ME{)Q = {q eM | AS (7‘(,271’), Ry e (Rf(Qﬂ— - 0)7Ri(27r - 9))7 Ry = O}a

see Fig. 14.

Proof. We have
Ngy ={ve NS |7=0, ve (0,v;(k)), ke (0,1)},

where v = am(p, k). Thus
Ny,cT={veNS|r=0,ve(0,n] kel0,1]}
and in the 2-dimensional topology of T’

ONgy = Ui ni,
nm={reNS|r=0,v=0, kel0,1]},
ng={ve N |7=0,ve(0,n], k=0},
ny={ve NS |7=0, v=ui(k), ke€[0,1]},
ng={veN|r=0,ve(0,n/2], k=1},

see Fig. 9.
By formulas (5.7)—(5.12) [7], the exponential mapping in the domain N/, reads as follows:

sin(f/2) = ksinwv, cos(0/2) = =1 — k2 sin? v,

Ry = 2(F(v, k) — E(v,k)), Ry = 0.

13
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v 0
i n3 o7 ¢
n2
™
5T /
2 Ng, M,
Ty
M}, Iy = Mlés
k Y2 = My,
0 ny 1 T Ry
FIGURE FIGURE
9. Domain N{, 10. Curves Yo
and FQ
Thus
Exp(Niy) € S={qe M |0 € (r,2r), Ri >0, Ry =0},
Exp(ni) = Exp(ng) = Po={q€ M |0 =27, R, =0, Ry =0},
Exp(ng) = MéG = E, FQ = MéG’
Exp(n4) = M}, =73, Y2 1= My,

By Th. 2.5 [10] (see (1.14)), the mapping Exp|y, is nondegenerate, thus Exp(Ng,) is an open connected domain
in S, with 9 Exp(N},) C Exp(ONL,) = T2 U7s.

The curves I's and 73 intersect one another at the point Py. We show that they have no other intersection
points. By contradiction, assume that the curves I's and 73 have intersection points distinct from Py, then the
domain Exp(N{,) is bounded by finite arcs of the curves I'y and 7z, i.e., there exists a point P; € v, N [y,
Py # Py, such that 0 Exp(Nf,) = PoyePr U PyI'oPy. Then Exp(N{,) does not contain the curves vs, I's.
This is a contradiction to the diffeomorphic property of the mapping Exp : n3 = Nj; — I's = M}, and
Exp : ng = Nj; — 72 = M}, see Lemmas 2.6 and 2.3 respectively.

Consequently, 7%, N Ty = Py, and the domain Exp(NZ,) is bounded by the curves 7z, Ts.

1 2
The equalities ddR;I (0) = +o0, ddR;I (0) = 0 (see Lemma 2.5 and Eq. (2.14)) imply that R?(§) < Ri(6) for

sufficiently small 8 > 0. Further, the representations

Ty =Mys={qeM|0¢c(r2r), Rl = R{(21r — 0), Ry = 0},
72=M417:{QEM|96 (TF’27T)7 Rl :R%(Qﬁ_0)7 RQ:O}

imply the required inequality
Ri(0) < Ri(0),  0€(0,m),

and the equality Exp(N{,) = MY,.
Since the mapping Exp : N{, — M/, is nondegenerate and proper, and the domains N/,, M/, are open,
connected, and simply connected, it follows that this mapping is a diffeomorphism. O

The mutual disposition of the curves vo = M}, and I's = MJg is shown at Fig. 10 and Fig. 14.
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A7 [ A = ML | ML = M [ M= ML [ ML= M| M=, [ M =1,
0 ™ ™ T ™ (m,2m) (0,)
Ry | (0,400) | (=00,0) | (—=00,0) | (0,40) | (RI(27 —8),+00) | (—o0, —R1(A))
Ry | (—00,0) | (—00,0) | (0,400) | (0,4+00) 0 0
M | Mz = Mj, M5 = Mis M7 = Mgs | Mig = My, | Mig = M,
0 (0,7) (m,2m) T ™ ™
Ry | (RY(0),+) | (—o0,—Ri(2m —0)) | (0,+0c0) 0 (—00,0)
Ro 0 0 0 (—00,0) 0
M | My = My, | Mys = My, M3 Msg Mjg = Mg, | Mg, M3,

6 T 0 (m,2m) (0, ) 0 (0,m) (m,2m)
Ry 0 (—0,0) | RI27m—0) [ —RI(0)| (0,+0c0) | Ri(0) ] —RI(27—0)
Ry | (0, +00) 0 0 0 0 0 0

