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CBobofHble HNNBMOTEHTHbIE CYOPYMaHOBbI 3a4a4i paHra 2

CeobogHas HunbnoTenTHas anrebpa Jln

C 2-ms obpasyrownmm, ANuHbI r:

L = Lie(X1, X2) — neBonHBapmaHTHbIE BEKTOPHbIE MO Ha
COOTBETCTBYIOLLENA CBA3HOW ogHOCBA3HONW rpynne Jlu G

[ [P [,2, ,'1]...]:0, il,...,ir+1€{1,2}

JleBonHBapuaHTHasi cybpumaHoBa 3agada:

g = u1X1(q) + u2X2(q), g€ G, u=(u,w)eR’
q(0) = qo, q(t1) = q1,

t1 t1
/ \/((],c'])dt—/ u? + u3 dt — min.
0 0

G =R]

X1..xn» VBOMEPUMETPUYECKAS 33434 AN KPNBbIX B R2

X1X2



3amkHyTble kpussle (x1(t), x2(t))

e r =2 = BekTop pocTa (2,3)
dnkcupoBaHHan naowagb
3aMKHYTbIE KPUBbIE: OKPYXKHOCTU

e r =3 = BekTop pocra (2,3,5)
(PUKCMPOBaHHBIE MJIOWAAL 1 LEHTP Macc
3aMKHYTbIE KPWBbIE: OKPYXXHOCTW, 3ii1epoBa
9/1aCTNKa-BOCbMEPKa

e r =4 = BekTop pocTa (2,3,5,8)
huKcrpoBaHHbIE NOWaLb, LEHTP MAcc, U 3 MOMEHTa
3aMKHYTbIE KPUBbLIE: OKPY>XXHOCTHU, 3iANepoBa
3N1aCTMKa-BOCbMepKa, Kpugasi ¢ 2-ms netnsmu (MK.-M. ToTbe,
Wwap C NPULENOM Ha MJIOCKOCTN)



CBobofHble HNABNOTEHTHbIE CYOpPUMaHOBBI 3aja4u
paHra 2, oavHbl r

L= Lie(Xl,XQ) = span(Xl, e ,Xn)
n=3koy La(k), kla(k) =25 = 37 jla ()

q:ule( )+U2X2( ) gea@G, u—(ul,uz)ER2,
O)_q07 q( )—CIL

/\/ 4,q)dt = /\/ul+u§dt—>m|n

HopmasnbHasi raMunsTOHOBa cucTema
npuHUMna makcumyma MoHTpsiruna:
hi(A) = (A, Xi), Ae TG,

H\) = 3(h{(\) + K3(N))

\ = H(\) nnterpupyema no Jluysunnio?



|/|HTerpaJ'| bl FAMUIBTOHOBOW CUCTEMbI
CummeTpnn:

e npasble caBurn Ha G
Yi,..., Yo € Vec(G), (Rg)+Yi=Yi

e Bpawenns 8 A = span(Xi, X2):
Z € so(A)

Anrebpa [MyaccoHa uHTerpanos raMunsToHoBa nonst H:

I =span(H; g1,...,8m f; Ci,...Cy)

e [amunbTOHMaH cuctemsl H,

e [MpasouHBapunaHTHble ramunbToHnanbl gi(A) = (A, Yj),

e lamunbToHnaH Bpawewus () = (), Z),

o dyukuyun Kasummpa G : L* = R, {G,hi} =0Vi=1,...,n

1) H wnnterpupyemo no Jlnysunnto?
2) | copepXuUT N HE3aBUCUMBIX NHTErPasoB B NHBOJOLNNT



Bektop pocra (2, 3)

L= Lie(Xl,X2) = span(Xl,Xz, X3)

[X1, X2] = X3
G:Riyz
0 0 0 2l 0
Xi= g% — %29 X2 = oy T 252 X3 = 52
hy = —hohs
. ho = hih
S = A 12 = fhs
h3 =0

qg=hXi+ hXo
WHTerpupyeMocTs B TPUrOHOMETPUHECKMX (PYHKLNSAX
3amkHyTble kpusble (x(t), y(t)) — okpyxHOCTN

