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�.��Z.[]#�*AGB!$����-�/1=���/\8$�.=)��!����+(.��3$����3 @ ����I$3$M;���"/5�7=�^�!<�Iç$#�E$3$3;E<ç$3<�"��!$3<���7=Q>.c!<#]I����hç$�"#�GB3$!)(��"3 @ ����I$3$�54b3$!$��#8ç$�6(.C$3$#�!$!</5�N3�G�ç<��%�3$�N��3$�������6(��5ZP�`^7��3:0��3$�7�����6(+0Y4Y��#�����#S8<��3:0�3<*��"!$#9K���������(m^A=Q���"��!<�.(�&<!$/\0�E$#,GQ��3$�7������§¨�"#.=Q��I<�S=�4
(.%�&$��%7(+��#��b©74+#,GB!$#��r��3���#��r��K��6�6(�I<ç$#���#��7��#98<!$3$XV��3$�7�����"/�§ÊGY(.�.=Q��!<3$X�49�����gc
E<�hç)(+���Rç$��4)#�-IG����r�m3�E<ç�Z ©��"#�%��P����#�#���������������#��b(.��>·ç)(.*7=Q3 @ !$/5���"3$I<ç<#���#��7��#+c8<!$3<82§¨��#�����#98$!<3<8'^A=Q���"��!<�.(�&<!$/\0'E$#�GB��3<��������©AZ�Ï]3$�A=Q#j�.(�I<3:0o�"3$I<ç<#���#�����#S8:c
!<3$M

Ω
3O0P(Iç)(.I<���¢ç$3<*��b�7�m^�!:�8ç$#�E<3<8N§¨#�!$(�E<ç$#�E$#Iç$C$3$#�!$(+=Q>�!)(�=Q#�%A(Iç$3$���r�

Ω
©7Z

sg(�I$3<�e#�-�&)(+*,#��54r^�!:��&$#�E<3<8VE$&$3`GY(�!$!$#��a�6(�I<&$#���#�����#S8$!<3$3U0P(�&)(.I<����&$3<*������
!<��#�E<&$�AGB�A=Q��!$!$#��7�b>'��#��7��#S8$!$3:82��3$�������"/Å!)(��"3$I$&$#.�:&<#���!$�.Z�b"�A=Q3 GQ���j!<��*S(9c
��3$��3<�6/\����3$�������"/]4B3$�"��X��;3$� @ 3$�7=Q#���#�*��"#9Km!$/10i��#��7��#98<!$3$M Ω1

3
Ω2

4)#�-IGDc
�HGB3$!<8<Xp���H8m��#�GB!<��4���#hG)=)8�#�-IG��AGB3<!$��!$!<#�Mm��3$�������"/

Ω = Ω1Ω2

4��+(�ImI�(�I;G)=$8
I�(.K�GB#�%�#O�"3$I$&<#���#�����#S8$!$3:8oE$��&<��#�Mk��#.*,�"#9Km!$#

Ω2

�"3$I$&$#���#��7��#S8$!$3$Mo����#�&$#�M
E<#,GB��3$�������"/�Z:¤1!<�8ç$#�E$3<8m#�-IG��HGB3$!$��!$!$#�M���3$�7�����"/

S
I:(�I;=Q#�%A(�&$3$���

Ω
ç$(���!)(

�7���"�"�
S1

3
S2

©7Z
b"�7=Q3kIk��3$�������"��E<ç<3������"E<�hç)(.���kç$�

T
E$#�GB��#�GB3<���H8kE$#8ç<C$3<8k^�!$�¢ç$%�3$3

dQ
4

��#m^�!<�8ç<#�E$3<8��3$�7�����"/J��#�*hç)(��7�.(��7�o§¨���5Z)��#�#.��!$#.?;��!<3$�i§ J Z J ©Û©AZ
[]�hç$� @ 3$�A=Q��!$!$/5�h���7=)3 @ 3$!$/�!$��8<�.=)8<Xp���q8O!$�7*S(���3$��3$�"/5�"3�Z)Øh!$3m����8:*S(.!$/G2ç<��%5��G�ç<��%�#��n�Rç)(.��!$��!<3<8$�"3L��#�����#98$!<3<8DZPØh-�/ @ !$#]�]I�( @ ���������d!$�7*S(���3$��3<�"/10E<�hç$���"��!$!</\0k��/5-�3Zç)(�Xp�

E, V, N
3:=Q3

S, V, N
4Y(�#����+(+=Q>�!$/5�;E$�¢ç$���"��!$!$/5�

��/°ç)(.KL(�X��94Y3$��E$#.=Q>.*���8k�Rç)(���!$��!$3<����#�����#98<!$3<8DZYsr(�I�4B���A=Q3o�jI�( @ ����������!<��*S(9c��3$��3<�6/�0kE$�hç<���"��!<!$/\0oEZç$3$!<8:��/
E, V

3
N
4Q��#j^�!<�Iç$#�E$3<X_��/°ç)(+KL(�Xp�jI�(�I

�]��!$I$C<3$X�^���3:0�E$�hç$���"��!$!</\0��
S = S(E, V,N).

§ J Z Ã�©
¯]!<����!<��3$��!</d��K��]E$�hç<���"��!<!$/5� d �����"E$��&)(.���:&)( T 4:GY(.�.=Q��!<3$� p 4$����I<��#�&�0:3:c�"3 @ ����I$3:0�E$#�����!$C<3)(+=Q#�� µ 45�"#�%7�P�V-�/\��>W��/°ç)(+K���!$/ @ �¢ç$��* ^�I��7����!$��3$��!</d�E<�hç$���"��!$!</d��3��]�:!<I$C$3$X¥§ J Z Ã�©1��E<#��"#���>�X���#�#.��!$#.?;��!<3$M

T =

(

∂S

∂E

)−1
, p = T

∂S

∂V
, µi = −T

∂S

∂Ni

, i = 1, . . . ,m.
§ J Z K ©

b"�A=Q3iK����;I:( @ ����������!$�7*S(���3$��3<�6/�0�E$��&$���"��!$!$/10�E$&$3<!<8<��> S, V,N 4���#���!<�P�+c&<��!$!<8:8�^�!$��&$%�3:8
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E = E(S, V,N).
§ J Z�Áb©

Ä1��8:*,>��"��K�GQ�LE$&$3$&)(+�;��!<3<8$�"3i^�!:��&$#�E<3$3i3O��!<�P��&$��!$!$��M�^�!$��&<%�3$3i�"#SKL�7�
-�/\��>L*S(�E<3$�,(�!$(���^�!<��&$#�E$3$M<!$#�M�3�^�!$��&$%��7��3 @ ����IP#�M���#�&$�6(+0

dS =
1

T
(dE + pdV −

∑

µidNi),
§ J Z�À_�b©

dE = TdS − pdV +
∑

µidNi.
§ J ZÄÀ�À9©

¯]!<����!$��3$��!$/d�NE<��&$���"��!$!$/5�N�"#�%7���W-�/\��>W��/5&)(.K���!</ @ ��&$�7* ^�I��7����!$��3)��!$/d�E$��&<���"��!<!$/d��3��]��!$I$C$3$X¥§ J Z�Áb©1��E$#��"#���>�X���#�#���!<#�?;��!$3$M
T =

∂E

∂S
, p = −

∂E

∂V
, µi =

∂E

∂Ni

,
§ J ZÄÀ J ©

§Í(�!$(+=Q#�%�3 @ !$#���#�#���!<#�?;��!$3<8$��§ J Z K ©6G)=)8�E$&<#�3<*,��#,GB!</10�^�!<��&$#�E$3$3)©7Zsg(�I;I:(�I�E$&$3L#�GB!$#���&$���"��!$!$#��n3<*��"��!$��!$3$3������A0L(�&<%����"��!<��#�����§ J Z Ã�©A4$§ J Z�Áb©
�
k
&)(.*d*�!)( @ ��!$3<8 S 3:=Q3 E 3<*,�"��!<8<���H8m��#��7��#.=Q>�I�#�K��5&)(.*�4���#�^���3O�]��!$I$C$3<3#,GB!<#�&$#�GB!$/5�jE$��&$��#�M`������E$��!$3DZ"¯�!:����!<��3$��!$/d�jK��mE$��&$���"��!$!</d��4r!)(.M�GB��!$!$/5�

�L��3:=$�i&)(�����!$�����k§ J ZÄÀ J ©74:�+(�I<K��]*,(���3<�H8:�m#��L^�IP������!$��3$��!$/10�4Q!$#LE$&$3�3<*��"��!$�Ac
!$3$3�E$#��A=Q�AGQ!$3:0�!$�]3<*,�"��!<8$X����q8D4$�.(.I @ ��# T (S, V,N), p(S, V,N), µ(S, V,N)8$�.=$8$Xp���H8�#,GQ!$#�&$#�GB!$/5�"3�]��!$I$C$3:8$�"3!<�S=)����#�M������E$��!$3DZ
sg(�INI�(�I

E
*,(���3$��3<�k#���^�I��7����!$��3$��!$/\0 E$��&$���"��!$!</\0�4F��#

dE d E$#.=Q!$/5MGB3$������&$��!$C$3)(9=�Z ¬ �,GB���e&$(������6(.��&<3$�b(.��>
E
I�(�Il�]��!$I$C$3$XÖ!$�O��#.=Q>�I�#o����I�c

��#�&$('^�I��7����!$��3$��!$/\0UE<��&$���"��!$!$/10
x = (S, V,N)

4r!<#'323<!<����!$��3$��!</\0
P =

(T, p, µ)
Z�sR#�%ÔGY(i����3:=)�'#�GB!$#�&$#,GB!<#�����3 ^7��#�MN�]��!$I$C$3<3 �����"#SKO!$#j*S(�E<3$�,(+��>

E$#���#�&$�r�,=Q��¤1M�=Q��&)(�I�(�I
E = (P, x) = TS − pV +

∑

µiNi,

dE =
∑

pidxi +
∑

xidPi.
§ J ZÄÀ a ©

¯h*m��&)(���!$��!$3<8N&)(�����!$�7���l§ J Z�À a ©�3�§ J ZÄÀ�ÀS©h�A=Q�AG)�����+4 @ ��#�����#�&$#����7=B(�%A(����"#����§ J Z�À a ©�&)(���!$#L!<�,=QX�4)�SZ��.ZQ��E$&)(.���AG$=Q3$��#m&$(�����!$������#
SdT − V dp+

∑

Nidµi = 0,
§ J Z�À � ©

����8:*,/5�b(.Xp�����pGQ&<��%h�dGB&<��%�#��23$!<����!$��3$��!</d�]E$��&$���"��!$!$/5��4$I�#.��#�&$#��h!)(+*,/5�b(9c
Xp����&)(.��!$��!$3$����Ì�3<-�-��,(_Ú���X�%����6(<Z
¯h*���#�%�#$4 @ ��# dE d E<#.=Q!$/5MiGQ3$������&$��!<C$3)(+=�4Q�7=)�AGQ���7�
∂2E

∂V ∂S
=

∂

∂V

(

∂E

∂S

)

=

(

∂T

∂V

)

S,N

=
∂2E

∂S∂V
= −

(

∂p

∂S

)

V,N

= T

(

∂p

∂Q

)

V,N§ J ZÄÀSÂ�©
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ó A�ä�ìI3�5áôc9�5:A�ìI5:;<3�à�5R78@�3�5öõ¹ä�9�@�r�3�3$ë�p�A�5:62/�A�?Zí:62s2?<9�3�54÷
5cø4?<9�¬�ã
A�?�â �e��#��J�7=)� @ (.��4RI�#�%ÔGY(^�!$��&$%�3$XÖ��3$�������"/ E

��/5&)(+K�(.Xp� @ ��&<��*i^�I��7����!:c��3$��!</5�pE$��&<���"��!<!$/d��4����d��&<�,GB!<#;3:*,�"��&<3<��>$4P�+(�ImI:(�I�^�!<��&$#�E$3<X�4�I�#.=)3 @ ���7����#��#�%�#�3�=Q3�3$!$#�%�#L�����;��������(L3OGB&DZ:��&:�,GB!$#�3<*��"��&$3:��>�!$��E$#���&$�HGB��������!$!$#$ZQ¯]!$#��
GQ�7=Q#�3$!<����!$��3$��!$/d�hE$��&<���"��!<!$/d�L§Ú�����"E$��&)(.���:&)(<4:I�#�!$C<��!<��&)(�C$3<8�4PGY(��+=Q��!$3<�S©74
3�0W3<*��"��&b8<��>`�7�������7�b����!$!$#`E$&$#.�;��Z6f6�A=Q#���3<8¦§ J ZÄÀ J ©�E$#.*,��#+=)8$X�� *,(��"��!$3<��>
#�GB!<�23:=Q3W!$����I�#.=)>�I�# ^�I�������!$��3$��!$/10VE$��&$���"��!$!</\0V��§ J Z×Áb©;3$!<����!$��3$��!$/5�"3DZ
��=)8�^7��#�%�#O3<��E$#+=Q>�*���X��jE$&<��#�-�&)(.*,#��b(�!$3<��Î���KL(�!PGB&)(<Z
Øh!$#�#���!$#���(�!$#�!)(]��#��54 @ ��#hG)=)8;GB��(.KLGQ/lGB3$������&<��!$C$3<&<�����"#�MO����!$I<C$3$3#�GB!$#�MUE$��&$���"��!$!$#�M

x
4rE$��&$�b(.82E$&<#�3<*,��#,GB!$(.82I�#���#�&$#�M

y′
�"#�!$#���#�!$!)(oE$#

x
4

�SZ��.ZQ����#�&$(.8�E$&<#�3<*,��#,GB!)(+8�!$��3<*,�"��!<8$�7�m*,!)(.I:(§¨���5Z�&<3$��Z J ZÄÀ9©A4

x

y

r

p
)(xy

ù�ú:û_üký8üÔþ_ü:ÿ����������
	���
������������������cú������������ �
��
Ð ��K�GQ�iE$&$#�3:*,��#�GB!$#�M dy

dx
= p(x)

����# @ IP� x 4)*�!)( @ ��!$3<��� y(x) 3#�&�GB3$!$(+c��#�M
r
��# @ I$3kE$��&<����� @ ��!$3<8o��#���>�X�#�&�GQ3$!)(.�OI:(���(.���A=Q>�!$#�MoI y(x) ���P�����������Pc�7�n*S(.��3$��3<�"#�����>

y = r + xp ⇒ r = y − xp
Z�¤��+('*S(.��3$��3<�"#�����> ��*,(�3$�"!$#+c

#�GB!$#.*,!)( @ !)(.8�4����A=Q3n*,!$( @ ��!$3$� p(x) ����#���G)=)8nI�(.KLGQ#�%�# x 4D�9ZÒ��Z����7=)3 p(x) !$�3<�"�����m^�IP����&$���r�:�6(
dp

dx
=
d2y

dx2
6= 0.

[]&$3�^7��#��
p =

y − r

x
, x = −

dr

dp
.

§ J ZÄÀ Ü ©
�1#�#���!<#�?;��!$3$�k§ J ZÄÀ Ü ©�E<#�*,��#+=)8$�7��*,(��"��!<3<��>�(�&<%����"��!<��]�:!<I$C$3$3

y(x) @ ��&$��*����E<��&$�.�:X�E<&$#�3<*���#,GB!:�:X�Z
£�!$(+=Q#�%�3 @ !$/5�;��#�#���!<#�?;��!$3<8o3$�"��Xp�i�"������#�G)=)8�GB�.�P03k-�#.=Q����E$��&$���"��!:c!</10�ZbÏh��#�-�/W#����]��!$I$C<3$3

y(x1, x2, x3)
E<��&$��M<��3mIL�]��!$I$C<3$3

r(p1, p2, x3)
4�%ÛGQ�

pi =
∂y

∂xi
, xi = −

∂r

∂pi
, i = 1, 2

§ J ZÄÀSÃ�©
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!<�PKO!<#dE$#���&$��-�#��b(.��>���*S(.3$�"!$#.c�#,GB!$#.*,!)( @ !$#�M]*,(���3$��3$�"#��7��3��"�7KLGQ� x = (x1, x2)3
p = (p1, p2)

ZRØh!)(�%A(�&)(.!<��3$&<#��b(�!)(:4F���A=Q3`#�E<&$�AGQ�7=Q3<���7=Q>k�6(.��&$3$C$/"!]I�#�-�3
����#�&$/10�E$&$#�3<*,��#�GB!$/10���^A=Q���"��!<�.(��"3

ai,j =
∂2y

∂xi∂xj

!$��#�-�&)(+��(��7���q8k�O!$#+=Q>
(i, j = 1, 2)

Z)sR#�%ÔGY(
r = y −

2
∑

i=1

pixi, p3 =
∂y

∂x3
=

∂r

∂x3
.

§ J ZÄÀ K ©
��3$������&$��!<C$3)(+=kE$&$��#�-�&$(.*,#���(�!$!$#�M��]��!$I$C<3$3

dr = p3dx3 −
2
∑

i=1

xidpi.
§ J ZÄÀ,Áb©

b"�7=)3L3$�Û0b#,GB!)(+8L�]��!$I$C$3:8
y(x)

#,GB!<#�&$#�GB!)(.8;E$��&<��#�M�������E$��!$3D4���#]3��]��!$I:c
C$3<8

r
#,GQ!$#�&$#�GB!)(.8NE$��&$��#�M �7����E$��!$3D4R���7=)3`#�!)(�*S(.��3$��3<�0b#��S8`-�/T#���#,GQ!$#�M

3<*j��#����+(��.=$8$Xp��3:0
x
Z � (�E<&$3$�"��&�4R��I:( @ ���7�����j3$�Û0b#�GB!$#�M`����!$I<C$3$3lE$&<3$�"���^�!$��&$%�3<X

E(x) = E(S, V,N)
Zkb"�7=)3�E<&$��#�-�&)(.*�#��b(�!$!$(.8j�]��!$I<C$3<8

r
!$����#�GB��&:c

KO3:�O^�I��7����!$��3$��!</\0kE<��&$���"��!$!$/10�4B��#
dr =

∑

i

xidPi
Z � #m�m��3:=)����&)(.��!$��!<3<8

Ì�3$-�-���(YÚ���X�%����6(mE$&)(��b(+8 @ (��7��>i&$(���!)(m!<�,=QX�4B�9ZÒ��Z��]��!$I$C<3<8 r ����&b8$�7��#�E$&$�AcGB�7=)��!$!$#�����>$Z
n A�3�="5:A�oqp�A�5:62/�A�?Zí:62s2?<9�3�î
À�ZQ«D(��"��!)(L#�-IG����6(�GB(��.=Q��!$3$���d�

p = −
∂E

∂V
.

§ J Z J �b©
����#�#������������b��3$3��m§ J Z�À Ü ©

I = E − V

(

∂E

∂V

)

= E + pV.
§ J Z J À9©

Ñ��:!<I$C$3$X
I
!)(.*,/5��(�Xp�m^�!<�.(9=Q>�E$3$��MDZ$��3$������&<��!$C$3$(+=k^�!<�+(+=Q>�E<3$3

dI = TdS +
∑

µidNi + V dp.

J ZQ«D(��"��!)(L^�!<��&<#�E$3$3�����"E$��&)(.���:&$#�MD�
[]&$3kE$��&$�70b#�GB��#��

E(S, V,N)
IkE$&$��#�-�&)(.*�#��b(.!$!$#�Mk�]�:!<I$C$3$3

F
4B*,(���3$�q8:c

�;��M�#.�
T, V,N

4)E$#.=$� @ 3$�V����8:*,>�§Ú���5ZF§ J ZÄÀ Ü ©Û©
F (T, V,N) = E − ST.

§ J Z J8J ©
¤����`��#�&$�r�N*,(�E$3<��32^�!$��&$%�3<3U!)(.*�/5�b(�Xp�'^�!$��&$%�3$��MWÌ:�A=Q>��"%�#.=Q>�C$(<Z b"�mGB3<�]c
����&$��!$C$3)(+=

dF = −pdV +
∑

µidNi − SdT.
§ J Z JIa ©
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OyPRQ+�WS$PRQ���U����WV$�Y�)S1¡Ô�g�Û )�4Q+�±��S1¡~���<\2P�S"�<V$�

# 5Rß�="6:¬ 3�9�?<="3�à�5R78@�3�5Àp�62;<5:9�r�3�?Zê�o¾â � ��E$#�GB��3<Km!$#��'���7=)#$4p!)(+0b#,G)8:c
�������H8U�oE<#.=Q�j�S8$%�#�����!$3<8D4"#�-.=Q(9GY(��7�'E$#�����!$C$3$(+=Q>�!<#�MW^�!$��&$%�3$��MDZ����7=Q3 @ 3$!)(E<#�����!$C$3)(9=Q>�!$#�Mm^�!<��&$%�3$3O!$�5*,(���3$��3<��#�����#�%�#$4bI�(�I$3$�NE<�P����� ���A=Q#�#�I�(.*,(+=Q#���>
����#��U3�=Q3i3$!$#��2��#�����#98<!$3$3D4$#�!)(�*S(���3$��3<����#.=Q>�IP#�#�����#�����#98$!<3<8DZ$[�&<3iE$��&$�7c
0�#,GB�53<*�#�GB!$#�%�#���#�����#S8$!<3<8���GB&:�:%�#��5���A=Q#���#�����&<?�(.����&)(�-�#�����§¨3�=Q3���!$��?�!<8<8
��&$�HGY(L��#�����&:?�(��7�m&)(�-�#����j!$(9G���7=Q#��54<*S(.��&)( @ 3$�b(.8�^�!$��&<%�3$Xh©74)�6(�I���3$�6(+=Q>�!$#��#�*,�"#SKO!$(.8����A=Q3 @ 3<!)(�^���#�Mj&)(�-�#���/�&)(���!)(�&)(.*�!$#��7��3jE$#�����!$C$3$(+=Q>�!</\0O^�!<��&:c%�3$M��m3$�Û0b#,GB!<#���3I�#�!$� @ !$#�����#�����#98$!<3<8:0YZ�b"�7=)3kE$��&$�70b#�Gn#����P�;�������.=)8�=Q�H8k�&$(�������8<!$3$���N^�!<��&$%�3$3k§Ú!$��#�-�&)(.��3$�"#P©74�!)(�E$&<3$�"��&D4�E<�P�����N��&$��!<3<8D4���#�E$&$#�3<*,���Ac
GQ��!$!)(+8;���7=Q#��'&)(�-�#.�.(��"#9K��7�h��#.=Q>�I�#h���"��!<>�?;3<��>��H8�4b(�E$#,GQ��#,GB3<�6(.8;^�!$��&<%�3<8
��#.=Q>�I�#L�:���7=Q3 @ 3<��>��q8�E$#���&)(���!$��!$3<X���E$#�����!$C$3)(9=Q>�!$#m��#�*��"#9Km!$#�MDZÑ��:!<I$C$3$3D46(�!)(+=Q#�%�3 @ !</5��E$#�����!$C$3$(+=Q>�!<#�MW^�!$��&$%�3$3�46����#,G)8<�'3`G)=$82����&:c�"#�GB3$!$(��"3 @ ����I$3:0���3<�������5ZYØ�GB!)(.I�#�*AGB����>��6(�IP��3$�6(9=Q>�!)(.8iE$#.=)��*,!$(.8�&)(�-�#.�.(<4IP#���#�&<��XÖ�"#9K��7�k��#�����&<?�3<��>o��3$�7�����6(kE$&$3`E$��&<�70b#,GQ�i3<*j#�GB!$#�%�#k��#�����#S8$!$3:8
�oGB&<��%�#���4�*S(.��3$��3:�l#��N��#�%�#$4�E$&$3VI:(.I$3:0U���7=Q#���3<8:0WE$&$#�GB�7=Q(�!V�+(�I�#�M�E$��&$�7c
0�#,GFZ��J��3:=$�o^���#�%�#�����&$�"#,GQ3$!)(��"3 @ ����I$3:0NE<#�����!$C$3)(9=Q#��!<����I�#.=Q>�I�#$Z�Ø]-.�;3$�G$=)8l�����A0`����&$�"#,GB3<!)(��"3 @ ����I$3:0UE$#�����!<C$3)(+=Q#��'8$�.=$8$�����q82��#$4 @ ��#'#�!$3`*S(.��3:c�q8:����#+=Q>�IP#�#�����#��7��#S8$!$3:8j��3<�������"/�Z<Çg(.*,!$#�����>�E<#�����!$C$3)(9=Q#���0P(�&)(.I<����&$3<*������
E<&$�AGB�A=Q>�!:�:X &)(�-�#�����4�I�#.��#�&:�:Xª�"#9K����N��#�����&<?;3<��>`��3$�7�����6( E$&$3WE$��&<�70b#,GQ�
3:*]#�GB!$#�%�#;��#�����#S8$!$3:8i��GB&<��%�#��]E<&$3j���70j3:=Q3j3$!$/10O���A=Q#���3:8:0YZ)«D(�E$3<?����2&$(+c
����!$�7����#<4Y����8<*�/5�b(�X��;���;�"�7KLGQ����#�-�#�M���#�*,�"#SKO!</5��3:*,�"��!<��!$3:8oE$(�&)(��"�7��&$#��
*,(��"I$!<�P��#�MU����&$�"#,GQ3$!)(��"3 @ ����I�#�MW��3$�������"/ÖE$&$32E$#�GB��#�GB�iI2!$��M2!$��IP#���#�&$#�ME<#�&$C$3$3�^�!$��&$%�3$3

dQ
�

dQ = dE + pdV −
n
∑

i=1

µidNi,
§ J Z J � ©

%ÔGB�
dE d 3<*��"��!$��!$3$����!<�P��&$��!$!$��Mj^�!<��&$%�3$3j��3$�������"/�� pdV d &)(�-�#��.(:4P��#�����&:c?;(�����(+8O��3<�������"#�Mi3O���.8<*S(.!$!)(.8m�p3<*,�"��!$��!$3$���2���p#�-IG����6(<�

µidNi
d 3<*��"��!$�Ac!<3$�;^�!<��&$%�3$3n��3$�������"/]4���/\*��b(�!<!$#��;3<*��"��!$��!$3$���µI�#.=Q3 @ ���7���b( i c�%�#j���7�;�������b(§Ú��*S(��"I<!<�P��#�Mk��3$�7�����"���+(�I$3$��3<*,�"��!$��!<3<8o�"#�%��P�j��#�*�!$3$I$!:����>iE$&<3k!$(+=Q3 @ 3<30:3$�"3 @ ����I$3:0&$�,(.I$C$3$MQ©AZ�U� @ �7��#��`����8:*,3k§ J Z�À9©r�"��K�GQ� dQ 3 dS &)(�����!$������#i§ J Z J � ©rE$&$3<�"���;��#�&$�r�

TdS = dE + pdV −
n
∑

i=1

µidNi.
§ J Z J Â�©

���7=)� @ (��.4QI�#�%ÔGY(;0:3$�"3 @ ����I<3$��&$��(�I$C$3<3#����7�������b����Xp�
TdS = dE + pdV.

§ J Z J�Ü ©
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[]&$3VE$#�����#98<!$!$#�MV�����"E$��&$(.���:&$�oE<&$3$&)(.����!$3<�o&)(.-�#���/
pdV

&)(���!$#
d(TS −

E)
4F(i*,!)( @ 3<�94FE$&$�HGB�7=)>�!)(.8 &)(.-�#��+(�&)(��7?;3$&$��!$3<8�4R��#�����&<?���!$!$(.8N���7=)#��JE<&$3E$��&<�70b#�GB���d3<*,#�����&$�"3 @ ����I$3:0����7=Q#���3<8:0�3<*���#�����#98$!<3<8mÀ6����#�����#98<!$3$� J 4,&)(���!$(

AT = F1 − F2 (dAT = −dF ),
§ J Z J Ã�©

%ÛGQ�
F = TS − E

§ J Z JIK ©
d ����#�-�#�GB!)(.8V^�!$��&$%�3:8µÌ:�A=Q>��"%�#+=Q>�C)(:Z1sg(�I�I�(�I���!<�P��&$��!$!<8<8�^�!$��&<%�3<8 E 3^�!<��&$#�E$3:8

S
*,(���3$�q8<����#.=Q>�I�#k#��k��#��7��#S8$!$3<8l��3$�������"/Å3 8<�.=)8$X����q8l^�I��7����!:c

��3$��!$/5�"3µE$��&<���"��!<!$/d�"3D45��#U3�^�!$��&$%�3<8�Ì��7=Q>��"%�#.=Q>�C)(l#�-.=B(9GB(����l�����"3µK��
����#�M$�����b(��"3DZ
�V3<*�#�^�!<��&$#�E$3 @ ����I�#��W#�-�&)(.��3$�"#��2E<&$#�C$�������.4$I�#�%ÔGY(���3$�7������(�3<*�#.=Q3$&<#��b(+c!)(n#.�N��!$�7?;!$��M���&<�AGB/Ö!$������E:=Q#�E$&$#���#�GB!$/5�"3�#�%�&)(.K�GB��!$3:8$�"3D4

dS = 0
463:*

��&)(���!$��!$3<8W§ J Z J�Ü ©p�A=Q�AG)�����+4 @ ��#�E<#�����!$C$3)(+=)>�!$#���#.*,�"#9Km!)(+8k&)(�-�#.�.(j&)(��7?;3:c&$��!<3<8
AS = E1 − E2 (dAS = −dE).

§ J Z J Áb©
sr(�I<3$�T#�-�&$(.*,#��546��!<�P��&<��!$!<8:8�^�!$��&$%�3:8��.(�I:K��8$�+=)8$�7���q8V����&<�"#,GB3$!$(��"3 @ �7c��I$3<� E$#�����!$C$3$(+=Q#�� 3�0P(�&)(.I<����&$3<*������;E$&$�HGB�7=)>�!$#��d*,!)( @ ��!$3$��&)(�-�#.��/W����&$�"#.cGB3$!)(.�"3 @ ����I�#�M��3$�7�����6/¦E$&$3�^���3�0����A=Q#���3:8:0YZ� &$#��"��&)(�-�#.��/�&)(.��?;3<&$��!$3:8D4�����8<*,(�!$!$#�M'�;3:*,�"��!<��!$3$����#�-HG����6(m���7=B(i3
&)(���!<#�M

A =

2
∫

1

pdV, dA = pdV,
§ J Z a �b©

@ (��7��#L3$��E$#.=Q>.*���Xp��E$#�!<8:��3$�]E$#+=Q��*�!$#�M���!$�7?;!$��M�&)(�-�#���/]Z)¤��.(�&$(�-�#��+( L #�-+c&)(.*��������q8VI:(.IU&)(.*,!<#�����> �"�7KLG)�l&)(�-�#���#�MU&)(.��?;3<&$��!$3:8V32�.(�IU!)(.*�/5�b(����6#�M
&)(�-�#.��#�MjE$&$#��+(+=QI$3<�b(�!$3:8D4<&)(���!<#�M

pV
Z<[�#��7=Q�HGB!<8:8iE$&$�HGB���+(��.=)8<������#�-�#�Mj&)(+c

-�#��.��4$IP#���#�&<��XJ!<�PKO!$#;*,(.��&)(.��3:�b>$4 @ ��#�-�/��������7��3i���7=)#�#�-IG����6( V ����&$�AGQ�j�GY(��.=)��!$3$���
p
�

dL = dA− d(pV ).sr(�I I�(�I
dA = pdV

4g(
d(pV ) = V dp + pdV

4���#
dL = −V dp.

«D(��"��!$3$�k�
&)(�����!$�������O§ J Z J�Ü ©

dA
!)(

dL
4$E$#.=)� @ 3<�

TdS = dE + d(pV ) + dL.
§ J Z a À9©

�V���7=)#���3<8�0�(9GB3$(�-b(.��3 @ ����I�#�%�#�E$&<#�C$�����,(<4$IP#�%ÔGY(�=)���b(.8 @ (��7��>L��^���#��U&)(+c����!<��������&)(.��!)(�!<�S=QX�4
dLS = −d(E + pV ) = −dI,

�9Z��.Z<GB3$������&<��!$C$3$(+=)��^�!<�+(+=Q>�E<3$3DZ
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OyPRQ+�WS$PRQ���U����WV$�Y�)S1¡Ô�g�Û )�4Q+�±��S1¡~���<\2P�S"�<V$�

¤1!<�+(+=Q>�E<3<8D4�I�(�I
E
3
F
4D8<�.=)8<�����q8'����&<�"#,GB3$!$(��"3 @ ����I$3$�¦E$#.����!<C$3)(+=Q#��3#�E$&$�AGQ�7=)8<���jE$&$�HGB�7=Q>�!$#���*,!)( @ ��!<3$��E$#+=Q��*�!$#�M���!$�7?;!$��Mk&)(.-�#���/]4QE$&$#�3<*,���AcGQ��!$!$#�Mk���A=Q#���E$&<3oE$��&$�70b#�GB��3:*;#,GB!$#�%�#j��#�����#98<!$3<8o�LGB&<��%�#��;�j#�-�&)(.��3$�"#��

(SGB3)(�-�(.��3 @ ����IP#���E<&$#�C$�������
LS = I1 − I2.

§ J Z acJ ©
� (�I�#�!$��CD4���3:*,#�����&$�"3 @ ����I�#��2E$&$#�C$�������h3<*h&$(�����!<������§ J Z J ÀS©"3'§ J Z a À9©"�7=Q�AcG)�����94 @ ��#

dLT = −d(I − TS),
(pE<&$�AGB�A=Q>�!$#��1*,!)( @ ��!<3$�\E$#.=Q�7*,!$#�M;��!$�7?;!$��ML&$(�-�#���/]4.E$&$#�3:*,���HGB��!$!<#�M����7=Q#��54�"#SK�����-�/\��>m��/5&)(.K���!$# @ ��&<��*�����&$�"#,GB3<!)(��"3 @ ����I$3$MkE$#.����!<C$3)(+=

Φ = I − TS,
§ J Z aIa ©

!$(.*,/5��(����"/5Mn����#�-�#,GQ!$#�M'^�!$��&<%�3$��M`Ì�3$-�-��,(<Z�Ø @ ����3�GB!$#<4 @ ��#$4DI:(.I'3'#����+(+=Q>+c!</5������&<�"#,GB3$!$(��"3 @ ����I$3$�OE$#�����!$C$3$(+=Q/ E, F, I
4�^�!<��&$%�3<8lÌ�3$-�-��,(�8$�+=)8$�7�.c

�q8o�]�:!<I$C$3$��MN��#��7��#98<!$3<8'3n(SG$GB3<��3$��!)(<ZDsg(�I @ ��#��i��3<�������"��4���#�����#98:�;��Mn3<*!<����I�#.=Q>�I$3:0����A=�4
E =

∑

ν

Eν , F =
∑

ν

Fν , I =
∑

ν

Iν , Φ =
∑

ν

Φν .
§ J Z a � ©

�1��&$!$���"�q8O����E<��&$>�IO�7=$� @ (�X�4:IP#�%ÛGB(���#����+(��;��3$�������"/µ�"#9K��7�;3:*,�"��!:8<��>��H83'���A=Q#���3<��*,(�IP#�!)(���#,0:&)(�!$��!$3<8N^�!$��&$%�3<3`3<�6�������#�&$�r�U§ J Z J Â�©7Z�[]��&<��E$3<?����
^7��#��&)(.��!$��!$3$�m�L*S(��"��!$#�M ��!<�P��&$��!$!$��M`^�!$��&$%�3<3

E
!)(�^�!$��&<%�3$X¥Ì�3<-�-���(

Φ
Z

[]#+=)� @ 3$�
n
∑

i=1

µidNi = dΦ + SdT − V dp.

�U���7=)#���3<8�0OE$#�����#98<!$�����b(������"E<��&)(.���:&$/µ3�GY(.�.=Q��!$3<8�GB��(��A=B(�%A(����"/10i��E<&)(+c
��#�M @ (��7��3l^���#�%�#k��&)(���!$��!$3<8`&)(���!$/_!<�S=QX�4r(�0:3$�"3 @ ����I<3$M2E$#�����!$C$3)(9= i c�%�#IP#��"E$#�!$��!<�+(

µi =

(

∂Φ

∂Ni

)

P,T,Nj 6=i

, i = 1, . . . , n.
§ J Z a Â�©

sg(�IoI�(�I'^�!$��&<%�3<8NÌ�3$-�-��,(i(9G$GB3:��3$��!$(<4D��#
dΦ =

n
∑

i=1

dΦi

4�(m0:3$�"3 @ ����I$3$MNE<#.c
����!$C<3)(+=

µi
E$&<�AGB�7�.(��+=)8$�7�]��#�-�#�M��"#.=$8$&$!<��XU^�!$��&$%�3<X�Ì�3$-�-���(

i
c�%�#����������7���b(<Z

¯]��E$#+=Q>�*,#��b(�!$3<������&$�"#�GB3$!)(��"3 @ ����I$3:0nE$#�����!$C$3$(+=Q#���E$#�*���#.=$8$����#�E$&$�AGQ�7c=)3<��>�E<&$�AGB�A=Q>�!<��XU&)(.-�#�����4,I�#���#�&<��X2�"#9Km!$#5E<#.=)� @ 3<��>pE$&$3�&)(.*7=Q3 @ !</10�#�%�&)(+c!<3 @ ��!<3<8:0Y4d!)(9=Q#9K���!$!$/10�!)(`���A=Q#���3<8�I�#�!<�+(�I:�.(U��3$�������"/�'#�I$&:��KL(.Xp�;��M
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��&$�HGB#�MDZ<[]���7��>$4<!)(.E$&$3$�"��&D4<��3<�������6(���#��7��#�3:��3:*
m
E$#,GQ��3$�7�����U3i3<�"���7������E:c

=Q#���#�M�I�#�!:�.(.I<�O������&$�"#����.(+�b#��54Q�.(�I @ ��#������"E$��&$(.���:&)( Tj I:(.K�GB#�M j cºM�E<#,G)c��3$�7�����"/¦E<#�����#98<!$!)(�3i&)(���!$(������"E$��&$(.���:&$������&$�"#����.(.�.(
T0
Z$Øh-IG����2I�(.K�GB#�M

3<*�E$#,GQ��3$�7�������"#9K���� 3:*,�"��!:8<��>��H8�41!$# 3�0W�����"�6(�&$!$/5M�#�-IG����
V =

m
∑

j=1

Vj
E$#��7��#98<!$��!�Z5[]&$�HGB�7=)>�!)(.8�&)(�-�#.�.(<4���#�����&<?;(����6(.8�� �+(�I�#�M���3$�7�����"��4\�`��3�=)�
&)(�����!$�����b(¦§ J Z J Ã�©j3�����#�M$�7���b(W(9G$GB3<��3$��!<#�����3¦��!<�P��&$��!$!<�,M¦^�!$��&$%�3$3�§ J Z a � ©
&)(���!$(

AT,V =
m
∑

j=1

∆Fj =
m
∑

j=1

∆Ej − T0
m
∑

j=1

∆Sj,
§ J Z a�Ü ©

%ÛGQ�
∆Fj = Fj1 − Fj2

4"(�!)(+=)#�%�3 @ !$/5MW��3�G�3$�"��Xp� ∆Ej

3
∆Sj
Zrsr(�I$3<��K��

#�-�&)(+*,#��NE$&<3mI�#�!:�.(�I:���p��3$�7�����"/]4���#��7��#S8<�;��Mj3<*�&)(���!<#�������!$/10�E$#�GB��3$�7�����54��
����&$�"#����+(.��#���3�-b(�&<#����+(.��#��54B�9ZÒ��ZYE<&$3

Tj = T0, pj = p0
G)=)8�����A0*�!)( @ ��!$3<M

j
4)E$&<�AGB�A=Q>�!)(.8E<#.=Q�7*,!)(.8�&)(�-�#��+(L��3$�7�����"/

LT,p =
m
∑

j=1

∆Φj =
m
∑

j=1

∆Ij − T0
m
∑

j=1

∆Sj.
§ J Z a Ã�©
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∆Fj, ∆Φj
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Tj = T0

3
pj = p0
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dE = TdS − pdV, dI = TdS + V dp,

dΦ = V dp− SdT, dF = −(SdT + pdV ).
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∑

i=1

µidNi

Z
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T =

(

∂E

∂S

)

V,N

=

(

∂I

∂S

)

p,N

, p = −

(

∂E

∂V

)

S,N

= −

(

∂F

∂V

)

T,N

,

V =

(

∂I

∂P

)

S,N

=

(

∂Φ

∂p

)

T,N

, S = −

(

∂F

∂T

)

V,N

=

(

∂Φ

∂T

)

p,N

,

µi =

(

∂E

∂Ni

)

S,V

=

(

∂I

∂Ni

)

S,p

=

(

∂F

∂Ni

)

V,T

=

(

∂Φ

∂Ni

)

p,T

.
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F (T, V,N)

Z][]#���#�#.��!$#�?���!$3:8$�è§ J Z a Á�©�"#9Km!$#
!$(�M<��3

S
3
p
E<&$3O*,(9GY(�!<!$/10

T, V, N
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SΣ
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&)(��7�����9ZB[]&$3$&<#�����^�!:��&$#�E<3$3
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E<#,GB��3$�������54g#�-IG����"/TI�#.��#�&$/10
V1, V2

3 ��#��7�.(.��/
N1, N2

��3$I���3$&$#���(�!$/]4g(
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E
&)(���!)(������"�"�

^�!$��&$%�3$M�E<#,GB��3$�������54BI:(.I�3�����^�!<��&$#�E$3<8��

E = E1 + E2; S(E) = S1(E1) + S2(E2).

sg(�IlI�(�I2��3$�������"/Ö!$(+0b#,G)8<���q8U�o&)(���!$#�������3$3�4g��#'3:0l�7���"��(.&$!)(.82^�!<��&<#�E$3<8
G$=)8O*,(9GY(.!$!$#�%�#�*,!)( @ ��!<3<8 E �6(�IP��3$�6(9=Q>�!)(:4��+(�I @ ��# E1

3
E2

GB#+=)KO!</�-�/\��>
�+(�IP#���/]4 @ ��#�-�/�GB#��7�.(��+=)8<��>O&<��?;��!$3$���7=)�AGQ��X�����M�^�I�����&$���6(+=)>�!$#�M*,(9GY( @ ���

S(E) = S1(E1) + S2(E2)→ max
/

E1 + E2 = E.
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E1

3
E2

�]��!$I$C$3<3Î�(�%�&)(�!<KL(

R = S1(E1) + S2(E2) + λ(E1 + E2 − E),

@ ��#�E$&$3$��#,GB3<�mI�&)(.����!<�����.�
∂S1

∂E1

=
∂S2

∂E2

.
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∂Q

∂T

)

V
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dE

dT
,
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Cp =

(

∂Q

∂T

)

p

=
dE

dT
+ p

(

∂V

∂T

)

p

.