M | Mgz = Mg, M;; Mig M3, Mig M3,

0 ™ (m,2m) (7, 2m) (m,2m) (m,2m) (0,7)
Ry 0 (0, R3(2m — 0)) 0 (—R3(27 —0),0) 0 (—R3(0),0)
Ro 0 0 (—00,0) 0 0, +00) 0
M | Mg, M, My, | My | My, | My Mie M

0 (0,) (0,7) (0,7) | (m,27) | (0,7) 0 0 (m,2m)
R 0 |ORO)[ 0 0 0 0 0 | R22r—0)
Ry | (—00,0) 0 (0,+c0) | 0 0 | (0,+00) | (—00,0) 0

My Mg My | My, | Mg, Mg, Mg,

0 (m,2m) (0,7) | (0,m) 0 (7, 2m) 0
Ry | —Ri@2m —0) | —Ri(9) | Ri(9) | (—00,0) | (RI(27 —0), Ri(2m — 0)) | (=0,0)
Rs 0 0 0 | (—0,0) 0 0, T00)
M Mg, Mgy Mse Mgy Mss
0 (0,7) 0 (0,7) 0 (m,2m)
Ry | (=R{(0), —R%(9)) | (0, +00) | (R7(0), Ri(0)) | (0,+00) | (—Ri(2m — ), —R%(27 — 0))
Ro 0 (—00,0) 0 (0, +o0) 0

TABLE 2. Definition of sets M/

2.3. Decomposition of the set M’

Now we have the functions R?(0) < R}(#) required for definition of the following decomposition:

M =B M/, (2.21)

3

where the subsets M/ are defined by Table 2. Notice that some of the sets M/ coincide between themselves,
unlike the sets N/, see (2.12). A precise definition of coinciding M/ is given below in Th. 3.1, item (1).

The structure of decomposition (2.21) in the surfaces {6 = 0}, {6 = «}, {R1 = 0}, {R2 = 0} is shown
respectively at Figs. 11, 12, 13, 14.

2.4. Exponential mapping of the sets Nig, Nl;, Nig, Nis, Ny, Ni-, Nj-, Ni, Ni,
2.4.1. Exponential mapping of the set Ni

Lemma 2.8. The mapping Exp : Njg — Mg is a diffeomorphism of 2-dimensional manifolds.
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R1 =1 R2
M, MY, My = M} M} = M}
Még - M31 Méo = ]‘/154
M} M} M|, = M, W to = M, M. = M,
46 45 R2 =7 19 21 33 34 17 23
0 0 4l
MG, = M), Mg = Mjy
M}, M, M}b = M} M| = M}
FIGURE FIGURE

11. Decomposition
of surface {6 = 0}

12. Decomposition
of surface {0 = 7}

0
2
Mj, M3 Mg
M18 - M§2 ‘M?/,s — M§4 Méo — Mé4
™
Mio wm MziQ
M} M,
46 45 Ry
0

FIGURE 13. Decomposition of surface {R; = 0}

Proof. By formulas (5.2)—(5.6) [7], exponential mapping in the domain N34 reads as follows:

sin(0/2) = /1 —k?snp/dup,
Ry =0,

cos(8/2) = —cnp/dup,
Ry = =2f2(p, k)/(kdnp),

where fo(p, k) = k>cnp snp + dnp(p — E(p)) > 0 by Lemma 5.2 [7], thus Exp(N4g) C Mj.
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Mjs = M3, Mg = M,

FIGURE 14. Decomposition of surface { Ry = 0}

In the topology of the manifold {R; = 0}, we have:

ON3e = Uiy ni,

m={veN)|r=K, p=0, kc|0,1]},
no={veN)|r=K, pel0,7/2], k=0},
ng={veN)|t=K, p=K, ke0,1)},
ng={veN)|r=K, pe[0,+c0), k=1},

see Fig. 15.
Further, we have Exp(n;) =m;, i =1,...,4, where
my={qeM|0=2n, Ry =0, Ry =0},
mo={¢e M |6€|r2n], R =0, Ry =0},
m3={¢eM|0=m, Ry =0, Ry € (—0,0]},
my = {qEM | 0=2m, Ri =0, Ry € (—O0,0}},
see Fig. 16.
The mapping Exp : Niy — M, is nondegenerate and proper, the domains Nj;, Mjs are open (in the
2-dimensional topology), connected and simply connected, thus it is a diffeomorphism. 0

2.4.2. Exponential mapping of the set Niq

Lemma 2.9. The mapping Exp : Niy — M!s is a diffeomorphism of 2-dimensional manifolds.