AHopMmanbHble TPAeKTOPUM TPUBMAJIbHBI



NHrerpupyemocts no Slnysunnto 8 cnydae (2, 3)

e [MpasounBapunanTHblii penep Y1, Y2, Y3 € Vec(G),
Yi(ld) = —Xi(ld):
_ 0 o) _ 0
Vi=—35—%57 V2= 5, F

0 0
ax %oy

0 _ 0
9z 3= —52

NIX

e Bpawetune Xg =y

—

WHTerpanbl nons H:
e TamunsToHman cuctemsl H = (h? + h3)/2
e [paBOMHBAPNAHTHbLIE raMUIBTOHNAHbI
81 =—h —yh3, g = —hy+xhs, g3 = —h3
e amunbToHnan Bpawennii hg(A) = (A, Xo)
o DyHkumnsa Kasumupa hs

Anrebpa unterpanos: | = span(H, g1, 82,83, ho)

Abenesa noganrebpa: | = span(H, g2, g3)



BekTtop pocra (2,3,5)

L= |_ie()<17 Xg) = span(Xl, XQ, X3,X4,X5)
[X1, Xo] = X3, [X1,X3] = X4, [X2, X3] = Xs

2 2
Xs=2L +x2 +yl Xa=2, Xs =2
(hy = —hyhs
hy = hihs
A=HQ) : { hy=hihy + hohs
hy = hs =0
g = h X1+ hX




VnTerpupyemocts nonst H & cnydae (2,3,5)
2H = h? + h3 = r? = const
h1 = rcos@, hp = rsinf, hs = ¢, hy = asin 8, hs = —arcos 3
=c, é=—arsin(d—pB), a=LF=0

E = c?/2 — arcos(f — 3) aHeprua MasTHUKa
NHTerpnpyemocTs B doyHkumsax Axkobm
(x(t), y(t)) anactukn diinepa

3amkHyTble kpusbie (x(t),y(t)): okpyxXHOCTM U
3/71aCTNKA-BOCbMEPKA

AHOpManbHble TPAaeKTOpUU — MpsiMble



Wnterpans nonst H & cayuae (2,3, 5)

e [aMunbTOHMAH cncTembl H = (hf + h%)/Q

MpaBOMHBapNaHTHbLIE raMUIBTOHUAHBI &1, 82, &3, 84 = —ha,
g = —hs
e lamunbToHnan spawenns ho(\)

Oyukuun Kasumupa E = hé + h1hs — hohy, hg, hs

Anrebpa unnterpanos: | =span(H, g1,...,8s, ho, E)

Abenesa noganrebpa: | = span(H, g3, 84,85, E)



BekTtop pocra (2,3,5,8)

L= Lie(Xl,Xg) = span(Xl, vee ,Xg)

[X1, Xo] = X3, [X1, X3] = Xa, [X2, X3] = X5, [X1, Xa] = X,

[X1, Xs] = [X2, Xa] = X7, [X2, X5] = Xg.

G = R)gq...xg

MocTpoeHune peanusauunn cBoboAHOR HUNBLNOTEHTHONR anrebpbl Jln
NOJUHOMUANBHBIMN BEKTOPHLIMU MONSIMU:

M.Grayson, R.Grossman, Nilpotent Lie algebras and vector fields
(1989)



JlesonnBapuanTHbli penep B ciydae (2,3,5,8)

0 xp O _x12+x22 0 _x1x22 0 _xg’ 0

X1 = - = =

! O0x1 20x3 2  Oxs 4 Ox; 6 0xs’
X — 0 +ﬁ8 x12+x22(9 xia x12x28
2 (9X2 2 8X3 2 8X4 6 BX5 4 8X77
X 0 n 0 n 19} +X12 0 . 0 +x22 0

— X X — - L
3T 0xs  tOoxa  POxs  20x T C0xi | 20x
X4 = 9 + x 4 + x

4_8X4 18X6 28X7’