� #<4)I�(�I��A=Q�AGQ���7�j3<*���&)(���!<��!$3<8���#��7��#S8$!$3<8 § J Z � �b©A4$E$&$3
N = 1

(

∂V

∂T

)

p

=
R

p
.

sg(�I @ ��# Cp = CV +R
Z<[]#,G @ ��&$I<!$���54 @ ��#�E<&$3i��/5��#�GB��^���#�%�#�&)(�����!$�����b(;�6/3<��E$#+=Q>�*,#��b(+=Q3�E<#.=Q!<��XWE$&$#�3:*,��#�GB!<��X

dE/dT
4S�+(�I�I�(�I�#��

p
3
V
��!:����&$��!<!$8:8

^�!$��&$%�3<8!$�]*S(.��3$��3:�9Z
¯]��E$#+=Q>�*���8O��&)(���!<��!$3<�]��#�����#98<!$3<8n§ J Z � �b©74PE$#.=)� @ 3<�2*,(���3<��3$�"#��7��>�^�!:��&$#.cE<3$3m#���E)(�&)(.�"����&<#���3�GQ�,(+=)>�!$#�%�#�%A(.*,(<Z�[]&$3

N = 1
��&)(.��!$#�������!$#�� E$&$#�C$�������
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E$#L���A=Q#���3<X¥§ J Z J Â�©

TdS = dE + dA = CV dT + pdV.
§ J Z � À9©

[]&$3�E$#��7��#98<!$!$#�M�����E:=)#����"IP#�����3
CV

dS = d(CV lnT +R lnV ).
§ J Z � J ©

b"�7=Q3��/5&$(.*,3<��>
lnT

3<*���&)(���!$��!$3:8��#�����#S8$!$3:8
pV = RT

4

lnT = ln p+ lnV − lnR

3�� @ ���7��>O���.8<*,>��"�7KLG)� R, Cp

3
CV

4<��#mE<#.=)� @ 3$�

dS = d(CV ln p+ Cp lnV ).
§ J Z � a ©

�1�7=)3 @ 3$!)(l^�!:��&$#�E<3$3��"#SK����l#��,=Q3 @ (+��>��q8µ#��l���7=)3 @ 3$!D4\�7��#98:�;3:0��µ§ J Z � J ©A4§ J Z � a ©"E$#�G�*�!)(�IP#��NGB3<������&$��!$C<3)(+=B(:4:��#+=Q>�I�#�!)(�!$��IP#���#�&<��XJIP#�!$�7�.(�!:����Z<b"�7c
=Q3l3:*,��������!)(o^�!<��&$#�E$3<8lE$&$3`!$��IP#���#�&</10l���+(�!�GY(.&<��!$/102E)(.&)(��"�7��&)(+0

p0, V0§¨#�-�#�*,!)( @ 3$�`����I�(�I S0

©A4P��#;^�!<��&$#�E$3<8
S
#,GB!$#�%�#��"#.=$8O3�GB��(+=Q>�!$#�%�#�%A(.*S(��,GB#+c

�.=Q�7����#�&b8$�7�O&)(�����!$�7���b(.�

S − S0 = CV ln
(

T

T0

)

+R ln
(

V

V0

)

= S − S0 = CV ln

(

p

p0

)

+

+Cp ln
(

V

V0

)

= S − S0 = Cp ln
(

T

T0

)

+R ln

(

p

p0

)

.

§ J Z ��� ©

Ï�(�����#�E$&$3<!$3$�6(�X��
S0

&)(���!<#�M�!<�,=QX�3;*S(�E<3$��/5��(�Xp�O§ J Z ��� ©FI�(�I;*S(���3$��3$�"#�����>
^�!<��&$#�E$3<3

S
#��nE$��&$���"��!$!$/10W��#�����#S8$!$3:8W��3$�������"/�Z�Ïh��#�-�/¥E<#,GB� @ 3<�+(.��>NE$#��#�&$�r�S=Q�l§ J Z ��� ©�^�!<��&$#�E$3<X

N
�"#.=Q��M�%7(+*S(<46*S(.!$3$�6(�X��;3:0V#�-IG����

Ṽ
4�!)(SGB#

���"!$#9Km3<��>
S
!)(

N
3�E<#,GB�7�.(.��3<��>V���"������#

V
#�-IG����Å#�GB!$#�%�#W�"#.=)8

Ṽ /N
Z

[]#.=)� @ 3$�

SN = N

(

CV ln
T

T0
+R ln

Ṽ

NV0

)

= N

(

CV ln
p

p0
+ Cp ln

Ṽ

NV0

)

.
§ J Z � Â�©

[]&$3����"�7?;��!<3$3k3�GB��(+=Q>�!</10%A(.*,#��mI�(.K�GB/5M�3<*�!$3�0����HGB���O����-S8��#�-��;���
#�-IG����"�'�+(�ID4dI�(�I�-��,G)��#2GB&:�:%�3:0�%7(+*,#��U!$�n���P�;�����b�.�b���9Z5�;(��.=Q��!$3$�

pi i
cº%�#

I�#��"E<#�!$��!:�.(2���"����3µ��GB#��.=Q�7����#�&P8<���U��&)(���!<��!$3$X § J Z � �b©74��lI�#���#�&$#��o�.0b#�GB3<�
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@ 3$�7=Q#'�"#+=Q��M Ni

4R�����"E<��&)(.����&)(
T
32#�-HG����

V
4R*S(.!$3$�6(����"/5MU���"����>�X�Z"sg(�I

@ ��#
piV = NiRT.�;(.�.=Q��!<3$�

pi
!)(.*�/5�b(�X��;E)(�&$C$3$(+=Q>�!$/\� GB(��.=Q��!$3$���

i
c�%�#�%A(.*S(:Z<Ø]-.�;���dGY(��+=Q�7c

!<3$�����"����3�&)(.��!$#L�����"�"��E)(�&<C$3)(+=Q>�!$/10jGY(��+=Q��!$3<M`§Ú*,(�I�#�!j�;(+=)>9��#�!)(b©

p =
M
∑

i=1

pi =
RT

V

M
∑

i=1

Ni.
§ J Z � Ü ©

[]&$3����"��?���!$3<3�3�GB��(+=Q>�!</10�%A(.*�#�������E:=Q#��+(�!$��E$#�GB��#�GB3<���H8�3�!$����#�����&<?;(+c
�7���q8i!$3$I�(�I�#�Mj&)(�-�#���/]4�*,!)( @ 3<�94:�����"E$��&)(.���:&)(����"����3i3j��!<�P��&$��!<!$8:8�^�!$��&<%�3<8!<��3<*,�"��!<8$X����H8�Z:sg(�I$3$�N#�-�&)(.*�#��54b��!<�P��&<��!$!<8:8j^�!$��&<%�3<8O���"����3O&)(���!)(������"�"�
��!<�P��&$��!$!$3:0^�!$��&$%�3$M�#���GB�7=Q>�!$/10I�#��"E$#�!$��!<�$�

E =
m
∑

i=1

Ei.

[]#,GB� @ 3<�+(�����3<*,�"��!$��!$3<��^�!<��&$#�E$3$32%7(+*,#��kE$&<3l3:0 ���"�7?;��!<3$3UE$&<3l��3$I:c��3$&$#��b(�!$!$#�M �����"E<��&)(+����&$�
T
3'GY(��.=Q��!$3$3

p
4F��*�8<��G)=)8 E$&$#��7��#���/_GQ�b(%7(+*S(

��IP#.=Q3 @ ��������#��J�"#.=Q��M N1

3
N2

3N#�-IG����6(��"3
V1
3
V2
��#�#������������b����!$!$#$Zg[]#

��#�&$�r�S=Q�m§ J Z � Â�©�^�!<��&$#�E$3<8��3<�������"/�GB#����"��?���!$3<8&)(���!)(

SH = N1

(

Cv1 ln
T

T0
+R ln

V1
N1V0

)

+N2

(

Cv2 ln
T

T0
+R ln

V2
N2V0

)

.

[]#��7=Q�����"�7?;��!$3<8�^�!<��&$#�E$3<8#�E$&$�HGB�7=$8$�����q8���/5&)(+KL��!$3$���

SC = N1

(

Cv1 ln
T

T0
+R ln

V

N1V0

)

+N2

(

Cv2 ln
T

T0
+R ln

V

N2V0

)

,

�+(�I�I:(�I�I�(.K�GB/5M�3<*�%7(+*,#���*,(�!<8�=j������>�#�-HG����54
V = V1+V2

Z�f @ �����54 @ ��#�E$&$3#�GB3$!$(�I�#���/10������"E<��&)(.���:&)(90L3�GY(��.=)��!$3<8�0;#�-IG����"/2%A(.*�#��]E$&$#�E$#�&$C$3<#�!)(+=)>�!$/
IP#.=Q3 @ ���7�������"#.=)��MD4$�+(�I @ ��#

V1
V

=
N1

N
,

V2
V

=
N2

N
, N = N1 +N2.

¤1!:��&$#�E$3$��Mm���"��?;��!$3<8�!)(.*�/5�b(�X���E$&$3$&)(+�;��!$3$��^�!:��&$#�E$3$3
∆S -/. = SC−SH ZØh!)(�&)(���!)(

∆S -0. = R
(

N1 ln
N

N1

+N2 ln
N

N2

)

.
§ J Z � Ã�©
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��&)(�� @ ������!)(L#�GB3$!��"#.=Q>L���"����3

˜∆S -/. =
∆S -/.
N

= −R(x1 ln x1 + x2 lnx2),
§ J Z � K ©

%ÛGQ�
xi = Ni/N d �"#.=)8$&<!)(.8GB#+=)8DZD[]&$#�C<���������"�7?;��!$3<8n!$��#�-�&)(.��3$�54�# @ ���3m����3�GB�7���7=Q>����b�.�b���������7=)3 @ ��!<3$��^�!:��&$#�E<3$3DZ<Ø����"����3$�54 @ ��#]G)=)8�#,GQ3$!)(�IP#���/10%7(+*,#���^�!<��&<#�E$3<8���"����3&)(���!$(

SC = (N1 +N2)

(

CV ln
T

T0
+R ln

V

V0(N1 +N2)

)

.

� ����&:�,GB!$#OE<#�I:(.*,(.��>$4 @ ��#m�L^���#��V�7=)� @ (�� ∆S -/. = 0
Z<fh���A=Q3 @ ��!$3$��^�!<��&<#�E$3$3E$&$3$��#,GB3<�Io��#��r��4 @ ��#����#�-�#�GB!)(.8o^�!$��&$%�3<8 Ì�3$-�-��,(iE$&$3n���"�7?;��!<3$3 ���"��!$>.c?�(��7���q8DZ

Ïh��#�-�/aE$#+=)� @ 3<��>�*,(���3$��3$�"#�����>�0<3<�"3 @ ����I�#�%�#�E$#�����!$C<3)(+=B(�#��������"E$��&)(+c����&$/µ3�GY(.�.=Q��!$3<8�G)=)8O3�GB�,(9=Q>�!$#�%�#;%7(.*,(<4:3<��E$#.=)>�*������U&)(�����!$�7����#�§ J Z a8K ©RG)=)8
GB3$������&$��!$C$3)(9=B(�^�!$��&$%�3$3kÌ�3$-�-��,( @ 3$�7��#�%�#O���7�;�������b(

dΦ = V dp− SdT + µdN.

sr(�I;I:(�I
dΦ d E$#+=Q!$/5M;GB3<������&$��!$C<3)(+=�4���#]*�!)( @ ��!$3$�d��%�#�����#�&<#�MLE$&$#�3<*���#�G)c!$#�M�!$�]*,(���3$��3<�m#��mE<#�&P8PGBI:(�GB3$������&$��!$C$3$&$#��b(�!$3:8D�

(

∂2Φ

∂N∂p

)

T

=

(

∂2Φ

∂p ∂N

)

T

§ J Z � Áb©
3:=Q3

(

∂µ

∂p

)

T

=
V

N
.

¯h*���&)(���!$��!$3<8��#��7��#98<!$3<83�GQ�,(+=)>�!$#�%�#m%A(.*S(
V/N =

RT

p

4<�+(�I @ ��#

dµ = RT
dp

p
.

¯]!<����%�&$3$&<��8�^7��#m��#�#���!<#�?;��!$3$��E$&$3
T = 1�2 35476 4$E$#.=)� @ 3<�

µ = µ0(T ) +RT ln p.
§ J Z ÂI��©

[]#�����#98$!<!)(.8�3$!<����%�&$3$&$#��b(�!$3:8
µ0(T )

E<&$�AGB�7�.(.�.=)8$�7�j��#�-�#�Mi0:3$�"3 @ ����I$3<MkE$#.c����!$C$3)(+=k%7(+*S(LE$&$3������"E$��&)(+����&$�
T
3iGB(��.=Q��!$3$3D4)&)(���!<#��W�HGB3$!$3$C<��Z
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�ª���"����3¦3�GB�,(9=Q>�!$/10�%A(.*,#���I�(.K�GY(.8µ��#��7�.(��+=)8$X���(.8�0P(�&$(�I<����&$3<*������b�q8
E$(�&$C$3)(9=Q>�!$/5�2GY(.�.=Q��!$3$���

pi
4)3���&)(���!<��!$3$�O§ J Z ÂI��©1E$&$3<�"���O��#�&<�r�

µi = µ0i +RT ln pi, i = 1, . . . , n.
§ J Z×Â:À9©

sg(�I�I�(�I
pi =

Ni

V
RT = CiRT

4$��#

µi(C, T ) = µ0iC +RT lnCi, i = 1, . . . , n,

%ÔGB�
µ0iC(T )

d 0:3$�"3 @ ����I<3$MmE<#�����!$C$3)(9= @ 3$�7��#�%�#����������7���b(<Zcb"�7=Q3LIP#�!$C<��!<��&)(+cC<3$3IP#��"E$#�!<��!<��#��m3$� @ 3$�7=$8$Xp�O�L�"#.=)8$&<!$/10jGQ#.=)8:0Y4$��# pi = pxi
3

µi(xi, p, T ) = µ0i +RT ln(pxi) = µ̄iC(T, p) +RT lnxi.
§ J Z Â J ©

«QGQ����>
µ̄iC(T, p) d 0<3<�"3 @ ����I$3$M�E$#�����!$C<3)(+= i c�%�#d%A(.*,(<4S��*�8<��#�%�#�� @ 3$�7��#�����3�GB�E<&$3�GY(��.=)��!$3$3m3������"E$��&)(.���:&$�����6����3�Z:[]#�(�!)(+=Q#�%�3$3m��#����6���q8$�"3O3�GQ�,(+=Q>�!$/10

%A(.*�#��nGQ&<��%�3$�k���"����3D4��UI�#.��#�&$/10U0<3<�"3 @ ����I$3$�oE$#�����!$C<3)(+=Q/ÆE$#�G @ 3$!<8<Xp���H8&$(�����!$�����b(��J§ J Z×ÂI�b©A4�§ J Z Â�À9©74<!)(.*,/5��(�Xp�z)²+|Ôuh���b³DCF}]zOwPu�y�{L·.xÛwPuS}]z)Z
Çg(������"#���&$3$����3$�7�����"��4D��#��7��#S8<����X�3<*;Km3�GBI�#�Mo���"����3'!$����I�#+=Q>�I$3:0oIP#��gc

E<#�!$��!<��#��<4D3oE)(�&$#��j^���#�MoKO3PGBI�#�����3�Z�b"�7=Q3o�����"E$��&)(.���:&)(�3GY(��+=Q��!<3$�;�+(�I�#.c
��/]4 @ ��#]I:(+KLGB/5M�3<*\I�#��"E$#�!$��!:��#��hKm3�GBIP#�����3���E$#���#�-���!���&)(������6(.��&$3$�b(.���"/10���7=Q#���3<8:0`!)(+0b#�GB3<��>��H82�oIP#�!�GB��!$��3<&$#��b(.!$!$#�����#��7��#S8$!$3$3�4r��#'%A(.*�#��b(.8`��(.*S(
-.�,GB�7�l���"����>�X !)(���/\�;��!$!$/\0�E$(�&$#��n���A0WKL��IP#��"E$#�!<��!<��#��$Z�Ì<(.*�#�����Xª��(.*��
�"#SKm!$#�� @ 3<�.(+��>j���"����>�Xe3�GB�,(9=Q>�!$/10%A(.*,#��$4)�+(�I @ ��#�0:3$�"3 @ ����I$3$MkE$#�����!$C<3:c(9=

i
cº%�#�IP#��"E$#�!$��!<�+(���!$��M3$�"�����m��3�G2§ J Z Â�À9©

µ 8i = µ0i +RT ln pi.

��=)8�KO3�GQI�#��7��3D4Q8<�.=)8$X��;��M$�q8k3�GQ�,(+=Q>�!$/5��&)(��7����#�&$#��54)0:3$�"3 @ ����I$3$�;E$#�����!:cC<3)(+=Q/��L��#�#.�����7���7�b��3$3��m§ J Z Â�À9©1&)(���!$/

µ 9i = µ̄i +RT lnxi.

�����7=Q#���3<8:0�&)(���!<#�������3<8
µ 8i = µ 9i 4<�.(.I @ ��#

µ0i +RT ln pi = µ̄i +RT lnxi,

#.��I<��GY(�E$#��7=)��E$&$��#�-�&$(.*,#���(�!$3$M��7=Q�HGQ���7�

pi
xi

= :�; ç ( µ̄i − µ0i
RT

)

.
§ J Z Â a ©
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[]&)(���(.8 @ (��7��>;^���#�%�#;��/5&)(.K���!$3<8m*S(.��3$��3:��#���GB(��.=Q��!$3<8j3m�����"E$��&$(.���:&$/���"����3DZRØh-�#.*,!)( @ 3$������I�(�I Fi(p, T ) 4D#����+(���3$��E$#�I:(i�]��!$I$C$3$X Fi
!$��#�E$&$�AGQ�7c

=Q��!<!$#�MDZQ���.(.I$3:0�#�-�#�*,!)( @ ��!$3<8:0�3<*O§ J Z Â a ©1�7=)�AGQ���7�j&)(�����!$������#

pi = Fixi.
§ J Z Â � ©

Ïh��#�-�/�!)(�M<��3�]�:!<I$C$3$X
Fi
4$���7��&$���"3)���"#.=$8$&$!<��X�GB#.=QX

xi
I��HGB3$!$3<C$��4)�9ZÒ��Z

&)(������"#���&$3$���A=)� @ (�M�4DI�#�%ÛGY(O��#��7�.(.��&)(.������#�&)(jE$&$3$-+=Q3<KL(��7���q8'I @ 3$����#��r� i c�r�lI�#��"E$#�!$��!<����Z�[]&$3U^7��#��aE)(�&<C$3)(+=Q>�!$#��OGY(��.=)��!$3<�
i
cº%�#nIP#��"E$#�!<��!<�+(n!)(9G

&)(��7����#�&<#��'GB#.=)Km!$#�E$&$3<-.=Q3<KL(.��>��q8mI�&)(���!$#�������!$#��r��GY(.�.=Q��!$3$X
p̄i
E$(�&)( @ 3�c����#�%�#

i
c�%�#L���������7���b(<ZQsr(.I @ ��# Fi = p̄i

4)3���&)(���!$��!$3<�j§ J Z×Â � ©1E$&<3$�"���m��3�G

pi = p̄ixi.
§ J Z Â�Â�©
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{�uO·�wPu�y�{L·�xÛwQ|�ZY�1#�#���!$#.?;��!<3$�i§ J Z×Â�Â�©1!$(.*,/5�b(.Xp��*S(.I�#�!$#���ÇR(S�S=)8�Z

.0/2A�?<;<3�="?Zå©A�?</262;:?öA�?ZíI¬ 5:ê�5:9�3�å�â Ñ;#�&$�r�S=Q(§ J Z×Â J ©rG)=)8O0:3$�"3 @ ����I$3:0E$#�����!$C$3$(+=Q#��iE$#.*,��#+=)8$�7�i&)(���� @ 3<�+(.��>�E<#�����&$3'����#�-�#�GB!$#�Mk^�!$��&$%�3$3'E$&<3o���"�7c?;��!$3$3�%7(.*�#��m3:=)3�3�GQ�,(+=)>�!$/10&)(��7����#�&$#��$ZBÇg(.�����"#.��&$3$�����"����>LGB���b0�I�#��"E$#.c
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A
3
B
ZQ¯�0j0:3$�"3 @ ����I$3$��E<#�����!$C$3)(+=)/J3$�"��Xp�m��3�G

µ
A
= µ̄

A
+RT lnx

A
, µ

B
= µ̄

B
+RT lnx

B
.

�1��#�-�#�GB!)(+8�^�!$��&<%�3<8�Ì�3$-�-���(�G)=$8��"#.=)8����"����3

Φ -/. = x
A
µ

A
+ x

B
µ

B
.

�1��#�-�#�GB!)(+8j^�!$��&$%�3<8�Ì�3$-�-���( @ 3<����/10iIP#��"E$#�!<��!<��#��$4<�.*�8<��/10j�����A0OK���IP#.=Q3:c
@ ���7���b(90�4

Φ̄ = x
A
µ

A
+ x

B
µ

B
.

[]#�����&$3����#�-�#,GQ!$#�M�^�!$��&<%�3$3�E$&<3���"�7?;��!$3$3

A0 = Φ̄− Φ -/. = −RT (x
A
ln x

A
+ x

B
lnx

B
).

§ J Z×Â Ü ©
Ø @ ����3�GB!$#<4 @ ��# A0 > 0

Z�¤����k���7=Q3 @ 3$!<��!)(.*,/5��(�Xp�i#�-�&)(+��3$�"#�Mo&)(�-�#.��#�M&)(.*AGB�7=Q��!$3<8�Z:Øh!$(]&)(.��!)(h�"3$!$3<�6(+=Q>�!$#�ML&)(�-�#.����4�IP#���#�&<��X�!<�PKO!<#]*,(.��&)(+��3<��>
G)=)8�&)(.*7GQ�7=Q��!$3<8#,GQ!$#�%�#L�"#.=)8����"����3!)( @ 3$�7��/5��IP#��"E$#�!$��!<��/]ZY¤���#.�O�"3$!<3:c�r���¦GB#�����3$%A(������H8U�o#�-�&$(.��3<�6#���E$&$#�C$�������.Z�Ñ���!$I$C<3<8

A0(xA
)
E$#�I�(.*,(�!)(k!)(
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&<3$��Z J Z J 4:E$&<3i^���#��2� @ ����!$#<4 @ ��# x
B
= 1− x

A

Z$�1&)(���!$��!$3<�]�]��!$I$C$3$3
A0(x)

�
^�!<��&<#�E$3$��Mk���"��?���!$3<8l§ J Z � K ©1E<&$3$��#�GB3<�mI���#�#���!<#�?;��!$3$X

∆S -/. =
A0

T
.

§ J Z Â�Ã�©
�V-�#.=)���h#�-��;���U�A=)� @ (���G)=)8j���"����3 m I�#��"E$#�!$��!<��#��L��#�����&:?;��!<!$#�(�!)(+=Q#�%�3 @ c!</5�V#�-�&$(.*,#��UE$#�����&$3^�!$��&$%�3<3kÌ�3<-�-��,(�E$&$3����"�7?;��!<3$3kE<&$3$�r�P�O��#�&$�r�

A0 = −RT
m
∑

i=1

xi ln xi.
§ J Z Â K ©

ù�ú:û_üký8ü ý8ü�<=���_ú:ûTú
>?�_û�@�AB�
��@����A½û����������
�
��C�D��
���EWúcú���cú·û�>?��F����cúcú���@B>?��G
� ��
��C����G:úIH G
JLK
������E��MHN��>O�
���
����@��MP
Çg(������"#���&$3$�2�A=)� @ (�MD4�I�#�%ÔGY(�#,GB3<!O�"#.=Q>����"����3�4:��#�����#S8<����Mi3:*dGB���b0mIP#��gcE<#�!$��!<��#��

A
3
B
4$!<�PKO!<#�&)(.*AGB�A=Q3<��>m!)(�GB�b(�E$#.��#�I�(<4)�LE$��&$��#��W3<*�I�#���#�&$/10

IP#�!$C<��!<��&)(�C$3$3j&)(���!$/
xA1
3
xB1

4�(���#�����#�&$#��
xA2
3
xB2

Z�Ø]-�#�*,!$( @ 3$�'GB#+=QXE<��&$��#�%�#�E<#���#�I�( @ ��&$��* γ 4b�+(�I @ ��#�GB#.=)8m�.��#�&$#�%�#�E$#.��#�I�(�&)(���!)( 1−γ Z:¤1!$��&�c%�3$3WÌ�3$-�-���(�G$=)8UI�(.K�GB#�%�#'3<*���/�0b#,GB!$/10UE<#���#�IP#��n32�����"�6('^���3:0U^�!<��&$%�3$M
3<�"��Xp�m��3PG

Φ1 = γ(xA1µA1 + xB1µB1), Φ2 = γ(1− γ)(xA2µA2 + xB2µB2),

ΦΣ = Φ1 + Φ2.[]#.����&<3k����#�-�#�GB!$#�M�^�!$��&$%�3<3kE$&$3����"��?���!$3$32§¨#�!<3�KL��&)(.��!$/¦�"3<!$3$�6(+=Q>�!$#�M
&$(�-�#�����&$(.*7GB�A=Q��!$3<8Q©

A -/. = ΦΣ − Φ -/. .
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[]#��7=Q�]E$#,GB�7�.(.!$#���I<3��^7��#�&)(�����!$������#m��/5&)(.K���!<3$MjG)=)8j0<3<�"3 @ ����I$3:0E$#.����!�cC$3)(+=)#����"3$!<3$�6(+=Q>�!$(.8�&)(.-�#��+(L&)(.*AGB�7=Q��!$3<8#�I:(+*,/5�b(��7���q8&)(���!$#�M

A -0. = A0(xA)− [γA0(xA1) + (1− γ)A0(xA2)].
§ J Z×Â�Áb©

b"�7=Q3U� @ ������><4 @ ��# x
A

= γxA1 + (1 − γ)xA2
4g��#

A -/. E$&$�AGQ���+(��.=)8<��� ��#�-�#�M&)(�������#S8$!$3<�O�"��K�GQ�o��# @ I�#�M A0(xA
)
3N#�&�GB3$!)(+��#�M #���&$��*�I:(<4F��#��HGB3$!<8<Xp����%�#

A0(xA1)
3
A0(xA2)

4+G)=)8
x = x

A

Z�sr(�ILI�(�I��]��!$I$C$3:8
A0(xA

)
��/5E<��I:=B(�������&�0�4

&)(�-�#.�.(L&$(.*7GB�A=Q��!<3<8�!$��#���&$3$C)(.����=)>�!)(<Z
Çg(�-�#��+(�&)(+*7GB�A=Q��!$3:8OE$&$#�E<#�&$C$3$#�!)(+=Q>�!$(�IP#.=Q3 @ �����������"#.=Q��M N &)(+*7GB�A=)8$�Ac�"#�M����"����3�Zkb"�A=Q3�� @ ���7��>�^���#�#�-��7��#98:���A=Q>�������#�3�&)(.*7GQ�7=Q3<��>�=Q����/5��3�E$&)(���/5�

@ (��7��3;&$(�����!$�����L§ J Z Â�Ã�©D3i§ J Z×Â�Áb©D!)(����A=Q3 @ 3$!<��4+#�E$&<�AGB�A=)8$X����:XV�6(��7?��+(�-���&$�Ac�"��!$3�4Y��#j��=Q����/10 @ (��7�S8:0k^7��3:0k&$(�����!<�����j�"/�E$#+=)� @ 3$�&Â.#�-�&)(.��3$�r��XT�"#���c
!$#��7��><Ã&$(.*7GQ�7=Q��!$3<8D4F(i��E$&)(���/10 d ���"���7��#IP#.=Q3 @ ���7���b(��"#.=Q��Mn�"#.=)8$&<!$/5M&)(��Û0b#,Gk&)(.*AGB�7=)8<���"#�M���6����3�ZBsg(�ID4<3<*O§ J Z×Â Ü ©��7=Q�HGQ�����

Na = −gRT (xA
lnx

A
+ x

B
ln x

B
),

%ÛGQ�
Na

d �"#���!$#�����>m&)(.*7GQ�7=Q��!$3<8D4B( g d �"#.=)8<&$!$/5M&)(.�q0b#�Go���"����3�Z�1!:����&$��!$!<8:8�^�!$��&$%�3<8µ���"����3�GB#23µE$#��7=Q�'&)(.*AGB�7=)��!$3<8�!<�'3<*,�"��!<8$�7���H8�4
���"��!$>�?;(������q8W��#.=Q>�IP#n^�!:��&$#�E<3<8W���"����3W3�4"�A=Q�AGQ#��b(.���7=Q>�!$#$4"�����A=Q3 @ 3$��(������H8����#�-�#,GQ!)(.8n^�!$��&$%�3<8`Ì�3<-�-���(<Z�b"�7=Q3�4R!$(�E$&$3$�"��&D4F�"/T��#�����&<?;(����µG)=)8N&)(.*AGB�7c
=Q��!<3<8����"����3�L3<*�#�����&$�"3 @ ����IP#���E$&<#�C$��������!$��I�#���#�&<��X�&)(�-�#.����4<��#�^�!<��&$%�3<8D4E$#,GQ��#,GQ3$�6(.8'�L^���#�M &$(�-�#���#�MD4�#.����#�GB3<���q8N����#�&$�"������E�=Q#���/_E<&$3n�����"E$��&)(+c
����&$�i���"����3DZ"¤1!<��&<#�E$3<82��3$�������"/]4"��#�����#98:�;��M23<*i&)(+*7GB�A=)8$���"#�M2���"����3l3l���
#�I$&<�PK���!<3<8�!$���:�"��!$>�?;(������q8e§Ú� !$��#�-�&)(.��3$�"#���E<&$#�C$�������o&$(��������P©�*S(N� @ �7�&$#��7�.(�^�!<��&<#�E$3$3�#�I<&<�PKL(�Xp����M��&<�AGB/]Z( í:="5R9�5:9�3�5 ôc9�;<A�6�p�3�3tp�A�3�õ
?kí:6�s2o�vöp�A�5:s�A�?<145R9�3�å�v�â []&$3���(.*�#.c
��/10LE$&$����&)(.����!$3:8:0Y4�E$&$#,0b#,GQ8:�;3:0�E<&$3mE$#�����#98$!<!$#��'GY(��+=Q��!<3$3

p
3L�����"E$��&)(+c

����&$�
T
4:^�!<��&<#�E$3<8�3:*,�"��!:8$�����H8�!)(����7=)3 @ 3$!<�O#���!$#�?;��!$3<8�E<&$3$&$#��7�.(�^�!<�+(+=Q>.cE$3$3�I������"E<��&)(.����&$����(.*�#���#�%�#LE$&$����&)(.�;��!$3<8�ZBsg(�ID4$E<&$3E�=B(��.=Q��!$3$3�=Q>9GY(

∆Sa =
∆H

Ta
=

6008

273, 2
= 29, 99

( ��K
(
�"#.=Q> �

)

)

,
§ J Z Ü �b©

(LE$&<33$��E)(�&$��!$3$3��#,GB/�E$&<3!$#�&$�6(+=Q>�!<#��V(.���"#�������&<!$#��2GY(��.=)��!$3$3

∆Sb =
∆H

Tb
=

40673

373, 2
= 108, 93

( ��K
(
�"#.=Q> �

)

)

.
§ J Z Ü À9©
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[]&$3�!$(�%�&$�����"���A=B(��r*S(9GB(�!$!$#�M]����E:=Q#����"I�#��7�b>�XU#��5�����"E<��&)(.���:&$/
T1
GB#
T2*,(L��IP#.=Q>L��%�#�GB!$#m-�#.=Q>�?�#�����&<���r8 §¨#�-�&)(.��3$�"#P©\3:*,�"��!<��!$3$��^�!<��&<#�E$3$3�&)(.��!$#

∆Sv =

T2
∫

T1

CdT

T
=

T2
∫

T1

Cd lnT.
§ J Z ÜcJ ©

b"�7=Q3i!)(�%�&<���b(�!<3$�]E$&<#�3$�Û0b#,GB3:��E$&$3iE$#�����#S8$!<!$#��U#�-IG����"�.4:��#
C = Cv(T )

4
('���7=Q3WE$&$3WE<#�����#98$!<!$#���GB(��.=Q��!$3$3D4"��#

C = Cp(T )
Z�«D(.��3$��3<�"#�����3W����E:=Q#+c

���"I�#�����3'#��i�����"E$��&)(.���:&$/�G$=)8o&)(.*7=Q3 @ !</10'���7�;���7����!)(+0b#�GQ8:��^�IP��E$��&$3$�"��!:c�+(+=)>�!$#$Z
��=Q�HGQ������#����"����3:�b><4 @ ��#j&$(�� @ �7�iE$#O��#�&<�r�S=B(���§ Ü Z�À9Ã�©»Ú�§ J Z Ü8J ©\E$&$�HGBE$#.=Q(+c%A(��7�'&)(���!$#�������!$/5M 0P(�&)(�I:����&2E$&$#�C$������#��$Z"¤���3U��#�&$�r�S=Q/ !<��E$&$3<%�#�GB!$/]4"!$(+c

E<&$3$�"��&�45G)=)8�&)(�� @ ���+(�3<*��"��!$��!$3<8J^�!<��&<#�E$3$3JE$&$3�*,(��7��/5�b(�!<3$3�E<��&$��#S0P=B(+cK�GB��!$!$#�MmKO3PGBI�#��7��3j3:=Q3jE$&$3jI<&$3$���+(+=$=)3<*S(�C$3$3�3<*hE<��&$����/\�;��!$!$#�%�#�&)(��7����#+c
&$(<Z$¯h*,�"��!$��!$3<����(.*�#���#�%�#���#�����#98<!$3<8���3$�7�����"/�!<�PKm!$#�&)(.*�-�3<��>L��^7��#��U�7=)�bc
@ (���!)(L&)(.��!$#�������!$/\���7�.(SGB3$3DZB[h������>$4Q!)(�E$&$3<�"��&D4)�����"E$��&)(.���:&)(�*,(��"��&:*S(�!$3:8
T0
4�(������"E<��&)(+����&)(�Km3�GBIP#�����3

T1 < T0
Z9��=)8�E<#,GB� @ ���+(�3<*��6��!$��!$3<8�^�!:��&$#�E<3$3!:��Km!$#LE$��&<�70b#�G'#��LKm3�GBI�#�����3�I�������&�GB#��r�i���7=$��E<&$#���������3��L��&$3&)(���!$#������7c

!</10��7�.(9GQ3$3D�
À9©1!)(�%�&$����E$��&<��#S0P=B(+KLGQ��!$!$#�MKm3�GBI�#�����3#��

T
GB#

T0
�

J ©1&)(���!$#�������!$/5M��(.*�#���/5M�E$��&$�70b#�G'E$&<3
T = T0

�
a ©1#S0P=B(+KLGB��!$3$�]������&�GB#�%�#����A=B(;GB#

T1
Z

sr(.IoI:(.I'^�!<��&$#�E$3<8 d �]��!$I$C$3:8n��#�����#98<!$3<8D4���#�E$&<3$&$#��7��^�!<��&$#�E$3$3nE$&$3I<&$3$���+(+=<=Q3<*S(�C$3$3�E$��&<��#,0�=Q(.KLGQ��!$!$#�MiKm3�GBI�#�����3i&$(�����!j�7�:�"�"�h���hE$&$3<&$#�����#��
!$(LI:(+KLGB#�M����+(9GB3$3DZ

º\ú º\ú Q�ÿ�()�ý��§���)	�¾���hÿ�ü�����ÿ�þ	��)	��hü�Ï
.0;<@�A�o0;:?Zå�783�78;<5:="?�â sg��&$�"#�GB3$!)(��"3 @ ����I$3$�5-�(+=B(�!<��/lC$�7=)����#�#�-�&)(+*,!$#h*,(+cE<3$�,(+��>�G)=)8N#���I$&$/\��#�M`��3$�������"/�Zg��3<*�#.=Q3$&<#��b(�!<!$#�M ��3$�������"�j��!$��?�!$3$�OE<#.c

��#�I$3�#����7�������b����Xp�+4p(U�2*,(��"I$!<�P��#�M¦#������P�����b�.�b��� @ (��7��>V3:* !<3:0Y4d�+(�I @ ��#����&$�"#�GB3$!$(��"3 @ ����I$3$�'-�(+=B(�!<��/¥G)=)8�!$3:0���/\����I:(�X��U3<*o#�-.�;��%�#l��3�GY( ^7��3:0���7=Q#���3$MiG)=)8�#.��I$&$/\��#�M���3$�7�����"/]Z
sg��&$�"#,GQ3$!)(��"3 @ ����I<3$�]-b(+=B(�!<��/������+(�!)(.�.=Q3$�b(.Xp�L����8:*,>;�"��K�GQ�mE$#���#�I:(��"3I�(.K�GB#�%�#N3<*���7�;���7���$4�^�!$��&<%�3$3�3W^�!<��&$#�E$3$3�4�I�#���#�&$/5�"3���3$�������6( #�-��"��!$3:c

��(������H8k��#�I$&<�PKL(�X��;��Mk��&<�AGB#�M�4���#.*,!$3<I$!$#�����!$3$���µ^7��3�0k���7=Q3 @ 3$!k�j��3$�������"�3���IP#�&$#�����>�XT3:0!)(�IP#�E:=Q��!$3<8DZ�������E$#.��#�I$3�GY(+=)�����"/J-���GB���������"�"3$&$#���(.��><4
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��E$#���#�-�#�����#.*7GB��M$������3<8`!)(��3<�������r��Zr�e#��,=Q3 @ 3<�j#���I�#�!$����I:��3$��!<#�%�#kE$#���#�I:(GB3$���]�P*,3$#�!<!$/5Mi*S(.��3$��3:�L#.��&$(.*�=Q3 @ 3<8j�"��K�GQ�m3<!<����!$��3$��!$/5�"3�E$��&<���"��!<!$/\c�"3O3$���A=Q�AG)�b���"#�M���3$�������"/µ����# @ IP��4:I<��GY(�#�!m�.0b#,GB3:�;3:=Q3O#���I<��GY(���/10b#,GB3:��33$!<����!$��3)��!$/d�"3�E$��&$���"��!$!$/5�"3k#�I$&<�PKL(�Xp����M��&$�AGB/]Z
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qj/Tj d 3<*��"�7c!$��!<3$�5^�!<��&$#�E$3$3LE$#,G��.=Q3<8<!$3$���
j
c�%�#hE$#.��#�I�(�����E:=Q#���/V�������"E$��&$(.���:&$#�M

Tj
©F3



��� L  �M2³ZM
OyPRQ+�WS$PRQ���U����WV$�Y�)S1¡Ô�g�Û )�4Q+�±��S1¡~���<\2P�S"�<V$�

E<&$#�3<*���#,GQ������(m^�!:��&$#�E<3$3
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∑
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∑
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∑
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dE/dt=
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σ(Ti, Te) = q(Ti, Te)(1/Ti − 1/Te).
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(σj = 0)
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dSj
dt

=
1

Tj

[

∑

i

(

qij + qdij +
∑

k

gdijxijkµjk

)

+
∑

kν

µkνnkν

]

,
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σ =

∑

j

dSj
dt
.
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qij(Ti, Tj, µi, µj, pi, pj)
4
gdij(Ti, Tj, µi, µj, pi, pj)

4
nkjν(pj, Tj, µj)

GQ#.=)Km!$/2-�/\��>h�+(�I�#���/]4 @ ��#�-�/2�����"�6(hE$# j #�E$&$�HGB�7=$8$Xp��3:0P�q83<�"3;�7=B(.%7(.���"/10;��§ J Z ÃI��©�-�/1=B(�!$��#���&$3$C)(.����=)>�!)(]E<&$3;#������P�����b��3$3L#��7�.(+=)>�!$/10
E<#���#�I�#��$Z
Ø����"�7��3$�54 @ ��#�G)=$8�*,(�E$3<��3L����&$�"#�GB3$!)(.�"3 @ ����I$3:0L-b(+=B(.!$��#��h!$�\��&<��-����7�b�q8*�!)(�!<3<8O��&)(.��!$��!<3<8j��#�����#S8$!$3:8jE$#,GB��3$�7�����

S(E, V,N)
4�!<�PKm!$#�=Q3<?�>$4 @ ��#�-�/�+(�I�(.8�*S(.��3$��3$�"#�����>O�7�P�;���7�b��#��b(+=B(<Z)sg#�%ÔGY(

Ṡ = SEĖ + SV V̇ +
m
∑

i=1

SNi
Ṅi,



³ZMÔÓRM$�d�F¡9�D¶7¢:¡Ô�g�hQ,¢�¡IW¡\�Qq�F¡YX$�<�m�D <Öm��PH¶7 )��UH\<]Øj
Xb��¡Y^Y������¡S¢ � Ã

@ ��#i��#���E)(SGY(��7������/5&)(+K���!$3$���e§ J Z Ü Áb©1G)=$8o&$(���!$#�������!$#�MoE<#,GB��3$�������"/�4D���7=Q3� @ ���7��>$4 @ ��# @ (�����!$/5��E$&$#�3:*,��#�GB!$/5��3$�"��X��O��3�G

∂S

∂E
=

1

T
,

∂S

∂V
=
P

T
,

∂S

∂Ni

= −
µi
T
, Ė = q −Na = q − P V̇ .