Proof. The argument follows similarly to the proof of Lemma 2.8 via the following coordinate representation of
the exponential mapping in the domain N{5:

0 =0, Ry = —-2v1—-k2(p—E(p))/dnp <0, Ry = =2k f1(p,k)/dnp,

where f1(p,k) = cnp (E(p) —p) — dnp snp < 0 for p € (0,p}), see Cor. 5.1 [7]. O
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p
may 0
ml‘ 2w
ng
™
2 n4 Mg ma
nag Né6
k
0 ny 1 ms g R2
FIGURE FIGURE
15. Domain N 16. Domain M3

2.4.3. Exponential mapping of the set Nig

Lemma 2.10. The mapping Exp : Nig — Mg is a diffeomorphism of 1-dimensional manifolds.

Proof. By formulas (5.2)—(5.6) [7], we have in the set Nyg:
O=m  Ri=0, Ro=—(2/k)(K(k)— E(k)),
and the diffeomorphic property of Exp| Nl follows as usual from its nondegeneracy and properness, and topo-

logical properties of the sets Nig, M. O

2.4.4. Exponential mapping of the sets Niq, N,

Lemma 2.11. The mappings Exp : N}, — My and Exp : Nj, — M}, are diffeomorphisms (bijections) of
0-dimensional manifolds.

Proof. Obvious. O
2.4.5. Exponential mapping of the set Ny,

Lemma 2.12. The mapping Exp : Ni, — M|, is a diffeomorphism of 1-dimensional manifolds.

Proof. The statement follows as in the proof of Lemma 2.10 via the following coordinate representation of the
exponential mapping in the domain Nj;:

O=n, Ry =(2/k)(K(k) —E(k)), Rs=0.

2.4.6. Exponential mapping of the set Nj,

Lemma 2.13. The mapping Exp : N, — M. is a diffeomorphism of 2-dimensional manifolds.

Proof. Formulas (5.7)—(5.12) [7] yield:
0=m, Ry =-2V1—k? (p—E(p))/dnp|p:p%(k), Ry, =0.

Since 7 = K, then Lemma 2.4 [10] implies that the mapping Exp| Ny, is nondegenerate. Then the diffeomorphic
property of Exp : Nj, — M}, follows as usual. O
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2.4.7. Exponential mapping of the set N{
Lemma 2.14. The mapping Exp : N{ — M is a diffeomorphism of 2-dimensional manifolds.
Proof. Formulas (5.2)—(5.6) [7] yield:

0=m, Ry =2(K(k)— E(k))ent /(kdnT) >0,

Ry = —2v/1—-k?>(K(k) — E(k))snt /(kdnT) <0,

and the statement follows as usual since the mapping Exp| NI is nondegenerate and proper. O

2.4.8. Exponential mapping of the set Ny,
Lemma 2.15. The mapping Exp : Ni, — M, is a diffeomorphism of 2-dimensional manifolds.
Proof. By formulas (5.7)—(5.12) [7] we get:

sin(0/2) = ksnpl ent /VA > 0, cos(0/2) = —dnpl/VA <0,
Ry =2(p—E(p)dn7/VA| >0, Ry =0,
pP=p;
where A = 1 — k%sn? p sn? 7, and the statement follows by standard argument since Exp| NI, is nondegenerate
and proper. O
2.5. Action of the group of reflections in the preimage and image of the exponential
mapping
In order to extend the results of the preceding subsections to all 58 pairs (N/, M/), i € I, we describe the
action of the group of reflections G = {Id,e!,...,&"} on these sets.
D | N3s | Nag | Nsp | Niz | Nag
El(D) Ni7 | Nig | Nig | Nig | N3y
e (D) | N3g | Nig | N5y | N3y | Nag
e°(D) | Niy | Nio | Nig | N3z | Nig
TABLE 3. Action of €', e4, € on Ny, Nj,, Niy, N{;, Nig
D | N3g | Nig D 53 | Noy
5i(D) Nig | Nag 5;(D) Niz | N3
e (D) | Nio | Nao e*(D) | Ngy | Nas
(D) | Nip | Ny e3(D) | Nis | Ny
TABLE 4. Action of €2, 4, €5 on TABLE 5. Action of €', €2, 3 on
N?/;67 N{8 Né37 Né7

Theorem 2.1. Tables 3, 4, 5, 9 and 6, 7, 8, 10 define diffeomorphisms between the corresponding manifolds
N! and M].