0 0

Xe =

> 8X5+X18X7+X28X87
)(6—i X 8 X8: 8

— 7 = .
8X67 aX77 8X3



HopmanbHoe ramunbToHoBO none B cnyyae (2,3,5,8)

hy = —hahs,

hy = hyhs,

hs = hyhg + hyhs,

hs = hyhg + hyhy,

hs = hihy + hahg,

he = hy = hg =0,

[ §=MmXi(q) + hXz(q)
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WnTerpansl nons H & cayyae (2,3,5,8)

e [aMunbTOHMAH cncTembl H = (hf + h%)/Q

e [IpaBovHBApUAHTHLIE FAMUABLTOHNAHBI g1, &2, &3, &4, &5,
8 = —he, g1 = —h7, 88 = —hg

e [amunbTOHMaH BpaweHus hg

Oynkyun Kasnmupa
C = h§h6 — 2hahshy + hi/‘lg — 2/73(/76/78 — h%) = C(g3, . ,gg),
he, h7, hg

Anrebpa nuterpanos: | = span(H, gi1,...&s, ho)
Abenesa noganrebpa: 1= span(H, g3, ...gs)

H uHTerpupyemo no Jinysunnto?



Penykunsi BepTrKanbHOW NOACNCTEMDb
0N CUCTEMBI A = H()\)
2H=h +h3 =1
h1 = cos@, hy =sin0,
h3:C, h4:a, h5:b, h6:m, h7:p, hgzn

0=c,
¢ =acosf + bsinb,
a=mcosf + psinf,
b= pcosf + nsin¥,
m, n, p=const.
§=p>—mn#0=
0 = (2pab — na®> — mb?)/(26) + k,
a=mcosf+ psinb,

bzpcos@—i—nsin&, m, n, p, k= const.



Mpoexumnn (x1(t), x2(t)) HOpManbHLIX 3KCTpeManeii

CneumnanbHble cayyan:
ec=a=b=m=n=p=0= (xi(t), x2(t)) npsambie
cea=b=m=n=p=0= (x1(t), x2(t)) okpyxHocTn

e m=n=p=0= (xi(t), x2(t)) anactuku diinepa

Obwuii cayyait = (x1(t), x2(t)) obobiieHHble anacTnKN

3amkHyTbIe 0606LWeHHbIE SnacTUKN?
MK.-M. Totbe: kpusble ¢ 3-ms1 netnamu (LLap ¢ npuuenom Ha
MA0CKOCTH)



ObobLyeHHbIe 31aCTNKM




ObobLyeHHbIe 31aCTNKM




ObobLyeHHbIe 31aCTNKM




AHopmanbHble Tpaektopun ans caydas (2,3,5,8)

hi = hy = h3 =0,

by \ ha (hr —he \
<h5>_A<h5>’ A_<hg _h7>_const
he = hy = hg = 0,

g = —hs X1 + hs Xo.

e det A <0 = (x1(t), x2(t)) runepbonsi,
o detA >0 = (xi(t), x2(t)) annuncei,
o detA=0 = (x1(t), x2(t)) napabonsl unu npsimsie.

lmnepbonbl v napabonbl He SBASOTCS HOPMaJIbHBIMU
TPaekTOpUSAMU = OHW CTPOrO aHOPMaJbHbI



3aknao4yeHne

CeobogHas HUNBNOTEHTHasi CybpumaHoBa 3afa4ya C BEKTOPOM
pocta (2,3,5,8),

Peanusauus 8 RS,

CvMMETPNYN HOPMAaNBHON ramMuNLTOHOBON CUCTEMBI,

WNHTerpanbl HopMaabHOW FraMUibTOHOBOW CUCTEMBI:
10 wHTerpanos, N3 HUX B MHBOAIOLMW ANLWb 7,

[Mpoekumn aHOpMasbHbIX TPAEKTOPU — KprBble 2-r0 NOPAAKa,

CyLiecTBytOT CTPOro aHOpMaJibHbIE SKCTPEMaJibHbIE
TpaekTopuuM,

Boluncnensl dyHkuun Kasnmunpa n opbuTsi
KOMPUCOEAUHEHHOTO NMPEACTaBEHUS,

Hanucausl 2 ctaTeu, 3-s 8 pabore.