¯]��E<#.=Q>�*���8�����&$�"#�GB3$!)(.�63 @ ����I$3$��-b(+=B(�!<��/]4,!)(�MPGB�����/5&)(.K���!<3<8�G)=)8]E$&$#.c3<*,��#,GB�7���b(o^�!:��&$#�E<3$3
σ
E$&$3l&)(.*7=Q3 @ !$/102�.*S(�3$�"#�GB��M<������3<8:02�"�7KLGQ� E<#,GB��3:c�������6(��"3DZ

°$|7´:�Yx9x_`H}�|7³ � Çg(������"#���&<3$��3<*,#.=)3$&$#��b(.!$!<��X2��3$�7�����r��49��#��7��#S8<����XU3<*gGB�.�P0
&)(���!<#�������!$/10;E<#,GB��3$�������n�������"E<��&)(.����&Q(.�"3

T1
3
T2
Z�[]#���#�I�����E:=Q#���/

q
�"��KLc

GQ�i!$3$�"3�*S(.��3$��3:�O#.�
T1
3
T2
4<�.(.I @ ��#

4YX[Z 3 q(T1, T2) = 4\X]Z 3 (T1 − T2), q(T1, T2) = 0
E$&$3

T1 = T2.
§ J Z Ã�À9©

����#�#������7���7�b��3<3k�m§ J Z Ü Áb©13$�"�����

Ṡ1 = −
q

T1
, Ṡ2 =

q

T2
,

�.(.I @ ��#
Ṡ = σ = q(T1, T2)

(

1

T1
−

1

T2

)

.
§ J Z Ã J ©

����3�=)�i���7=)#���3<8 § J Z Ã:ÀS©1E$&$#�3<*,��#�GB�7����#m^�!:��&$#�E<3$3�!$��#.��&$3<C)(.���7=Q>�!$#<Z
� |ºwB|�³Qx9y]{L|7´:�BuL·�y��Bx9| � � (.M�GB���lE<&$#�3<*���#,GQ������#�^�!:��&$#�E<3$3����A=Q#��p����E:=Q#+c

E$&$#���#,GB!$#�%�#j���7�;���7���b(<ZQ��=)8k^���#�%�#i��/5&$(.K���!$3$�i§ J Z×Ã J ©5*,(�E$3<?���� @ ��&$��*�%�&)(9cGB3$��!<�m�����"E$��&)(.���:&$/JI�(�I

σ = q∇
(

1

T

)

= −
q∇(T )

T 2
.

b"�7=Q3o����E:=)#���#�M'E$#.��#�IoE$&$#�E<#�&$C$3$#�!)(+=Q��!'%�&)(SGB3$��!:���k�����"E$��&$(.���:&$/a�;IP#�^��]c
��3$C$3$��!<��#��

−k
4$��#

σ =
k

T 2
(∇T )2.

 ».xS{L|±w�}�z)¶:|�y7vbzD��}�u�y�y�xS´Q|±wB|7³Qx+y � ��=$8�GQ���b0¦#,GB!<#�&$#,GQ!$/10JE<#,GB��3$�������54
3$�"��X��;3:0m�����"E<��&)(+����&<�

T
3�0:3$�"3 @ ����I$3$�hE$#�����!$C<3)(+=Q/ µ1 3 µ2 4 gk d E$#���#�I

k
cº%�#������;��������(<Z���#�%q=Q(���!$#�§ J Z Ü Áb©

Ṡj = −
1

T

∑

k

gk(µ1, µ2)µkj, j = 1, 2.



� K L  �M2³ZM
OyPRQ+�WS$PRQ���U����WV$�Y�)S1¡Ô�g�Û )�4Q+�±��S1¡~���<\2P�S"�<V$�

�1IP#�&$#�����>m3<*��"��!$��!$3<8�����"�6(�&$!$#�M^�!<��&$#�E$3$3

σ = Ṡ = Ṡ1 + Ṡ2 =
1

T

∑

k

gk(µ1, µ2)(µ2k − µ1k).
§ J Z Ã a ©

[]&$3L^7��#��n*,(�I�#�!$/W�6(�����#�E$��&$��!$#��,(���GB#��.=)������#�&P8<Xp�����7=)#���3$X�!$��#���&$3$C)(+���7=Q>.c
!<#�����3

σ
E$&$3

µ1
4)!$��&)(.��!$#��

µ2
Z

� |�z<».xS{L|ºwb}�z)¶:|�y7vbzD��}]u�y�y�xS´Q|±wQ|�³Qx9y � [h������>d�����"E$��&)(.���:&$/`E$#�GB��3<�������k&)(+*�c
=)3 @ !$/]4�I:(�Im3O3:0L0:3$�"3 @ ����I<3$�hE$#�����!$C$3)(9=Q/]4<3O�"�7KLG)��!$3<�"3j#����P�;�������.=)8$�7��c�q8j�6(�����#�E<��&$��!$#��.ZQ�1#�����&<?;��!$!$#�(�!)(9=Q#�%�3 @ !$#���#��r��4<I:(.Ii^7��#�-�/1=)#��ÔGB�A=B(�!$#��&$(������"#���&<��!$!$/10�&)(.!$���5�A=)� @ (.8�0Y4bE$&<#�3<*���#,GB�7����#�^�!:��&$#�E<3$3��]��3<�������"���"#SKO!$#*,(�E$3<�,(.��>O�L��#�&$�"�

σ =
∑

k

[

gk

(

µ1k

T1
−
µ2k

T2

)

+ qk

(

1

T1
−

1

T2

)

]

,
§ J Z Ã � ©

%ÔGB�
qk d E$&<3<��#�I^�!$��&$%�3$3���E$#���#�IP#��V���7�;�������b( gk(µ1, µ2, T1, T2) Zï |ð®6x\^<}�u.¼)zQxS³)³Qx9|5·9»+u.z�}�xS²+|¡�Qy�{L·.zQ| � Çg(������"#��8ç<3$��GB���6E$#�GB��3<�������"/�4�ç)(+*�c

GQ�7=Q��!$!$/5�mE$#Iç<?;!$���5�
p1
3
p2 d GY(��+=Q��!<3<8n��E$#,GQ��3$�7�����6(+0Y4 T d 3:0o�����"E$�Acç$(.���Rç)(:Z$ÇR(.*,!$#�����>�GY(��+=Q��!$3<Mj��/\*,/5��(����;E$�hç$���"���;��!$3$�hE$#8ç:?;!<8�Z$Øh-�#�*�!)( @ 3$�

@ �hç$�7* v ��IP#8ç$#��7��>m3<*,�"��!$��!$3:8�#�-IG����6(LI�(.KLGQ#�M�3:*�E$#�GB��3<�������54Y����8<*,(�!$!<��X��E<�hç$���"���;��!$3$����E$#8ç:?;!<8�Z
["ç$#�3<*���#,GQ������#�^�!<�8ç$#�E$3$3O#�EZç$�AGQ�7=)8<�����H8m#���!<#�?;��!$3$���`^�!$�hç$%�3$3

q = v(p1,
p2)(p1− p2)

4Zç)(.������3$�b(.Xp�;��M$�H8 §ÚE$&$����&)(.�;(�Xp����M$�H8��;����E:=Q#��.�$©\E<ç$3iE$�¢ç$���"�Ac
����!$3<3�E$#Iç<?;!<8�4QI������"E$�¢ç)(.���kç$���

σ =
v(p1, p2)

T
(p1 − p2).

§ J Z Ã�Â�©
�13�GL*S(���3$��3$�"#�����3L��I�#8ç$#�����3�#.�]E$�¢ç$��E$(9GY(�GY(��.=)��!$3$M�#�E<ç$�AGQ�7=)8<�����H8;0P(Hç)(+c

I:���hç<#��V�Iç$��!<3<8�E<#8ç<?;!:8#L������!$I$3DZ
ï ^Yx9y�y�|��QzN^Yx+·+u�³)zQ|��Hu+»+u � [§ç<3kEZç$#S0b#SKLGQ��!$3$3k%A(.*,( @ �¢ç$��*;���PKL(�X��;���������+c

ç<#�M$�7����#�§ÊG�ç$#������A=Q>P©�GB(��.=Q��!$3$�5%A(.*,(h3<*,�"��!<8$�7���H8L#��
p1
GB#

p2
4�(�ç)(��Û0b#,Gm%7(+*S(

g*,(���3<��3<��#.��E$�¢ç$��E)(SGY(]GB(��.=Q��!$3$MDZ ¬ �,GB���`E<ç$�HGBE$#.=B(.%7(+��>$4 @ ��#�E$#���#�I�����E:=Q#���/
q
E$#�GB��#�GB3<���H8I���3$�7�����"��4Q�+(�I @ ��#������"E$�¢ç)(.���kç)(�%7(.*,(L!$��3<*,�"��!<8$�7���H8

σ = g(s2 − s1) +
q

T
.

����3�GQ�j��#�%�#<4 @ ��#m�L3<*�#����¢ç$�"3 @ ����I�#���E<ç$#�C$��������E$#�GB��#�GB3$�6(.8i����E:=Q#.�.(m&$(���!)(

q = g(h2 − h1),



³ZMÔÓRM$�d�F¡9�D¶7¢:¡Ô�g�hQ,¢�¡IW¡\�Qq�F¡YX$�<�m�D <Öm��PH¶7 )��UH\<]Øj
Xb��¡Y^Y������¡S¢ � Á

(��+(�I<K��]� @ 3<��/5�b(.8D4 @ ��#L0:3$�"3 @ ����I$3$��E<#�����!$C$3)(+=)/J3$�"��Xp�m��3�G

µi = hi − Tsi, i = 1, 2,

E$#.=)� @ 3<�
σ = g(p1, p2)(µ1 − µ2)/T.

§ J Z×Ã Ü ©
��=)8;3�GB�,(9=Q>�!$/10�%A(.*�#��]^�!<�+(+=Q>�E$3:8�*S(���3$��3<�]��#.=Q>�IP#]#��h�����"E$�hç$(.���kç$/�4�E$#�^7��#.c
�r�

σ = g(p1, p2)(s1 − s2) = g(p1, p2)R ln

(

p1
p2

)

.
§ J Z Ã�Ã�©

� ^YxS¼Q|�y�y �Qz�}]z)¶:|�y�vPxY�Axd´N^Y|�·�^BuH¯L|�³)z�½ � Çg(.�����"#.�8ç$3$����hç$�"#�GB3$!)(��"3 @ ����I<�:X��3$�7�����r�b4<��I�#.��#8ç$#�MjE<ç$3OE$#��7��#98<!$!$/10O�����"E$�¢ç)(.���kç$�
T
3LGY(��+=Q��!$3<3

p
E<ç$#�3<�7c

0b#,GB3:��0:3$�"3 @ ����I$3$MkEZç$#�C$��������3�GB(

∑

i∈Ij1
αijBi,

k1j
⇀↽
k2j

∑

i∈Ij2
αijBi, j = 1, . . . , r,

§ J Z Ã K ©

%ÛGQ�
j d !$#��"�hç·ç$�,(.I$C$3$3D� Bi

d � @ (��7������X���3$�pI�#��"E$#�!$��!<��/]� Ij1 3 Ij2 d �"!$#.cK���������# 3$!�GQ��IP��#��`3<�q0b#�GB!$/10VI�#��"E<#�!$��!:��#��`3WI�#�!$� @ !$/10VE<ç$#�GQ��I<��#��tç$�,(.I:cC$3$3D�
αij d �7���A0<3$#��"�7�cç$3 @ ����I$3$�LI�#�^�����3$C<3$��!<��/Ó§¨#�!<3oE$#.=Q#SKO3:���7=)>�!$/¦G)=)8E<ç$#�GQ��I<��#��¹ç<�,(�I$C<3$3'3o#.�8ç$3<C)(.���A=Q>�!$/JG)=)8o3<�q0b#�GB!$/10oI�#��"E$#�!$��!<��#��b©7�

k1j
3

k2j d IP#�!$�7�.(.!<��/J��I�#8ç<#�������M�E<ç<8<�"/10�3�#�-Iç)(.��!</10¾ç$�,(�I<C$3$MDZb"�7=)3 @ �¢ç$��* Wj

#�-�#�*,!$( @ 3<��>k��IP#8ç$#��7��> j cºMuç<�,(�I<C$3$3D4F��#k3<*��"��!$��!$3$�iIP#.c=Q3 @ �������b(m�"#.=)��M i cº%�#L���7�;�������b(��·ç$��(�I$C$3<#�!$!$#��V#�-IG����"�]#�E<ç$�HGB�A=)8$�7���H8�I�(�I
dNi

dt
=
∑

j

αijWj, i = 1, . . . , n.
§ J Z Ã.Áb©

["ç$#�3:*,��#�GB������#]^�!<�8ç$#�E$3$3L���A=Q�AGQ������3<�\0:3$�"3 @ ����IP#�%�#]E<ç$���Iç)(.�;��!$3<8�3$�"���7���3�G
σx = −

1

T

∑

i

µi
dNi

dt
=

1

T

∑

j

WjAj,
§ J Z K �b©

%ÛGQ�
Aj = −

∑

i

αijµi d 0:3$�"3 @ ����I�#��l�¢ç$#,GQ������# j cºM ç$�,(.I$C$3$3DZ�� #�-Iç)(.��3:c�"#�M¾ç$��(�I$C$3$3����#��7��#98<!$3$3�ç$(���!$#�������3<8
Aj = 0

ZQ�1I�#8ç<#�����3�ç$�,(�I<C$3$M������#�X
# @ �¢ç$�AGB>L*S(���3$�H8:�m#���I�#�!$C$��!:�8ç)(�C<3$MD4Q�����"E$�hç)(+���kç$/J3jGY(��+=Q��!$3:8DZ°$|7´:�Yxq}]u�y�y�xS´Q|_^Y|7³Qx+y � []#,GB��3$�7�����"/]4�IP#�!<�+(�I<��3<ç<�:X���3$�oG�ç:�:%'��G�ç<��%�#��54
3$�"��X��½ç)(.*�!$/5�d�����"E$�hç$(.���kç$/

T1
3
T2
3L����I<��#8ç</W0:3$�"3 @ ����I<3:0mE$#�����!$C$3$(+=Q#��



ÂH� L  �M2³ZM
OyPRQ+�WS$PRQ���U����WV$�Y�)S1¡Ô�g�Û )�4Q+�±��S1¡~���<\2P�S"�<V$�

µ1
3
µ2
����#����+(��.=$8$Xp��3$�"3

µji (j = 1, 2; i = 1, . . . , n)
Z�¤���3áç)(.*7=Q3 @ 3:8o��/1c*�/5�b(�X��iE$#.��#�I�����E:=Q#.��/

q
3�����I:��#8ç$!</5M'E$#.��#�Ik���7�;�������b(

g = {g1, . . . , gh}
4

I�(.K�GB/5M3<*�IP#���#8ç</10�*S(���3<��3<�O3#��������"E$�¢ç)(.���kç$/
Tj
3#��L0:3$�"3 @ ����I$3:0�E<#.c����!$C<3)(+=Q#��

µj
Z)[§ç<#�3<*,��#,GB�7����#�^�!<�Iç$#�E$3<3kE<&$3$�"���m��#�&$�r�

σ = q(T1, T2, µ1, µ2)
(

1

T2
−

1

T1

)

+
∑

i

gi(T1, T2, µ1, µ2)
(

µi2
T2
−
µi1
T1

)

.
§ J Z K ÀS©

`�}�|¢�L|�³)zQ|]´QxS{Lx9vPx9· � Çg(������"#���&$3<�VE$��&<��#�!)( @ (+=Q>�!$#L�7=$� @ (�MD4)IP#�%ÔGY(�����3:c�7�����"�����"��?;3<�b(�X����H8�E$#���#�I$3 @ 3$����/10����7�;���7���$4b3$�"��X��;3:0L#�GB3$!)(.I�#�����X������gcE<��&)(+����&<�
T
ZRØh-�#�*�!)( @ 3<� @ ��&$�7* gk IP#.=Q3 @ ���7����#k�"#.=Q��M k cº%�#���7�;�������b(:4gE<#.c�7����E)(.Xp�;��%�#O�L��3$�������r���L�AGB3<!$3$C<����&$���"��!$3`§¨�"#.=$8$&$!$/5M�&)(.�q0b#�G�©7ZQ[]&$#�C$�����

���"��?���!$3<8k!$��#�-�&)(+��3$�54BE$&$#�3<*,��#�GB�7����#O^�!<��&$#�E$3$3k�"#9K��7�O-�/1��>O!)(�M�GQ��!$#OI:(.I
&$(.*,!<#�����>U�"�7KLG)�V^�!<��&$#�E$3$��Mµ��/10b#�GB!$#�%�#23��+0b#,GB!$/�0�E$#���#�I�#��$Z�f @ 3<��/5�b(+8!<��3<*��"��!$!<#�����>O3:0�^�!:�.(9=Q>�E$3$3�4BE$#.=$� @ 3$�

σ = −
1

T

∑

k

gk(µk − µ
0
k).

§ J Z K8J ©

��=)8L3�GB�,(9=Q>�!$/10�%A(.*,#���3�3�GB��(+=Q>�!$/10�&)(.������#�&$#���&)(+*,!$#��7��>��"��K�GQ��0<3<�"3:c
@ ����I$3$�VE$#�����!$C$3$(+=Q#�� k cº%�#L���������7���b(������"����3 µk(xk) 3���%�#�E<#�����!$C$3)(+=)#����@ 3$����#�����3�GB� µ0k &)(.��!)( RTxk ln xk

4$�+(�I @ ��#

σ = −R
∑

k

gkxk ln xk,

%ÔGB�
xk =

gk
∑

ν
gν
.

��-�#.=Q����#�-.�;�����A=)� @ (��;�O���"����3<���7=Q>iE$#��7����E)(�X���E$#���#�I$3k���"#+=)8$&$!</5�"3&$(��Û0b#,GY(.�63
gj
45I�(.K�GB/5M�3:*NI�#���#�&$/10µ��#,GQ��&bKO3<�

xkj
�"#.=)8$&<!$/10�GB#.=Q��M

k
c

%�# I�#��"E<#�!$��!:�.(:Z�Ë�3$�"3 @ ����I$3<M�E<#�����!$C$3)(9= k cº%�# IP#��"E$#�!$��!<�+(`� j c��TE$#.��#�IP�#�-�#�*�!)( @ 3<�WI:(�I µkj ZB�1#����+(��m���"����3!)(L��/�0b#,GB��#�E$&$�AGQ�7=)8<�����H8&)(�����!$������#��

xk =

∑

j
gjxkj
∑

j
gj

=
gk
∑

ν
gν
,

§ J Z K8a ©

(�E$&$#�3<*,��#�GB������#m^�!:��&$#�E<3$3 d ��#�#���!$#�?���!$3$���

σ = −
1

T





∑

k

µk(xk)
∑

j

gjxkj −
∑

k

∑

j

gjxkjµkj(xkj)



 .
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Xb��¡Y^Y������¡S¢ Â:À

«QGB����>
µk(xk) d 0:3$�"3 @ ����I$3$M�E$#�����!$C$3)(9= k cº%�#5���������7���b(��d��/10b#�GB!$#��E$#.��#�IP��Z��� @ �7��#���§ J Z KcJ ©

σ = −
1

T





∑

k

nkµk(xk)−
∑

j

gjxkjµkj(xkj)



 ,

3:=Q3D4)E$��&$�70b#�GQ8I�E$&$3$&$(.�;��!$3<8<�W0<3<�63 @ ����I$3:0E$#�����!$C$3$(+=Q#��<4

σ = −
1

T





∑

k

nk(µk(xk)− µ
0
k)−

∑

j

gjxkj(µkj(xkj)− µ
0
k)



 .

["ç$3'���"��?;��!$3$3oGB���b0o#,GB!<#8ç$#�GB!$/10'E<#���#�IP#���3�GB��(+=Q>�!<#�%�#�%A(.*S(i���"#.=)8<&:c
!$/5�"3 ç)(��Û0b#,GY(.�"3

g1
3
g2
3������"E$�hç$(.���kç)(��"3

T1
3
T2
E<ç$#�3:*,��#�GB������#h^�!<�8ç$#�E$3$3

&)(���!<#
σ a/. =

(

g1 ln
T a/.
T1

+ g2 ln
T a/.
T2

)

Cp,

%ÛGQ�\�����"E<�hç)(+���Rç)(����"����3
T a0. #�E<ç$�HGB�7=$8$�����q8�3<*5�Rç)(���!$��!<3<8�����E�=Q#���#�%�#�-b(+=B(.!:c�,(
T a/. (g1 + g2) = T1g1 + T2g2.sg��E:=Q#����"I�#��7��>�E$#���#�I�#��
Cp

E<ç<�AGBE$#+=B(�%A(������q8n#,GB3$!$(�I�#���#�MD4�I�(�Io3'3�0GY(.�.=Q�7c
!$3$�

p
Z&g¶<|7{ y±}�|¡�L|�³)z�½l·F�Qz�}]z)¶:|�y7vPxH}b^Y|Ôu.vb{Lx�^Y| � ��=)8'3:*,#����hç$�"3 @ ����I�#�%�#
ç$�Ac(�I<��#8ç)(�E$�¢ç$3$#�GB3 @ ����I�#�%�#�GQ��M$�7����3:8D4g��I�#.��#8ç$/5Ml���"#��"��!<� t = 0

*,(�%hç:��KL(9c
Xp� @ 3$�7��/5�IP#��"E$#�!<��!<��/]4��'I�( @ ����������E<ç$#�3:*,��#�GB�����b(n^�!<�8ç<#�E$3$3W���7�����7�b����!:c!$#LE<ç$3$!<8:��>m#.��!$#�?���!$3<��E<ç$3<ç<#����+(�^�!<�Iç$#�E$3<3����"����3I�E<ç$#,GQ#.=)Km3<���A=Q>�!$#�����3
E<ç$#�C<������(

τ
Z)��3<*�#����¢ç$�"3 @ ����I�#���E<ç$#�C$��������E<ç$3Zç$#����m^�!<�Iç$#�E$3<3�&)(�����!

∆S = S(τ)− S(0) = ∆S -/. +∆Sx.
§ J Z K � ©

[]�hç<��#����7=B(.%7(.���"#���N^7��#��T��/°ç)(+K���!$3$3 d E<ç<3<ç$#��7�`^�!<�Iç$#�E$3<3�*,(n� @ �7����"�7?;��!<3<8
∆S -/. = −

1

T

∑

k

Nk0(µk(xk)− µ
0
k),

%ÛGQ�
Nk0

d @ 3$�7=)#k�"#.=Q��M k cº%�#�IP#��"E$#�!$��!<�+(k�����"����3l���"#��"��!<� t = 0
ZD��=)8

=QX�-�#�%�#��"#��"��!<�+(
t

xk(t) =
Nk(t)
∑

ν
Nν(t)

,

xk0 d !$( @ (+=)>�!)(.8��"#.=)8<&$!)(.8OGB#+=)8 k cº%�#LI�#��"E$#�!$��!<�.(:Z
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OyPRQ+�WS$PRQ���U����WV$�Y�)S1¡Ô�g�Û )�4Q+�±��S1¡~���<\2P�S"�<V$�

["ç$3<ç$#����k^�!<�8ç$#�E$3$3 *S(� @ �7�oEZç$#�����I:(.!$3<8N0:3$�"3 @ ����IP#�M�ç$��(�I$C<3$3`�"#SKO!$#��/5&)(.*�3<��> @ �¢ç$��*�0:3$�"3 @ ����I<3$�\E$#�����!$C$3$(+=Q/23�I�#�!$C$��!:�8ç)(�C<3$3����"#��"��!<��#�I�#�!:c
@ (�!$3<8�E<ç$#�C$������( τ �

∆Sx = −
1

T

∑

k

(

Nkµk(xk)−Nk0µk(xk0)
)

.

� #+=Q3 @ ��������#��"#+=Q��M k c�%�#�I�#��"E<#�!$��!<�.(����"#��"��!:� τ *S(���3$��3<��#.���7���A0<3$#��"���cç$3:c@ ����I$3:0�I�#�^�����3<C$3$��!:��#��m3���I�#Iç$#��7����M�ç$��(�I$C$3<3D�

Nk = Nk0 +

τ
∫

0

∑

j

αkjWj(x(t))dt.

�����"�"3<ç:��8�E<ç<3<ç$#��7��/J^�!<�Iç$#�E$3$3�4BE$#.=)� @ 3<�

σ =
∆S

τ
= −

1

T

∑

k

(Nkµk(xk)−Nk0µ
0
k).

��=)8�ç$�,(.I<��#8ç$('3�GB��(+=Q>�!$#�%�#'���"�7?;��!<3<8W!$��E<ç$�¢ç$/5��!$#�%�#oGB��M$������3<8�46�oI�#+c
��#8ç$/5M�E<#,GY(�X�� @ 3$�7��/5��IP#��"E$#�!$��!<��/¦���"#.=$8$&$!$/5�"3
ç)(.�q0b#�GY(��"3 gk0 4)EZç$#�3<*7c��#,GB�7����#�^�!:�8ç$#�E$3$3��"#9Km!$#�E<ç$�AGQ���+(���3<��>OI�(�I������"�r�OGB�.�P0���#����+(��.=$8$Xp��3:0��

σ = σ -/. + σx.
§ J Z K Â�©

Øh-�#�*�!)( @ (+8 @ �hç$�7* x ����I<��#8ç�IP#�!$C$��!<�8ç$(�C$3$M�!)(���/10b#�GB�l3<*¦ç<�,(�I:��#8ç)(:4(V*,!)( @ 3<�94]3�����%�#�#�-IG����"�.4hE<#.=)� @ 3$�ÓG)=)8�E<�hç$��#�%�#��7=B(�%A(����"#�%�#��e§ J Z K Â�©§Ú���5ZF§ J Z KcJ ©Û©
σ -/. = −

1

T

∑

k

gk0(µk(xk)− µ
0
k).

����#8ç$#����7=Q(�%A(����"#�����§ J Z K Â�©74)(.!)(+=Q#�%�3 @ !<#m��/'ç)(.K���!$3<XÅ§ J Z K �b©A4<ç)(���!$#

σx = −
1

T

∑

k

µk(xk)
∑

j

αkjWj(x) =
1

T

∑

j

Wj(x)Aj.

������#�Xe# @ �¢ç$�AGQ>$4Y����I<��#Iç x #�E<ç$�HGB�7=$8$Xp�i3:*��Rç)(���!$��!$3<Mo�6(.���hç$3)(9=Q>�!$#�%�#-�(+=B(�!<�,(

xk =

Nk +
∑

j
αkjWj(x)

∑

ν

(

Nν +
∑

j
ανjWj(x)

) , k = 1, 2, . . .
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º\úih�ú jlkmkµÿ������)*��hý6ü��B!À�gÿ�(���ý��§����	�
����ÿ�ü������Öü���ü��Rÿ�� �
��(hý�����*6ý���ü���*�ýVU�����(hý������

f)ç$(���!$��!$3<8�����&$�"#�GB3$!)(.�"3 @ ����I$3:0�-b(+=B(�!<��#��pE<#�*,��#.=)8$X���I:( @ ���7������!$!$#hE<ç$#.c�7=Q�HGB3<��>U����8<*�>`E$#�I:(+*S(.���7=Q��Mµ^�������I<��3<��!$#��7�b3�E<ç$#�C<������(l��E<ç$#�3<*,��#,GB�7����#��
^�!<�Iç$#�E$3<3

σ
4D��!$�7?;!$3<�"3 E<#���#�I�(��"3n3n�7��&<��I<���:&$#�M ��3$�������"/�ZF[]#�I:(+K����µ^7��#

!)(LE$&<3$�"��&$��&)(.*7=Q3 @ !$/10�����&$�"#�GB3$!)(��"3 @ ����I$3:0��3$�7�����5Z

+
q +

q

+
q

+
q

-
q

-
q

-
q

-
q

q

p p

+
T

+
T

+
T

-
T

-
T

-
T

-
T

1
T

2
T

0
T 0

g

1
g

2
g

+
g

-
g

-
m

+
m

0
s

1
s

2
s

2
x

1
x

0
x

1
W

2
W

10
T

20
T

â1
T

â2
T

à á

â ã

äù�ú:û_üRý8üon8üqp*@��	NH�@�	r��s�
��@���HN���B@���
>?���:ú�����>�ú�K
�Wû�Hcú t·ûTú:û�@���>�uv�w @���� G��������x>y��F�ú���� z|{ w @���� G�������Cx����û��_û�z=} w û�@���~cú
�����������CI@���� G�������>?����z��w ûTú:û�@���>y����������\G����cú��5z�� w ���_û���
��~cú
�������������Éû���
��~cú
���
����C�~cú�H G
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����M$�7����3:���7=Q>�!$#$4Zç)(������"#��Iç$3$�2���7�.(.!$#���3$�.?;3$M$�q8�E<ç$#�C$������4<��I�#���#8ç$#�� =Q�7c
��(.8 @ (.����>d�Rç)(���!<��!$3<8O§ J Z Ü Â�©�ç)(���!)(d!:�S=QX�§¨�dI:(.K�GB/5M��"#��"��!<���8ç$���"��!$3�3:=)3���¢ç$�HGB!$���W*,(LC<3$I:=Y©AZB�1#�%Û=B(���!$#�E<ç<3$!<8<��#��r�i&)(�!$����E<ç)(.��3:=)�jE$#.=Q#SKm3<���A=Q>�!$/5�
� @ 3<�+(��7�b�q8j!$(�E<ç)(.�.=Q��!<3$�pE<#���#�IP#������������7���b(�3m^�!$�hç<%�3$3D4�E<#����.�:E$(�Xp�;3:0m����3:c�7�����r��4:(]#��8ç$3<C)(.���A=Q>�!$/5� d ��/10b#�GQ8<��3:0m3:*p!$����Z�Ø"ç<%7(�!<3<*S(.C$3<8mE<ç$#�C$������#������3$�7�����"��#�EZç$�AGB�A=)8$�7�����5!$��#�-8ç)(+��3$�"#�����>�3D4�����3:=)���Rç)(���!<��!$3<8§ J Z Ü Â�©74.��I:(+*,/1c
��(������H8�E<ç$3���3<I���3Zç$#��b(.!$!$/10�E)(Iç)(.�"���8ç$(+0��.0b#,GQ!$/10�E$#���#�IP#���!)(h0P(Iç)(.I<���¢ç$3:c
�7��3$IP����/10b#�GB!$/10YZ<ÇR#����

σ
E<ç$3$��#,GB3:�;IFç$#�������^�!<�8ç$#�E$3$3j��/10b#�GB!$/10mE$#���#�I�#��<4

EZç$3�E<ç$# @ 3:0½ç)(���!$/10����A=Q#���3<8�0�^���#��)ç$#��7�����"��!$>.?�(��7�h�����"E$�hç)(+���kç<��E$#.��#�IP#��!$(���/10b#�GB�L=Q3$-�#E<ç$3N��3<I���3<ç$#��b(.!$!$#�Mn�����"E<�hç)(.���kç$�m�����7=)3 @ 3$��(����k#��+0b#,GQ8�c��3$M�E<#���#�I�����E:=Q#.��/�ZQ¯��;��#��54$3���G�ç<��%�#��W�7=)� @ (.��^���#�E<ç$3$��#,GB3:��Ii���"��!<>.c?���!$3<X �"�70P(.!$3 @ ����I�#�M¸ç)(.-�#���/]46��/°ç)(�-�(.��/5�b(.���"#�MV��3<�������"#�MD4�3:=Q3>ç$(�-�#���/
ç$(.*7GQ�7=Q��!$3<8DZ�¤1!$�hç<%�����3 @ ����I:(.8m^�������I<��3$��!$#��7��>����hç<�6#�GB3$!$(��"3 @ ����IP#�MO��3$�����7c�"/]4b0P(Iç$(�I<���¢ç$3<*������6(.8i#���!$#�?���!$3$���UE$#.=Q�7*,!<#�M�ç$(�-�#���/]4:��/°ç)(.-b(.��/5��(����"#�Mi�
!<��MD4:Im*S(.�Iç)(.�+(��2^�!$�¢ç$%�3$3�4�GB#�����3$%7(.���L�6(�I���3$�r���6(;��#�-8ç)(.��3$�"/10jE<ç<#�C$�����,(90�4
IP#�%ÔGY(

σ = 0
Z

[]#�I:(+KL���`E$#��A=Q�AGQ#��b(.���7=Q>�!$#�����>LE$#+=)� @ ��!$3:8i^���3�0j*,(���3$��3$�"#��7����M�!$(�E$&$3:c�"��&)(+0�IP#�!$I$&$�7��!$/10��3<�������54B����&<��I<����&)(mI�#���#�&$/10�3<*�#�-�&)(+KL��!)(�!)(L&$3$�.Z J Z a Z
°$|�´:�Bx9·.u,½n}]uI��z)³)u §Ú&$3$��Z J Z a 4gu�©7Z�sg��E:=Q#���(.8o�6(.?�3$!)(iE$&$��#�-�&)(+*����7�����E:c

=)#�����4�E$#.=)� @ (.���r��X #��N&$�7*,��&<���b(�&)(N�������"E$��&)(.���:&$#�M T+ §¨%�#�&P8 @ ��%�# 3$����# @ c!<3$I:(�©74\�2&)(.-�#��.��Z���#�����#98$!<3$�n&)(�-�# @ ��%�#l���A=B(23<*,�"��!<8$�7���H8�C$3<I:=Q3 @ !<#$45E$&$3^7��#��_#�!<#N#���GY(���� @ (�����> ^�!$��&$%�3<3V0b#.=)#,GB!<#��r�U3$�7��# @ !$3$I<�W�������"E$��&)(+����&$#�M
T−
Z"[�#�I:(.*,(.���A=Q���a^�������I:��3$��!<#�����3V�"#9K��7�n�7=$��Km3<��>N#���!<#�?;��!$3$�E$&$#�3:*,���Ac

GQ��!$!$#�M�&)(.-�#���/lI;I�#+=Q3 @ �������.������E:=Q#.��/�4�#���#�-�&)(�!$!<#�M���%�#�&P8 @ ��%�#]3$�7��# @ !$3$I:(§ ����&$�"3 @ ����I$3$M � [p� η = p/q+
©7Z

�1���HGQ8W#�-�#�*�!)( @ ��!$3<8lG)=)8W��&$�AGB!<3:0V3$!<����!$��3$��!$#�������M�E$#.��#�IP#��N����E:=)#���/]4#.��-�3<&)(����"#�Mj#���%�#�&P8 @ ��%�#;3<����# @ !$3$I�( (q+) 3O#���GY(���(����"#�M�0b#+=Q#,GQ!$#��r��3$�7��# @ c!<3$I<�
(q−)
4Q(��+(�I:KL��G)=$8���/5&)(�-�(.��/5�b(.���"#�M�"#���!$#��7��3

p
4$*S(.E$3<?;���V��&)(���!$�Ac

!<3<8�-b(+=Q(�!$��#���^�!$��&<%�3$3�3�^�!<��&$#�E$3$3�G)=$8�&)(�-�# @ ��%�#L���7=Q(<�

q+ − q− − p = 0,
§ J Z K�Ü ©

q+
T+
−
q−
T−

+ σ = 0.
§ J Z K Ã�©

� �S=Q3 ��E<&)(���/10 @ (.���S8:0 ^7��3:0N��&)(.��!$��!<3$M`��#�#������7���������:X��o��#��r�N��(�I:����4
@ ��#W��#�����#98<!$3$�N&$(�-�# @ ��%�#2���A=B(l=Q3$-�#2��#�#�-.�;�'!$�'3<*��"��!<8<�����H8���#U��&$���"��!$3§ÚE)(�&$#���/5��3U%A(.*,#���/5������&$-�3$!$/�©74r=Q3$-�#'3<*,�"��!<8$�7���H8WC$3$I:=Q3 @ ����I$3�§ÚE)(�&$#���/5��6(+?;3$!$/�©AZ
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¯h*���&)(���!$��!$3:8`§ J Z K�Ü ©1��/5&)(.*�3$�W����&$�"3 @ ����I$3$M � [p�O�

η =
p

q+
= 1−

q−
q+
.

������#�X�# @ ��&$�HGB>m3<*O§ J Z K Ã�©1�7=Q�HGQ�����94 @ ��#
q−
q+

=
T−
T+

+ σ
T−
q+
.

sr(�I<3$�W#�-�&)(.*�#��54

η =

(

1−
T−
T+

)

− σ
T−
q+

=
1− T−/T+
1 + σT−/p

.
§ J Z KIK ©

[]&$3o#.�����P��������3$3'!$��#�-�&)(.��3$�"#�����3
(σ = 0)

����&$�"3 @ ����I$3$M � [p�¥&)(�����! � [p�� (�&$!$#§¨���5Z�§ J Z K8K ©Ô©7�
ηk = 1−

T−
T+
.

b"�7=)3'������>i��#�*��"#9Km!$#��7��>jI:(.I:c���#i#�C<��!$3<��>�E$&<#�3<*,��#,GB�7����#i^�!<��&$#�E<3$3D4��9ZÒ��Z
!)(�M<��3

σ0
�+(�IP#���4 @ ��#&<�,(+=Q>�!$#�� σ > σ0 > 0

4���#$4�E$#�GB���+(���3<�
σ0
����#�&$�r�S=)�

§ J Z K8K ©A4Q�"#9Km!$#m!)(.M<��3k-�#.=Q������# @ !<��XT#�C<��!$I:�iG)=)8 η ZY��%q=�Z � E$#�I:(.*,(�!$#$4BI�(�I�.(.I:(.8�#�C$��!$I�(��"#SK�����-�/\��>m!)(.M�GB��!$(<Z
°$|7´:�Yx9·.xY��³)u�y�x9yN§¨&$3<��Z J Z a 4'`Y©7Z6�_��3$�7�����"��i����E:=)#���/5�T!$(���#���#��e�"#���c

!$#��7��>
p
3$��E$#.=Q>.*���Xp�mG)=)8�E$��&<�AGY( @ 3k����E:=B( q+ %�#�&b8 @ ���r�3$�7��# @ !<3$I<���������gcE$��&$(.����&$#�M
T+
#���0b#+=Q#,GB!<#�%�#�3<����# @ !$3$I�(;�d�����"E$��&$(.���:&$#�M T− Z�[]#�I:(+*S(.���7=Q���^�������I<��3$��!$#�����3m����E�=Q#���#�%�#�!)(���#��,(h8<�.=)8$�7���q8�#���#�E$3<���7=Q>�!$/dMmI�#�^�����3$C$3$��!<�

ε = q+/p
Z

f�&)(���!$��!$3<8�-b(+=Q(�!$�,(�^�!$��&$%�3$3�3�^�!<��&$#�E$3<3k3<�"��X��O��3PG

q+ = p+ q−,
q−
T−
−
q+
T+

+ σ = 0.
§ J Z K Áb©

¯]��I:=QX @ (.8 q− 4$E$#.=)� @ 3<�

q+

(

q−
T−
−
q+
T+

)

−
p

T−
+ σ = 0.