Proof. Follows from definitions of the manifolds N/ and M/ (Subsections 2.1 and 2.3) and Propositions 4.3,
4.4 [7] describing action of the reflections ¢ € G in the image and preimage of the exponential mapping.
Moreover, in the coordinates (6, Ry, R2) action of the reflections is described by Table 11. 0
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D Mgy | Mz o | Mi; | Mg
EI(D) Mgy | Mig | Mgg | Mig | M3,
Ef(D) Mg | Mig | Mgy | M3y | Mg
e°(D) | My, | Mgy | Mgg | M3s | My,
TABLE 6. Action of e, g4, €5 on My, M}, My, M{,, Mg

D | Mg | Mig D 53 | My
EQ(D) Mg | Mj, 51(D) Mg, | M3,
Ez(D) Mo | M, Ei(D) Mg, | Mg
(D) | My, | My e°(D) | Mgs | My

TABLE 7. Action of €2, €%, €% on
M?I;67 M{8 ME/)37 Mé?

D | Ni | Ny D | My | Mj,
e'(D) | N | Ni5 e'(D) | My | Mis
(D) | Ni | Ng e(D) | My | Mg
(D) | N; | Nig (D) | My | Miq
e'(D) | N | Ni, e'(D) | My | Mj,
(D) | Ng | Ni; (D) | Mg | My
(D) | Ny | N, e9(D) | Mg | My,
e'(D) | N7 | N, e'(D) | My | Mj,

TABLE 9. Actionofe!, ..., " on
Ny, Nig on Mj, Mj,
el g2 3 gt b b e’
Ri|—-Ri| Ri | -Ri| —R; Ry —Ry Ry
Ry | Ry | =Ry | — Ry Ry Ry —Ry —Ry
0 % 0 0 2r—0 | 2n—0 | 2 — 0 | 2 —
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TABLE 8. Action of !, €2, €3 on

TABLE 10. Action of ¢!, ...

2.6. The final result for exponential mapping of the sets N/

, €

Theorem 2.2. For any i € I, the mapping Exp : N/ — M/ is a diffeomorphism of manifolds of appropriate
dimension 2, 1, or 0.

Proof. For i € {35,47,26,52,36,53,18,17,27,1,10} the statement follows from Lemmas 2.2, 2.3, 2.6, 2.7, 2.8,
2.9, 2.10, 2.12, 2.13, 2.14, 2.15 respectively.
For i € {33,34} the statement was proved in Lemma 2.11.
For all the rest i the statement follows from the above lemmas and Th. 2.1 since the reflections ¢! € G are

symmetries of the exponential mapping, see Propos. 4.5 [7].

O
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2.7. Reflections ¥ as permutations
In addition to the index sets I, C, J, R, X introduced in (2.9), (2.10), we will need also the set
T={@Gj)elxI]i<j, MZ':MJ’}
From the definition of the sets M in Subsec. 2.3 we obtain the explicit representation:

T ={(1,6), (2,5), (3,8), (4,7), (9,10), (11,12), (13,14), (15,16),
(17,23), (18,22), (19,21), (20,24), (25,27), (29,31), (33,34)}.

Notice that X ={ie€I|3jel : (i,j) €T or (j,i) € T}.

Now we show that reflections ¥ € G permute elements in any pair (i, j) € 7.

We will need multiplication Table 12 in the group G, which follows from definitions of the reflections &
(Sec. 4 [7]). The lower diagonal entries of the table are not filled since G is Abelian.

k

el [e2 e3P [ef [T
el |Id|[e3 |2 |ed et e | €S
2 Id [ el [ef [ [t [e
g3 Id|e™[eF e | et
et Id|[et[e2 e
e Id | e3 | &2
b Id | €T
e’ Id

TABLE 12. Multiplication table in the group G

Lemma 2.16. For any (i,j) € T there exists a reflection ¥ € G such that the following diagram is commutative:

Ex Ex
N} —> M| (A t) ——
I ALk
X Ex
A Vi (AF, 6) 2> gy

Proof. From definitions of the sets N/ (Subsec. 2.1) and the reflections £ (Sec. 4 [7]), Tables 3, 4, 5, 9, 12 and
Propos. 4.5 [7], we obtain the following indices k of required symmetries £* for pairs (i, j) € T*

(i,5) € {(1,6), (2,5), (3,8), (4,7), (17,23), (19,21)} = k=5,
(i,7) € {(9,10), (15,16), (11,12), (13,14), (25,27), (29,31)} = k=2,
(i,7) € {(33,34), (18,22), (20,24)} = k=4

3. SOLUTION TO OPTIMAL CONTROL PROBLEM

In this section we present the final results of this study of the sub-Riemannian problem on SE(2).
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3.1. Global structure of the exponential mapping
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We say that a mapping F' : X — Y is double if any point y € Y has exactly two preimages:

Theorem 3.1.
N — M:

VyeY

N’ = Nuax U Neonj U Niest,
Nitax = Uiex Ny,
Neonj = Uies N},
Nrest = UierdVy,

and in the image of the exponential mapping:

M=MUM,

M =18, M;,

M = Mytax U Meonj U Miest s
Mytax = Uiex Mj,
Mi'ﬂMj'.;é(Z), 1<j =
(i,j)eT = M =M,
Meonj = Use s M,

Miest = UicrM;.

F~(y) = {1, 22},

(i,4) € T,

T1 F Ta.

{i,j} c X,

(1) There is the following decomposition of preimage of the exponential mapping Exp :

(2) In terms of these decompositions the exponential mapping Exp : N — M has the following structure:

Thus

Exp : D; — M; is a diffeomorphism ¥ i =1,...,8,
Exp : N/ — M is a diffeomorphism ¥ i € I.

Exp : N —Misa bijection,

Exp : Nyax — Muax @5 a double mapping,

Exp : Noonj = Meonj is a bijection,

Exp @ Niest — Miest @S a bijection.

(3) Any point q € M (¢ € Meonj, ¢ € Miest) has a unique preimage v
Exp|g : N — M. Moreover, v € N (resp., v € Neonj, V € Nyest)-

(3.1)
3.2

Py

3.3
3.4
3.5
3.6

~ — O

Exp~'(q) for the mapping

(4) Any point ¢ € Mypax has ezactly two preimages {v',1""} = Exp~*(q) for the mapping Explg : N — M.

Moreover, V', 1" € Nyax and v = ¥ (') for some € € G.

The domains D; and M; were defined in Tables 1 and 2 [10].
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Proof. Equalities in item (1) follow immediately from definitions of the corresponding decompositions.
(2) Property (3.1) was proved in Th. 3.1 [10], and property (3.3) is its corollary, with account of item (1).
Property (3.2) was proved in Th. 3.2, and properties (3.4)—(3.6) are its corollaries, with account of item (1).
(3) The statement follows from (3.3), (3.4), (3.5), (3.6), with account of item (1).
(4) The statement follows from (3.4), (3.5), (3.6), and Lemma 2.16. O

3.2. Optimal synthesis

Theorem 3.2. Let g€ M = M \ {q0}.

(1) Letq e MU Moonj U Myest = M\\MMaX. Denote v = (\,t) = Exp '(q) € ]\NJUNCOHJ- U Nyest = ]\AZ\NMaX.
Then qs = Exp(), s), s € [0,t], is the unique optimal trajectory connecting qo with q. If q € MU Miest,
then t < t(N); if ¢ € Meonj, then t = t(X) = t5™ ().

(2) Let ¢ € Mytax. Denote {v/,v"} = Exp *(q) C Nutax, V' = (N,t) # V" = (\',t). Then there exist ex-
actly two distinct optimal trajectories connecting qo and q; namely, ¢, = Exp(XN, s) and ¢!/ = Exp(\”, s),
s €[0,t]. Moreover, t = t(\) < t5*™ ().

(3) An optimal trajectory qs = Exp(A, s) is generated by the optimal controls

ur(s) =sin(ys/2),  ua(s) = —cos(7s/2),
where 4 is the solution to the equation of pendulum 4, = — siny, with the initial condition (vo,%0) = A.

Proof. For any point ¢ € M there exists an optimal trajectory gs = Exp(}, s), s € [0,t], v = (\,t) € N, such
that ¢, = q and t < teus(A). By Th. 5.4 [7], we have ¢ < t()), thus v € N.

(1) If g € MU Moonj U Miest, then by Th. 3.1, there exists a unique v = (\,t) € N such that q = Exp(v),
moreover, v € N U Neonj U Nyest.  Consequently, ¢ = Exp(A,s), s € [0,], is a unique optimal trajectory
connecting gy with q.

The inequality ¢ < t(\) for v = (A, £) € N U Nyest, and the equality ¢ = t(X) = 5 (A) for v € Neon; follow
from definitions of the sets N, Nrest, Neonj-

(2) If ¢ € Myax, then the statement follows similarly to item (1) from Th. 3.1 and definition of the set Nyrax.

(3) The expressions for optimal controls were obtained in Sec. 2 [7]. O

It follows from the definition of cut time that for any A € C and t € (0, tcut(N)), the trajectory g(s) = Exp(], s)
is optimal at the segment s € [0,¢]. For the case of finite teu(A), we obtain a similar statement for ¢ = teys ().

Theorem 3.3. If tcyi(A) < 400, then the extremal trajectory Exp(A, s) is optimal for s € [0, teut(N)].