Ø���I<�,GB(m#.��#�E$3:���7=)>�!$/5MkIP#�^�����3$C$3$��!<�O&)(.����!

ε =
q+
p

=
T+

T +−T−
−
σ

p

(

T+T−
T +−T−

)

.
§ J Z×ÁI�b©



Â Ü L  �M2³ZM
OyPRQ+�WS$PRQ���U����WV$�Y�)S1¡Ô�g�Û )�4Q+�±��S1¡~���<\2P�S"�<V$�

�'&$#��7��#��
σ
#.��#�E$3:���7=)>�!$/dM�IP#�^�����3$C$3$��!<��E)(9GB(����9Z9[���&$��#����A=B(�%A(����"#�����E<&)(+c

��#�M @ (�����3o&)(�����!$�����b('§ J Z×Á8��©dE$&$�HGB���+(��.=$8$������#�-�#�Mk#���#�E$3:���7=Q>�!$/dM'IP#�^�����3:cC<3$��!<�m#�-�&$(.��3$�"#�%�#L����E:=Q#���#�%�#m!)(���#���(<Z`r{�u�¼)zQxS³)uAwQ³DC��j{L|�´:�Bx9xY`H}�|�³n§¨&$3<��Z J Z a 4$·�©AZbÇg(������"#���&<3$� ����&$�"#�GB3$!)(.�63�c
@ ����I<��XV��3$�������r��4.��#�����#98:����XV3<*"GB�.�P0�E<#���#�IP#��p�����;�������b(:4+#�-��"��!<3$�b(�X��;3:0b�q8GQ&<��%O��GB&<��%�#��¦����E:=Q#���#�MDZr[]&$�HGBE$#.=)#9Km3$�54 @ ��#�3<*,�"��!$��!<3$����GY(��.=)��!$3<8 E<#.c��#�IP#��o�"#SKO!$#�E$&<��!$��-�&$� @ >$Z6Øh-�#�*�!)( @ 3$� gi, Ci, Ti0, Ti � , si0, si � d &$(��Û0b#,GF4����E:=)#����"IP#�����>$4Q�����"E<��&)(.����&<�3^�!<��&$#�E$3<X

i
cº%�#�E$#���#�I:(�§¨!)(L�.0b#�GB��3��/10b#,GQ�

��#�#�����������������!$!$#
i = 1, 2

©7�
Wi = Cigi d ��#,G)8$!$#�M�^�I<��3$�b(9=Q��!<� i cº%�#�E<#���#�I�(<Zfh&$(���!$��!$3<8�-b(+=B(�!<��#��L^�!<��&$%�3$3�3�^�!<��&$#�E$3<3�3$�"��X��O��#�&<�r�

W1(T10 − T1 � ) +W2(T20 − T2 � ) = 0,

g1(s10 − s1 � ) + g2(s20 − s2 � ) = σ,

§ J Z�Á<ÀS©

%ÔGB�
σ d E$&<#�3<*,��#,GB�7����#^�!<��&$#�E$3$3N*S(�� @ ���!$��#�-�&)(.��3<�"#�����3`E$&<#�C$������#������E:c=)#�#�-��"��!)(<Z
[h������>i!)(�%�&<�P*,I�(O����E:=Q#�#�-��"��!<!$3$I:('§ÚE$#���#�I�����E:=Q#���/�©

q = W1(T10 − T1 � )*,(9GY(.!)(<4$��#�%ÔGY(�3<*O§ J Z×Á<ÀS©1�7=Q�HGQ��Xp�O&)(�����!$�7���b(

g1 =
q

C1(T10 − T1 � ) , g2 = −
q

C2(T20 − T2 � ) .
[]#��7=Q��E$#,GB�7�+(�!$#���I<3�^7��3:0���/5&)(.K���!$3$M�L��&)(.��!$��!<3$��-b(9=B(�!$��(L^�!<��&$#�E$3<3kE<#.c
=$� @ 3$�

s1 � − s10
C1(T10 − T1 � ) − s2 � − s20

C2(T20 − T2 � ) − σ

q
= 0.

b"�A=Q3kE$#���#�I$3k�����;��������(jE$#m����#�3$������#�M$�����b(���-.=)3<*,I$3�I�3�GB�,(9=Q>�!$/5��%A(.*S(.�54
��#mE$&$33<*,#,0b#�&$3 @ ����IP#�������E:=Q#�#�-��"��!$��E$&$3$&<#�����/�^�!<��&<#�E$3$3�G)=$8!$3:0�3$�"��Xp���3�G

s1 � − s10 = C1 ln
(

T1 �
T10

)

, s2 � − s20 = C2 ln
(

T2 �
T20

)

.

sg(�I @ ��#���&)(���!$��!$3<�j§ J Z×Á:À9©1E$&<3$�"���O��#�&$�r�

ln(T20/T20)

T20 − T2 � − ln(T10/T1 � )
T10 − T1 � =

σ

q
.

§ J Z×Á J ©

Ø���!$#�?���!$3$�
Θi =

Ti0 − Ti �
ln(Ti0/Ti � ) 3$�"���7�o&)(+*,�"��&$!$#��7��>k�����"E$��&$(.���:&$/�4g#�!$#��"#+c!<#���#�!$!$#�*,(���3$��3<�k#��k��&$�AGQ!$��M`�����"E$��&)(.���:&$/

i
c�%�#�E<#���#�I:(��������������b(<4r(�E$&$3



³ZMdcRMfeLgMg��TV�Q,�<¢8\Y¡��hQ_[
Q+�±��S1¡~���<\2P�S"��U����WV$�kj'�q�Y��Q+�WS Â�Ã

�6(+=Q#�Mj&$(.*,!$#�����3i�����"E$��&)(.���:&���I�#+=Q>;��%�#�GB!$#�-+=Q3<*,IP#�Ij^���#�M���&$�AGB!<��Mi�����"E<�7c
&)(.�.�:&<�

(Θi ≈ 0, 5(Ti0 + Ti � )) Z ¬ �,GB����!$(.*,/5��(.��> Θi

^�������I<��3<��!$#�M`�����"E<�7c
&)(.�.�:&<#�M

i
cº%�#�E$#���#�I:(:Z<¯h*L§±À�Z Ã�Â�©"�7=Q�HGQ�����94 @ ��#;�p���"��!$>.?;��!<3$���U!$��#�-�&)(.��3$�"#.c����3iE$&$#�C$�����,(;^�������I<��3$��!)(.8O�����"E$��&$(.���:&)(;!)(�%�&$���b(.���"#�%�#;E$#���#�I:(���#�*,&$(����+(+c

���9Z<����M$������3<���7=Q>�!<#$4
1

Θ2

−
1

Θ1

=
σ

q
.

[]&$3�*S(9GY(.!$!$#�M�����E:=Q#���#�M;!)(�%�&<�P*,I��\3������"E$��&)(.���:&$�
T10
���7=Q3 @ 3$!)( Θ1

��3$I���3:c
&$#��b(.!)(<Z Ð 3$!$3$�"3<*,(�C$3<8OE<&$#�3<*���#,GQ������(�^�!<��&$#�E$3<3

σ
*,(�� @ ������/5-�#�&)( W1, W23'*S(i� @ �7��#�&<%7(.!$3<*S(.C$3$3n����E:=Q#�#�-��"��!$(�E$#�*,��#.=)8$�7�E$&<3N��3$IP��3$&<#��b(�!<!$#�MnE$#.c����&�0:!$#��7��3�����E�=Q#�#�-��"��!$!$3$I�(U�����A=Q3 @ 3<��>W^�������I<��3$��!<��X®�����"E$��&$(.���:&<�µ!)(+c%�&$���b(����"#�%�#�E$#���#�I:(<4Q(;*,!)( @ 3<�94QE$&$3�*S(SGY(�!$!<#�M T20 E$#���/5��3<��> T2 � Z� wBxS¼Q|�y�y {L|ºwb}�z)¶:|�y7vPxY�7xkwPu+»+²+|£�Y|7³)z�½�²+·Hm��)vPxq}�´QxS³Q|7³){�³Qx_��y±}�|�y�z¥§¨&<3$��Z

J Z a 48�S©AZSÇg(������"#.��&$3$��E$&$#�C$������&)(+*7GB�A=Q��!<3<8����6����3�49��#��7��#98:�;��M�3<*gGB�.�P0]I�#��"E$#.c
!$��!:��#��$ZFØh-�#.*,!)( @ 3$� @ ��&$�7* qi, Ti, si, pi, hi, xi, µi d �"#.=)8$&<!$/5Mn&)(��Û0b#,GF4������gcE$��&$(.����&<��4��"#.=)8<&$!<��Xª^�!:��&$#�E<3$X�4"GY(.�.=Q��!<3$��4��"#.=$8$&$!<��XÓGB#+=QXªI�=QX @ ����#�%�#I�#��"E<#�!$��!:�.(i3'��%�#j0:3$�"3 @ ����I$3$MnE$#�����!$C$3)(9=`� i c���E$#���#�I��.Z�[�&<3$�"���µ3$!�GQ��I��
i = 0

G$=)8�&)(.*7GQ�7=)8<���"#�%�#mE$#���#�I:(:4
i = 1

G)=)8�E$#���#�I:(:4)#�-�#�%7(+�;��!<!$#�%�#mI:=)X @ �Ac��/5�kI�#��"E<#�!$��!<��#��U§Ú�+(�I @ ��# x1 > x0
©7493$!�GB��I��

i = 2
G)=$8�E$#���#�I:(:4+# @ 3<����!$!$#+c%�#�#��mI�=QX @ ����#�%�#mI�#��"E$#�!$��!:�.( (x2 < x0)

Z � �Û0b���"��&$(.*7GB�A=Q��!$3<8�E$#�GB��#�GB3<���q8
E$#���#�In����E:=)#���/

q+
#���3<����# @ !$3$I�(�;�����"E<��&)(.���:&$#�M T+ 3n#�����#,GB3:���q8NE$#���#�I����E:=Q#���/

q−
I�3$����# @ !$3<I<���]�����"E$��&)(+���:&$#�M T− Z«D(�E<3<?;���W��&)(���!$��!<3<8���(+����&$3)(+=Q>�!$#�%�#<4Q^�!$��&<%�����3 @ ����I�#�%�#O3�^�!<��&$#�E$3<M$!$#.c%�#�-b(9=B(�!$��#���G)=)8��Û0b���"/¦&)(+*7GB�A=Q��!<3<8DZYØh!$3�3$�"��X��O��3PG

g0 = g1 + g2, g0x0 − g1x1 − g2x2 = 0,

q+ − q− + g0h0 − g1h1 − g2h2 = 0,

q+
T+
−
q−
T−

+ g0s0 − g1s1 − g2s2 + σ = 0.

§ J Z×Á a ©

���b(�E<#��7=Q�HGB!$3:0�&)(�����!$�����b(���GB#�-�!<#�E$��&$��E$3$�,(+�b>��+(�ID4 @ ��#�-�/���!$3:0L��#�?�=Q3m!$�(�-���#.=QXp��!$/5��*�!)( @ ��!$3:8D4�(OE$&$3$&)(+�;��!$3<8n^�!<�+(+=Q>�E<3$3n3o^�!:��&$#�E<3$3DZF��� @ ����#��§ J Z�Á a ©A4$��/5&$(.*,3$��E$#���#�I
g0
@ ��&$��*�E$#���#�I$3 g1 3 g2 4$E$#.=$� @ 3$�

q+ − q− + g1∆h01 + g2∆h02 = 0,
§ J Z�Á � ©

g2∆s02 + g1∆s01 +
q+
T+
−
q−
T−

+ σ = 0,
§ J Z�ÁbÂ�©



Â K L  �M2³ZM
OyPRQ+�WS$PRQ���U����WV$�Y�)S1¡Ô�g�Û )�4Q+�±��S1¡~���<\2P�S"�<V$�

%ÔGB�
∆s01 = s0 − s1, ∆s02 = s0 − s2 d E$&<3$&$#��7��/Ù^�!:��&$#�E<3$MD41( ∆h01 =

= h0 − h1, ∆h02 = h0 − h2 d E$&$3$&$#�����/Æ^�!<�+(+=Q>�E$3$M���#�#����������7�b����Xp�;3:0E<#���#�I�#��$Z � (�I�E<&)(���3:=)#$4)I�#�!$C$��!:��&)(�C<3$3kI:=QX @ ����#�%�#mIP#��"E$#�!<��!<�+(m��E<#���#�I�(+0*,(9GY(.!$/]Z
� I:( @ ���������U����&$�"3 @ ���,IP#�%�# � [p� E<&$#�C$�����,(µ&)(+*7GB�A=Q��!$3:8a�"#9K��7�µ-�/\��>E<&$3$!<8:��#m#���!$#�?;��!$3$��C$�A=Q����#�%�#mE<#���#�I�(

g1
3�E$#.��#�I�(L����E:=Q#.��/

q+
�

η =
g1
q+
.

§ J Z×Á Ü ©
��#���E<#.=Q>�*�#��b(��.?;3$��>l��&)(���!<��!$3<8<�"3��6(.����&$3)(+=Q>�!$#�%�#U-b(9=B(�!$��(�§ J Z×Á a ©74���/5&)(+c
*�3$�

g2
@ ��&$��* g1 3�#�-�#�*,!$( @ 3<� a = (x1 − x0)/(x0 − x2).

sR#�%ÔGY(]����#�&$#�MLE$#���#�I
g2 = ag1

Z$f�&)(���!<��!$3<8 § J Z×Á � ©74�§ J Z�ÁbÂ�©1E<&$3$�r�P�O��#�&$�r�

q+ − q− + g1(∆h01 + a∆h02) = 0,
§ J Z×Á�Ã�©

q+
T+
−
q−
T−

+ g1(∆s01 + a∆s02) + σ = 0.
§ J Z�Á K ©

¯h*p§ J Z�ÁbÃ�©YE$#+=)� @ 3$� q− = q++g1(∆h01+a∆h02)
3�E$#,GQ���+(���3$�^���#���/5&)(+KL��!$3$�

�§ J Z×Á K ©7Z)[]&$3�0b#,GB3<��I�&$(�����!$�������

q+

(

1

T−
−

1

T+

)

= g1

(

∆s01 + a∆s02 −
∆h01 + a∆h02

T−

)

+ σ,

3:*�IP#���#�&$#�%�#m�7=)�AGQ���7�+4 @ ��#

η =
g1
q+

=
1

F

(

1−
T−
T+

)

− σ
T−
Fq+

,
§ J Z×Á�Á�©

%ÔGB�
F = T−(∆s01 + a∆s02) − ∆h01 − a∆h02

Z"[]&$3$&)(+�;��!$3<8W^�!<�+(+=Q>�E<3$3W3
^�!<��&<#�E$3$3�4B�.0b#�GQ8<��3$���

F
4$3$�"��X��O��3�G

∆h0i = Cp(T0 − Ti), i = 1, 2,

∆s0i = Cp0 lnT0 − Cpi lnTi −R ln
P0

Pi
+∆s -/. 0 −∆s -/. i, i = 1, 2,

¤1!:��&$#�E$3<8����"��?���!$3<8#,GB!<#�%�#��"#.=$8����"����3
i
c�%�#LE$#���#�I:(:�

∆s -/. i = R[(1− xi) ln(1− xi) + xi lnxi], i = 0, 2.

[]��&$��#��i�7=B(.%7(.���"#����o��/5&)(.K���!$3$3�§ J Z�Á�Áb©A4gI�(�I232#���!<#�?;��!$3$�
T−/F

4g*,(+c
��3$�q8<�k��#.=Q>�I�#o#��oE$(�&)(��"�7��&$#��o��!<��?;!<3:0lE$#���#�I�#��$Zr�a#�-�&)(+��3$�"#���E<&$#�C$�������



³ZMdcRMfeLgMg��TV�Q,�<¢8\Y¡��hQ_[
Q+�±��S1¡~���<\2P�S"��U����WV$�kj'�q�Y��Q+�WS Â�Á

E$&$#�3:*,��#�GB������#V^�!:��&$#�E$3$3
σ
&)(���!<#W!:�S=QX�4�3µ����&$�"3 @ ����I$3$M � [p�¸GQ#�����3$%A(+c����6(�IP��3$�r���6(<4�&)(.��!$#�%�#�E$��&$��#��r�o�A=B(�%A(����"#��r�o� § J Z�Á�Áb©�§Ú����#���Mn#�-�&)(+��3$�"#�M

#�C$��!$I$3Q©AZ � (.M�GQ8N������3:=)3`3$!$/5�J��E$#���#�-�#��J�"3$!$3<��(9=Q>�!<��X¥!$��#�-�&)(.��3$�"#��7��>
E$&$#�C<������(<46�9Z��.ZÄ4�!)(�M�GQ8W�"3$!$3<�6(+=Q>�!$#N��#�*��"#9Km!<��XÆE$&$32GY(.!$!$#�MVE<&$#�3<*���#,GQ3:c
���A=Q>�!$#��7��3�3jI<3$!$����3$I��h����E:=Q#.c"3j�6(�����#�E$��&<��!$#��,(����A=Q3 @ 3<!<� σ 4:�"#SKO!<#��P��# @ c!$3<��>m#�-�&)(+��3$�r��X�#�C$��!$I<�j����&<�"3 @ ����IP#�%�# � [p��E$&<#�C$�����,(�&)(.*AGB�A=Q��!$3:8DZ

� `+y±w2`9¼)zQxS³)³QxS¾º².|�y�xÛw�`9¼QzQxS³)³DC�� ¼)z)vY�µ§Ú&$3$��Z J Z a ²$©AZD����#��µ�A=)� @ (��.4DI�#�%ÔGY(&)(.*AGB�7=Q��!$3$��#����P�;�������.=)8<���b�q8�*,(�� @ ���OC$3<&$I<�S=)8<C$3$3�&)(�-�# @ ��%�#����7=B(���E$#�# @ �7c&$�AGQ!$/5�µE$#�%q=)#��;��!$3$���µ3$��E$&$3<�"����3o�OE$��&$��#���E<#.=)��C$3$I:=)��§Í(.-���#�&$-�C$3<8�3:=)3
(9GB��#�&$-�C$3:8Q©�3���/�GB�A=Q��!<3$���'��#p����#�&$#���E$#.=)��C$3<I:=Q�]§ GB����#�&$-�C<3<8Q©749��/5&)(+K���!$3$�
G)=)8o����&<�"3 @ ����I�#�%�# � [p�O4D-.=Q3:*,I�#���IV§ J Z�Á�Áb©A4D!$#���I:=QX @ (�X��;����0:3$�"3 @ ����I$3$�E$#�����!$C$3$(+=Q/�E<#���#�I�#��$4:�"#SKO!<#�E$#.=$� @ 3<��>L3:*h����&$�"#�GB3$!)(��"3 @ ����I$3:0i-b(+=B(.!$��#��G)=)8�&)(.-�# @ ��%�#L���7=B(<Zsg(�IOI�(�IjE)(.&)(��"�7��&$/µ&$(�-�# @ ��%�#����7=Q(;�"��!:8$Xp���H8iE<��&$3$#�GB3 @ ����I$3D4:��#;3<*��"�7c!$��!<3$����%�#O�6(�����/

∆M
4B��!:����&$��!<!$��M'^�!$��&$%�3$3

∆E
3�^�!:��&$#�E<3$3

∆S
*,(mC$3$I:=

&)(���!</ !<�S=)X�Z"�a����&$�"#,GQ3$!)(��"3 @ ����I$3$��-b(9=B(�!$��/ �.0b#,G)8<�'��&$�AGB!<3$�i*S(k��&$���r8C$3$I:=Q(�E$#���#�I$3�����E:=Q#���/�3����������7���b(<Z:¯h*d��&)(���!<��!$3<8m�6(.����&<3)(+=Q>�!<#�%�#�-b(+=B(.!:c
�,(��A=Q�HGQ�����+4 @ ��#;&)(.�q0b#�G������;��������(<4:E$#�%Û=Q#�����!$!<#�%�#;3<*����"����3j��E$��&$��#��lE<#.=)�bcC$3$I:=)�h3O#���GY(�!$!$#�%�#;��#�����#�&$#��lE$#.=)��C$3$I�=Q��4<&)(.��!$/]Z<Øh-�#�*,!$( @ 3$�`3:0 @ ��&$�7* g Zfh&)(.��!$��!<3<8-�(+=B(�!<��#��L^�!$��&$%�3$3�3�^�!<��&$#�E$3<3�E$&$3$�r�P�O��#�&$�r�

q+ − q− + g∆h01 = 0,
§ J ZÄÀ_�I�b©

q+
T+
−
q−
T−

+ g
(

µ1
T1
−
µ0
T0

)

+ σ = 0.
§ J ZÄÀ_�:À9©

¯h*����7=Q#���3<8o§ J Z�À_�8�b©
q− = q++g∆h01

4bE$#,GB�7�.(.�.=)8:8O^���#�&)(�����!$������#��j§ J ZÄÀ��<À9©74
E$#.=)� @ 3<�V����&$�"3 @ ����I$3$M � [��_C$3$I:=B(L&)(+*7GB�A=Q��!$3:8

η =
g

q+
=

1

ϕ

(

1−
T−
T+

)

− σ
T−
ϕq+

.
§ J Z�À_� J ©

Ñ��:!<I$C$3<8
ϕ
*,(���3<��3<�94DI�(�Io3

F
�j��/5&)(.K���!$3$3U§ J Z�Á�Áb©A4Y#��iE)(.&)(��"����&$#��i�.0b#,G$c

!$#�%�#�E$#���#�I:(L3�E$#���#�I:(:4Q#�-�#�%A(.�;��!$!$#�%�#mI:=)X @ ����/5��IP#��"E$#�!<��!<��#��5�

ϕ = T−

(

µ1
T1
−
µ0
T0

)

−∆h01.

�µ��#����A=)� @ (��.4�I�#�%ÛGB(m�����"E$��&$(.���:&$/�&)(.*7GQ�7=)8<���"#�Mk���"����3o3�E$��&$��#�%�#OE$#.c��#�I�(`#,GQ3$!)(�IP#���/
(T0 = T1 = T )

4�E$&$3$&)(+�;��!<3$�'^�!:�.(9=Q>�E$3$3
∆h01 = 0

4�3
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�]��!$I$C<3<8
ϕ
E$&$3$�"�7�O��3�G

ϕ =
T−
T

(µ1 − µ0).

��=)8�#�C$��!$I$3�E$&$#�3<*���#�GB�����b(p^�!<��&$#�E$3$3
σ
������>pE<&$#�C$�������"#9Km!$#d&)(.*�-�3<��>�!$(
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σ1
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E<&$#�3<*���#,GQ������#o^�!<��&<#�E$3$3
σ2
!)(�7�.(9GQ3$32(�-���#�&$-�C$3$3D4

σ3
!)(�7�+(9GB3$3l!$(�%�&$���b(

&$(�������#�&)(��GB����#�&$-���&<�j��!<��?;!<3$��3$�7��# @ !$3$I�#���3 σ4 !)(�7�.(SGB3$3l��/�GB�7=Q��!$3<8E<&$3$�"����3���GB����#�&<-���&$�.4B�"#9Km!$#�!$(�M<��3
σ =

4
∑

i=1

σi
ZB¤��.(����7=Q3 @ 3$!)(�E$#��7=)��E$#�G)c

�7�+(�!$#���I<3o�o§ J Z�À_� J ©5E$#.*,��#+=)8$�7�i!)(�M:��3o!$��#�-�&)(+��3$�r��XT����&�0:!$X�XT#�C$��!$I:��G)=$8
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&<3$�µ�7�+(�C$3$#�!$(�&$!$/5MnE$&$#�C$������4D�iIP#���#�&$#��

Ė = Ṅ = Ṡ = 0
ZD�¦^7��#��µ�A=)� @ (��3:*���&)(���!$��!$3<M����&$�"#,GB3<!)(��"3 @ ����I$3:0�-b(9=B(�!$��#���§ J Z Ü8a ©»Ú�§ J Z Ü Â�©�3!<��&)(�����!$�7���b(

σ ≥ σmin

��/\����I�(�Xp�L���A=Q#���3:8D4<IP#���#�&$/5�`GB#.=)Km!$/��,GB#��+=Q������#�&P8:��>L&$��(+=Q3<*����7c
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∑

j

gjhj +
∑

j

qdj +
∑

j

qj −Na = 0,
§ J Z�À_� a ©

∑

j

gjxij +
∑

j

gdj +
∑

ν

αiνWν = 0,
§ J Z�À_� � ©

∑

j

gjsj +
∑

j

qdj −
∑

i
gdjµdij

Tdj
+
∑

iν

µiνniν
Tν

+
∑

j

qj
Tj
≤ −σmin.

§ J Z�À_�bÂ�©
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σ
4��9ZÒ��Zb�
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σ
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σ
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σ
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r[c(t)]dt.
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∞
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∞
∫
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∞
∫
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)

τ
]
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=
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4���/5E<��I:=B(.8�������&b0Y4b!)(]&$3$��Z
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r(c) =
1

2
[r(c1) + r(c2)]

�"��!$>�?���4 @ ���
r(c) = r

(

c1 + c2
2

)

.

��#�����#�&$#��W�7=$� @ (�� r(c) > r(c)
Z

��I:( @ ����������E$&$3$�"��&)(�&)(.�����"#.��&$3$�VI$�b(9GB&$(.��3 @ !<��XeI$3$!$�7��3$I:�`§ n = 2
©

r(c) = kc2.
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c(τ) = c0/(1 + c0kτ).
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c

c0
=

1

θ

∞
∫

0

:�; ç (−τ/θ)
1 + c0kτ

dτ.
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c

c0
=

1

c0kθ
:�; ç ( 1

c0kθ
Ei(c0kθ)

)

,
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Ei
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c
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.
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ẋν = rν(x) + λνqν(x, y), xν(0) = x0ν , ν = 1, n.
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E$#.=)� @ ��!)(�!)(L#���!$#�����(�!)(+=)#�%�3 @ !$/10���#�#�-�&)(.K���!$3$MD�

A+dt = p(x− dx, t)f(x− dx, y)dt.

¯h*,�"��!$��!<3$�]GB#.=)3�(.%�&$��%7(+��#��<4Q�.0b#,GQ8:�;3:0��;GY(.!$!<��X���&)(�I<C$3$X�4)&)(.��!$#

(A+ − A−)dt = [p(x− dx, t)f(x− dx, y)−

−p(x, t)f(x, y)]dt =
∂

∂t
[p(x, t)dx].

§ a ZÄÀ � ©

[]&$3jGB#��7�.(.��# @ !$#m�6(+=Q#��2*,!)( @ ��!<3$3 dx
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p(x− dx, t)f(x− dx, y) = p(x, t)f(x, y)−
∂

∂x
(p(x, t)f(x, y))dx.

[]#��7=Q�;E$#�GB���+(�!$#���I$3'^���#�%�#���/5&$(.K���!$3:8o�j��&)(.��!$��!$3$��§ a Z�À � ©d3o��#�I$&$(.�;��!$3<8
!$(

dx
E<#.=)� @ 3$��GB3$������&<��!$C$3$(+=Q>�!$#��O��&)(���!<��!$3$�O� @ (.����!</10`E$&$#�3<*���#�GB!$/10G$=)8�E:=Q#.��!$#��7��3�&)(���E$&$�HGB�7=Q��!$3<8D�

∂

∂t
p(x, t) = −

∂

∂x
[p(x, t)f(x, y)].

§ a ZÄÀSÂ�©
� ( @ (+=Q>�!$#��h���7=Q#���3$�hG)=)8�^���#�%�#���&)(���!<��!$3<8�*S(9GB(�!$#$�

p(x, 0) = p(x0).

��=)8��7=)� @ (+8D4QIP#�%ÔGY( x d ����I<��#�&D4)�:&$(���!$��!$3$�j§ a Z�À9Â�©1��/5��#,GQ8:�O(�!)(9=Q#�%�3 @ !$/5�#�-�&)(.*�#��5�
∂

∂t
p(x, t) = −

n
∑

ν=1

∂

∂xν
[p(x, t)fν(x, t)].

§ a Z�À Ü ©
«D(�E$3:?;���Å��&)(���!$��!<3$�NI$3$!<����3<I$3¦��&$�AGB/�'3$��E$#.=Q>�*�#��b(.!$3$���¥E:=Q#.��!$#��7��3

&$(���E<&$�AGB�A=Q��!$3<8
p(x, t)

�

ẏν = Qν(y, x) + λνqν(x, y)
x
, ν = 1, ..., n,

§ a Z�À9Ã�©
%ÔGB� @ ��&<�+(�������&�0<!<3$�¦3$!PGB��IP��#�� x #�*�!)( @ (���������&<�AGB!<��!$3$�OE$# x Z�[�=Q#.��!$#�����>&$(���E<&$�AGB�A=Q��!$3<8

p(xν , t) ν
cºM2��#��7�.(.�.=)8$X��;��M�����I<��#�&$(

x
#�E$&$�HGB�7=)8<�����q8VI:(�I

3<!<����%�&)(+=U#��k��#����"���7��!$#�MlE:=Q#.��!$#��7��32&)(.��E$&$�HGB�7=)��!$3<82E<#k�������J��#��7�+(��.=)8<X�c
��3$�

x
4)I$&<#��"�

xν
�

p(xν , t) =
∫

V1

...
∫

Vν−1

∫

Vν+1

...
∫

Vn

p(x, t)dx1...dxν−1dxν+1...
§ a ZÄÀ K ©

�1&<�AGB!<3$��*,!)( @ ��!$3<8 x 3 qν 4)�+0b#,GQ8:�;3$������&)(���!$��!$3$�O§ a Z�À9Ã�©A4$&)(.��!$/

x =
∫

Vx

xp(x, t)dx, qν
x =

∫

Vν

qν(xν , y)p(xν , t)dxν .

� (.IL3;G$=)8�(�%�&<��%A(.��#��O§¨���5Z a ZÄÀ a ©74�E$��&$��#��d�A=B(�%A(����"#��d�]��&)(���!<��!$3$3�§ a Z�À9Ã�©R#�E$3:c
��/5�b(��7�kE$&$#�C$������/]4gE$&$#.����I:(�X��;3$�j����&$�AGQ��4g(�����#�&<#�� d E<&$#�C$������/ �.*S(�3<�6#+cGQ��M$�7����3:8k(�%�&$��%A(.��#��m3��&$�HGB/]Z
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�`���70��A=)� @ (.8�0�4bI�#�%ÔGY(]��&)(���!$��!$3<�;§ a Z�À J ©R3$�"���7�;(�!$(+=Q3<��3 @ ����I�#��p&<��?;��!$3$�

x(t) = ϕ[x0, y(t), t],

E$&)(���(.8 @ (�����>d�:&$(���!$��!$3<8O§ a ZÄÀSÃ�©Y�"#9K����d-�/\��>�E$��&$��E<3$�,(�!$(d�.(�I�4 @ ��#�-�/n����&$�HG)c!$��!<3$��E$&$#���#,GQ3:=Q#���>���#+=Q>�IP#�E$#
x0
�d3:*,��������!$#�MOE:=)#���!$#�����>�X�&)(.��E$&$�HGB�7=)��!$3<8

p(x0)
Z)[]&$3�^���#��V#���E)(SGY(����m!$��#�-S0b#�GB3$�"#��7��>m&$��?���!$3:8��&)(���!<��!$3<8 § a Z�À Ü ©AZ
��&b8�GB��E<&$#�C$������#��iI�#+=Q3 @ ��������#�(�%�&$��%A(.��#�� N !$��#����+(��7���q8'E$#��7��#S8$!$!$/5�54�.(.InI:(.I'E$&$#�3<�q0b#�GB3<�3:0GQ&$#�-.=Q��!$3$�.4��7=Q3<8<!$3$�.4D*S(�&$#SK�GB��!$3<�L!$#���/10'(�%�&$��%A(+c

��#��<ZQ¤���#�0P(�&)(�I:����&<!$#$4Q!$(�E$&$3$�"��&D4:G)=)8�E<&$#�C$������#���I$&$3$�7�.(9=$=Q3<*S(�C$3$3D4Q%�&)(�!<�bc
=)8$C<3$3D4.!$��IP#���#�&</10�E$&$#�C<������#��]�"3$I$&$#�-�3$#.=Q#�%�3 @ ����IP#�%�#���3$!<����*S(:Zb� E$#,GQ#�-�!$/10�7=)� @ (+8:0OE<&$�AGB�7�.(.�.=)8$�7�L3$!<����&$���h3<*,�"��!$��!$3<�]!<�p��#.=Q>�I�#�����#�M$�����$4:!$#�3 @ 3$�7=Q((�%�&<��%A(.��#��$ZY�1#�#���!$#.?;��!<3<8D4Q#�E$&<�AGB�A=)8$X��;3$��E�=Q#���!<#�����>O&)(.��E$&<�AGB�A=Q��!$3<8����I�c
��#�&$(���#��7��#98<!$3<8n3nI�#+=Q3 @ ��������(�(.%�&$��%7(.��#���i�+(�I$3:0'E$&$#�C<������(+0nE$#+=)� @ ��!$/a�&)(�-�#.���·¨×Ã Ü ªÍZ
¡½;:?<r�3�629�?<A�9�6�5á786�78;<6kå�9�3�5�62;<@�A�o·;Z6�î>783B78;<5:="o
n ê�62;<9�6�78;5)uA�?D78p�A�58¬ 5cêB5:9�3�å s26Dí:A�?D78;:?u?<ìHA�5:ì_?<;Z6�s©s¦783B78;<5:="52â []���7��>
!)(���3<*������7��!)(jE�=Q#���!<#�����>i&)(���E<&$�AGB�A=Q��!$3<8

p(τ)
��&$���"��!$3

τ
E$&$��-�/5�b(�!$3:8o(�%Ac

&$��%A(.��#��;����3$�7�����"��Z<Ïh��#�-�/�(.%�&$��%7(+�;E$&$#�-�/1=i����3$�7�����"����&$���r8
α
4P#�!m!$�\GB#.=$c

K���!k����E$#�I$3$!:����>�!$3k�O#,GQ3$!k3<*;�"#��"��!<��#��j��&$���"��!$3
τ < α

4Y(m����&$#S8<��!$#��7��>
E$&$#���3$��#�E<#.=Q#SKO!$#�%�#o��#�-�/\��3<8�§ @ ��#'#�!`E$&$#�-���GB���'��&$���r8D4g�"��!$>�?;��� @ ��� α

©A4
&)(���!$(

F (α) =

α
∫

0

p(τ)dτ.
§ a Z�ÀSÁb©

sr(�I @ ��#

p(α) =
1−

α
∫

0
p(τ)dτ

∞
∫

0

(

1−
α
∫

0
p(τ)dτ

)

dα

=
1−

α
∫

0
p(τ)dτ

θ
.

§ a Z J �b©

�;(+=Q���2-���GB����E<#�I:(.*,(�!$#<4 @ ��#�*,!$(��"��!)(+���A=Q>���&)(.����!<��������§ a Z J �b©&)(.����!��&$�HGB!$���r�µ��&$���"��!$3�E$&<��-�/5��(�!$3<8�(�%�&<��%A(.��#��V�2��3<�������"��Zp¯h*V§ a Z J �b©m��3�GB!$#<4
@ ��#`� ��3$�������"�o�3�GB��(+=Q>�!$/5�����"�7?;��!$3$���541I�#�%ÔGY( p(τ) = e

−τ
θ ,
E�=Q#���!<#�����3

&)(���E$&$�AGQ�7=Q��!$3<8O��#�*�&)(����+(�3m��&<���"��!<3OE$&$��-�/5�b(�!$3:8O#,GQ3$!)(�IP#���/]4�(�����3$�������"��4
��#�GB3$!)(�IP#���/5�V��&<���"��!<����E$&$��-�/5�b(�!$3:8������A0��/10b#,GQ8:�;3:03:*�!$����(�%�&$��%A(.��#��$4
I�#�%ÔGY(

p(τ) = δ(τ−θ),
E:=Q#���!$#��7��>�&)(���E$&$�HGB�7=)��!$3<8O��#�*�&)(��7�.(�&)(���!<#��"��&$!$(�!)(

3$!<����&$�b(9=Q��#���!<�,=)8iGQ#
θ
Z
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. ¬ 3�9�?<@�62s2o05½9�?:à�?Zê*)�9�o05 p�?<A�?<="5:;<A�o�?<ìIA�5:ì_?<;<62s�â Çg(.�����"#.��&$3$���A=)�bc

@ (�MD4)I�#�%ÔGY(�*,!)( @ ��!$3:8�!)( @ (+=Q>�!$/10�E)(�&$(��"����&$#�� x0 G)=)8������70(�%�&$��%A(.��#��O#�GB3:c!$(�I�#���/]45�9Z��.Z
p(x)

#�E$&$�HGB�A=)8$�7���H8���#.=Q>�I�#V&)(.��E$&<�AGB�A=Q��!$3$���
p(α)

��#�*�&)(��7�.(
(.%�&$��%7(+��#��<4Q!)(+0b#,G)8<�;3�0b�H8�m(.E$E)(�&)(+����Z
� 3$!$�7��3$I�(�(�%�&<��%A(.�+(;0P(�&)(.I<����&$3<*������b�H8���&)(.��!$��!<3$���U��3$E)(�§ a Z�À J ©A4:��IP#���#.c

&<#���(�&$%7�:�"��!<��#���8<�.=)8<�����q8�!$��I�(+=Q��!PGY(�&$!$#�����&$���"8
t
4Q(

α d ��#�*�&)(����j(.%�&$�Ac%A(.�+(��L��3<�������"���
dx

dα
= f(x(α), y), x(0) = x0,

§ a Z J ÀS©
%ÔGB�

y d ����I<��#�&���#�����#98<!$3<8��&$�AGQ/]4B!$��3<*,�"��!$!$/5Mk��#���&$���"��!$3DZ�1#��7��#98<!$3$�1��&$�HGB/l#�E$&$�HGB�7=$8$�����H8;-b(+=Q(�!$��#���/5����#�#.��!$#�?���!$3<���54+� @ 3<��/5�b(9cX��;3$�U���]#�-��"��!��h#�I<&<�PKL��!$3$���54$E$&$#�C$������/]4)E$&$#�����I�(�Xp��3$������&$�AGB�.4)3i��*,(�3:c
�"#�GB��M$������3$����(�%�&$��%A(.�+(��"3D�

µνϕ(yν , uν) + ρν(y, x) + λνqν(xν , yν)
xν

= 0,
§ a Z JIJ ©

%ÔGB�
µν
3
λν d I�#�^�����3$C$3$��!<��/]46� @ 3<��/5�b(�Xp�;3$�3$!<����!<��3$��!$#����b> #�-��"��!)(o�#�I$&<�PK���!$3<���l3j��(�%�&$��%7(.�+(��"3i��#�#�����������������!$!$#$�:����#�&<#����A=B(�%A(����"#��p� @ 3<��/5�b(9c�7�iE$&$#�C<������/]4DE$&$#.����I�(�Xp��3$�L�O��&$�HGB��4�3�*S(���3$��3<�iI:(.Io#.�i��#�����#98<!$3<8o��&<�AGB/]4

�+(�Ij3j#.�;��&$�HGB!$��%�#�*�!)( @ ��!$3<8j����I:��#�&$( x 3$!<����!$��3$��!$/10iE$��&<���"��!<!$/\0i(�%�&<��%A(+c�+(<Z�¥
3�="3�à�5k78@�3�î¸A�5:?<@�;<62Aiâ � #�!$I$&$�7��3<*�3$&<�b���V*,(�E$3$��(�!$!$/5����#�#���!$#�?���!$3:8

G$=)80<3<�"3 @ ����I�#�%�#�&$�,(�I:��#�&)(:4��jI�#���#�&$#���3<!<����!$��3$��!</d�"3nE<��&$���"��!$!$/5�"3N(.%7c&<��%A(.�+( 8$�+=)8$X����q8�I�#�!$C$��!:��&)(�C<3<8
cx
3W�����"E$��&)(.���:&)(

Tx
��(�!)(+=)#�%�3 @ !$#nG)=$8����I<��#�&l3$!:����!<��3$��!$/10lE$��&$���"��!$!$/10l��&$�AGB/

y = (cy, Ty)
ZR�a��#�#������������b��3$32�

^7��3$�VE$��&$��E$3:?;������&)(.��!$��!$3<8`§ a Z J À9©74�§ a Z J8J ©AZ
��=)8(.%�&$��%7(+�.(�E$#.=)� @ 3<�

dcx
dα

= r(cx, Tx) + λcqc(cx, cy), cx(0) = c0x,
§ a Z JIa ©

mx
dTx
dα

= λ
T
q
T
(Tx, Ty) + lxr(cx, Tx), Tx(0) = T 0

x ,
§ a Z J � ©

%ÔGB�
lx d ����E�=Q#��+(L&$��(�I$C<3$3D4<E$&$#�����I�(�Xp����M���(�%�&<��%A(.���.� mx

d ����E:=Q#����"IP#�����>(.%�&$��%7(+�.(:Z\[]&<�AGBE$#+=B(�%A(����T�+(�I<K��.4 @ ��# ��*,(�3$�"#,GQ��M$�7����3<�o(�%�&$��%A(.�.( 3V��&$�AGQ/����#�GB3<���q8k=)3<?;>iIo#�-��"��!<������E�=Q#���#�Mn3o�6(�����#�M�ZD[]&$3o^7��#��µE<#���#�Io���7�;�������b(
λcqc

*,(���3$��3<�L=Q3<?�>m#.��I�#�!$C<��!<��&)(�C$3$Mk(.%�&$��%7(+�.(�3���&$�AGQ/]4Y(�E$#.��#�I�����E:=Q#���/
λ
T
q
T
d #���3:0i�����"E$��&)(.���:&DZ
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�n� @ �7��#��'3PGB�,(+=)>�!$#�%�#�E$��&$���"�7?;3$�b(�!<3<8;�"#9Km!$#d*,(�E$3$��(.��>���&)(���!$��!$3:8��6(+c����&$3)(+=Q>�!$#�%�#m3�����E:=Q#���#�%�#m-�(+=B(�!$��#���G)=)8���&$�AGQ/]�

Gy(c
0
y − cy) + Vyp(cy, cx) + λ̃cVxqc(cx, cy) = 0,

§ a Z J Â�©

Gymy(T
0
y − Ty) + λ̃

T
VxqT (Tx, Ty) + Vylyp(cx, cy) = 0.