Proof. Let teut(A) = t(A) < 400, ie., A € C1 UCy Uy, and let ¢t = teyy(A). Then (A t) € Nyax, and the
statement follows from item (2) of Th. 3.2. O

3.3. Cut locus
Now we are able to describe globally the first Maxwell set

Max = {q € M | 3t > 0, 3 optimal trajectories ¢s # ¢, s € [0,t], such that ¢ = ¢; = q}, (3.7)
the cut locus

Cut = {Exp(\,t) | A € C, t = teus(N)}, (3.8)
and its intersection with caustic (the first conjugate locus)

Conj = {Exp(\,t) | A e C, t = 5™ (\)}. (3.9)
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Theorem 3.4. (1) Max = Myax,
(2) Cut = Mcut;
(3) CutNConj = Mcop-

Proof. Ttems (1), (2) follow from Theorem 3.2 and Corollary 3.3.

(3) Let ¢ € Mconj, and let gs = Exp(),s), s € [0,t())], be the optimal trajectory connecting gy with g¢.
Thus there are no conjugate points at the interval (0,t())). By item (1) of Th. 3.2, we have t{”™(\) = t(}).
Thus Mcon; C Conj, and in view of item (2) of this theorem we get Mconj C Cut N Conj. Now we prove that
Cut N Conj C Mconj, i.€., Mcyt N Conj C Mconj-

Fix any point ¢ € Mgys. Then ¢ = Exp(\, t) for some (A, t) € Neyy = Nuax U Neonj. In order to complete
the proof, we assume that (A, t) € Nyax and show that ¢ ¢ Conj. Since (A, t) € Npax, then ¢t = t(\). We prove
that ¢ < t°(X).

If X € Cy UCy, then t$™(\) = +o00 by Th. 2.5 [10] (see (1.14)).

Let A € Cy. If sn7 =0, then (A, t) € Neonj, which is impossible since (A, t) € Nymax. And if sn7 # 0, then
t < t5°™(\) by Propos. 2.2 [10].

The inclusion Cut N Conj C Mcon; follows. O

Theorem 3.5. The cut locus has 3 connected components:
Cut = Cutglop U Cutl‘gC U Cut,, ., ( )
Cutglor = {g € M | 0 = 7}, (3.11)
Cut). ={ge M|0¢€ (—mm), Ro=0, Ry > R{(|0])}, (3.12)
Cuty,, ={g€ M |0 € (—mm), Ro =0, Ry <—Ri(|0])}, (3.13)
where the function R} is defined by Eq. (2.20). The initial point qq is contained in the closure of the components
Cut[gc, Cut,., and is separated from the component Cutgigh-

Proof. By Theorems 3.4, 3.1 and Lemma 2.1, we have

Cut = Meyy = Exp(Newt) = Usec M.

Denote
Cotop = {1,...,8,17,...,24,33,34},
C . ={13,...,16,29,...,32},
Croo=1{9,...,12,25,...,28}.
Then
UicCaon Mi = Ctitgion,  Ujeer Mi = Cuty,,  Ujeem Mj = Cuty,,
and decomposition (3.10)—(3.13) follows.
The topological properties of Cutgiob, CutljgC follow from equalities (3.10)—(3.13). O

The cut locus in rectifying coordinates (Ri, Ro, ) is presented at Fig. 17, notice that here the horizontal
planes # = 0 and 6 = 27 should be identified. Global embedding of the cut locus to the solid torus (diffeomorphic
image of the state space M = SE(2)) is shown at Fig. 18.

The curve I' = Cut N Conj has the following asymptotics near the initial point gg:

Ry = RY0) = I/7/2 6*3 + 0(6%%), -0, Ry=0,
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FIGURE 17. Cut locus in rectifying coordinates (R, Rz, 6)

F1GURE 18. Cut locus: global view
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see item (5) of Lemma 2.5. This agrees with the result on asymptotics of cut and conjugate loci for contact
sub-Riemannian structures in R? obtained by A. Agrachev [1] and by El-H. Ch. El-Alaoui, J.-P. Gauthier,
I. Kupka [2].



TITLE WILL BE SET BY THE PUBLISHER

4. EXPLICIT OPTIMAL SOLUTIONS FOR SPECIAL TERMINAL POINTS
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In this section we describe optimal solutions for particular terminal points ¢; = (21, y1,61). Where applicable,

we interpret the optimal trajectories in terms of the corresponding optimal motion of a car in the plane.

For generic terminal points, we developed a software in computer system Mathematica [13] for numerical

evaluation of solutions to the problem.