§ a Z J�Ü ©
�e^���3�0 ��&)(���!<��!$3<8�0

Gy, Vy,my, ly d &)(��Û0b#,GU3 #�-IG����¦��&<�AGB/]4R���m����E:=Q#����gcI�#��7��>3n����E:=Q#��+(�&$��(�I$C$3$3�4FE$&$#.����I�(�X��;��M`���&$�AGQ���
λ̃cqc

3
λ̃
T
q
T
d E$#���#�I$3���������7���b(m3�����E:=Q#���/]4BE$#��7����E)(�X��;3$��#��m(�%�&<��%A(.��#��$4B#.��!$������!$!$/d��I�HGB3$!$3$C<�

#�-IG����6(<4r*S(.!$3$�6(����"#�%�# (�%�&<��%A(.�+(��"3D�
c0y, T

0
y
d !$( @ (+=)>�!)(.8UI�#�!$C$��!:��&)(�C<3<8�3�����"E$��&)(+����&)(m��&$�HGB/]�

cx =

∞
∫

0

cx(α)p(α)dα,

qc =

∞
∫

0

qc[cx(α), cy]p(α)dα,

q
T
=

∞
∫

0

q
T
[Tx(α), Ty]p(α)dα.























































§ a Z J Ã�©

f6��&$�AGQ!$��!$!$/5�����7=Q3 @ 3$!$/]4B����#98:�;3$���L=Q����#�M @ (.����3�&)(.����!$�7���o§ a Z J Ã�©74$�"#.c%��P��-�/\��>L!)(�M�GQ��!$/�-���*�&)(.� @ �7�.( cx(α) 3 Tx(α) 4$���7=Q3�3<*,��������!$#m&)(���E$&$�HGB�7=)�7c!$3$��G$=)8
cx
3�G$=)8

Tx
4Q�9Z��.Z

p(cx)
3
p(Tx)

ZY�¦#.�S=Q3 @ 3$��#.� p(α) ^7��3'�]��!$I$C<3$3*S(���3$�q8<�m#���I$3$!<����3<I$3kE<&$#�C$�����,(:Z
�13$�7�����6(N§ a Z JHa ©»Ú�§ a Z J�Ü ©d��#i�"!$#�%�3:0o�A=)� @ (.8�0o��E$&<#���(.�����H8�Z�� @ (��7��!$#��7��3D4E$&$3�-�#.=Q>.?;3:0�*�!)( @ ��!$3<8�0�I�#�^�����3<C$3$��!:�.( λ

T

3�E$&$3
λc = 0

����E:=)#�#�-��"��!
!)(��7��#.=Q>�I�#n3$!<����!$��3$����!D4 @ ��#'�����"E$��&)(.���:&)(N(�%�&<��%A(.��#��n3U��&$�AGQ/Ö#�GB3$!)(.I�#��b(
(Tx = Ty = T )

Z��¦^7��#����7=)� @ (��;E$#.=)� @ (������+(�I'!$(.*,/5��(����r��X_�"#�GB�7=Q>jE$#.=)�bc����%�&$��%7(�C<3$3D�
dcx
dα

= r(cx, T ), cx(0) = c0x,
§ a Z JHK ©

Gm(T0 − T ) + l̃xV

∞
∫

0

r[cx(α), T ]p(α)dα− kS(T − T ¦_§ ) = 0,
§ a Z J Áb©

%ÛGQ�
k
3
S d ��#�#����������7�b����!$!$#WI�#�^�����3$C$3$��!<�U����E:=Q#�E$��&$�AGY( @ 3�3�E:=Q#.��(9GQ>������!$I$3��
G d &)(��Û0b#,G�&$��(�I$C<3$#�!$!$#�M����"����3e§Í(.%�&$��%7(+��#��l3���&$�HGB/�©7� V d ���#�-IG����5�
m d ����E:=Q#����"I�#����b><Z
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c ¨�©Oª =

∞
∫

0

cx(τ)p(τ)dτ,
§ a Z a �b©

%ÔGB�
cx(τ) d &<��?;��!$3$�i��&)(���!$��!$3:8�§ a Z JIK ©74R�kI�#���#�&$#������"������#n(.&$%����"��!:�.( α��3$%7��&$3$&<�����

τ
Z
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�7��#S8$!$3:8k(.%�&$��%7(+�.(:ZY[]#�I�(.K����54$I:(.I$3$�W��&)(.��!$��!<3$����#�E$&<�AGB�A=)8$�7���H8�^��+(�E:=Q#��+c
!<#�����>L&)(���E$&$�HGB�7=Q��!)3:8DZ:��=)8O��E$&$#�����!$3<8i*S(�E<3$��3���#�����#98$!<3$��(�%�&$��%7(.�+(�-��,GB���
� @ 3<�+(.��>���I�(+=)8$&<!$#�M����7=Q3 @ 3$!$#�MDZBØh-�#�-.�;��!<3$����#�#������������b�.�:Xp�;3:0���#�#���!<#�?;�Ac!<3$M!$(L����I:��#�&<!$/5M��7=)� @ (.M�!$����#����+(��+=)8$�7�m��&<�,GB(<Z«D(�E$3:?;���n��&)(.��!$��!<3$���6(+����&<3)(+=Q>�!$#�%�#�-b(9=B(�!$��(pG)=)8L��&)(.I$C$3$3�(�%�&<��%A(.��#��$4
0b(�&)(�I<����&$3:*��:Xp�;3:0P�q8�*,!)( @ ��!<3<8$�"3�E$��&$���"��!$!$#�M x �pE$&<�AGB�A=B(+0�#�� x GB# x+dx ZØh��!$#���!</5���7=B(.%7(.���"/5��^7��#�%�#���&)(���!$��!$3<8��
(b©YI�#.=)3 @ ��������#p(�%�&$��%A(.��#��$4SE$#��7����E)(.Xp�;3:0��d��/5-�&)(�!$!:�:Xl��&$(�I$C$3$Xl�"�.0b#�G)c!</5�VE$#���#�I�#��V�L�AGB3$!<3$C<����&$���"��!$3D4Q&$(���!$#

np ¨�ª (x)dx
%ÔGB�

n d #�-.�;���pI�#.=)3 @ ���7����#�(�%�&<��%A(.��#��$4:E$#����.��E)(�X��;3:0i�p�.0b#�GB!$/5�lE$#.��#�IP#��5�
p ¨�ª (x) d &)(.��E$&$�HGB�7=)��!$3$��E$��&<���"��!<!$#�M x ��#;�.0b#�GB!$#��2E<#���#�IP��Z$���7=$� @ (���4$IP#.c%ÔGY(L��#�����#98$!<3<8�����70�(�%�&<��%A(.��#��m!$(L�.0b#�GB��#�GB3$!)(.I�#���/]4

p ¨�ª (x) = δ(x− x0)
�

-P©�IP#.=Q3 @ ���7����#'(�%�&$��%A(.��#��$4RE$#�E$#.=)!<8$X��;3:0 ��/5-�&$(�!$!<��X¥��&)(�I$C$3<X¥��&$�7c*��S=Q>S�.(+����&$�,(�I<C$3$3D4$0P(.&)(�I<����&$3:*��:Xp�;��M$�H8��&)(.��!$��!<3$���
ẋ = f(x, y)

4$&)(���!<#

Nf(x− dx, y)p(x− dx)dx

%ÔGB�
N d #�-.�;����I�#+=Q3 @ ��������#j(�%�&$��%A(.��#��O�L#�-IG����"��(.E$E)(�&)(+�.(:��P©�IP#.=Q3 @ ��������#'(�%�&$��%7(+��#��<4gE$#�I<3�GY(�X��;3:0`��&)(.I$C$3$X¥�O��/10b#,GB!</5��E<#���#.cIP#��W�L�AGB3$!<3$C<����&$���"��!$3D4)&)(���!$#

np ¨�©Oª (x)dx,
%ÔGB�

p ¨�©Oª (x) d &)(���E$&$�HGB�7=)��!$3$��E$��&$���"��!$!$#�M x �L��/10b#,GQ!$#��VE$#.��#�IP���
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%,©hI�#.=)3 @ ���7����#�(�%�&$��%A(.��#��$4�E$#�I$3�GY(�X��;3:0n��&)(�I<C$3$X���&<��*��S=Q>9�+(.���m&$�,(.I:cC$3$3D4)&)(.��!$#
Nf(x, y)p(x)dx.�����"�"3$&<��8���/5E$3$��(�!$!$/5���A=B(�%A(����"/5��3�E$&$�HGB���+(���3$�

f(x− dx, y)p(x− dx, y) ≈ f(x, y)p(x)−
∂

∂x
[f(x, y)p(x)]dx,

E$#.=)� @ 3<�UGQ3$������&$��!$C$3)(+=)>�!$#����:&$(���!$��!$3$�

θ
∂

∂x
[f(x, y)p(x)] = p ¨�ª (x)− p ¨�©Oª (x) = δ(x− x0)− p ¨�©Oª (x). § a Z a À9©

�Å^���#��T��&)(���!<��!$3$3V� @ ����!$#$4 @ ��# N E$&$#�E<#�&$C$3$#�!)(+=Q>�!<# #�-IG����r�
V
4�(

n d&)(��Û0b#,G)�
G
&$��(�I$C$3$#�!$!$#�MN���6����3�4��+(�I @ ��##���!<#�?;��!$3$� N/n = θ d ��&$�HGB!$�����&$���r8WE$&$��-�/5�b(�!<3<8V�N(�E$E$(�&)(.����Z6f�&)(���!$��!$3<�`§ a Z a À9©���#�GB��&bKO3<�N�N����-��jGB���

!$��3:*,��������!$/d�]�]��!$I$C<3$3
p(x)

3
p ¨�©Oª (x) Zkb"�7=)3iE$#;^�I���E$��&<3$�"��!<�.(+=Q>�!$/5�`GY(�!�c!$/5��!)(.M�GB��!$#

p ¨�©Oª (x) 4R��#'3:*i��&)(.��!$��!<3<8�§ a Z a À9©��"#9K��7�o-�/\��>'E$#�GB� @ 3:�.(.!$#
p(x)

Z
�V�7=$� @ (��]3PGB�,(+=)>�!$#�%�#�E$��&$���"�7?;3$�b(�!<3<8�E$#�(�%�&$��%A(.�+(�� p(x) = p ¨�©Oª (x) 4:3��&)(���!$��!$3$�O§ a Z a À9©�E$&$3$�"�7�O��3PG

∂

∂x
[f(x, y)p(x)] =

1

θ
[δ(x− x0)− p(x)].

§ a Z acJ ©
[]&$�AGBE<#.=Q#SKO3$�54 @ ��#d����!$I<C$3<8 f(x, y) !$�"�"��!<8<���d*,!)(.I:(53 x 6= x0

Z�f @ 3:��/5�b(.8�4
@ ��# δ(x− x0) = 0

E$&$3
x 6= x0

4)E<��&$��E$3<?;���V��&)(���!<��!$3$�O§ a Z acJ ©1����3�GB�
∂

∂x
[f(x, y)p(x)] = −

1

θf(x, y)
f(x, y)p(x).

Øh-�#�*�!)( @ 3$� p(x/y)
E:=Q#.��!$#�����>'&)(���E$&$�HGB�7=Q��!$3<8U����I<��#�&)(

x
E$&$3l��3$IP��3:c

&$#��b(.!$!$#��2*,!)( @ ��!<3$3 y Z)sR#�%ÔGY(�&$��?���!$3<����&)(.��!$��!<3<8`§ a Z a8J ©1E$&$3<�"���O��3�G

f(x, y)p(x/y) = k exp



−
1

θ

x
∫

x0

dx

f(x, y)



 .

[]#�����#98$!<!<��X 3<!<����%�&$3$&$#���(�!$3<8
k
#�E$&$�HGB�7=)3$�ª3<*`���7=)#���3<8J!$#�&$�"3<&$#��b(�!<3<8

p(x/y)
�

∞
∫

0

p(x/y)dx = 1,
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3�=Q3

exp



−
1

θ

x
∫

x0

dx̃

f(x̃, y)



 k

∞
∫

0

x0

f(x, y)
dx = 1.

#.��I<��GY(

exp



−
1

θ

x
∫

x0

dx̃

f(x̃, y)



 k =







∞
∫

0

x0

f(x, y)
dx







−1

.

f @ 3<��/5�b(.8�^���#L��#�#.��!$#�?���!$3<��4)*,(�E$3<?����W&$�7?;��!$3$�]�:&$(���!$��!$3<8N§ a Z acJ ©�����3�GQ��4��GB#�-�!<#���G)=$8'3$��E$#.=Q>.*,#���(�!$3<8o�j��#��µ�A=)� @ (���4DI�#�%ÔGY(j�O0b#,GB��E<&$#�C$������(�E$��&$�7c�"��!$!)(.8���#��7��#98<!$3<8
x
&)(��7�����<�

p(x/y) =

exp



−
1

θ

x
∫

x0

dx̃

f(x̃, y)





f(x, y)

∞
∫

0

exp



−
1

θ

x
∫

x0

dx̃

f(x̃, y)





dx

f(x, y)

.
§ a Z a8a ©
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p(x0)

Z�¤���#���3:=)>�!$#j*S(.��&<�,GB!:8$��� @ 3$�7=Q��!$!$#���&$��?���!$3$�.4D�.(.I'I:(.Io�i��#�&$�r�,=B(+0§ a Z J Ã�©����"���7��#
cx(α)

3
Tx(α)

��3<%���&$3$&<��Xp�
cx(α, c

0
x, T

0
x )
4R3

Tx(α, c
0
x, T

0
x )
4r(

����&$�HGB!$��!$3$�n���AGB�7���q8µE$#l�������Å(�&$%7���"��!<�+(��Å^���3�0��]�:!<I$C$3$M��oE:=)#���!$#�����>�X
&$(���E<&$�AGB�A=Q��!$3<8

p(α, c0x, T
0
x )
Z

�ª��&)(.��!$��!<3$3 § a Z a À9©
p ¨�ª (x) &)(���!$(W�PK��N!$� δ cº�]��!$I$C$3$3�4�(VE:=)#���!<#�����3

p(x0)
4Q�mIP#���#�&$#�Mk(.&$%����"��!:�

x0
*S(.�"��!$��!k!)(

x
ZY¤���#O��&)(.��!$��!<3$���"#SK����m-�/\��>

&<��?;��!$#��O�7=)� @ (.��4�I�#�%ÔGY(j(�%�&$��%A(.��/eE$#�G @ 3$!:8$Xp���H8o&$��Km3$�r�3�GQ�,(+=Q>�!$#�%�#iE$�7c&<���"��?�3$�b(.!$3<83E�=Q#���!<#�����>O&)(���E<&$�AGQ�7=Q��!$3<8�����I<��#�&)(
x
��#�-IG����"��(�E<E)(�&)(+�.(

��#���E$(9GY(��7�n�iE�=Q#���!<#�����>�XÆ��%�#'&)(���E$&$�HGB�7=Q��!)3<8U!)(k��/10b#,GQ��Z"�_^���#��e�A=)� @ (����&)(.��!$��!$3$�O§ a Z a À9©1�"#SKm!$#LE$&$��#�-�&$(.*,#���(.��>�I���3�GQ�
d

dx
[p(x)f(x, y)] +

1

θf(x, y)
[p(x)f(x, y)] =

1

θ
p ¨�ª (x). § a Z a � ©

[h���7��>
p ¨�ª (x) = 0

G)=$8������70
x
4<�6��!$>�?�3:0�!$��I�#.��#�&$#�%�#L*�!)( @ ��!$3<8 x̂ Z$ÇR��?���!<3$���&)(.��!$��!$3<8`§ a Z a � ©13$�"�����m��3�G�¨ J8J ª

p(x/y) =
1

f(x, y)



exp[−F (x, y)]k +

x
∫

x̂

g(x̃) expF (x̃, y)dx̃



 ,
§ a Z a Â�©
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F (x, y) =
1

θ

x
∫

x̂

dx̃

f(x̃, y)
, g(x) =

p ¨�ª (x)
θ

.

[]#�����#98$!<!<��X�3$!<����%�&$3$&$#���(�!$3<8
k
#�E<&$�AGB�A=Q3$��3:*����A=Q#���3:8!<#�&$�"3$&$#��b(�!$3<8

∞
∫

0

p(x/y)dx = 1.

Ø���I<�,GB(

k =



1−

∞
∫

0

exp(−F (x, y))

f(x, y)

x
∫

x̂

g(x̃) expF (x̃, y)dx









∞
∫

0

exp(−F (x̃, y))

f(x, y)
dx





−1

.

sr(�I<3$�2#�-�&)(.*�#��54:E:=Q#.��!$#��7��>�&)(.��E$&<�AGB�A=Q��!$3<8 § a Z a Â�©�#�E<&$�AGB�A=Q��!$(<ZBØh-�#.*,!)( @ �7c!$3$�
p(x/y)
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y
3
p(x/y)

E$&$3
^���#��V��(.I<��3 @ ����I�#��V*�!)( @ ��!$3$3 y Z
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���°	 ����ÿ�ý�þ�(�	���)�ý6ü���! ��(�ý¿�ÿ�ü�üYý* *
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α
4B�9ZÒ��ZY��&$���r8D4YE<&$#�?;�HGQ?;���L#.�j�"#��"��!<�+(jE<#�E)(9GB(�!$3<8k(�%�&$��%A(.�.(j�O��3$�7�����r��GB#
����I<�P�;��%,#l�"#��"��!<�+(<4�8$�.=)8<�����H8��b(.Km!$/5�_��(.I<��#�&<#��54�#�E$&$�HGB�7=$8$Xp��3$� E$&$#.c
C$������/]4\E$&<#�����I:(�X��;3$�'�l(.%�&$��%7(+����45( E:=Q#.��!$#�����>2&)(���E$&$�HGB�7=)��!$3<8µ��#�*,&$(����+(
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(�%�&<��%A(.��#��o3`3�0 �.*S(�3$�"#�GB��M<������3$������#k��&$�AGQ#�MDZ � (E:=Q#���!$#��7��>o&)(���E$&$�AGQ�7=Q�7c
!$3<8l��#.*,&)(��7�.(

p(α, t)
�.=Q3:8$���o��#.=Q>�IP#'3<*��"��!$��!$3$��E$#���#�I:( @ ��&$�7*���3$�������r�l33<*,�"��!$��!<3$��!)( @ (9=Q>�!$/10���#�����#S8$!$3<Mk(�%�&$��%A(.��#��$Z[]&$3$���AGB���l*,(���3$��3$�"#��7��3D4<#�E$&$�AGQ�7=)8<Xp�;3<�pGB3$!$(��"3$I<�m��#�*,&)(.����!<#�Mi�7��&<��I:c

����&$/Å!<��I�#.��#�&<#�M2��#���#�I<��E$!<#�����3W(�%�&$��%A(.��#��$4g� @ 3:�.(.8�4 @ ��#o�k��3<�������r�l3:=)3l�!$��IP#���#�&$/5M`^A=Q���"��!<�k��3$�7�����"/_E$#��7����E)(�X��o(�%�&$��%A(.��/�4F3$�"��Xp��3$�mE:=Q#���!$#��7��>
&)(���E$&$�AGQ�7=Q��!$3<8���#�*�&)(����+(

p ¨�ª (α, t) §ÊG)=)8·Â.!$#���/10�Ãp(.%�&$��%7(+��#���#�!$#5&)(���!$# δ(α) ©7Z
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G ¨�ª (t) 4b!)(]��/10b#�GB� G ¨�©Oª (t) 4b(�E:=)#���!$#�����>�&)(���E$&$�AGQ�7c=)��!$3<8j��#�*�&)(����+(
p ¨�©Oª (α, t) &)(.��!)(�E:=)#���!$#�����3�&)(���E$&$�AGQ�7=Q��!$3<8���&$���"��!$3�E<&$�7c-�/5�b(�!$3:8DZg¯]*������7��!$/Å!)( @ (+=Q>�!$#��'§¨E<&$3 t = 0

©�&$(���E$&<�AGB�A=Q��!$3$����#�*�&)(�����#��o�
��3$�7�����"�

p(α, 0)
3�!$( @ (+=)>�!$/5M#�-IG����U��3$�7�����"/�Z«D(�E$3:?;���'��&)(.��!$��!$3$��4����.8<*,/5��(�Xp�����

V (t)
3
p(α, t)

��0P(�&)(�I:����&<3$���b3$I�(��"3
�+0b#,GB!</10 3N��/10b#,GQ!$/10 E$#���#�I�#��$ZRØ]!<#�E<&$�AGQ���.(.�.=)8<���o��#�-�#�M �6(+����&<3)(+=Q>�!$/5M
-�(+=B(�!<�LG)=)8`��&)(.I$C$3$32(.%�&$��%7(+��#��<4g3$�"��X��;3:0`��#�*,&$(����o#.�

α
GB#

α + dα
Z � �

E<#�����#�&P8:8���/5I:=B(SGB#�ID4Q(�!$(+=Q#�%�3 @ !$/10�E$&<3$���AGQ��!$!</d����/\?���4QE$#+=)� @ 3$�

d

dt
[V (t)p(α, t)] = G ¨�ª (t)p ¨�ª (α, t)−G ¨�©Oª (t)p ¨�©Oª (α, t). § a Z a�Ü ©

«QGQ����>h=Q���b(.8 @ (�����> d ��IP#�&$#��7��>�!)(�I�#�E:=Q��!$3<8�(�%�&$��%A(.��#����]��/5-�&)(�!$!<#�ML��&)(.I:cC<3$3D�PE$��&<��#����7=B(.%7(����"#��p��E$&)(���#�M @ (��7��3 d E$&$3<��#�Ii(.%�&$��%7(+��#�������/5-�&)(�!<!<��X��&)(.I$C$3$X����.0b#,GB!</5��E<#���#�I�#��54)����#�&$#�� d #��.��#�I3<*���&)(.I$C$3$3����/10b#�GB!$/5�E<#���#�I�#��5Z���� @ �7��#���*S(.��3$��3<�"#�����3'��#�*,&$(����+( α #.�j��&<���"��!<3U§ α = t − t0
4Q%ÛGB�

t0 d �"#��"��!<�mE<#�E)(9GB(�!$3<8(.%�&$��%7(+�.(�����3$�������r�$©d3<�"�����

dα

dt
= 1,

dp

dt
=
∂p

∂t
+
∂p

∂α
.

[]#��7=Q����/5E$#+=Q!$��!<3<8o#�E$��&)(�C$3$3GQ3$������&$��!<C$3$&$#���(�!$3<8�=Q����#�M @ (��7��3k�:&$(���!$�Ac!<3<8 § a Z a�Ü ©1E$#.=$� @ 3$�

∂p

∂t
+
∂p

∂α
=
G ¨�ª (t)
V

p ¨�ª (α, t)− G ¨�©Oª (t)
V

p ¨�©Oª (α, t)− V̇

V
p(α, t).

§ a Z a Ã�©
Øh-HG����

V
4�*S(�!<3$�6(����"/5Ml(�%�&<��%A(.�+(��"3D4g3<*��"��!<8<�����q82���#�#���������������3$32�����7=)#.c

��3$���
V̇ = G ¨�ª (t)−G ¨�©Oª (t). § a Z a8K ©

f�&)(���!$��!$3<�O§ a Z a Ã�©13<�"���7�j(�!)(9=Q3<��3 @ ����I�#���&$�7?;��!<3$� ¨×Ã Ü ªÍ�

p(α, t) =
1

V (t)

{

V0p(α− t, 0) +

t
∫

0

[G ¨�ª (ξ)p ¨�ª (α− t+ ξ, ξ)−

−G ¨�©Oª (ξ)p ¨�©Oª (α− t+ ξ, ξ)]dξ

}

,

§ a Z a Á�©

%ÔGB�
ξ d E$��&$���"��!$!$(.8�3<!<����%�&$3$&$#���(�!$3<8�Z
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¯h*j&)(�����!$�����b(U§ a Z a Áb©���/\����I:(��7�n��/5&)(.K���!$3$��G)=)8`#�E$&$�HGB�A=Q��!$3:82*,(���3$��3:c
�"#�����3��&$�HGB!$��%�#O��#�*�&)(��7�.(�(�%�&<��%A(.��#��m#�����&<���"��!<3

α(t) =

∞
∫

0

αp(α, t)dα.

[]#��7=Q��!$���7=Q#SKm!$/10�E$&$��#�-�&)(+*,#���(�!$3$M�E$#.=)� @ 3<�

α(t) =
V0
V

∞
∫

0

αp(α− t, 0)dα+
1

V

t
∫

0

{G ¨�ª (ξ)(t−ξ)−G ¨�©Oª (ξ)[t−ξ−∆(t)]}dξ,

§ a Z � �b©
%ÛGQ�

∆(t) d ��&<�AGB!$3<M���#�*,&$(����]�h��/10b#�GB!$#��'E$#.��#�IP��4.�,GB#��.=Q������#�&b8$X��;3$ML��&)(.�.c!$��!<3$X��]*S(.E)(.*7GQ/5�b(�X��;3$��(�&<%����"��!<��#��
d∆

dt
= 1−

G ¨�©Oª (t)
G ¨�ª [t−∆(t)]

.
§ a Z � À9©

f�&)(���!$��!$3$�O§ a Z � À9©1��/\����I�(����O3<*�# @ ����3�GB!$#�%�#�&)(�����!$�����b(
t
∫

t−∆(t)

G ¨�ª (τ)dτ = V (t),
§ a Z � J ©

%ÛGQ�
V (t) d #�-IG����54�( G(τ) d #�-IG����"!$/5MO&)(��Û0b#,G(.%�&$��%7(+��#��$Z<[]&$#�GB3$������&$��!:cC$3$&$#��b(��o#�-�� @ (��7��3U&)(�����!$�����b(W§ a Z � J ©�3l� @ �S82��&)(���!$��!$3$�N§ a Z a8K ©74gE<#.=)� @ 3$�

g ¨�ª (t)− (1−∆)G ¨�ª (t−∆) = V̇ (t) = G ¨�ª (t)−G ¨�©Oª (t),#���I:�,GY(mE$#��A=Q��E$&$3<���AGQ��!$3<8�E$#�GB#�-�!$/10��A=Q�AGQ���7�i��/5&)(+KL��!$3$�O§ a Z � À9©AZ:��=)8�E$#.c
=)� @ ��!<3<8�!)( @ (+=Q>�!$#�%�#]*�!)( @ ��!$3<8 ∆(0)

E$#�GB���+(���3<�
t = 0

�]��/5&)(.K���!$3$��§ a Z � J ©7�
0
∫

−∆(0)

G ¨�ª (t)dt = V0.

£p!)(+=Q#�%�3 @ !$#j�:&$(���!$��!$3$XeG)=)8o��&$�HGB!$��%�#���#�*�&)(��7�.(i�"#SKO!$#m*S(�E$3<�,(.��>���/1c&)(.K���!<3$��G)=)8jGQ3$��E$��&$��3$3k��#.*,&)(.���+(m(�%�&$��%A(.��#��$�

D(α) =

∞
∫

0

(α− α)2p(α, t)dα =
V0
V (t)

∞
∫

0

[α− α(t)]2p(α− t, 0)dα+

+
1

V (t)

t
∫

0

{G ¨�ª (ξ)[t− ξ − α(t)]2 −G ¨�©Oª (ξ)[t− ξ −∆(t)]2}dξ.

§ a Z � a ©

�1/5&)(.K���!$3<8V§ a Z � a ©�3V§ a Z � �b©�!$����#,GQ��&PKL(+�������-��
p(α, t)

4D�+(�I @ ��#iG)=)8n��/1c
@ 3$�A=Q��!$3:8o��&$�HGB!$��%�#���#�*,&$(����+(O3�GB3$��E$��&$��3$3'��#�*,&)(.���+(j!:��Km!$#m*,!$(.��>O��#+=Q>�I�#
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O'¡~�g�q $�b�F¡9¢:P�\$�Y��Xb�F¡Y^B������¡9¢��������Û�F���¡PH^$�Y�Wl
!$( @ (9=Q>�!$#��p&)(���E$&$�HGB�7=Q��!$3)� p(α, 0) 3j3:*,�"��!$��!$3:8��+0b#,GB!$#�%�#;3j��/10b#,GB!<#�%�#;E$#.c��#�IP#��$Z
Çg(������"#���&$3$�k�7=)� @ (�M�3�GB��(+=Q>�!$#pE$��&$���"�7?�(�!<!$#�M���3$�7�����"/]4+���7=)�AGB�7����3$� @ �7c%�#�E:=Q#���!$#��7��3k&)(.��E$&$�HGB�7=)��!$3<8���&$���"��!$3E$&$��-�/5�b(�!$3:8

p(τ, t)
3���#�*,&$(����+(�!)(+c

0�#,GQ8:�;3:0b�q8n�i��3$�������"�m(.%�&$��%7(.��#�����#���E$(9GY(�X��9Z�Øh-�#�*�!)( @ (.8k&)(��Û0b#,GB/e(�%�&$��%A(+c��#��o!)(k�.0b#�GB�j�o��3<�������r�23l!)(k��/10b#,GB�i3:*�!$���
G ¨�ª (t) 3 G ¨�©Oª (t) 4r(�#�-IG����(.%�&$��%7(+��#��

V (t)
4�*,(�E$3<?����2��&)(.��!$��!<3$�pG$=)8j��IP#�&$#��7��3�3:*,�"��!<��!$3:8�#�-IG����6(�(�%7c

&<��%A(.��#��$4�!$(+0b#,G)8<�;3�0b�H8L�h��3<�������"�d�h�"#��"��!<�
t−α+ξ

I�(�I��]��!$I$C<3$3L��&$���"��!$3
E<&$��-�/5�b(�!$3<8

ξ
�

d[V (t− α + ξ)p(ξ, t− α + ξ)] = −G ¨�©Oª (t− α + ξ)p(ξ, t− α + ξ)dξ.

«QGQ����>�E$&$(��b(.8 @ (.����>�E<&$#�E$#�&<C$3$#�!$(+=Q>�!)( @ 3$�A=)�L(�%�&$��%A(.��#��$4bE$#�I<3�GY(�X��;3:0L��3:c�7�����r�L*S(���&$���r8
dξ
4b!$( @ 3$!$(.8m�d�"#��"��!:�.( t−α+ ξ 4b3L0b(�&)(�I<����&$3:*��b���"/10O��&$�Ac�"��!$���VE$&$��-�/5�b(�!$3:8
ξ
Z)IP#.=Q3 @ ��������#i(.%�&$��%7(.��#��$4Q3$�"��X��;3:0!<�S=)����#�M��#�*�&)(����S4#�E$&$�HGB�7=)8<�����q8�E)(.&)(��"����&)(��"3��+0b#,GB!<#�%�#�E<#���#�I:(<ZS�'��3:=)�]��I�(.*S(�!<!$#�%�#�&$�7?;��!$3$�

*,(�E$3<�,(�!$!<#�%�#���&)(���!$��!$3:8OE$&$3
ξ = α

#�E$&$�HGB�7=$8$���;E:=Q#.��!$#��7��>;&)(.��E$&$�HGB�7=)��!$3<8
��#�*,&$(�����#��$�

p(α, t) =
G ¨�ª (t− α)

V (t)
exp



−

α
∫

0

G ¨�©Oª (t− α + ξ)

V (t− α + ξ)
dξ





§ a Z ��� ©

ó 3�9�?Z="3�@�?Ç3�í:="5:9�5:9�3�å 786�78;<6Rå�9�3�å ?<ìHA�5:ì_?Z;<62sæ3�78A�5I¬ o¾â ��#��S=)3:c
@ 3$��#.�j�7�.(+��3 @ ����I�#�Mk*S(9GY( @ 3��LGY(�!<!$#����7=)� @ (.�;����I<��#�&k��#��7��#S8$!$3<8o(.%�&$��%7(+�.(
x
*,(���3$��3<��#��;��#�*�&)(��7�.(

α
3jI:(9=Q��!PGY(�&$!$#�%�#���&$���"��!$3

t
3jE$#�G @ 3$!:8$Xp���H8mGB3$�hc����&$��!<C$3)(+=Q>�!$#��r�i��&)(���!<��!$3$X

d

dt
x(α, t) = f [x(α, t), y(t)].

§ a Z � Â�©

��� @ �7��#�������8:*,3��"��K�GQ� α 3 t ^���#���&)(���!$��!$3$���"#9Km!$#LE<��&$��E$3$��(.��>m�.(.ID�

∂x

∂t
+
∂x

∂α
= f [x(α, t), y(t)].

§ a Z � Ü ©

¯h*,�"��!$��!$3<�5��#�����#S8$!$3:8���&$�HGB/U��#���&$���"��!$3�0P(�&)(�I:����&<3<*��b�����H8L&$(�����!$������#��

d

dt
(yV ) = µνϕ(yν , uν) + ρν(y, x) + λνqν(x, y)x,

§ a Z � Ã�©
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�LI�#���#�&$#��
V (t) d #�-IG����U��&$�AGB/]�B(�#��7�+(+=Q>�!$/5��E$��&$���6��!$!$/5��3$�"��Xp����#.��K�����"/5�A=�4 @ ��#L3�����&)(.��!$��!$3$3 § a Z J8J ©AZ:f6��&$�AGQ!$��!$3$����§ a Z � Ã�©�E$&$#���#,GB3<���q8��h� @ �7c��#��JE:=Q#���!$#�����3U&)(.��E$&<�AGB�A=Q��!$3<82��#.*,&)(��7�+(

p(α, t)
4�G)=)8`E<#,GB� @ ���+(kK��m3<*,�"�Ac!<8$X��;3:0b�q8k��#m��&<���"��!<3k��&$�HGB!$3:0*,!$( @ ��!$3$Mk��/10b#�GB!$/10�E$��&$���"��!$!$/10k!<�PKO!<#3$��E<#.=Q>�*�#��b(.��>OE:=Q#.��!$#��7��>j&)(.��E$&$�HGB�7=)��!$3<8k��&$���"��!$3�E$&<��-�/5�b(.!$3<8�(�%�&$��%7(+��#��

����3$�������"�
p(τ, t)

Z
n A�623�í:s26c¬78;Zs�6Àôc9�;ZA�62p�3�3�s 783B78;<5:="?Zv�7 785:ìIA�5:ì_?<r�3�5:î Z�[�&<#�C$���7c

��/�����E:=Q#.c63��6(�����#�E$��&$��!$#���(L3j0:3$�"3 @ ����I$3:0�E$&$����&)(.�;��!$3$MD4)E<&$#�����I:(�X��;3$�������%�&$��%�3$&$#��b(.!$!$/10'��3$�7�����6(+0�4�!<��#�-�&)(.��3<�"/]Z�b"�A=Q3
x
3
y d ����I:��#�&$/�3$!<����!:c��3$��!$/10jE$��&<���"��!<!$/10OG$=)8i(�%�&$��%A(.�+(�3j��&$�AGB/]4$(�3:*,�"��!$��!$3<�

x
��#�#.�����7���7�b�������

��&)(���!$��!$3$X¥§ a ZÄÀ a ©74<��#mE<&$#�3<*���#,GQ������#O^�!<��&<#�E$3$3
σ(x, y) = σi(x) +

∑

ν

λνqν(x, y)(xν − yν),
§ a Z � K ©

%ÛGQ��E$��&<��#���7=B(�%A(����"#��
σi(x) d E$&$#�3<*���#�GB������#`^�!<��&$#�E$3$3�*,(N� @ �7�lE$&$#�C$���Ac��#��<4bE$&$#�����I:(.Xp��3<0m��!<�P��&<3i(.%�&$��%7(.�+(<���.��#�&<#�� d E$&$#�3<*,��#�GB�7����#�^�!<��&<#�E$3$3m*S(� @ �7�'#�-��"��!)(��"�7KLG)� (�%�&$��%A(.�+(��"323`��&<�AGB#�MD� λνqν d E<#���#�Il#�-��"��!)(�E$# ν c�M��#��7�.(.�.=)8<Xp�;��M

x
�
(xν − yν) d GB��3<K��P��(.8���3:=Q(<Z�U�7�.(.C$3$#�!)(.&$!$#��`&$��Km3$�"��#���I$&$/\��#�Mj��3$�������"/���#�����#98$!<3$����&$�AGQ/

y
!$��3<*�c

�"��!$!<#�§Ú���5Z�§ a Z J8J ©Ô©i3µ*S(���3<��3<��#��W��&$�HGB!$��%�#�*�!)( @ ��!$3<8 x 3�#�-��"��!)(W�N(�%7c&$��%A(.�+(��"3l3 #�I$&<�PK���!<3$���5Zg[h������>o!)(�MPGB��!$#k&<��?;��!$3$�j��&)(.��!$��!$3<8`I$3$!$�7��3$I$3
x(t, x0, y)

4<��#�%ÔGY(�E$&<#�3<*,��#,GB�7����#m^�!<��&<#�E$3$3��L��3$�7�����"��&)(���!$#

σ(y, x0) =

∞
∫

0

p(α)
[

σi(x(α, x0, y)) +
∑

ν

λνqν(x(α, x0, y), y)(xν(α, x0, y)−

−yν)
]

dα +
∑

ν

µνgν(y, u)(yν − uν). § a Z � Áb©
[]#��7=Q�HGB!$���;�7=B(.%7(.���"#����OE$&$(���#�M @ (.����3o^���#�%�#j&)(�����!$�7���b(m� @ 3<��/5��(�����#�-��"��!��&$�HGB/µ�h#�I<&<�PKL��!$3$���54)(

p(α) d E:=Q#���!$#�����>�&$(���E<&$�AGB�A=Q��!$3<8���#�*�&)(��7�.(�(�%�&$�7c%7(+��#�������3$�������"��Z

Êdúih�ú �ö��(�%'����%'(���Ït�q�hý��"��ý�� ��(�	6ü��hÿ���%Ò���hý���hý6ü��gÿ��
()	6ü���(hÿ���ÿ��hÿ����Î+Ò*�ý���()	6ü���	&��*(�ÿ���ÿ����-��(hÿ�þÏ�*	�����+
	$#2(hÿ�#Z	��Rý*

�T����%�&$��%�3$&$#��b(.!$!$/10U��3<�������6(+0U#�GB!$3$��3<*�#���!$#���!$/10l3$!�GB3$��3�GQ�b(+=Q>�!$/10
E)(�&)(.�"����&<#��j(�%�&$��%A(.�+(m8$�+=)8$�7���q8�E$&$#�GB#.=)Km3<���7=Q>�!<#�����>

α
��%�#OE<&$��-�/5��(�!$3<8�
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O'¡~�g�q $�b�F¡9¢:P�\$�Y��Xb�F¡Y^B������¡9¢��������Û�F���¡PH^$�Y�Wl
��3$�7�����"�n§¨��#.*,&)(��7�P©�3�=Q3l��&$���r8`��!$��MlE<&$��-�/5�b(�!$3<8

τ
Zr¤���3l���A=Q3 @ 3$!</ �7=)�bc

@ (�M$!$/]4:3:0OE:=Q#.��!$#��7��3�&)(���E$&$�AGQ�7=Q��!$3<8�4$I�(�IjE$#�I�(.*S(.!$#;&)(�!$����4:����8:*S(�!</VGB&<��%��GQ&<��%�#��V��#�#���!<#�?;��!$3$���

p(α) =



1−

α
∫

0

p(τ)dτ





/ ∞
∫

0



1−

α
∫

0

p(τ)dτ



 dα =
1

θ



1−

α
∫

0

p(τ)dτ



 .