4.1. 21 #0,y1=0,0; =0

In this case v € N5, and the optimal trajectory is
ry =tsgnxy, 1y =0, 6;=0, te[0,t1], t1 = |x1],
the car moves uniformly forward or backward along a segment.
4.2. 1 =0, y1 =0, ’01‘ S (0,71')
We have v € Ny, and the optimal solution is
2, =0, =0, 6 =tsgnb, t€[0,t1], t1 =|04],
the car rotates uniformly around itself by the angle 6.
43. ©1=0,y1=0,01 =7
We have v € Ny, and there are two optimal solutions:

.’ﬂt:O, yt:(), (‘)t:j:t, te[O,tl], t1 =m,

the car rotates uniformly around itself clockwise or counterclockwise by the angle m, see Fig. 19.

4.4. xl#o, y1:0, 01=7T

There are two optimal solutions:

xy = (sgnmz)/k(t+ E(k) — E(K +t,k), y=(s/k)(vV/1—-k?—dn(K +t,k)),
0y = ssgney(n/2 —am(K + t, k), s= =1, te[0,t1], t1 =2K,

and k € (0,1) is the root of the equation
(2/k)(K (k) = E(k)) = [a1],

see Fig. 21.
4.5. $1=0, y17é0, 01=7T

There are two optimal solutions:

zy = s(1 —dn(t, k) /k, vy = (sgnyr/k)(t — E(t,k)),
0; = ssgnyy am(t, k), s=+1, te[0,t1], t =2K,

and k € (0,1) is the root of the equation

(2/R)(K (k) = E(k)) = |,
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see Fig. 22.

4.6. 331:0, y17é0, 0120

There are two optimal solutions given by formulas for (z, yt, 0:) for the case A € Cy in Subsec. 3.3 [7] for the
following values of parameters:

tefo.t], t=2kpi(k),
with the function pi(k) defined in Lemma 5.3 [7],

so=—sgnyy, ¥ =LK (k) —pi(k),
and k € (0,1) is the root of the equation

20} (k) — B(pi (k) k)1 = 2/ du(p} (k). k)) = [,
see Fig. 23.

4.7. (l’l,yl) 75 0, 91 =T

Introduce the polar coordinates xy = pycosxi, y1 = p1sinyi. There are two optimal solutions given by
formulas for (¢, y:, 0:) for the case A € Cy in Subsec. 3.3 [7] for the following values of parameters:

te[0,t1], t1 =2K(k),

and k € (0,1) is the root of the equation
2(p1 (k) — E(pi(k), k)V/1—k2/ dn(pi (k), k) = p1,
s1 = =£1, o=s1F(r/2 - x1,k),

see Figs. 20, 21, 22. In the cases y; = 0 and 1 = 0 we get respectively the cases considered in Subsecs. 4.4 and
4.5.

4.8. y1 #£0, 0, =0

There is a unique optimal solution given by formulas for (x4, y;, 6;) for the case A € Cy in Subsec. 3.3 [7] for
the following values of parameters:

S2 = —sSgnyi,
k € (0,1) and p € (0, pi (k)] are solutions to the system of equations

s(sgny1)2k f1(p, k)/ dn(p, k) = 1, s =+1,
2(p — E(p)V/1 — K2/ dn(p, k) = |y,

and

te [Oat1]7 t1 = 2kp7 ¢ = SK(k) —D-
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FiGure 20. Cut
point for A € Cf,
generic case (Op-
timal solutions for
01 = 7'(‘)

FIGURE 19. Cut point for A € C4 (Optimal solutions for z; =
y1 =0, 01 =)

Ficure 21. Cut
point for A € C1,
symmetric case
with cusp (Opti-
mal solutions for
Z1 7é 0, 1. =0,
6‘1 = 7T)
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FIGURE 22. Cut point for A € C7, symmetric case without cusp (Optimal solutions for z; = 0,
Y1 75 0, 01 = 7T)

F1cUre 23. Optimal solutions for ;1 =0, y; #0, 6 =0
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FiGure 24. Cut
point for A € (O,
generic case

FiGure 26. Cut
point for A € Cy
approaching con-
jugate point

Ficure 25. Cut
point for A € Cs,
special case with
one cusp

Ficure 27. Cut
point for A € Cs
coinciding with
conjugate point



32

© 00 N O Ut kW NN =

R I T R C T C T T - J N S S U S G G G U G S G
T TR W R O © 0O U W N RO

© 00 = O Ut e W NN =

TITLE WILL BE SET BY THE PUBLISHER

LisT OoF FIGURES

Problem statement

N/ n{t <t(\), sn7 cn7 =0}

N/ {t =t}

Plot of Ry = R2(0)

Domain N3

Domain M}

Plot of v = vi (k)

The curve I'y

Domain N,

Curves 9 and T'y

Decomposition of surface {§ = 0}

Decomposition of surface {§ = 7}

Decomposition of surface { Ry = 0}

Decomposition of surface { Ry = 0}

Domain N

Domain Mg

Cut locus in rectifying coordinates (R, Rz, )

Cut locus: global view

Cut point for A € C4 (Optimal solutions for z; =y; =0, 6, = )
Cut point for A € Cq, generic case (Optimal solutions for 6; = 7)
Cut point for A € Cq, symmetric case with cusp (Optimal solutions for 1 # 0, y; =0, 6; = 7)
Cut point for A € Cy, symmetric case without cusp (Optimal solutions for 1 =0, y; # 0, 61 = 7)
Optimal solutions for 1 =0, y; # 0, 6 =0

Cut point for A € Cs, generic case

Cut point for A € Cy, special case with one cusp

Cut point for A € Cy approaching conjugate point

Cut point for A € Cs coinciding with conjugate point

LisT or TABLES

Definition of sets N/

Definition of sets M/

Action of e!, e*, €% on Ni5, Ni;, Nio, Ni;, Nig
Action of €2, €%, €% on Ni4, Nig

Action of €', €%, €3 on Ni3, Ni,

Action of €', e*, &® on Mis, M}, My, M{;, Mjg
Action of £2, &%, €8 on Mis, Mg

Action of €', €%, & on M{,, M},

; 1 7 / /
Action of €', ..., " on Ny, Ny,

© © 00 N N N

11
11
14
14
16
16
16
17
18
18
25
25
29
29
29
30
30
31
31
31
31

15
19
19
19
20
20
20
20



10
11
12

(1
2]
(3]
(4]
(5]
(6]
(7]

(8]
[9]

[10]

(1]

(12]

13]

TITLE WILL BE SET BY THE PUBLISHER 33

Action of ¢!, ..., " on M], Mj, 20

Action of €!, ..., " on M = {(Ry, Ra,0)} 20

Multiplication table in the group G 21
REFERENCES

A.A. Agrachev, Exponential mappings for contact sub-Riemannian structures. Journal Dyn. and Control Systems. Vol. 2

(1996). No. 3, pp. 321-358.

El-H. Ch. El-Alaoui, J.-P. Gauthier, I. Kupka, Small sub-Riemannian balls on R3. Journal Dyn. and Control Systems. Vol. 2
(1996). No. 3, pp. 359-421.

A.A. Agrachev, U. Boscain, J.P. Gauthier, F. Rossi, The intrinsic hypoelliptic Laplacian and its heat kernel on unimodular
Lie groups, Journal of Functional Analysis. Vol. 256 (2009). No. 8, pp. 2621-2655.

U. Boscain, F. Rossi, Invariant Carnot-Caratheodory metrics on S3, SO(3), SL(2), and lens spaces. STAM J. Control Optim.
47 (2008), no. 4, 1851-1878.

G. Citti, A. Sarti, A cortical based model of perceptual completion in the roto-translation space, J. Math. Imaging Vis. 24:
307-326, 2006.

J.P. Laumond, Nonholonomic motion planning for mobile robots, Lecture notes in Control and Information Sciences, 229.
Springer, 1998.

I. Moiseev, Yu. L. Sachkov, Maxwell strata in sub-Riemannian problem on the group of motions of a plane, ESAIM: COCYV,
accepted, available at arXiv:0807.4731v1, 29 July 2008.

J.Petitot, The neurogeometry of pinwheels as a sub-Riemannian contact structure, J. Physiology - Paris 97 (2003), 265-309.
J.Petitot, Neurogeometrie de la vision — Modeles mathematiques et physiques des architectures fonctionnelles, 2008, Editions
de I’Ecole Polytechnique.

Yu. L. Sachkov, Conjugate and cut time in sub-Riemannian problem on the group of motions of a plane, ESAIM: COCV
(accepted).

A.M. Vershik, V.Y. Gershkovich, Nonholonomic Dynamical Systems. Geometry of distributions and variational problems.
(Russian) In: Itogi Nauki i Tekhniki: Sovremennye Problemy Matematiki, Fundamental’nyje Napravleniya, Vol. 16, VINITI,
Moscow, 1987, 5-85. (English translation in: Encyclopedia of Math. Sci. 16, Dynamical Systems 7, Springer Verlag.)

E.T. Whittaker, G.N. Watson, A Course of Modern Analysis. An introduction to the general theory of infinite processes and
of analytic functions; with an account of principal transcendental functions, Cambridge University Press, Cambridge 1996.
S. Wolfram, Mathematica: a system for doing mathematics by computer, Addison-Wesley, Reading, MA 1991.