§ a Z×ÂI��©
�;(9=Q���j-���GB���'E$#�I�(.*,(�!$#$4 @ ��#o*�!)(��"��!$(.���A=Q>n�k^���#�����/5&$(.K���!$3$3l&$(�����! θ d��&$�HGB!$���r����&$���"��!$3�E<&$��-�/\�b(�!$3<8µ�2��3$�7�����"��Z��1��8:*,>U�"�7KLGQ��E:=Q#.��!$#����S8$�"3
&$(���E<&$�AGB�A=Q��!$3<8o��#.*,&)(��7�.(O3���&$���"��!$3kE$&<��-�/5�b(.!$3<8kE<#�*,��#+=)8$�7�i&$(������"#���&<����>
��#.=Q>�I�#��"����#�GB/T&)(.� @ �7�.( p(τ) ����3$�������"��4F3$�"��Xp����MN*S(SGY(�!$!:�:X �7��&<��I<���:&<��Z«�!$(�!$3$�p^���#�Mi�]��!$I$C$3$3iE<#�*,��#.=)8$�7��!)(.M<��3j3jE:=Q#.��!$#��7��>�&)(���E<&$�AGQ�7=Q��!$3<8i��#�*7c
&$(����+(<4)#�E$&$�HGB�7=$8$Xp���:XeI$3$!<����3<I<����*S(.3$�"#,GB��M$������3<8�(�%�&<��%A(.��#��O3���&$�AGQ/]Z
Çg(�� @ ���oE:=)#���!$#�����3l&)(���E$&$�AGQ�7=Q��!$3<8l��&$���"��!$3lE<&$��-�/5��(�!$3<8�§Í[�Ç6�\[�©�#�-.c=)��% @ (������H8V�����_#�-�����#98:���7=)>�������#��54 @ ��#'G)=)8lGB���b0WE$#��7=Q�HGB#��b(+���7=)>�!$/10�E$#�G)c��3$�7�����T��&$���r8UE$&<��-�/5�b(.!$3<8U&)(���!<#n�7�:�"�"����&$���"��!WE$&$��-�/5�b(.!$3<8U�nI�(.KLGQ#�M

3:*�!$3:0Y4"(�*�!)( @ 3<�nE:=)#���!$#�����>n&)(.��E$&$�HGB�A=Q��!$3<8U��&$���"��!$32E$&$��-�/5�b(�!$3:82�o��3:c�7�����"�;�"#9K��7�O-�/\��>j!)(�MPGB��!)(mI:(.I�������&<��I�(jE�=Q#���!<#�������M'&)(.��E$&<�AGB�A=Q��!$3<8G)=$8
I�(.K�GB#�Mk3<*�E$#�GB��3$�7�����5Z���/ @ 3$�7=)��!$3$��K��;������&<��I$3'��GB#�-�!$#iE<&$#���#�GB3<��>��;3$�7cE<#.=Q>�*�#��b(�!<3$���¦3<!<����%�&)(+=)>�!$#�%�#oE<&$��#�-�&)(.*�#��b(�!$3:8NÎ�(.E:=B(���(<Z � 3<K���3:*�=Q#SK���!
�7��&<��I<���:&$!$/5MlE<#,G)0b#�GlIN&)(�� @ ���.� [�Ç6�\[�ZR�1�"/5�A=l��%�#��#�����#�3<�k����#��54 @ ��#+c-�/WG$=)8OE$&<#�3<*,��#.=Q>�!$#�Mj��3$�������"/µ��/5&)(.*,3:��>�[�Ç��1[ @ ��&$�7*]��#�#������������b�.�:Xp�;3$�0b(�&)(�I<����&$3<���b3$I$3�E$#,GQ��3$�7������3�����&<��I<����&)!$/5��#���#�-���!$!<#�����3�3:0���#��AGB3<!$��!$3:8DZ

n êB62;<9�6�78;<3 A�?<78p�A�58¬ 5cêB5:9�3�åÇs2A�5:="5:9�3¸p�A�5:/2o0s2?<9�3�å©¬Bê�å
p�A�6�78;Z5RîS� 3�v©p�6c¬783�78;<5:=
[�Ç6�\[�"#9K��7� -�/\��> !)(�M�GB��!)( ^�I���E$��&<3$�"��!<�.(+=Q>�!$#`3:=Q3V!)(N#���!$#�����"#+c

GQ�7=Q>�!$/10�E$&$�HGB���+(��.=Q��!$3$MDZY[]&$3�^�IP��E$��&$3$�"��!<�.(+=)>�!$#���#�E$&$�AGQ�7=Q��!$3$3�����3$�����7c
�r�N����#�GQ8:�oE$#�&$C$3$XÓ(�%�&$��%A(.��#��'3`*,(��"��&b8$X��'3<*,�"��!$��!$3<��3:0`IP#.=Q3 @ ���7���b(o��#��&$���"��!$3;!)(p��/10b#�GB�1��3$�������"/

c(τ)
Zp¤�����*,(���3$��3$�"#�����> @ (�����#h!)(.*�/5�b(�Xp�hI$&<3:c��#�M`��/5�"/5��(�!$3<8�§¨&$3<��Z a Z Ü ©7ZD��=)8`E$#.=$� @ ��!$3<82[�Ç6�\[ÙI$&<3$����XÖ��/5�"/5�b(.!$3<8!:��Km!$#�!$#�&<�"3$&$#��b(+��>��+(�ID4 @ ��#�-�/aE:=Q#��;(9GB>E$#+=)� @ 3$��?���M$�H8 �]��!$I$C$3$3N#�I:(9c*,(+=B(.��>�&)(���!$#�M��HGB3$!$3<C$��ZQsg#�%ÔGY(

p(τ) = c(τ)

/ ∞
∫

0

c(τ)dτ.
§ a Z×Â:À9©
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t

c

0

ù�ú:û_ü�n8üo8ü�®'�����H�@���IH�cú�����C�����>O�������cú��
�1&$�AGQ!$���]*,!)( @ ��!<3$����&$���"��!$3�E$&$��-�/5�b(�!$3:8�&)(���� @ 3<��/d��(�Xp�mI�(�I��6(.�����6(.��3 @ �7c��IP#���#SKm3�GY(�!$3<���7=$� @ (�M$!$#�M���A=Q3 @ 3<!$/ τ �

θ =

∞
∫

0

τp(τ)dτ,
§ a Z×Â J ©

(�GB3<��E$��&$��3$XeI�(�I

D =

∞
∫

0

(τ − θ)2p(τ)dτ.
§ a Z×Â a ©

[]&$3$���HGB���V^7��3�0P(�&)(�I<����&$3<���b3$I$3�G)=)8�!<��I�#.��#�&</10E$&$#��7����M<?;3:0E$#,GB��3$�������5Z
« o0;<5R789�5:9�3�5 Z.�1���5(�%�&$��%7(.��/WE$&$��-�/5�b(�X����h��3$�7�����"�d#�GB3$!)(.I�#���#��1��&$���r8�4

I�#���#�&$#��5&)(���!$#�#.��!$#�?���!$3<Xµ#�-IG�����(���3$�7�����"/�IL#�-IG����"!$#�ML��I�#�&<#�����3�GB��3:KL�Ac
!$3<8���&$�AGQ/]�

θ = V/g.
§ a Z×Â � ©

��^���#��V�7=)� @ (.��[�Ç6�\[eE$&$�HGB���+(��.=$8$���O��#�-�#�M δ cº�]��!$I$C$3<X
p(τ) = δ(τ − θ).

§ a Z Â�Â�©
��3$��E$��&$��3:8

D
&)(���!$(L!<�,=QX�Z¡½3�7c;Z5R="?æ3�¬�5:?Zê*)29�62ìH6�p�5RA�5:="5��43�s�?Z9�3�å Z6�_��3<�������"���i3�GB��(+=Q>�!$/5�

���"�7?;��!<3$���_�o=QX�-�#�MU��# @ I���#�-�>����6('��#�GB��&bKO3:���q8V#,GB3<!)(�IP#���#���I�#+=Q3 @ ��������#(�%�&<��%A(.��#��j3����&$#98:��!$#�����>O��#�%�#$4 @ ��#j(�%�&$��%A(.�jE<#�I$3$!<���j��3$�������r��4Y!$��*S(���3$��3<�#�����%�#���#�*�&)(��7�.(<Z�fh&)(.��!$��!<3$�d�6(.����&$3)(+=Q>�!$#�%�#�-b(9=B(�!$��(pG)=)8�(.%�&$��%7(.��#���3$�"���7�
��#�&$�r�

dc

dt
V = −gc,

§ a Z×Â Ü ©
%ÛGQ�

g d #�-�>����"!</5M&)(.�q0b#�G'(�%�&$��%A(.��#��$ZÇR�7?;��!<3$�\��&)(.��!$��!<3<8�§ a Z Â Ü ©�E$#�*���#.=)8<���h#�E<&$�AGB�A=Q3<��>]I<&$3$����XV��/5�"/5��(�!$3<8
c(τ) = c(0) exp(−τg/V ),

§ a Z×Â�Ã�©



K�Ü L  �M�ÓRM
O'¡~�g�q $�b�F¡9¢:P�\$�Y��Xb�F¡Y^B������¡9¢��������Û�F���¡PH^$�Y�Wl
(�E$#��A=Q�O���m!$#�&$�"3$&<#��b(�!<3<8 E$#���#�&$�"�k§ a Z Â�À9©]!)(�M:��3l[�Ç6�\[Ö^7=)���"��!:�.(k3�GB�Ac
(9=Q>�!$#�%�#����"��?���!$3<8��

p(τ) =
1

θ
exp(−τ/θ),

§ a Z×Â K ©
%ÔGB� @ ��&$�7* θ #�-�#�*,!$( @ ��!$#�#���!<#�?;��!$3$�p#�-IG����6(�(�E$E)(�&$(.�.( V Im#�-IG����"!<#��r��&$(��7c0�#,GQ�

g
Z

p p

t t0 q

q1

)( qtd -

à á

0

ù�ú:û_ü�n8ü°¯Iü
�LG���@��
�_û�@�A±���û���
�\���\G����cú��I��
��>?���cú���
�����������cú��I�±�����������@���t
ú ������G
A��
��E��B����@��Wû��
���cú��²� vN� ú�ú �q����G�A��
��E��M�
��
��>?��F�ú������cú��²�0{ �

£�!$(+=Q#�%�3 @ !$#�"#9K��7�-�/\��>�!$(�M�GB��!)([�Ç6�\[_G)=)8N��3$�7�����J!$��#,GQ!$#�&$#�GB!$/10��GQ3$���]��*�3$��M�(�%�&$��%A(.��#��m�"�7KLGQ�j#���GB�7=Q>�!$/5�"3���� @ ��!<3<8$�"3�3jGB&�Z

Þ ?D78à�5R;áp�ê�62;<9�6�78;<3 A�?D78p�A�58¬ 5cêB5:9�3�åÇs�A�5:="5:9�3¸p�A�5:/2o0s�?Z9�3�åÇp�A�3
ô8ê�5:="5:9�;:?<A�9�o�v 62p�5:A�?<r�3�å�v

¡�ê�3�å�9�3�5&p�6�;Z6�@�6�s Z5[h������>lG)=)8µI:(.K�GB#�%�#U3<*nE$#���#�I�#��
gi
3:*,��������!$/

E�=Q#���!<#�����3W&)(.��E$&$�HGB�A=Q��!$3<8U��&$���"��!$32E$&<��-�/5��(�!$3<82(�%�&$��%A(.��#��'�k��3$�7�����"��46(
�+(�I:KL��GQ#.=Q3�^���3:0E<#���#�IP#����L#�-��;���VE$#.��#�IP���

g = g1 + g2 + ...+ gn, γi = gi/g, i = 1, n.

Ø @ ����3�GQ!$#$4 @ ��# γi ≥ 0
4)( n

∑

i=1

γi = 1
Z

Ïh��#�-�/�E$#�GB� @ 3<�.(+��>OGB#+=QXT(�%�&$��%A(.��#��i�j#�-��;����E<#���#�IP� g 4B��&$���r8�E$&$��-�/1c��(�!$3<8�I�#.��#�&$/10L=Q�7Km3<����3$!<����&$�b(+=)��#��
τ
GB#

τ +dτ
4b!$��#�-S0b#�GB3$�"#�!)(�M<��3j^7���

GQ#.=QX��LI:(.K�GB#��U3<*�E$#.��#�IP#��$ZBØh!)(�&)(���!$(

pi(τ)dτ.



ÓRMdcRM?�iQH��¢ZV�Q�¢b��\<] l�XY¡~��j<¡Ô� V¾X< �¡cQh\Y¡��hQÉÖZSl��PP�WX��F���g�Û ��W\$�ZÖ K Ã

sg#�%ÔGY(�G)=$8�E$#���#�I:(<4)E<#.=)� @ ��!<!$#�%�#mE$#��A=Q���A=Q3<8<!$3<8D4

gp(τ)dτ =
n
∑

i=1

gipi(τ)dτ.

Ø���I<�,GB(k§Ú&$3$�.Z a Z K ©
p(τ) =

n
∑

i=1

γipi(τ).
§ a Z×Â�Áb©

n A�3�="5:A´³�âiµDâ è u�y�¶:|�{ � è ² � ´�wQzky��Qz�½Q³)z)z�´QxS{�xSvPx9·�§Ú&$3$� a Z K ©7Z<[]���7��>
E$#���#�ID4SE$#����.�:E$(�Xp�;3$M�3:*���3<�������"/l�"E$��&$���"�7?;3$�b(�!$3<���k�6#�-IG����"#��

V1 = 2
� 3 4&)(�����!

g1 = 1
� 3/ @ 46(o3<*��+(�I�#�MUK��i��3$�7�����6/Ö#�-IG����"#�� V2 = 1

� 3 &)(.����!
g2 = 2

� 3/ @ ZFsd&$��-����7���q82!$(�M<��32[�Ç6�\[Ó�kE$#���#�I��.4g#�-�&$(.*,#���(���?����"�q8`E$#��A=Q��7=Q3:8$!$3<8
g1
3
g2
Z

g g

1
g

1
g

ig
ig

ng
ng

)(tnp )(tnp

)(tip )(tip

)(
1

tp )(
1

tp

)(tp )(tp

ù�ú:û_ü�n8üo¶8üqpStr��>O�©û\G:ú�� �cú���úx���������@���G����cú����
��@���HN���
�1#�%Û=B(.��!$#���/5&)(.K���!$3$XÅ§ a Z Â K ©1!$(�M�GB����[�Ç6�\[JG)=)8�I:(.K�GB#�%�#L3<*�E<#���#�IP#��

p1(τ) =
1

2
exp(−0, 5τ), p2(τ) = 2 exp(−2τ).

�����"�6(�&$!</5MJ&$(��q0b#�G
g = 1 + 2 = 3

� 3/ @ ; γ1 = 1/3; γ2 = 2/3.
�

��#�#.�����7��������3$3�����#�&$�r�,=Q#�M § a Z×Â�Áb©1E<#��7=)���7=)3<8$!$3:8E$#���#�IP#���E$#.=)� @ 3<�

p(τ) =
1

6
exp(−0, 5τ) +

8

6
exp(−2τ).

Þ ?kí:s�5:;<sDê�5:9�3�5¾p�62;<62@�62s ZZb"�7=Q3iE$#���#�ID4�0P(�&)(�I:����&<3<*��b���"/5M�&)(��Û0b#,GQ#��
gE$&$3i[�Ç6�\[

p(τ),
&$(.*,���7���+=)8$�7���H8i!)(

n
E$#���#�I�#���§¨&<3$��Z a Z K ©A4P��#;��3�G��]��!$I$C<3$3

[�Ç��1[a��#S0:&)(�!:8$�����H8�4Q�+(�I @ ��#

pi(τ) = p(τ) i = 1, n.
§ a Z Ü �b©
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O'¡~�g�q $�b�F¡9¢:P�\$�Y��Xb�F¡Y^B������¡9¢��������Û�F���¡PH^$�Y�Wl
( í:="5:9�5R9�3�54A�?D7_v�6c¬�? Z�b"�7=Q3�0P(�&$(�I<����&n[�Ç��1[�!$��*S(.��3$��3:��#��j3<*��"��!$�Ac

!<3<8k#�-IG����"!<#�M���IP#�&$#��7��3oE$#���#�I:(:4B��#j��&$���r8�E$&$��-�/5�b(�!<3<8o(�%�&<��%A(.��#��i#�-�&$(.�.c
!<#kE$&<#�E$#�&<C$3$#�!)(9=Q>�!$#k&$(��Û0b#,GQ�

g
ZRsR#�%ÔGY(E$&<3 �:���7=Q3 @ ��!$3$32&$(��Û0b#,GY(k[�Ç6�\[3:*,�"��!:8$�����H8��+(�ID4 @ ��#V%�&)(���3$I����N�qKO3$�6(.�����q8��+GQ#.=Q>W#���3�(�-���C<3$���.4p(UE$&$3���"��!$>�?;��!$3$3N&)(��Û0b#,GB(�&)(.���S8$%�3$�b(��7���H8N��#��7��#.=)>�I�#�&$(.*�4D��#���I�#.=)>�I�#�&$(.*L3<*�c

�"��!<8$�7���q8m&)(.�q0b#�GFZP[]&$3L^���#��N�6(���?��.(.-�E<#�#���3L#�&�GQ3$!)(.�hGB#+=)K���!L3<*��"��!$3:��>��q8
�+(�I�4 @ ��#�-�/`E�=Q#���(SGB>pE$#�G;E$#.=)� @ 3$�.?;��M$�H8�I$&$3<��#�M�-�/1=B(dE$#.cºE<&$��Km!$���"�]&$(���!)(�HGB3$!$3<C$�j§Ú&$3$�.Z a Z�Áb©AZ

),(
0
kgp t

),(
0

gp t

t0

1>k

ù�ú:û_ü�n8üo·8ü
¸���>?���
���cú
�¹�°ùy������cúI	N���\G:ú�K
���cúcú����û_t����q�
g0

�B�����������@��º�
k
����

Øh-�#�*�!)( @ 3<�`E$��&<��#�!)( @ (+=Q>�!$#���*,!$( @ ��!$3$��&)(��Û0b#,GY( @ ��&$�7* g0 4�(�3:*,�"��!<��!$!<#��d @ ��&$�7* g 3i��/5&)(.*�3$�W[�Ç6�\[�E$&$3i&)(��Û0b#,GQ� g @ ��&$�7*�[�Ç6�\[�E$&$3i&)(��Û0b#,GQ� g0 Z��� @ ����#�����I�(.*,(�!$!$#�%�#mE$#+=)� @ 3$�

p(τ, g0k) =
p(kτ, g0)

∞
∫

0

p(kτ, g0)dτ

= kp(kτ, g0).
§ a Z Ü À9©

«QGQ����>
k
#�-�#.*,!)( @ ��!<#j#���!<#�?;��!$3$��&)(��Û0b#�GB#�� k = g/g0

Z)����M$������3<���7=Q>�!$#<4D#�-�#.c
*�!)( @ 3$� z = kτ

3�E$��&$��E<3<?;����3$!<����%�&)(9=o3<*��:&$(���!$��!$3<8`§ a Z Ü À9©7�
∞
∫

0

p(kτ, g0)dτ =

∞
∫

0

p(z, g0)dz/k.

sg(�I�I�(�I
∞
∫

0

p(z, g0)dz = 1,

*�!)(��"��!)(.���7=Q>O����&)(���!$��!$3$3`§ a Z Ü À9©�&)(�����!nÀ�+r»QZ
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¼²½L¾L¿�À�Á�½sÂ�ÃÅÄ�ÃÆ�Ç�È�É�Ê|É�Ê|Ë|É�ÌqÍ=Î�Ï�Ê5ÎrÐ�Ï�Ë,Ñ5Ò�Ð�Ì|Ñ|É�Ó�É�Í5É�Ê|ËqÔ�ÕNÑ|É�È�É�Ê|ËÖÌ|Ñ|É�×rØLÕ Ò�Ê|ËqÔÕ�Ñ5É�Ç�Ù�Í|Ú�Ï�Ò�Ï�ÉBÛ�Í=É�È�É�Ê|Ï�Ò�Ñ|ÊqØ�ÜÖÎ�Ì5É�Ñ|Ò�ÝqË|Þß�à�áOß â�¿�À�ã�ä�À�å�æ�ç § ç�èé ç ¨ à5½�ê ¨ å7è§�¨ ¿rå7ä�À�åæ�ç § ç é ç ¨

ë�êYì5åYä�å7ä�À�åí ½ ¦0ª ç\îN½æ�ç § ç é ½
ß�ç ¦ ¿�åïîrç ¨ ½ § å7¿�ð�ä�ç�å¦ ç�åïîrÀ�ä�å7ä�À�å

â ¨ ã�êYð,ì5å_ñLîròß�à�áOß p(τ,G)=

=
∑

i

γip(τ,Gi)

G=
∑

i

Gió
γi=Gi/G

p(τ,Gi)=
=p(τ,G),
i=1, 2, ...

p(τ,G0k)=
=kp(kτ,G0)

p(τ)=

τ
∫

0

p1(τ1)p2(τ−

− τ1)dτ1

â ¨ ã�êYð,ì5å_ñLîròÀ�êYç�¾ í ½�ñôå7ä�À�èã�ì5À ß�à£áfßæ�ç�õ�½�æ�¿r½ ¦ ò
p(s,G)=

=
∑

i

γip(s,Gi)

p(s,Gi)=
=p(s,G)
i=1, 2, ...

p(s,G0k)=
=p(s/k,G0)

p(s) = p1(s)p2(s)

â í å_îrä�å7å ¨ í å_èì|ãöæ í åY¾ ©?¨ ½�èä�À�ã θ=
∑

i

γiθi θi=θ,
i=1, 2, ...

θ(G0k)=
=θ(G0)/k

θ = θ1 + θ2

÷øÀ ¦ æ�å í ¦ À�ã¨ í åYì5å7ä�Àæ í åY¾ ©?¨ ½�ä�À�ã
D=

∑

i

γi(Di−

− θ̃2i ) ó
θ̃i =

∑

ν 6=i

γνθν−

− (1− γi)θi

Di=D,
i=1, 2, ...

D(G0k)=
=D(G0)/k

2
D = D1 +D2

n A�3�="5:Aù³�â]ú�â ¯h*,�"��!$��!$3<��&)(��Û0b#,GB( @ ��&$�7*���3$�������r����E$��&$���"�7?;3$�b(�!<3$���5Z����3<�������"����E$��&$���6�7?;3$�b(.!$3$���
p(kτ, g0) = (1/θ0) exp(−kτ/θ0), θ0 = V/g0,3$!<����%�&$(+=o#���^���#�%�#m��/5&)(+K���!$3<8

∞
∫

0

1

θ0
exp(−kτ/θ0)dτ = 1/k.

����#�#������7���7�b��3<3k�]��&)(���!$��!$3<����§ a Z Ü À9©1E$#+=)� @ (����
p(τ, g) = (k/θ0) exp(−kτ/θ0), k = g/g0.

n 6�7Iê�5I¬�62s2?<;<5cê*)�9�625Ù786258¬ 3�9�5:9�3�5Ùp�6:¬�783B78;<5:= §Ú&$3$�.Z a ZÄÀ_��©7Z]��&$���r8
E$&$��-�/5�b(�!$3:8µ�l��3$�7�����"�N(�%�&$��%A(.��#��$45��/10b#�GQ8<��3:0�3<*kGQ���b0�E<#��7=Q�HGB#��b(+���A=Q>.c
!$#k��#��HGB3$!$��!$!$/10lE$#,GQ��3$�7�����54g&)(���!$#��7���6�"�O��&$���"��!

τ1
3
τ2
E$&$��-�/5�b(�!<3<8`�



ÁI� L  �M�ÓRM
O'¡~�g�q $�b�F¡9¢:P�\$�Y��Xb�F¡Y^B������¡9¢��������Û�F���¡PH^$�Y�Wl
I�(.K�GB#�M`3<*i!<3:0YZ"[�=Q#���!$#��7��>oK��j&$(���E<&$�AGB�A=Q��!$3<82�����"�"/_GQ���b0l�A=)� @ (�M<!$/10���7=Q3 @ 3$!��"#9Km!$#���/5&)(.*�3<��> @ ��&<��*�E:=Q#���!$#��7��3k&)(���E<&$�AGB�A=Q��!$3<8 p1(τ) 3 p2(τ)3<��E$#+=Q>�*���8#�E$��&$(�C$3$3������&:��I$3

p(τ) =

∞
∫

0

p1(τ)p2(τ − τ1)dτ1.
§ a Z ÜcJ ©

)(
1

tp )(
2

tp
)(tp

ù�ú:û_ü�n8ü þ�û8ü
�'�_û\G��\��������@��\G
A��
���Îû����\�:ú��
���cú
�º�
���RûTú:û�@���>
�1�"/5�7=�&)(�����!$�����b(�§ a Z ÜcJ ©;��#�����#�3<�`�n��#��54 @ ��# �7�:�"�6( τ1 + τ2

&)(���!$(
τ��#������A0O���70j�A=)� @ (.8�0�4<IP#�%ÔGY(���&$���r8jE$&<��-�/5��(�!$3<8j��E$��&$��#�MjE$#,GB��3$�7�����"�]&)(��+c!<#mE<&$#�3<*���#.=Q>�!$#��r�i*�!)( @ ��!$3<X τ 01

4)E$&<3^���#�����&$���r8�E$&$��-�/5�b(�!$3:8���#�����#�&$#�M
&$(���!$#

τ2 = τ − τ 01
Z5Ø�GB!<#���&$���"��!$!<#��r����/5E$#.=Q!<��!$3<X����7=Q#���3$M

τ1 = τ 01
3

τ2 = τ − τ 01
��#�#����������7�b�.�b���oE$&$#�3<*,���AGB��!$3$�j����&$#S8<��!<#�������Ml^7��3:0 ��#�-�/\��3$MD4g(

E<&$#�3<*���#.=Q>�!$#�����3
τ1
��#�#.�����7��������������3$!<����%�&$3$&$#��b(�!<3$��E$#.=)� @ ��!$!$#�%�#;E$&$#�3:*,���AcGQ��!$3<8NE<#��������*,!)( @ ��!<3<8$� τ1 Z��1��&b0:!$3$M E$&$�HGB�7=l3$!<����%�&$3$&$#��b(�!<3<8 ���/5&)(+cK���!$3$3�§ a Z ÜcJ ©��"#SK����h-�/\��>]E$&$3$!<8:��&)(.��!$/5�

τ
4+�+(�I�I�(�I;E$&$3

τ1 > τ
�]��!$I$C$3:8

p2(τ − τ1)
&)(���!)(L!:�S=QX�Z¡½A�5I¬ 9�5:5
s2A�5R=)å�p�A�5:/2o·s2?<9�3�å©3�¬ 3B78p�5:AB783�å©p�A�3>ô8ê�5R="5:9�;:?<A�9�o�v

62p�5:A�?<r�3�å�v Z.�1#��"!$#�%�3�0��7=)� @ (.8�0�E<&$3���/5E$#.=)!$��!<3$3����70�3:=Q3�3$!$/10�&)(�� @ ����#�����"���7��#��]��!$I$C$3<#�!)(+=Q>�!$#�Mn0P(.&)(�I<����&$3$����3$I$3
p(τ)

�7�.(.&)(�X����H8 3$��E<#.=Q>�*�#��b(.��>
��#�#����������������:X���3$�'��M @ 3<�7=Q#���/5��0P(�&)(�I<����&$3<���b3$I$3 d ��&$�HGB!$���'��&$���r8�E$&$�Ac-�/5�b(�!$3:8

θ
3'GB3$��E<��&$��3$X

D
ZF[�&<#��7=Q�HGB3$�54RI�(�I ����8:*S(�!</_�"��K�GQ�n��#�-�#�M ^7��3

���7=Q3 @ 3$!$/µGB#L3�E$#��A=Q����/5E<#.=Q!$��!$3<8^A=Q���"��!<�.(�&$!</\0#�E$��&)(�C$3<MDZ`��Qz�½Q³)zQ|h´QxS{LxSvPx9·.Z:[]#,GQ���+(���3$������#�&$�r�S=$�k§ a Z Â J ©"E$&)(��.�:X @ (��7��>;&)(�����!:c�7����(�§ a Z×Â�Á�©74$E$#+=)� @ 3$�

θ =

∞
∫

0

τ
n
∑

i=1

γipi(τ)d(τ) =
n
∑

i=1

γiθi.
§ a Z Ü8a ©

£p!)(+=)#�%�3 @ !$#jG)=$8�GB3$��E$��&$��3$3N��&$���6��!$3nE$&<��-�/5�b(.!$3<8'����#�&$�r�,=Q�§ a Z Â a © θ =
θi + (θ − θi)

ZF[]#.=$� @ ��!$!<#��OE$#��A=Q���+(�I�#�M *,(��"��!$/_��/5&)(+KL��!$3$��E$#,GB�7�+(���3$�J���&)(.��!$��!$3$�O§ a Z×Â�Áb©A�

D =

∞
∫

0

[(τ − θi)− (θ − θi)]
2

n
∑

i=1

γipi(τ)dτ.



ÓRMdcRM?�iQH��¢ZV�Q�¢b��\<] l�XY¡~��j<¡Ô� V¾X< �¡cQh\Y¡��hQÉÖZSl��PP�WX��F���g�Û ��W\$�ZÖ Á<À

[]#��7=Q����#�*����AGQ��!$3<8n�iI$�b(9GQ&)(.��E$#�GN*,!)(�IP#���3<!<����%�&)(+=Q(3'��/5E$#+=Q!$��!$3<8n#�E$�Ac
&)(�C$3<33$!:����%�&$3$&$#��b(.!$3<8�E<&$3:0b#�GB3$�VI���/5&)(.K���!$3$X

D =
n
∑

i=1

γi(Di + θ2i )− θ
2.

§ a Z Ü � ©
è u+».·.|�{L·¢�Y|7³)zQ|�´)x9{LxSvPx9·.Z$����#�#������������b��3$3�]��/5&)(+K���!$3$���¦§ a Z Ü �b©�[�Ç6�\[

GB#]3�E$#��7=Q�\&)(.*��������.=Q��!$3<8�!$�\�"��!<8$�7���q8D4�E$#�^���#��r�;!$��3<*��"��!$!$/W3���� @ 3$�A=Q#���/5�0P(�&)(�I:����&<3$���b3$I$3
θi = θ, Di = D, i = 1, n.

§ a Z Ü Â�©
 »�}�|�³Q|7³)zQ|5wPu�yð�BxS²9u�Z � (�M�GQ���W����8:*,>��"�7KLGQ�j��&$�HGB!$3<����&$���"��!$����E$&<��-�/1c

�b(�!$3:8LGB#�3jE$#��7=Q��3<*��"��!$��!$3<8i&)(.�q0b#�GY(<Z:sg(�ImI:(�IOE$&$3j3<*��"��!$��!$3$3
g
&)(�-�# @ 3$M#�-IG����W!$��3<*��"��!<8<�����q8D4

θ(g) = θ(g0)/k, k = g/g0.� ����&:�,GB!$#OE$#�I�(.*S(+��>$4 @ ��#mI���#��r��K��]&$��*��S=Q>S�.(.���E$&<3$��#�GB3<�O3�E$#,GB�7�.(.!$#���I�(�'��#�&$�r�S=$�µ§ a Z Â J ©�E$&)(���#�M @ (��7��3W&$(�����!<������(V§ a Z Ü À9©��j*S(��"��!$#�M kτ !)( z �r�^���#��V�7=)� @ (�� τ = z/k, dτ = dz/k
4Q(

θ(g) =

∞
∫

0

τkp(kτ, g0)dτ =

∞
∫

0

z

k
p(z, g0)dz =

θ(g0)

k
.

[]&$#���#,GQ8N(�!)(9=Q#�%�3 @ !$/5�O��/5I�=B(9GBI$3'G)=)8oGB3$��E$��&<��3$3l3NE$#.=Q>.*���8$��>���/5&)(+cK���!$3$���J§ a Z×Â a ©74<E$#.=)� @ 3<�

D(g) =

∞
∫

0

(

τ −
θ(g0)

k

)2

kp(kτ, g0)dτ =

∞
∫

0

(z − θ(g0))
2

k2
p(z, g0)dz =

D(g0)

k2
.

§ a Z Ü�Ü ©
� x9y��B|�²+x9·+u�{L|��2�b³Qx9|y�x9|�²9z)³Q|7³)zQ|�Z"[]#���I�#.=)>�I<�`��&$�AGQ!$���i*,!)( @ ��!$3<���7���"�"/GB���b0`!$�7*S(.��3$��3<�"/102�A=)� @ (�M$!</102���A=Q3 @ 3<!�§¨(���&$���"��!)(kE$&$��-�/5�b(.!$3<8l��GB�.�P0E$#��A=Q�AGB#��b(.���7=Q>�!</\0k(�E$E$(�&)(.�+(+0!<��*,(���3$�q8<�O#�GB!$#m#���GB&<��%�#�%�#P©d&)(���!<#m�����"�"�

��&$�HGB!$3:0O*,!)( @ ��!$3$MD4<E$#��7��#.=Q>�I<�O��&$�HGB!$������&$���r8jE<&$��-�/5��(�!$3<8 θ &)(���!<#;�����"�"���&$�HGB!$3:0���&$���"��!E$&<��-�/5��(�!$3<8���I�(.KLGQ#��U3<*�(�E$E)(.&)(.��#��$�
θ = θ1 + θ2.

§ a Z Ü Ã�©
£�!)(9=Q#�%�3 @ !$#�����#�#���!$#�?;��!$3$�p��E$&$(����AG$=Q3$��#�3;G$=)8;GB3$��E$��&<��3$3O�����"�"/�!$�7*S(���3:c��3$�"/10��A=)� @ (�M$!</10���7=)3 @ 3$!D�

D = D1 +D2.
§ a Z ÜIK ©



Á J L  �M�ÓRM
O'¡~�g�q $�b�F¡9¢:P�\$�Y��Xb�F¡Y^B������¡9¢��������Û�F���¡PH^$�Y�Wl
Êdú0ü\ú ý�ü���ý��)!��Dý*	���hÿ ��(hÿ�ý6þ�()	��Dý*	����Î+ÿþ 	����)	6ü�	��"��+

(�	�ü��hÿ���	VT���� T
[�&<3�(.!)(+=Q3<*���E$&$#�C$������#��m��=)3$!$��M<!$/10iGB3$!)(��"3 @ ����I$3:0��3<�������6(+0�?;3<&$#�I�#3<��E$#+=Q>�*���X��i3$!<����%�&$(+=Q>�!$#��;E$&<��#�-�&$(.*,#��b(�!$3$��Î�(.E:=B(���(<ZYØh��!$#���!)(.8E<&$3 @ 3$!$(^7��#�%�#o��#��7��#�3<�o���E$&$#�����!$3<32#�E$��&)(�C$3<3l������&:��I$3NGB���b0 �]��!$I$C$3<MDZ"¤�=)���"��!�c

�+(�&<!$/5�1#�E$��&$(�C$3$3D4+IP#���#�&$/5�1-�/1=Q3�&$(������"#���&$��!$/2��/\?;�.4.#��,=Q3 @ (�Xp���H8;#���#�E$�7c&$(�C$3$Mo�7��&<��I<���:&$!$#�%�#�(�!)(+=)3<*S(�=Q3$!$��M$!$/10GB3$!)(��"3 @ ����I$3:0'��3$��������%Û=B(���!$/5�#�-�&)(.*�#��W!$��#�-,0b#,GQ3$�"#�����>�X�� @ 3<��/5�b(+��>j&)(��Û0b#�G'3���&$��-�#��b(�!$3<���54 @ ��#�-�/¦E�=Q#.c�;(9GB>k[�Ç6�\[Ö&)(���!<8:=B(.��>�AGB3$!<3$C$��4g(��,(��6(�^��+(��]��!$I$C$3<8 -�/1=Q/_!<��#���&$3$C)(9c
���7=Q>�!)(<Z�sg���o!$�\�"��!$���\3;*7GQ����>�#�E$��&)(�C$3:8�������&<��I$3�§ a Z ÜcJ ©�8$�.=$8$�����q8L!$(�3$-�#.=)���
��&<�,GQ#����"IP#�MD4 @ ��#L#�-����7=)#��.=Q3<�b(�����C<�7=Q����#�#�-�&)(.*�!$#��7��>mE$&$3$�"��!$��!<3<8E<&$��#�-�&)(+c*�#��b(.!$3<8�Î�(.E:=B(���(<Z

.0789�62s29�o05y78s�62î�78;<s2?öp�A�5:62/�A�?Zí:62s2?<9�3�åÇ÷�?<p�êB?<78?
Ñ��:!<I$C$3<8

f(t)
3����k3<*�#�-�&)(.K���!$3$�kE<#`Î�(�E:=Q(����

F (s)
��*,(�3$�"#�����8<*,(�!$/

#�E$��&$(�C$3<8<�63�E$&b8$�"#�%�#�3�#�-�&)(.��!$#�%�#mE<&$��#�-�&)(.*�#��b(�!<3<8D�

F (s) =

∞
∫

0

f(t) exp(−st)dt = L[f(t)],
§ a Z Ü Áb©

f(t) =
1

2πi

i∞
∫

−i∞

F (s) exp(ts)ds = L−1[F (s)].
§ a Z×ÃI�b©

[]&$3�^���#��
f(t)

!)(.*�/5�b(�Xp�U#�&$3$%�3<!)(+=Q#��54d(
F (s) d 3<*�#�-�&)(.K���!$3$���ÅE$#Î�(.E:=B(��7��ZR¯h*O��#�&$�r�,=�§ a Z Ü Áb©h3�§ a Z×ÃI�b©h�7=Q�HGQ��Xp�o����#�M$�����b(�E<&$��#�-�&)(.*�#��b(�!$3:8

Î�(.E:=B(���(<4)E<��&$� @ 3$�7=)��!$!)/5��!$3<K���Z
� z)³Q|¢�)³Qx9y7{��j´�wQ|�x_`qwPu+».x9·+u�³)z�½)ZYÑ���!$I$C$3<8

f(t)
�.0b#�GB3<���LE$#,GQ/5!<����%�&)(+=Q>.c

!<#��6��/5&)(.K���!<3$�p§ a Z Ü Á�©��dE$��&$��#�M��7����E$��!$3D4 @ ��#����"���������g=Q3$!$��M$!$#�����>�XU#�E$��&)(+cC<3$3'3$!<����%�&$3$&$#��b(�!$3<8nE$&<3$��#�GB3<��Io��#��r��4 @ ��#E$&$��#�-�&)(+*,#���(�!$3$�������"�"/JGB���b0�]��!$I$C<3$MN&)(���!<#��7���6�"�LE$&$��#�-�&)(.*�#��b(�!<3$MoG$=)8nI�(.KLGQ#�M'3<*�!$3:0Y4�(�E<&$��#�-�&)(+c
*�#��b(.!$3$�n�]�:!<I$C$3$3

f(t)
4\���"!$#9K���!$!$#�M�!)( @ 3<�7=Q# k 4d&)(���!$# kF (s) Zdsg(�I$3$�#�-�&)(.*�#��

L

[

∑

i

kifi(t)

]

=
∑

i

kiFi(s).
§ a Z Ã�À9©



ÓRM��:M����WXY¡S <[c¶9¡9¢cPH\$�Y��Xb�F��¡8g7��PH¶9¡9¢cPH\$�ZÖ
	½PHX: �PP�¡P��D <Öm��PP�YU��hQhP�����\� Á a

 ³){L|¢��w)z�wBx9·.u�³$zQ|�xÛwQz2�Hz)³)u��Qu�Z b"�7=Q32�]��!$I$C$3:8
f(t)

3<�6�����'����#�3$��3<*,#�-+c
&)(.K���!<3$���

F (s)
4$��#m3<!<����%�&)(+=o#.�m^7��#�M�]��!$I$C$3<3

ϕ(t) =

t
∫

0

f(τ)dτ + ϕ(0)

3$�"���7�O3<*�#�-�&)(+K���!$3$��E$#�Î�(.E:=B(��7��4)&)(���!$#��

L[ϕ(t)] =
F (s)

s
+
ϕ(0)

s
= Φ(s).

§ a Z×Ã J ©
ï z2®�®6|±wB|7³)¼)z�wBx9·.u.³)zQ|\xÛwQz2�Hz)³)u��Qu�Z_b"�7=)3�E$&$#�3<*���#,GQ!)(.8��]��!$I$C$3<3

f(t)
E$&$�Ac

#�-�&)(+*������6(dE$#5Î�(�E�=B(�����4���#d���63:*,#�-�&)(.K���!$3<�6����8<*,(�!$#d�"3<*�#�-�&$(.K���!$3$�����(��"#�M
�]�:!<I$C$3$3

F (s)
��#�#���!$#.?;��!$3$���

L

[

df

dt

]

= sF (s)− f(0).
§ a Z Ã a ©

 »�}�|�³Q|7³)zQ|j}]u�y¡��{�uI`Au u7w��Wm+}�|�³){�u�Z�[]&$3W3<*,�"��!$��!$3<3��6(���?��.(.-b(`(.&$%��bc
�"��!<�+(�#�&$3$%�3$!)(9=B(��

k
&)(.*�3<*�#�-�&)(+KL��!$3$�p�]��!$I$C$3<3

f(t)
3<*,�"��!<8$�7���H8i��#�%Û=B(��Ac

!$#�E$&$(���3:=)�
L[f(tk)] =

1

k
F
(

s

k

)

.
§ a Z Ã � ©

`"·.|±wQ{�vbu�²+·Hm��y®mb³)vb¼)zD�$Z<¯h*�#�-�&)(+KL��!$3$��E<#�Î�(.E:=B(��7�O&<��*��S=Q>S�.(.�.(�������&<�+c
I$3jGB���b0�����!$I<C$3$M

f1(t)
3
f2(t)

��#�%Û=B(���!$#m��#�&$�r�S=)�

ϕ(t) =

t
∫

0

f1(t− τ)f2(τ)dτ

@ &$�7*,��/ @ (.M$!$#mE$&$#��7��#m��/5&)(+K�(.�����H8 @ ��&$��*�3<*,#�-�&)(.K���!$3<8�^7��3:0��]��!$I$C$3<M

L[ϕ(t)] = F1(s)F2(s).
§ a Z×Ã�Â�©
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L[f(t− a)] = exp(−as)F (s).
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lim
t→0

f(t) = lim
s→∞ sF (s).

§ a Z×Ã�Ã�©
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lim
t→∞

f(t) = lim
s→0

sF (s).
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f(t)
!)(

t
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L[tf(t)] = −

dF (s)

ds
.
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L[tνf(t)] = (−1)ν
dνF (s)

(ds)ν
.
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À�Z<b"�7=Q3�E:=)#���(9GQ>
Q =

∞
∫

0

f(t)dt
�]��!$I$C$3$3

f
#�%�&)(.!$3 @ ��!)(<4$��#�#�!)(;�"#9K��7�

-�/\��>���/ @ 3$�A=Q��!$( @ ��&$��*�E$&$��#�-�&)(+*,#��b(.!$3$�]Î�(�E:=B(���( F (s) �

Q = lim
s→0

F (s).
§ a Z K À9©

����M$�7����3<����=)>�!$#$4DE$&<��#�-�&$(.*,#��b(�!$3$�;3<!<����%�&)(+=Q(
ϕ(t)

#��j����!$I<C$3$3
f(t)

&$(���!$#
(1/sF (s))

4b(]E�=Q#��;(9GB>�E<#,GOI$&$3$��#�M��]��!$I<C$3$3
f(t)

E$&$�HGB���+(��.=)8<������#�-�#�MLE$&<�7c
GB�7=

ϕ(t)
E$&$3

t→∞
4 @ ��#�E$&$3<�"��!$3<���7=Q>�!$#�I�3<*�#�-�&$(.K���!$3$X�3$!<����%�&)(+=B(hGY(��7�E$&)(���#���#���E$#.=Q>.*,#��b(+��>��q8L����#�&$���"#�Mm#]I�#�!$� @ !$#��n*�!)( @ ��!$3$3�Z�� @ (��7��!$#��7��3D4PE$#.c��IP#.=Q>�I<�iE:=)#���(9GQ>O[�Ç6�\[e������%ÛGB(�&)(���!)(L�HGB3$!$3$C<��4)��#

lim
s→0

L[p(τ)] = lim
s→0

p(s) = 1.
§ a Z KcJ ©

J ZQ�1&$�HGB!$����*,!)( @ ��!$3<����&<���"��!<3�E<&$��-�/5�b(�!$3<8

θ =

∞
∫

0

τp(τ)dτ

E$&$�HGB���+(��.=)8<���k��#�-�#�M'E:=Q#��;(9GB>�E$#�GlI<&$3$��#�M
f(τ) = τp(τ)

Z�f @ 3:��/5�b(.8�4 @ ��#3<*,#�-�&)(.K���!$3$�
τp(τ)

&)(���!$#
−
d

ds
[p(s)]

3D4)E$&<3$�"��!<8:8��#�&<�r�S=)�n§ a Z K À9©A4$E$#.=$� @ 3$�

θ = lim
s→0

{

−
d

ds
[p(s)]

}

.
§ a Z KIa ©

a Z���3$��E$��&$��3<8��&$���"��!$3E$&$��-�/5�b(.!$3<8

D =

∞
∫

0

(τ − θ)2p(τ)dτ.

[]#��7=Q�i��#�*,���HGB��!$3<82�'I$��(9GB&)(.�'�oE$#�GB/5!<����%�&)(+=Q>�!$#��a��/5&$(.K���!$3<3UE<#.=)� @ 3$������"�r�i3$!<����%�&)(+=)#��$ZB[]&$3$�"��!<8<8�I�I�(.KLGQ#��r�j3:*�!$3:0���#�&<�r�S=��n§ a Z K À9©13i� @ 3:c��/5�b(+8���&)(.��!$��!<3$�j§ a Z K �b©74<E$&$3:0b#�GB3$�VI���/5&)(.K���!$3$X

D = lim
s→ø

d2p(s)

ds2
− θ2 = lim

s→ø





d2p(s)

ds2
−

(

dp(s)

ds

)2


 .
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A�?<r�3�å�v Z����Bz�½)³)zQ|;´QxS{LxSvPx+·+Z�¯h*;��#�&$�r�S=)/Å§ a Z×Â�Áb©53k����#�M<������(m=Q3$!<��M$!$#�����3
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p(s) =
∑

i

γipi(s).
§ a Z K Â�©

è u+».·�|7{L·h�B|�³)zQ|�´QxS{LxSvPx+·+ZQ¯h*�&)(�����!$�7���b(�§ a Z Ü �b©1��/\����I�(����94 @ ��#

pi(s) = p(s), i = 1, 2, ...

 »�}�|7³Q|�³)zQ|6wPu�yð�BxS²9u�Z<�U� @ ����#��2&$(�����!<�����b(i§ a Z Ü À9©r3m����#�&<���"/�#�-�3<*��"��!$�Ac!<3$3�6(.��?��+(�-�(�#�&$3$%�3$!)(+=Q(�§ a Z K Â�©1E$#.=$� @ 3$�

L[p(τ, g0k)] = p[(s/k), g0] = p(s, g).
§ a Z K�Ü ©

� x9y��B|�²+x9·.u.{L|��2�b³DC6|\y�zQy7{L|~}"C"Z,[�Ç6�\[U��3$�������"/`E$&$�HGB�7�.(��+=)8$�7����#�-�#�M�������&<�+c
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p1(τ)
3
p2(τ)

4<�.(.I @ ��#

L[p(τ)] = p1(s)p2(s).
§ a Z K Ã�©
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��#��HGB3$!$��!$3$3`§Ú&$3$�.Z a Z�À�À�Z×©�&$(��Û0b#,G @ ��&$��* i c�X¦���7����>L�q0b���"/�&$(�����! g1 3i��#��7�.(.�.c=$8$���dGB#.=QX
γi
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p(τ) =
∑

i

γipi(τ),
§ a Z KIK ©
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p(s) =
∑

i

γipi(s).
§ a Z K Áb©
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E$#,GY(.�����H8��p��3$�������r��4S0P(�&)(�I<����&<3<*��:Xp�;��M$�H8;[�Ç��1[

pa(τ)
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pa(τ)
3
pp(τ)

��#�#������������b�.�:Xp�j&)(��Û0b#,G)�
g0
�O(�E<E)(�&)(+��/]4
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p ¦0ª (τ) 4B��0P(�&$(�I<����&$3$����3$I:(��"3 pa(τ) 3 pp(τ) 3�GB#.=Q��Mo#�-.c&)(.��!$#�%�#kE$#.��#�I�(
r
Zg¤���� ����8:*,>���GB#�-�!<#k3$��I:(.��>o��#�-.=B(��7��3`E$&$��#�-�&)(.*�#��b(.!$3<8

Î�(�E:=B(���(<Z�f @ 3<��/\�b(.8D4 @ ��# p ¨�ª (s) = 1
4��+(�I`I:(�I

p ¨�ª (τ) = δ(τ)
4F����#�#��������+c
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p ¨�ª (s) = g0 + rg0pp ¨�©Oª (s)
(r + 1)g0

=
1 + rpp ¨�©Oª (s)

r + 1
,

%ÔGB�
pa ¨�ª (s) 3 pp ¨�©Oª (s) d 3<*,#�-�&)(.K���!<3<82[�Ç6�\[Ù!)(��.0b#�GB�j�k��3$�7�����r�l3`!)(��/10b#,GB��#�-�&)(+��!$#�%�#mE<#���#�I�(<Z
[]#���#�&<�r�S=B(��¦§ a Z K�Ü ©13 § a Z K Ã�©�!)(+0b#�GB3$�

p ¦0ª (s) = p ¨�©Oª (s) = p ¨�ª (s)pa[s/(r + 1)], pp ¨�©Oª (s) = p ¨�©Oª (s). § a Z×ÁI�b©
� (.I�#�!$��CD4

pp ¨�©Oª (s) = p ¦ ª (s)pp(s). § a Z×Á:À9©
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p ¦0ª (s) = pa[s/(r + 1)]
1 + rp ��� (s)p0(s/r)

r + 1
.

Ø���I<��GY(

p ��� (s) = 1

r + 1

pa[s/(r + 1)]

1−
1

r + 1
pa[s/(r + 1)]rpp(s/r)

.
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pa(τ) =
1

θ
exp(−τ/θ), pa(s) = 1/(θs+ 1)

§ a Z�Á a ©
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pp(τ) = δ(τ − τ0), pp(s) = exp(−τ0s).
§ a Z×Á � ©
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p ¦ ª (s) =
1

r + 1

1

[θs/(r + 1)] + 1

1− r exp(−τ0s/r)
1

r + 1

1

[θs/r(r + 1)] + 1

.
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p ¦ ª (τ) E<&$3 r = 1

4
θ = 1

4
τ0 = 1
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pp(s) = 1/(θs+ 1),

p ¦ ª (s) = 1

{[θs/(r + 1)] + 1}

{

r + 1− r
1

[θs/(r + 1) + 1]2

} .

[]&$3
r = 1
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p(τ)
4$�"#9K����UE$��&$��E<3$�,(.��>O����8<*�>�§ a Z ÂI��©1��#�-.=B(��7��3E$&<��#�-�&$(.*,#��b(�!$3$M��

pα(s) =
1

θs
(1− pτ (s)).

§ a Z�ÁbÂ�©
«�!$(��"��!)(+���A=Q>L����/5&)(.K���!$3<8�0'§ a Z J �b©A4D§ a Z×ÂI�b©�&$(�����!iE$&$�HGB�A=)�iE$&$3

s→ 0
E$&$�Ac

#�-�&)(.*�#��b(�!<3<8�E$#LÎ�(�E�=B(����jE$#,GB/5!:����%�&Q(9=Q>�!$#�%�#O��/5&)(+K���!$3<8�4$�9ZÒ��Z

lim
s→0

L



1−

α
∫

0

p(τ)dτ)dα



 = lim
s→0

[

1

s
−
p(s)

s

]

.

f"����&<���g=)8:8
s
I !<�S=QX¥3 &)(���I<&$/5�b(.8 !$��#�E<&$�AGB�A=Q��!$!$#��7�b>$4R��-��7KLGB(����"�q8D4 @ ��#^7��#.�hE$&$�AGQ�7=L&)(.����!�E$&$�HGB�7=$�

−dp/ds
4+(d#�!D49������#�XU# @ ��&$�HGB>$4+&$(�����!���&$�AGB!<���r���&$���"��!$3E$&$��-�/5�b(�!<3<8

θ
Z
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τ
3$�"��Xp�j�"������#O*,(+c

��3$��3<�6#�����3D4B��/\����I�(�X��;3$��3:*���&)(���!$��!<3$Ml§ a Z J �b©74�§ a Z×ÂI�b©A4

mα = 0, 5
(

θ +
Dτ

θ

)

, Dα =
m3

τ

3θ
−

(

m2
τ2

4θ2

)

,

%ÔGB�
mα

4
θ
4
m2

τ

3
m3

τ
d ��&$�AGQ!$3$��*,!)( @ ��!$3<8 α 4 τ 4 τ 2 4$3 τ 3 ��#�#�����������������!$!$#$4B(

Dα

4
Dτ
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E$&$#�C<������#����6��3$IP��3$&<#��b(�!$!<#�M�E$&$#�GB#.=)Km3<���7=Q>�!<#�����>�XU3:=Q3�*,(9GY(�!<!$#�M���&$�AGB!<��M
3$!<����!$��3)��!$#�����>�XÓE$#���#�I�#��$ZRsr(�I�4FE$&$3

τ
4R�"��!$>�?;���

τ0
4R!$3$I�(�I�#�Ml&)(�-�#���/�3<*

��3$�7�����"/�3<*,�+=Q� @ >;!$�7=)>�*�8�Z:f6�A=Q#���3<8j�"3$!$3<�6(+=Q>�!$#�MmGQ3$����3$E)(�C<3$3����.8<*,/5��(�Xp�GB&<��%��pGB&<��%�#��U*S(.I�#�!</�3:*,�"��!<��!$3<8�3$!<����!$��3$��!$/\0�E$��&$���"��!$!$/10�����&<�6#�GB3$!$(+c
�"3 @ ����I$3:0OE$#,GB��3$�������U3O&)(�-�# @ ��%�#����7=Q(<Z$¤���3j���A=Q#���3:8O*S(.��3$�q8<�;#���I$3$!$�7��3$I$3E$#���#�I�#��N3V�"#�%��P�`-�/\��>`#�GB3$!)(.I�#���/5�"32G)=)8WC$�7=)#�%�# I:=B(.����(NI$3$!$�7��3 @ ����I$3:0*S(���3$��3$�"#�������MDZ
[]�hç<��#�!)( @ (+=Q>�!$#§ç)(.�����"#��8ç$3<�N*S(9GB( @ �;#]�"3$!$3$�6(+=)>�!$#�M�GB3<����3<E)(�C$3$3���#�-+c�;���V��3�GQ��ZQ«D(.�����WE$#.=)� @ ��!$!$/5����#�#���!<#�?;��!$3<8I�#�!$I<ç$�7��3<*,3<ç<�����UG)=)8�C$�A=Q#�%�#

ç<8�GB(�E<ç$#�C$������#���§Ú����E:=Q#+c63j�6(�����#�E$�¢ç$��!<#��,(:4�G�ç$#������7=Q3<ç<#��b(�!$3:8D4�0:3$�"3 @ ����I$3:0E<ç$���8ç)(.����!$3$M�3�E<ç�Z ©AZ

h�úÔù6ú �kü��hý*�Î+-�
�����)�
	��)!��hý��Ò�§��ü�ü�����	¿����
Øh-�#�*,!$( @ 3<�N3$!<����!$��3$��!$/5�pE$��&$���"��!$!$/5�5G)=$8 i cºML��3$�������"/ ui 4�(]^�IP������!$��3$�.c!$/5�
xi
Z.�`#�-��;���'�7=)� @ (.�5^���3LE$��&$���"��!$!$/5�d����I<��#�&<!$/5��Z � #�%ÔGY(dGB���1E$#�GB��3$�7���7c�"/eI�#�!<�+(�I<��3<&<�:Xp��GB&<��%L��GB&<��%�#��54�&)(.*7=Q3 @ 3$�L�"��K�GQ� u1 3 u2 E$&$3$��#,GB3<��I��#�*�!$3$I$!$#�����!<3$XaE$#���#�I:(

J(u1, u2)
Z�Ñ���!$I$C$3:8

J
#�-�/ @ !<#O!$��E$&<��&$/5��!$(<4QGB3<�]c����&$��!$C$3$&<�����6( E$#n��#���#�I<��E$!$#��7��3�(�&$%7���6��!<��#�� 32G$=)8W��I�(+=)8$&<!$/10

u1
3
u2#�-.=B(SGY(������A=Q�AGQ��X��;3$�"3k����#�M$�7���b(.�"3D�

∂Jj
∂u1j

> 0,
∂Jj
∂u2j

< 0,

J(u1, u2) = 0
E$&$3

u2 = u1.

§ � Z�À9©

�Ó-�#.=Q���'#�-������Å�7=)� @ (�� J = (J1, . . . , Jj, . . . , Jm) d ����I<��#�&�E$#���#�IP#��$4
uν = (uν1, . . . , uνj, . . . , uνm) d ����I<��#�&3$!<����!$��3$��!$/10�E<��&$���"��!$!$/10 ν cºM�E$#,G)c��3$�7�����"/®§

ν = 1, 2
©7Z"[]&$32��#���E)(9GB��!$3$3U3$!<����!$��3$��!$/\0UE$��&$���"��!$!$/10W����I<��#�&

E$#���#�I�#���&$(�����!�!<�,=QX�Z
Çg(.*7=Q3 @ 3<�m�"��K�GQ�o����I<��#�&)(��"3 u1 3 u2 E<&$3$��#�GB3<�INE<#98$�+=Q��!$3<XTGB��3:Km�bc�;3:0j��3:=

Xj

4:I�(.K�GY(.8O3<*]IP#���#�&$/10i#�E<&$�AGB�A=)8$�7���H8i��#.=)>�I�#
u1j
3
u2j
4:��GB#��.=)�7c

����#�&P8$�7�����A=Q#���3:8$�54�(.!)(+=Q#�%�3 @ !</5��§ � Z�À9©A4b3�3$�"��������#���K��\*,!)(.ID4 @ ��#�3�E$#���#�I
Jj
Z�[]&$#�3<*���#,GB�7����#;^�!<��&$#�E$3<3

σ
4b0P(.&)(�I<����&$3:*��:Xp�;���]!<��#�-�&$(.��3<�6#�����>�E$&$#�C<���7c

�,(<4,&)(���!$#5*,!$( @ ��!$3$XU��I�(+=)8$&<!$#�%�#�E$&$#�3:*,���HGB��!$3:8�����I<��#�&$(�E$#���#�I�#��p!$(d����I:��#�&GB��3<K��P�;3:0���3:=�4B(���&$�HGB!$������%�#L*,!$( @ ��!$3$�

σ =
1

L

L
∫

0

m
∑

j=1

Jj(u1, u2)Xj(u1j, u2j)dl,
§ � Z J ©
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%ÔGB�
l d 3$�"���7�����"/5�A=m��&$���6��!$3�3:=Q3�E$#�����&�0:!$#�����3�I�#�!<�+(�I<�+(<Zb[]#�GB/5!<����%�&)(+=)>.c!<#�����/5&)(+KL��!$3$����^7��#���&$(�����!<��������������%ÔGY(�-�#.=Q>�?���3:=Q3&$(���!$#L!<�S=)X�Z
¬ �,GQ���WE$&$�HGBE$#.=B(.%7(+��>$4 @ ��#���!)(.?;���W&)(���E$#�&b8<K���!$3<3�!$(+0b#,GQ3<���q8�#,GB!)(;3<*3<!<����!$��3$��!</\0�E$��&$���"��!$!$/10�§ G)=)8V#�E$&$�HGB�7=Q��!$!$#��7�b3

u2(l)
©74�IP#���#�&$(.8��"#SKL�7�

E<&$3$!$3$�6(+��>�*�!)( @ ��!$3<8'3<*L!$��I�#.��#�&$#�%�#��"!$#SK����7���b( V ZD����#�&)(+8oK��;E$�¢ç$���"��!:c!$(.8��W��3:=)�µ3<*��"��!$��!$3<8¦^�I�������!$��3$��!</\0�E$��&$���"��!$!</\0�E$��&<��#�M�E$#�GB��3$�������"/
Y1

(

dY1j
dl

= −Jj(u1, u2)

) 3<*,�"��!<8$�7���H8��.(.ID4 @ ��#

du1j
dl

= ϕj(u1, u2), u1(0) = u10, j = 1, . . . ,m.
§ � Z a ©

�1&<�AGB!<3$��*,!)( @ ��!$3<8�����70�3:=Q3 @ (��7��3E$#���#�I�#��L*,(9GY(�!$/h�

1

L

L
∫

0

Jj(u1, u2)dl = Jj, j = 1, . . . , k1, k1 ≤ m.
§ � Z � ©

[]&$3�^7��3:0���7=Q#���3<8:0���&$��-��������H8o!)(.M<��3k�"3$!$3<��(9=Q>�!$#���E<ç$#�3<*,��#,GB�7����#j^�!:�8ç$#.c
E<3$3

σ
Z¡½@�?Zê�å�A�9�o0î 7Iê�ä�à�?<î Z'[]#.=)� @ 3$� ���7=)#���3<8®#�E<��3$�6(9=Q>�!$#��7��3®*S(9GY( @ 3§ � Z J ©»Ú�§ � Z � ©\E$��&$��#�!)( @ (+=Q>�!$#LG)=)8��I:(9=)8$&$!<#�%�#O�7=)� @ (+82§ m = 1

©74B(�*,(.�����VG$=)8
����I<��#�&$!$#�%�#$ZB����I:(+=$8$&$!$#��V�7=$� @ (���*S(9GB( @ (LE<&$3$�"���m��#�&$�r�

σ =
1

L

L
∫

0

J(u1, u2)X(u1, u2)dl→ min
u2∈V

§ � Z×Â�©

E<&$3����A=Q#���3<8:0
du1
dl

= ϕ(u1, u2), u1(0) = u10,
§ � Z Ü ©

1

L

L
∫

0

J(u1, u2)dl = J.
§ � Z×Ã�©

���7=Q3 @ 3$!)( L �"#9K����O-�/\��>iI:(.Ik��3$I���3$&$#���(�!$!$#�M�4B�.(�Ik3kE$#�G)=Q�7KL(.�;��Mo#�E<��3:c�6(9=Q>�!$#��"�j��/5-�#�&<��Z
��#�E<���7��3$�54 @ ��#���#�E:��3$�6(+=)>�!$#��WE$&$#�C$������� ϕ(u1, u2) 6= 0

�$^���#�E$#�*,��#.=)8$�7�
E<&$#���������3*S(��"��!<��E<��&$���"��!$!<#�M

dl =
du1

ϕ(u1, u2)
.

§ � Z K ©
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[]#��7=Q��^7��#�M�*S(��"��!$/`*S(9GB( @ (�§ � Z×Â�©»ÚY§ � Z×Ã�©DE$&<3$�"���h��3�G�§¨� @ 3<�.(.���oE$��&$��#�!)( @ (+=Q>.c!$#
L
*S(9GY(.!$!$#�M)©

σ =
1

L

u1(L)
∫

u10

J(u1, u2)X(u1, u2)

ϕ(u1, u2)
du1 → min

u2∈V

§ � Z�Áb©
E$&$3����7=Q#���3<8:0

1

L

u1(L)
∫

u10

J(u1, u2)

ϕ(u1, u2)
du1 = J,

§ � Z�À_�b©

1

L

u1L
∫

u10

du1
ϕ(u1, u2)

= 1
§ � Z�À�À9©

3���3$I���3$&$#��b(.!$!$#��U*,!)( @ ��!<3$3 u10 Z¤��+(�*S(9GB( @ (��7�P�;���7�b����!$!)#�E$&$#�����3$�q0�#,GB!$#�M�*,(9GY( @ 3N§ � Z×Â�©»ÚY§ � Z×Ã�©74��+(�I�I�(�I!$���#,GQ��&PKm3<�'GB3$������&$��!$C<3)(+=Q>�!<#�%�# ��&)(.��!$��!<3<8J§ � Z Ü ©AZ$b"�&<��?���!$3$�
u∗2
E$#.c

=)� @ (��7���H8n!<��I:(.I'�]��!$I$C$3:8 l 4D(jI�(�Io����!$I<C$3<8 u1 4 @ ��#���#i�"!$#�%�3:0k�7=)� @ (.8�0%�#�&$(.*7GB#hE$#+=Q��*�!$���.ZPÑ���!$I$C$3<8;Î�(�%�&)(�!<KL(\G)=)8�*,(9GY( @ 3�§ � Z×Á�©»Ú�§ � Z�À�À9©�3$�"�����]��3�G

R =
1

ϕ(u1, u2)
[J(u1, u2)(X(u1, u2) + λ1) + λ2].

§ � Z�À J ©
sr(�I;I:(�IL^7�+(]*S(9GB( @ (�����&$�HGB!$��!$!)(.8�4����7=Q#���3<8L#�E<��3$�6(+=Q>�!<#�����3�G)=)8L!<���d3<�"��Xp���#�&$�r�iE<&$3$!$C$3<E)(��6(�I���3$�r���6(�§¨���5Z)E$&$3�=Q#9K���!$3$�_[�Z a ©

u∗2(u1, λ) = argmax
u2∈V

R(u1, u2, λ).
§ � Z�À a ©

[]&$3�#����7�������b��3<3�#�%�&)(�!$3 @ ��!$3<M3:=Q3���!<�P�8ç<3iGB#�E<���7��3$�"#�M�#�-.=B(��7��3 V �]��!$I:cC$3<8
R
�7�.(.C$3$#�!)(.&$!)(�E$#

u2

(X + λ1)(ϕJ
′
u2
− ϕ′u2

J) + ϕJX ′
u2
− λ2ϕ

′
u2

= 0.
§ � Z�À � ©

f6�7=)#���3$�j§ � Z�À � ©\��#����"���7��!$#O��&)(�����!$�����b(��"3l§ � Z�À_�b©A4F§ � Z�À�À9©A4Q(L�+(�I<K�������&$��-�#.c
�b(�!$3<���

R(u1L, u2(u1L), λ) = 0
§ � Z�À9Â�©

E$#�*���#.=)8<���m!)(.M<��3
u∗2(u1), u1L, λ1, λ2.«D(9GB( @ (]��3:=)>�!$#���E$&$#.��(��7���H8O��#,GB!<#�� &$(���E$&<#�����&)(�!$��!<!)#��l�7=$� @ (���4PI�#�%ÔGY(��IP#�&$#��7��>m3<*,�"��!$��!<3<8�E<��&$���"��!$!$#�M

u1
E$&$#�E<#�&$C$3$#�!)(+=Q>�!$(�E<#���#�I:�Y�

ϕ(u1, u2) = c(u1)J(u1, u2).
§ � Z�À Ü ©
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��^���#��µ�7=)� @ (.��E$��&<��#��;�7=B(.%7(.���"#��;�i&)(.����!<�������§ � ZÄÀ � ©�#�-�&)(.�;(������H8'�j!<�,=Q>$43�#�!$#�E<&$3$�"���m��#�&$�r�
J2(u1, u2) = λ2

(

∂J(u1, u2)

∂u2
:
∂X(u1, u2)

∂u2

)

,
§ � ZÄÀ9Ã�©

(;���7=)#���3$�O§ � Z�À_�b©1E$�¢ç$��E<3<?;�����H8�I�(�I
u1L
∫

u10

du1
c(u1)

= J · L,
§ � ZÄÀ K ©

@ ��#m#�E$&$�AGQ�7=)8<��� u1L !<��*S(.��3$��3<�"#m#���#�E<��3<�6(+=Q>�!$#�%�#m&<��?;��!$3<8 u∗2(u1) ZÞ ?D78p�A�58¬ 5cêB5:9�3�5�p�62s�5:A�v�9�6�78;<3$â �¦��#����7=)� @ (.��4�I�#�%ÔGY(j*S(9GB(�!$!<��X�#�-.c����XTE$#�����&b0:!$#�����>i!<�PKm!$#j&)(.��E$&$�HGB�A=Q3<�b>iE$#j��&$���"��!$3o3:=Q3kE$#LG)=Q3$!<��(�E$E)(9c
&$(.�+(<4)E$#���#�I�*S(.E$3$��/5�b(�Xp�m����#�&$�"�

J(u1, u2) = a(l)J̃(u1, u2),
§ � ZÄÀ,Áb©

IP#�^�����3$C<3$��!<��E$��&$��!<#��,(
a(l)

��^���#��`��/5&)(.K���!<3$3��,GQ#��.=Q�7����#�&P8$�7�;#�%�&)(�!<3 @ �7c!<3$X
L
∫

0

a(l)dl =

u1L
∫

u10

a(u1)
du1

ϕ(u1, u2)
= A,

§ � Z J �b©
�]��!$I$C<3<8

a(l)
E$#�G)=Q�7KO3<��#�E<��3<�6(+=Q>�!<#��r����/5-�#�&<��Z9f6�A=Q#���3<�1���+(�C<3$#�!)(�&<!$#�����3

E<#
a(u1)

����!$I<C$3$3�Î�(�%�&)(.!<KL(
R1 = R(u1, u2, λ)− λ3

a(u1)

ϕ(u1, u2)
,

%ÔGB�
R
#�E<&$�AGQ�7=)8<�����H8���/5&)(+KL��!$3$����§ � ZÄÀ J ©74$E$&$3<��#,GQ3<�O��� @ �7��#���§ � Z�ÀSÁb©1I&$(+c����!$�7�����

J̃(u1, u2)(X(u1, u2) + λ1) = λ3,
§ � Z J ÀS©

IP#���#�&$#��"!<�PKO!$#�GB#�-b(���3<��>dI]���A=Q#���3:8$�`§ � ZÄÀ � ©74b§ � Z�À9Â�©Y���6���������"#�%�&)(�!$3 @ ��!$3<���§ � Z J �b©13����A=Q#���3$���V!$��#.��&$3$C$(.���7=Q>�!$#��7�b3
a(u1) ≥ 0

Z
« 5:@�;<62A�9�o0î
7Iê�ä�à�?<î ZSf"�7=Q#���3<8�#�E<��3$�6(9=Q>�!$#�����3]G)=)8]*S(9GB( @ 3O§ � Z J ©»Ú�§ � Z � ©�"#�%��P�j-�/\��>jE<#.=)� @ ��!$/���3$��E$#+=Q>�*�#��b(�!$3<����E<&$3$!$C$3<E)(O�6(�IP��3$�r���6(O[]#�!<��&P8:c%�3$!)(;§¨���5Z+E$&$3:=)#9K���!<3$�\[�Z � ©7Z.Ñ���!$I$C$3:8LÌ:(��"3:=)>9��#�!)(5G)=)8�^7��#�M�*,(9GY( @ 3;3<�"�������3�G
H =

k
∑

j=1

[ψ0Jj(u1, u2)Xj(u1j, u2j) + ψjϕj(u1, u2) + λjJj(u1, u2)].

�1#�E$&P8:K���!$!$/5��E<��&$���"��!$!$/5�
ψj
�,GB#��+=Q������#�&b8$Xp�m��&)(.��!$��!$3<8$�

dψj
dl

= −
∂H

∂u1j
, j = 1, . . . , k, ψj(L) = 0,

§ � Z J8J ©
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(LE$��&$���"��!$!$/5�
u∗2
#�E$&$�HGB�7=)8<Xp���H8�E$#����7=Q#���3$X��6(�IP��3$�r���6(

H

u∗2j(l) = ���\Z�����;
u2j∈V

H(u∗1(l), ψ(l), λ), j = 1, . . . , k, λj = 0
E<ç<3

j > k1.§ � Z JHa ©
��!$����/5&$#9K�GB��!$!$#��V�A=)� @ (�� ψ0 = −1.£p!)(+=Q3<��3 @ ����I�#��i&$�7?;��!$3$�j��&)(���!$��!<3$Mµ§ � Z J8J ©A41§ � Z JHa ©���#����"������!$#o�m��&)(��.c!$��!<3<8$�"3`§ � Z a ©13����A=Q#���3<8$�"3`§ � Z � ©1��#�*,�"#SKm!$#;=Q3:?;>m�L&$�AGBI<3:0��7=)� @ (+8:0Y4QE$#.c^���#��r�UE$&$�HGB���+(��.=$8$Xp�`3$!<����&<������E$#���#�-�/¥E$#.=)� @ ��!$3<8V-�#.=)����E$&$#�����/10W��#�#��+c!$#�?���!$3$M�4p#�E<&$�AGQ�7=)8<Xp�;3�0¦E<&$#�C$�����N�"3$!$3$�6(+=)>�!$#�M�GB3$����3$E$(�C$3$3¦�'� @ ����#��#���#�-���!$!<#�������M I<3$!$�7��3 @ ����I$3:0'*S(���3<��3$�"#��7����MD4R(j�+(�I<K��L��E$#���#�-�/eE$#.=)� @ ��!$3<8#�C$��!$#�I

σmin

��!<3<*���3�������&�0:��Z( 78p�6Dê�)Dí:62s2?<9�3�5æä�A�?<s29�5:9�3�å $½î�êB5:A�?�â � &)(.-�#���� ¨ À9Â:À¢ªd� @ 3<��/5�b(�X��E$&$3 ��/5��#,GB�L���7=Q#���3$M �"3$!$3$�6(+=)>�!$#�M'GB3<����3$E)(�C$3<3l����8<*�>��"��K�GQ�'3$!:����!<��3$�.c
!$/5�"3U32^�I��7����!$��3$��!$/d�"3WE$��&$���"��!$!$/5�"3VE<��&$��#�MUE<#,GB��3$�������"/Ö3l��#��n��(�I<�94
@ ��#�E$#���#�I'&)(�����!'��IP#�&$#��7��3n3<*,�"��!$��!$3:8N^�I��7����!$��3$��!</\0nE<��&$���"��!$!$/10�ZF«D(9GY(+c
@ (L#L�"3$!$3$�6(+=)>�!$#�MjGB3$����3$E$(�C$3$3��L^���#��V�7=)� @ (.��E<&$3$�"���m��#�&$�r�

σ =

−L
∫

0

∑

i

(u1i(Y )− ui)Ji(u1, u)dl → min
§ � Z J � ©

E$&$3����7=Q#���3<8:0

dYi
dl

= −Ji(u1, u), Yi(0) = Yi0, Yi(τ) = Ȳi, i = 0, ..., n,
§ � Z J Â�©

%ÛGQ�
u d ����I<��#�&�3<!<����!$��3$��!</\0E$��&$���"��!$!$/10��E$&$(��.=)8<Xp����M�E$#�GB��3$�������"/�Zf�&)(���!$��!$3<8O§ � Z J Â�©Y�6� @ �7��#��o�"#�!$#���#�!$!$#��7��3��]��!$I$C$3<3 J = Ẏ

E$#
u
�"#SKm!$#

&)(.*�&$��?�3<��>O#���!<#���3<���7=Q>�!$#
u
�

ui = fi

(

u1,
dY

dl

)

, i = 0, ..., n,
§ � Z J�Ü ©

%ÛGQ�
f d #�-�&)(.��!)(.8�I$3$!$�7��3 @ ����I:(+8o����!$I<C$3<8DZ�[]#��A=Q��E$#�GB���+(�!$#���I$3o��/5&)(+K��7c!$3$MN§ � Z J�Ü ©���3$!<����%�&)(9=2§ � Z J � ©6*S(9GB( @ (;E$&$3$!$3<�6(�������#�&$�r�jI�=B(�����3 @ ����I�#�M�*S(+cGY( @ 3'��(�&$3)(.C$3$#�!$!<#�%�#i3$� @ 3$�A=Q��!$3<8'3k���7=Q#���3$��#�E:��3$�6(+=)>�!$#��7��3kG)=)8k!$���;�"#.cK�����-�/\��>�*S(.E$3$�,(.!$#m�L��3�GB�]��&)(���!$��!$3:8k¤1M:=Q��&)(�§¨���5Z)E$&$3:=Q#SK���!$3<��[�Z � ©

∑

i

dYi
dl

∂fi
∂Yj
−
d

dl

(

∑

i

dYi
dl

∂fi
∂Yj

+ fj

)

= 0, j = 1, .., n.
§ � Z J Ã�©



À�� K L  �M£cRM RY�±��S1¡~���<\2PHS"��U����TV$�Y�)X��F¡Y^Y�����W] S"�<\<�<S$P+ D[8\B¡Yl��D�Y���q�<X2PH^<�$�

[]#��7=Q�"E$&$��#�-�&)(.*�#��b(.!$3<8�^���#�%�#d��&)(.��!$��!<3<8�E$#.=)� @ (.Xp�d���7=Q#���3<8��"3<!$3$�6(+=Q>�!$#�MGQ3$����3$E)(�C<3$3�����#�&<�6�
n
∑

i=0

n
∑

j=0

Ji(u1, u)
∂fi
∂Y ′j

Jj(u1, u) = 1�2 35476 , § � Z JHK ©

%ÔGB�
∂Y ′j =

dYi
dl

Z
�_E$&$#�C$��������E$&<��#�-�&)(.*,#��b(�!$3<M2��&)(���!$��!$3:8V¤1M:=Q��&)(W§ � Z J Ã�©�(�����#�&$/q¨�ÀSÂ:À¢ªÈ4

��E$��C$3)(+=Q>�!$#m^���#�%�#m!$��#�%�#��b(�&<3$�b(.8�4$E$#+=B(�%A(�Xp�94 @ ��#;G)=)8i=QXp-�/10 i 3 j
∂ui
∂Yj

=
∂uj
∂Yi

.

Ð #9Km!$#�E$#�I�(.*S(.��>$4 @ ��#�^7��#�&)(�����!$�7����#<4�������#�Xµ# @ ��&$�AGQ>$4���E<&)(����HG)=Q3$��#�=Q3<?;>E<&$3��/5E$#.=Q!$��!$3$3����7=Q#���3<8
n
∑

ν=0

(

∂fi
∂u1ν

∂u1ν
∂Yj

−
∂fj
∂u1ν

∂u1ν
∂Yi

)

= 0, ∀i, j.
§ � Z J Áb©

sg(�I$3<� #�-�&$(.*,#��54bE$&$�7KLGQ� @ ���`3$��E$#.=Q>�*�#��b(+��>����7=)#���3<8k§ � Z JIK ©A4b!<�PKm!$#�E$&$#����7c&<3<��>$4)��/5E$#+=Q!$��!</�=Q3���&$��-�#��b(.!$3<8 § � Z J Áb©AZ
n 62;<62@�3! õ¾ä�9�@�r�3�3�¬ s23�øuä�1 3�v�783�êiâ f6�A=Q#���3<8�#�E<��3$�6(+=Q>�!$#��7��3

G$=)8m����I<��#�&$!$#�%�#�����&$�"#�GB3$!)(.�"3 @ ����I�#�%�#;E$&<#�C$�����,(���E$&$#��;(�X����H8�4:I�#�%ÛGY(��"�7K�cG)�i����I:��#�&$#��VE$#���#�I�#��
Ji
��§ � Z J � ©13�����I<��#�&<#��2GB��3<K��P�;3:0���3�=

X = (X0, ..., Xn), Xi = u1i(Y )− ui.
������>O�.*S(�3$�"!<#�#,GB!<#�*,!$( @ !)(+8�*S(���3$��3$�"#�����><Z«D(9GY( @ (�§ � Z J � ©74�§ � Z J Â�©1E$&<3$�"���m��^7��#��V�A=)� @ (�����3�G

σ =

τ
∫

0

n
∑

i=0

Xi(J)Jidt→ min
J

§ � Z a ��©
E<&$3����A=Q#���3<8:0

τ
∫

0

Jidt = Ȳi − Yi0, i = 0, ..., n.
§ � Z a À9©

«D(SGY( @ (m§ � Z a �b©A4B§ � Z a ÀS©rE$&$�HGB���+(��.=)8<���;��#�-�#�M�*S(SGY( @ �L#���/ @ 3$�A=Q��!<3$3O*,!)( @ ��!$3:8��/5E<��I:=Q#�M#�-�#.=Q# @ I<3��]��!$I$C$3$3 (n+ 1)
cºM�E$��&<���"��!<!$#�M

σ(J) =
n
∑

i=0

Xi(J)Ji
§ � Z acJ ©



cRMeN8M����q �¡S¢��ZÖ¾S"�<\<�<S$P+ D[8\B¡YlL���Y���q�<X2PH^<�$� À_��Á

�i��# @ I�� J = (Ȳ − Y0)/τ
ZDÇR��?;��!$3$��^���#�Mn*,(9GY( @ 3n�"#9K��7��-�/\��>�!)(.M�GB��!<#�E$#���7=Q#���3$X¥§Ú���5Z)E<&$3:=Q#SKL��!$3$��[LZ a ©

L =

(

σ(J) +
n
∑

i=0

λiJi

)

→ min
Ji

max
λi
,

§ � Z aIa ©

I�#���#�&$#���#�E$&$�AGQ�7=)8<���i-�(.*,#���/5��*�!)( @ ��!$3<8 Jk ����I<��#�&)(mE$#���#�I�#��<ZY�µ^���3:0��# @ cI:(+0Y4�IP#.=Q3 @ ��������#I�#���#�&$/10n!$�L-�#+=Q��� (n + 2)
cÍ0�4BGB#��7��3$%A(��7�b�q8 #�GB!$#�3o��#�K��

�"3$!$3$�6(9=Q>�!$#���E$#
J
3��6(�I���3$�6(+=Q>�!$#���E$#

λ
*,!$( @ ��!$3$� L Z� (2#�E<��3$�6(+=Q>�!<#��Ö&$�7?;��!$3$3�*S(SGY( @ 3T§ � Z a ��©74�§ � Z a À9©O����I<��#�&�GB��3:Km�P�;3�0��3:=E$��&$��I:=)X @ (��7�b�q8��E$&$#�3<*���#.=)>�!$#��UE$#�&P8�GQI��]�"��K�GQ�m*,!)( @ ��!<3<8$�"3 X(Jk)

4
E$&$3$!<3$�6(.8�I:(+KLGB#��3<*k!$3:0V�N��� @ ��!$3$�o��&$���"��!$3 γkτ Z"��#.=)3�3$!<����&$��(+=B( γk!)(+0b#�GQ8<��3<*����A=Q#���3$M

n+1
∑

k=0

γkJ
k
i = (Ȳi − Yi0)/τ, i = 0, ..., n,

n+1
∑

k=0

γk = 1, γk ≥ 0.























§ � Z a � ©

sg(�I�I:(�I�E$#���#�I$3
Ji
E$&<3$!$3$�6(�X��O-b(+*,#���/5�]*�!)( @ ��!$3<8 Jki 4$��#m��#�E:��3$�6(+=)>.c!$#��kE$&<#�C$�������1����!$I<C$3$3
Y ∗i (t)

I<����# @ !$#.cÈ=)3$!$��M<!$/5��Z�[]#�����&$#�3$��E$#�!$3<�o�]��!$I:cC$3$3
u∗1i(t) = u1i(Y

∗(t))
4$�"#9Km!$#L!)(.M<��3#�E:��3$�6(+=)>�!$/5����E$&$(��.=Q��!$3<8

u∗i (t) = u∗1i(t)−X
∗
i (t), i = 0, ..., n.

§ � Z a Â�©
���A=)� @ (��.4QI�#�%ÔGY(L�]��!$I$C$3:8 σ(J) ��/5E<��I:=Q(���!$3<*O§Ú^���#��"#9Km!$#�E$&$#�����&$3<��>E$#����A=Q#���3:8$�W��3:=Q>���������&)(b©74<#�!)(���#���E)(9GB(����;��#;����#���Mj��/5E:�:I�=Q#�Mi#�-�#+=Q# @ IP#�MDZsg#�%ÔGY(

X∗
i (t) = 1�2 35476 = Ȳi − Yi0

τ
, i = 0, ..., n,

§ � Z a�Ü ©

Y ∗i (t) = Yi0 +
Ȳi − Yi0

τ
t.

§ � Z a Ã�©
[]#,GB�7�.(.��3$�n^���3W����!$I<C$3$3W�

u1i(Y )
4r!)(�M�GQ���e3<*,�"��!$��!$3<�3$!<����!$��3$��!</\0WE<�7c

&$���"��!$!$/102�oE$&$#�C$���������"3$!$3$�6(9=Q>�!$#�MNGB3$����3$E)(.C$3$3W3lE$#o��#�&$�r�,=B(��¥§ � Z a Â�©
u∗i (t)

4)#.�S=Q3 @ (�Xp��3$���H8#�� u∗1(t) !$(LE$#��7��#S8$!$!$/5�����7=Q3 @ 3$!$/ X∗
i (Ji)

Z
� z)³Q|¡�)³)uS½i»+u�·.zQy7z�}�x9y7{��m´QxS{LxSvPx9·LxS{Å²+·+z<Á mc¯�zR��y�z:� � []&$3O�6(+=Q#��`#��+c

I:=Q#�!<��!$3$32#��k����&$�"#,GB3<!)(��"3 @ ����I�#�%�#n&$(���!$#�������3<8D4gIP#�%ÛGB(oE<#���#�I$3 J 3l��3:=Q/
X
����8<*,(�!$/���#�#���!<#�?;��!$3<8<�63oØh!<*,(�%���&)(

J = AX,
§ � Z a8K ©

�jI�#���#�&$/10o�6(.��&$3$C)(j����!$#��"��!$#.=)#�%�3 @ ����I$3:0'I�#�^�����3$C$3$��!<��#�� A ��3$�"�"�7��&$3�c@ ����I:(.8i3�E<#.=Q#SKO3<���7=Q>�!$#L#�E<&$�AGQ�7=Q��!$!)(.8D4$��/5&)(+K���!$3$�.4$�7��#S8<�;����E<#,G�*,!$(�I�#��



À�À_� L  �M£cRM RY�±��S1¡~���<\2PHS"��U����TV$�Y�)X��F¡Y^Y�����W] S"�<\<�<S$P+ D[8\B¡Yl��D�Y���q�<X2PH^<�$�

3<!<����%�&)(+=Q(���§ � Z J ©74 d E$#.=)#9Km3<���A=Q>�!$#�#�E$&$�HGB�7=Q��!$!)(.8�I<�b(9GB&$(.��3 @ !)(.8���#�&$�6(#.�O����&$�"#�GB3$!)(.�"3 @ ����I$3:0k��3�=�Z���^7��#����7=$� @ (��;&<��?;��!$3$��*S(SGY( @ 3�I:(.&�GB3$!$(+=Q>.c!<#��:E<&$#���(.�����q8D4)(�3$�"��!$!$#$�:!)(�E$��&$��#��2���h^7�.(�E<�]�"#9Km!$#�#.��-�&$#���3<��>����7=Q#���3<8
§ � Z a ©d3oE$��&$��M:��3nI�*S(9GB( @ ��#j�"3$!$3$�r���"�;��&$�HGB!$��%�#i*,!)( @ ��!<3<8'I<�b(9GB&$(.��3 @ !$#�M��#�&$�"/

σ = (XTAX)→ min
§ � Z a Áb©

E<&$3����A=Q#���3<8:0
k
∑

ν=1

aνjXν = Jj, j = 1, . . . , k1, (k1 ≤ k).
§ � Z � �b©

[]��&$���"��!$!$/5�"3���^���#�Mj����&$�AGQ!$��!$!$#�Mi*,(9GY( @ ��§¨���5Z:E$&<3:=Q#9K���!$3$�h[�Z a ©"8$�.=)8<���+c�q8i����I<��#�&jGB��3:Km�P��3:0���3:=
X
Z<sr(�IjI:(�Ii*,(9GY( @ (�§ � Z a Áb©74D§ � Z � ��©���/5E<��I:=Q(.8D4<��#����&$��?���!$3<����#�#���������������������E$#��7��#S8$!$�7�����o3$��IP#��"/10'E<��&$���"��!$!$/10�4�(j*�!)( @ 3<�94#�E$&$�HGB�7=Q��!$3$�

X∗
ν

����#�GB3<���H8�I�&$�7?;��!<3$X�*,(9GY( @ 3�I$�b(9GQ&)(.��3 @ !$#�%�#�E$&$#�%�&)(��"�"3�c&<#��b(�!<3<8D4bE$#.=$� @ (�Xp����M$�q8j3<*;§ � Z a Áb©A4B§ � Z � �b©rE$&<3O#���-�&)(���/5�b(�!$3<3O����&$�AGQ!$��!$3<8DZ� (�����#�&$#���^��+(�E$�m!$(+0b#,G)8<��*,!$( @ ��!$3<8N����I:��#�&)( u2 ∈ V 4D�,GB#��.=Q������#�&b8$Xdc��3$�����A=Q#���3:8$�
Xj(u1j, u2j) = X∗

j , j = 1, . . . , k,
§ � Z � À9©

3L��&)(���!$��!$3:8$��§ � Z a ©7Z+��=)8�^7��#�%�#��"#9Km!$#�&)(������6(.��&$3$�b(+��>����7=Q#���3<8�§ � Z � À9©gI:(.I
��&)(.��!$��!$3<8D4<#�E$&<�AGB�A=)8$X��;3$�]*,(���3$��3$�"#��7��>

u2(u1)
Z<[]#��7=)�hE$#,GQ���+(�!$#���I$3�^���#�M

*,(���3<��3$�"#��7��3���§ � Z a ©�3�&$�7?;��!$3<8���&)(���!$��!$3$M�E<#.=)� @ 3$� u∗1(l)
4�(n*�!)( @ 3:�9413

u∗2(u
∗
1(l)) = u∗2(l)

Z�b"�7=)3l!)(�MPGB��!$!<#��j&$�7?;��!$3$�j��GB#��.=)������#�&P8<���'#�%�&)(�!<3 @ ��!<3:c8<�54S��#p*,(9GY( @ (;§ � Z a Áb©74�§ � Z � �b©�^�I$��3$��(+=Q��!<��!)(�3$�Û0b#,GQ!$#�MD4+3�E$&<#�C$�����1�"3$!$3<�6(+=Q>.c!<#�MkGB3$����3$E)(�C<3$3`!$(�M�GB��!DZ�b"�7=Q3
u∗2(l) /∈ V

4D��#�*�!)( @ ��!$3<� σ∗ *S(9GB( @ 3�§ � Z a Áb©74§ � Z � �b©hGY(.���'#�C$��!$I<�`��!$3<*��nG)=)8l�"3<!$3$�6(+=Q>�!$#�%�#oE<ç$#�3<*,��#�GB�����b(o^�!<�Iç$#�E$3<3W�
!<��#�-�&)(.��3<�"#��VE$&$#�C<��������Z

.0r�5R9�@�3t="3�9�3�="?Zê*)29�62îö¬�3�7c783�p�?<r�3�3$â ØhC$��!$I<�;��!$3<*���G)=$8
σmin

�"#9KLc
!<#�E$#.=)� @ 3<��>$4:���7=Q3O#���-�&$#���3<��>����7=Q#���3<8o§ � Z a ©"3m� @ 3<�+(.��> u(l) = (u1(l), u2(l))��E$&$(��.=Q��!$3$���¥�l*,(9GY( @ �U§ � Z J ©A4]§ � Z � ©AZ1sR# @ !$#�����>l#�C$��!<I$3������A=Q3 @ 3<���H8D45���A=Q3E<&$�AGB��(�&$3<���7=Q>�!<#p#�%�&$(�!$3 @ 3:��>��"!$#9K���������#���#�*,�"#SKO!</10h*�!)( @ ��!$3$M u1(l) �r� @ �7c��#��W*,(9GY(�!<!$/10�%�&$(�!$3 @ !</10����A=Q#���3$M3���3�GY(L�]��!$I$C<3$M ϕj

Z
«D(9GY( @ (U§ � Z J ©745§ � Z � © d ����&$�AGQ!$��!$!)(.8U*S(SGY( @ (o!$�7=)3$!$��M$!$#�%�# E$&$#�%�&)(��"�"3�c&<#��b(�!<3<8�§Ú���5ZRE$&<3:=Q#SKL��!$3$�j[LZ a ©AZBb"�O#�E<��3<�6(+=Q>�!<#��j&$�7?;��!<3$�

u∗ = (u∗1, u
∗
2)=)3$-�#oE$#�����#98$!<!$#$4R=Q3<-�#oI<����# @ !$#+cºE$#��7��#S8$!$!<#$4rE$&$3 @ ���eIP#.=Q3 @ ��������#n-b(+*,#���/10*�!)( @ ��!$3<M u∗ν !<��E$&<����/\?;(���� (k + 1)

Z2b"�7=)3*,(9GY( @ (
k
∑

j=1

J jXj(uj) +
m
∑

j=k+1

Jj(u)Xj(uj)→ min
u∈V

/

Jj(u) = J j, j = 1, ..., k
§ � Z � J ©



cRMeN8M����q �¡S¢��ZÖ¾S"�<\<�<S$P+ D[8\B¡YlL���Y���q�<X2PH^<�$� À�À�À

��/5E<��I:=B(:4+��#�&$��?���!$3$�1����&<�AGB!$��!$!$#�M;*S(9GB( @ 3�E$#��7��#98<!$!$#hE$# l 3�#�E$&$�HGB�A=)8$�7���H8���7=Q#���3$���

L(u, λ) =





k
∑

j=1

(J jXj(uj) + λjJj(u)) +
m
∑

j=k+1

Jj(u)Xj(uj)



→ min
u

max
λ

.

§ � Z � a ©
b"�7=)3�L�"3$!$3<�6(�I���!$#�M�*S(9GB( @ �m§ � Z � a ©��"3$!$3$�r���WE$# u GB#�����3$%A(������H8�L!$���7cI�#.=)>�I$3:0���# @ I:(90�§Ú!$�\-�#.=Q��� k+1

©A4.��#���#�#����������������:X���3$�5*,!$( @ ��!$3<8 u∗ν 8<�.=)8�cXp���H8O-b(.*�#���/5�"3O3m�]��!$I$C$3<8
u∗(l)

E$��&$��I�=QX @ (.�����H8j�6�7K�GQ�L!$3$�"3D4�E<&$3$!$3$�6(+8I:(.K�GB#��53<*p!$3�0������ @ ��!$3$3�GB#+=Q3 γνL #���3$!<����&$�b(+=Q( [0, L] Z:«�!$( @ ��!$3<8 γν ≥ 0
4

!)(+0b#�GQ8<���H82E$&$32E<#,GB�7�.(.!$#���IP��&$�7?;��!<3<8U�k���7=Q#���3<8�§ � Z � ©74RI�#���#�&$/5��E<&$3$�r�P�
��#�&$�r�

∑

ν

γνJj(u
∗
ν) = (J j, j = 1, ..., k,

∑

ν

γν = 1.
§ � Z ��� ©

[]#��7=Q�HGB#���(.���A=Q>�!$#��7��>$4"�kI�#���#�&$#�M
u∗(l)

E$&$3$!$3<�6(����n-�(.*,#���/5�O*,!)( @ ��!<3<8D4r!<���I�(.*,/5��(������H8o!)(m���7=)3 @ 3$!$��#�C$��!$I$3 σ ��!$3<*���4�!<#j�"#SK����O-�/\��>i��/5-�&)(�!$(m�+(�ID4@ ��#�-�/Ó&<��?;��!$3$� ũ1(l) 4"!)(�M�GB��!$!$#��E$&<3VE$#,GQ���+(�!$#���I�� u∗(l, γ) �n��&)(.��!$��!$3$�§ � Z a ©A4r#�I:(+*S(+=Q#���>n��#�*,�"#SKO!$#o-.=Q3:KL�iIU��#����+(��.=)8<Xp����M
u∗1(l, γ)

E$��&$��I:=)X @ (+c���A=Q>�!$#�%�#m&$��?���!$3<8�4Q�9ZÒ��Z)I�&$�,(+=)3<*������"#��r��&$�7?;��!$3$X�Z
ØhC$��!$I<�n������&b0��kG)=)8

σ∗
GY(�����=QX�-�#��;GB#�E:������3<�"#��O&$�7?;��!<3$�m*S(9GB( @ 3D4�!)(+cE$&$3$�"��&D4r&<��?;��!$3$��4rE$&$3lI�#.��#�&$#���E<#���#�I<32E$#��7��#S8$!$!$/ 3l&)(.��!$/

J
Zg¯h*i^7��#.c

%�#'���7=Q#���3<8W�"#9Km!$#'!)(�M:��3
u2(u1)

4"E$#��7=Q��E$#�GB���+(�!$#���I$3V^7��#�MW*,(���3$��3$�"#��7��3
�i��/5&$(.K���!$3<��§ � Z a ©�!$(�M<��3'3<*��"��!$��3$�

u1(l)
4���#�#����������7�b����Xp�;�������r�k3:*,�"��!$�7c

!$3$�
u2(l)

3k���7=)3 @ 3$!<� σ 4YIP#���#�&)(.8�*S(.���AGB#��"#j!$�;E$&<����#��q0b#�GB3<� σ∗ ZYÇg(.*,!$#�����>�"��K�GQ�i!<3<KO!<��M�3�����&�0:!$��M#�C$��!<I�#�Mi0P(�&)(�I:����&$3<*��b���O3:0i��# @ !$#�����>$Z
n 6�;Z6�@�3¾9�5½78sDå�í:?<9�o ¬�A�ä�ì"7Î¬�A�ä�ìI62=�â ÇF��?;��!$3$���"!$#�%�#��"�¢ç$!$#�M�*S(SGY( @ 3I:(IçPGB3$!)(+=)>�!$#j��E<ç$#.��(��7���H8'�j�7=)� @ (��.4DI�#�%ÛGB(j��*S(.3$�"#,GQ��M$�7����3<8'!$�7*S(.��3$��3<�"/]4�9Z��.ZQI:(+KLGB/5M�3<*�E$#���#�I�#��L*,(���3$��3<�m��#.=Q>�I�#�#�������#�3:0�E$�hç<���"��!<!$/10

Jj = Jj(u1j, u2j), j = 1, . . . , k,

��#LK���#.��!$#���3<���q8�3�I�����&$�"#,GQ3$!)(��"3 @ ����I$3$����3:=B(.� Xj

4)EZç$3 @ ���
du1j
dl

= ϕj(u1j, u2j), u1(0) = u10, u1(L) = u1, j = 1, . . . , k.
§ � Z � Â�©

��^7��#��V�A=)� @ (���*S(SGY( @ (L#��"3$!<3$�r���"�hGB3$����3$E)(�C<3$3�ç)(���E)(9GY(.�����q8!)( k #�G)c!$#��"�¢ç$!$/10�*S(SGY( @ ��3�GB(

σj =
1

L

L
∫

0

Jj(u1j, u2j)Xj(u1j, u2j)dl→ min
§ � Z � Ü ©



À�À J L  �M£cRM RY�±��S1¡~���<\2PHS"��U����TV$�Y�)X��F¡Y^Y�����W] S"�<\<�<S$P+ D[8\B¡Yl��D�Y���q�<X2PH^<�$�

EZç$3����A=Q#���3$3`§ � Z � Â�©�3
1

L

L
∫

0

ϕj(u1j, u2j)dl =
u1(L)− u1(0)

L
.

§ � Z � Ã�©

£�!$(+=Q#�%�3 @ !$#o#�GB!$#��"�¢ç$!$#��r�N�7=)� @ (�X G)=)8`��/5-�#8ç)(�I�(.KLGQ#�M`3:*iE$�¢ç$���"��!:c!</10
u2j
�"#SKO!<#�*S(.E$3$�,(+��>���&$��-�#���(�!$3$�

u∗2j = arg max
u2j∈Vj

[

1

ϕj

(JjXj + λj)

]

,
§ � Z � K ©

3�=Q3D4)E$&$3�#����7�P�����b��3$3k#�%�&)(�!<3 @ ��!$3$M�!)( u2j 4
Jj(u1j, u2j)

dJj/∂u2j

d

du2j
(JjXj)− JjXj = 1�2N354Y6 = λj.

§ � Z � Á�©
�1�A=Q3 @ 3$!</ λj #�EZç$�AGB�A=)8$X��O3<*����7=)#���3$M

u1j
∫

u1j(0)

du1j
ϕj(u1j, u∗2j(λj, u1j))

= L, j = 1, . . . , k.
§ � Z ÂI��©

Ð #SKL�7��#�I�(.*S(+��>��q8D4 @ ��#i*,!$( @ ��!$3<8 u1j *,(9GY(�!</e!$��G)=)8o�����A0 j 4D(O��#.=Q>�I�#G$=)8
j=1, . . . , k1, k1<k

ZBsg#�%ÔGY(�G)=$8k#�EZç$�AGB�A=Q��!<3<8
λj
��#����"���7��!$#i�

u1j
E<ç$3

j = k1 + 1, k
3$�"�����oGQ#�E$#.=Q!<3<���A=Q>�!$#����7=)#���3<80ç)(.����!$�7����(�!<�S=QX���/°ç)(+KL��!$3<8�4

�7��#S8<����%�#�E$#,GO*,!)(.I�#��
argmax

�j§ � Z � K ©74�E<ç$3 @ ���`���]��!$I$C$3<8�0 ϕj, gj, fj
���"�7c

�7��#
u1j
����#�3<�]3$��IP#��"#��

u1j
4.(p���"���7��#

u2j
�7��#�3:�

u∗2j(λj, u1j)
Z�¤���3;�8ç<��-�#���(�!$3<8

�A=Q�HGQ��Xp�j3:*�E<ç<3$!$C$3$E$(��6(�I���3$�r���6(m[]#�!<�Iç<8$%�3$!)(�§¨���5Z×[�Z � ©7Z
« o0/�62A�í:9�?:à�5:9�3�å#"'â �1���HGB��!$3<�N�"!$#9Km3<���A=)8

1/L
�UI$&$3<����&$3$M�§ � Z J ©

3����7=Q#���3<8a§ � Z � ©OE$&$3µ��3$I���3$&$#��b(�!$!$#��Å*,!$( @ ��!$3$3 L !$3<I:(�Iµ!$�'�.=Q3<8<���W!$(#�E<��3$�6(9=Q>�!$#��'&$�7?;��!$3$��45#,GB!$(�I�#l#�!<# GQ�7=B(.���2*S(SGY( @ �V#����"/5�A=Q��!<!$#�M�3�E$&$3�7��&$���g=Q��!$3$3
L
I�-�����IP#�!$� @ !$#��7��3DZ � &$#��"�'��#�%�#<4d�,(.�"#2*,!)( @ ��!<3$� L �"#9K��7�E<#,G)=)��KL(.��>�#�E<��3$�6(9=Q>�!$#��r�i��/5-�#�&<��Z

[]&$3��+(�I�#��k��/5-�#�&$���]��!$I$C$3$#�!)(+=�Î�(�%�&)(�!<KL(\G$=)8���#�#����������7�b����Xp�;��M�^�I��Ac
��&$���6(9=Q>�!$#�M*,(9GY( @ 3iGQ#.=)K���!�-�/\��>m�7�+(�C$3$#�!$(�&$��!E$# L Z� (�E$&$3<�"��&D4)�L*,(9GY( @ �O§ � Z�Áb©»Ú�§ � Z�À�À9©��]��!$I$C$3<#�!)(+=�Î�(�%�&)(�!<KL(

R =
1

L

u1L
∫

u10

R(u1, u2, λ)du1,

%ÔGB���]��!$I$C$3:8
R
#�E$&<�AGB�A=)8$�7���H8n&)(�����!$�7����#��a§ � Z�À J ©AZBf6�7=)#���3$���7�.(.C$3$#�!)(.&$!$#.c

�7��3
R
E$#

L
E$&$3$��#�GB3<�mI���&)(���!$��!<3$X

R(u1(L), u2(L), λ) =
1

L

u1(L)
∫

u10

R(u1, u2, λ)du1.



cRM´³ZM�$�¡Y\<Vb�F�hQ�\<]��)Xb�F¡_^Y�����W] S"�<\$�ZSiP9 D[8\Y¡_l����B���H�ZX2PH^$�$� À�À a

�T#�-��;��Ml*S(SGY( @ �'§ � Z J ©»Ú�§ � Z � ©hG$=)8l��/5-�#�&)( L I`���7=Q#���3<8<�¥§ � Z J8J ©A4\§ � Z JHa ©�7=Q�HGQ�����LGB#�-b(.��3<��>L���7=Q#���3<8
k
∑

j=1

Jj(u1(L), u2(L))[Xj(u1(L), u2(L)) + λj] =

=
1

L

L
∫

0

k
∑

j=1

Jj(u1, u2)(Xj(u1, u2) + λj) dl,

§ � Z Â�À9©

��/\����I:(.Xp�;3$��3<*i��&<��-�#���(�!$3<82�7�.(�C<3$#�!)(.&$!$#��7��3VE$#
L
3<!<����%�&)(+=Q(n#��'�]��!$I:c

C$3$3
H
4Q�mI�#.��#�&<��XJGB#�-b(.�.=Q��!</¦�"!$#9Km3<���A=Q3

1/L
E$��&$�HGnE$��&$��/5��3���&$�7��>�3<�

�7=B(.%7(.���"/5�"3�E<#,G�*,!$(�I�#��W�7�:�"�"/]Z

h�ú»º\ú �kü��hý*�Î+-�
�����)�
	��)!��hý��Ò�§��ü�ü�����	¿����-�"��+
�dý�����(hÿ����)Ïu�Ò��(hý�¿�ÿ�ü�üYý$*

� #�!$I$&$�7��3<*�3$&<�b�������7=Q#���3<8n�"3$!$3$�6(+=)>�!$#�MkGB3$����3$E$(�C$3$3'G)=$8n!$��IP#���#�&$/10
����&$�"#,GB3<!)(��"3 @ ����I$3:0�EZç$#�C$������#��$Z# 5:p�ê�626�/2="5:9iâ f�E$&)(��+=)8$X��;��M_3$!<����!$��3$��!$#�M�E$��&$���"��!$!$#�M�-.�,GB��� G)=)8
#�E$&$�HGB�7=)��!$!$#����b3;� @ 3<�+(.��>p�����"E<��&)(.����&<��!)(�%�&$���b(.���"#�%�#p���7=B(<Z�����3<K��P��(.8���3:c=B(
X
�5*S(SGY( @ ��#d�"3$!<3$�6(+=Q>�!<#�MhGB3$����3$E)(.C$3$3�E<&$#�C$������(d����E�=Q#�E$��&$��!$#��,(�&)(���!$(

X(T1, T2) =
(

1

T2
−

1

T1

)

,
§ � Z Â J ©

� E$#���#�Ij����E:=Q#���/ q(T1, T2) Z$Ñ���!$I$C$3<8 ϕ �����7=)#���3<8�0'§ � Z Ü ©A4:#�E$&$�HGB�7=)8<������I�#+c&$#��7��>3<*��"��!$��!$3<8N�����"E$��&)(.���:&$/
T1
Z���-�#.=Q>.?;3$!$�7�������7=)� @ (�����"#9Km!$#�� @ 3:c�.(+��>$4 @ ��#

dT1
dl

= −
1

c1(T1)
q(T1, T2), T1(0) = T10,

§ � Z Â a ©
%ÛGQ�

c1(T1) d ����E:=Q#����"IP#�����>h%�#�&P8 @ ��%�#�3$�7��# @ !$3$I:(:Z,��=$8�E$&$#�C$������(<4+E<&$#�����I:(�Xdc�;��%�#]��#h��&$���"��!$3D4��1��#���&$�AGB#.��# @ ��!$!$/d�"3LE)(�&)(��"�7��&)(.�"3L%�#�&P8 @ ��%�#�3<����# @ !$3$I�((�&$%7�:�"��!<�
l
3$�"�����l���"/5�A=���&$���"��!$3D41(

L d E$&$#�GB#.=$KO3<���7=Q>�!$#�����3�E$&$#�C<���7c�,(<ZD��=$8N��&<��- @ (.��#�%�#k����E�=Q#�#�-��"��!$!$3<I:(<4g�I�#���#�&$#��������"E<��&)(.���:&)(k%�#�&P8 @ ��%�#E$#���#�I:(l�"��!<8$�7���q8�#.�2��� @ ��!$3<8µI���� @ ��!$3<X�45���7=Q3 @ 3$!)( c E$&$�HGB���+(��.=)8<���W��#.c-�#�Mm��#�GQ8$!$#�Mm^�I$��3$�b(+=Q��!<�;E$#���#�I:(j§ÚE$&$#�3:*,���HGB��!<3$�h��%�#�&)(��Û0b#,GB(�!)(��,GB�7=)>�!<��X
����E:=Q#����"I�#��7�b>P©A4Y(

L d G)=Q3$!:�i����E:=Q#�#�-��"��!<!$3$I:(:Z����#�#.�����7��������3$3'�����7=)#���3<8<�"3W§ � Z�À9Ã�©74g§ � ZÄÀ K ©74g§ � ZÄÀ�ÀS©��"3<!$3$�6(+=Q>�!$#�MGB3<�7c
��3$E$(�C$3$3NE$&$3n*,(9GY(�!$!<#�MN��&<�AGB!$��M`3<!<����!$��3$��!$#����b3N����E:=Q#���#�%�#�E<#���#�I:(

q̄
G)=)8



À�À � L  �M£cRM RY�±��S1¡~���<\2PHS"��U����TV$�Y�)X��F¡Y^Y�����W] S"�<\<�<S$P+ D[8\B¡Yl��D�Y���q�<X2PH^<�$�

E<&$#�C$������(����E:=Q#�#�-��"��!)(�E$#+=)� @ 3$�����7=Q#���3$�m�"3$!$3<��(9=Q>�!$#�M'GB3$����3<E)(�C$3$3nG)=$8E<&$#�3<*���#.=Q>�!$#�%�#L*,(�I�#�!)(�����E:=Q#�E<��&$��!$#��,(
q2(T1, T2) :

∂q

∂T2
T 2
2 = −λ2 = 1�2 3|4Y6 , § � Z Â � ©

T10
∫

T1L

c1(T1)dT1 = q̄ · L,
§ � Z Â�Â�©

T10
∫

T1L

c1(T1)dT1
q(T1, T2)

= L.
§ � Z Â Ü ©

[]��&$��#���3<*p^���3:0m���A=Q#���3<MO#�E$&$�HGB�7=)8<���
T ∗2 (T1, λ2)

4P����#�&$#�� d T1L
4P(���&$�7��>�� dIP#�!$�7�.(.!<���������7=Q#���3$3`§ � Z Â � ©7Z

Çg(������"#���&$3$���dI�( @ ����������E$&<3$�"��&)(53$��E$#+=Q>�*�#��b(�!$3:8����A=Q#���3$MO§ � Z×Â � ©»Ú;§ � Z Â Ü ©!<>�Xp��#�!$#�����I$3$M�*S(.I�#�!�����E:=Q#�E$��&$��!$#��,(
q = α(T1 − T2)

§ � Z Â�Ã�©
�nE<#�����#98$!<!$#�M�����E:=Q#����"I�#��7�b>�X §Ú��#�GQ8$!$/5�¥^�I<��3$�b(9=Q��!<��#���©

c
Zd¯]*n���A=Q#���3$M

§ � Z×Â a ©»ÚY§ � Z×Â�Â�©�E$#.=)� @ 3<�

α2(T1 − T2)
2 = −λ2(−α)T

2
2 ⇒ α

(

T1
T2
− 1

)2

= λ2.
§ � Z Â K ©

sg(�I$3<��#�-�&)(+*,#����E$&$#�C$�������O�"3$!$3$�6(9=Q>�!$#�M'GB3$����3$E)(.C$3$3nG)=)8'=QX�-�#�%�#
l
#��.c

!<#�?;��!$3$� T1
T2

GB#.=)Km!$#L-�/\��>mE$#��7��#S8$!$!<#m3�&)(���!<#
T1
T2

= 1 +

√

λ2
α
.

§ � Z Â�Á�©
¯h*�§ � Z Â�Â�©j�7=)�AGQ���7�+4 @ ��# T1L = T10 − q̄L/c

�d!)(.I�#�!<��CD4d3<*N���A=Q#���3:8_§ � Z Â�Â�©
��/\����I:(��7�+4 @ ��#

√

λ2

α

1 +
√

λ2

α

= −
c

αL
ln
(

1−
q̄L

cT10

)

.
§ � Z Ü ��©

Ð 3$!$3$�6(+=)>�!$#���E<ç$#�3:*,��#�GB������#l^�!:�8ç$#�E<3$3D41E$#.=)� @ (����"#��kE<#��7=Q��E$#�GB���+(�!$#���I$3§ � Z×Â�Áb©74�§ � Z Ü ��©1����/\&)(.K���!$3<�

σ =
c

L

T10
∫

T1L

(

1

T2(T1)
−

1

T1

)

dT1,

&$(���!$#
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σmin =
c2 ln2

(

1−
q̄L

cT10

)

[

αL+ c ln
(

1−
q̄L

cT10

)]

L
.

Ø����"����3$�54 @ ��#m��E$&<#�C$���������"3<!$3$�6(+=Q>�!$#�MjGB3$����3$E)(.C$3$3�G)=)8�!$>�Xp��#�!$#�����I�#�%�#����E:=Q#�#�-��"��!)(]E<&$#�3<*���#,GQ������#�^�!<��&$#�E$3<3��hI:(.K�GB#��o��� @ ��!$3$3�����E�=Q#�#�-��6��!$!$3<I:(3:=Q3���I�(.KLGQ/5M��"#��"��!:�m��&$���6��!$3#,GQ3$!)(�IP#���#$Z
��=)8�-�#.=Q����#�-�����%�#L*S(�IP#�!)(�����E:=)#�E$��&$��!$#��,(m��3PGY(

q(T1, T2) = α(T n
1 − T

n
2 )

§ � Z Ü À9©
���7=Q#���3<8 § � Z×Â � ©�E$&$3$�r�P�O��#�&<�"�

α(T n
1 − T

n
2 )

2 = λ2nT
n+1
2 ,

3:=Q3
q(T1, T2)

αT
(n+1)/2
2

=

(

T n
1

T
(n+1)/2
2

− T
(n−1)/2
2

)

=

√

λ2n

α
= 1�2 354Y6 . § � Z ÜcJ ©

� @ (�����!$#�����3D4rG)=)8l=)� @ 3<����#�%�#N����E:=Q#�#�-��"��!)(:46I�#�%ÛGY('E<#���#�IUE$&$#�E<#�&$C$3$#+c!)(+=Q��!�&)(+*,!$#�����3 @ ��������&:�b/10�������E$��!$��Mk�����"E$��&)(.���:&D4B���A=Q#���3<���"3$!$3$�6(9=Q>�!$#�MGB3$����3$E)(.C$3$3�3$�"�����O��3�G
T 4
2 − T

4
1

T
5/2
2

= 1�2N354Y6 . § � Z Ü8a ©
�N#�-������o�7=)� @ (.�\3<*1���7=)#���3<8�§ � Z ÜcJ ©��7=Q�HGQ�����94 @ ��#]E<&$3 n > −1 #�E<��3<��(9=Q>.c!$/5Mo����E:=)#���#�MoE$#���#�I'�;&<#�����#��������"E$��&)(.���:&$/

T2
&)(��7�����94�(jE<&$3

n < −1 dE)(9GY(.���9Z1[]&$3
n = −1

§Ú*,(�IP#�!V����E:=)#�#�-��"��!)(2Ñ���&$>��,©L����E:=Q#���#�M�E$#.��#�I�4���#+c
#����������7�b�.�:Xp�;3$Mk�63<!$3$�6(+=Q>�!$#�MiGB3$����3$E)(.C$3$3D4YE$#�����#98$!<��!k3&)(�����!

q̄
4B(���(��"#

�"3$!$3$�6(9=Q>�!$#��OEZç$#�3<*���#,GQ������#o^�!:�8ç$#�E$3$3D4gE$#�GB� @ 3:�.(�!<!$#��jE$#���#�&$�r�S=Q�o§ � Z Â�©74&)(���!<#
σmin =

q̄2

α
.

§ � Z Ü � ©
[]&$3�^���#��ÅG)=$8

n = −1
�"3$!$3$�r���r��GB3$����3$E$(�C$3$3¦3�E$#��7��#S8$!$�7������E$#.��#�I�(

����E:=Q#���/Ù��#�#����������7�b�������`E$#��7��#98<!$������# E$&$#�3:*,��#�GB�����b(N^�!<��&$#�E$3$3V�NI�(.K�GB#��
��� @ ��!$3<3o����E:=Q#�#�-��"��!$!$3$I�(i3�=Q3�G)=)8�I:(+KLGB#�%�#m�"#��"��!<�+(O��&$���"��!$3kI:(�I�3�G)=)8!ZG�Xp��#�!$#�����IP#�%�#L����E�=Q#�#�-��"��!)(<Z
� ( E$��&<��/5M���*,%Û=)8PGF41I:(.K��7���q8D4 @ ��# G)=)8W=QX�-�#�%�#`����&$�"#�GB3$!)(.�"3 @ ����I�#�%�#E$&$#�C<������(��"3$!$3$�6(+=)>�!$#�M�GB3$����3<E)(�C$3$3mE<&$#�3<*���#,GQ������#�^�!<��&$#�E$3$3

σ
&)(���!<#��"��&:c

!$#;&$(���E$&<�AGB�A=Q��!$#LE<#;��&$���"��!$3i3�=Q3jE$#;E$#�����&�0:!$#�����3�I�#�!:�.(�I:�.(:Z<b6�A=Q3i-�/�^7��#
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-�/1=Q#���E$&)(.���AG$=Q3$��#$4P��#;��3:=Q>�!<#���E$&$#��7��3:=Q#�-�/������p&)(�� @ ����/]Z � #�#�I:(+*,/5�b(.���.c�q8�4 @ ��#hGY(+=Q��I�#�!$�d������%ÛGY(���E$&$#�C$���������"3$!$3$�6(+=)>�!$#�M;GQ3$����3$E)(�C<3$3OE$&<#�3<*,��#,G)c�7����#�^�!:��&$#�E<3$3OE$#��7��#S8$!$!$#<Z��2&)(+*7GFZ � Z � E$#.=)� @ ��!$#����7=)#���3$�.4P��/�GB�A=)8$X��;���p�������&$�"#�GB3$!$(��"3 @ ����I$3$��E$&$#�C$������/]4$G)=$8�I�#.��#�&$/10�^7��#m����#�M$�7����#m��E$&)(.���AG)=)3$��#$Z( í:62;<5:A�="3�à�5R78@�3�î ="?D7c7862p�5:A�5:9�6�7<â ¯]!<����!$��3$��!</d�"3ïE<��&$���"��!$!</d�"3
E<#,GB��3$�������µ�j^7��#����A=)� @ (���8$�.=$8$Xp���H8k����I<��#�&$/�I�#�!$C$��!:��&)(�C<3$M Ci (i = 1, 2)�h��#����+(��+=)8$X��;3$�"3

Cik

4P0P(�&)(�I<����&$3:*��:Xp�;3$�"3��#��7�.(��LE<#,GB��3$�������5Z � (�IiE<#���#.c
I<3����7�;�������$4$�.(.I�3j0<3<�63 @ ����I$3$��E<#�����!$C$3)(+=)/�*S(.��3$�q8<��#��LI�#�!$C$��!:��&)(�C<3$MDZB���/5&)(.K���!<3$3 § � Z J ©1E$#���#�I$33jGB��3<K�����3$����3:=Q/�3$�"��X��O��3PG

Jj(u1, u2) = Jj(C1, C2),

Xj(u1j, u2j) =
1

T (C1, C2)

(

µ1j(C2j, T )− µ2j(C1j, T )
)

.
§ � Z Ü Â�©

Øh���+(�!$#���3$�"�q8�!)(d�A=)� @ (��.4+I�#�%ÔGY(d3<*�#�GB!$#�M�E$#,GQ��3$�7�����"/l�\GB&<��%���XWE$��&$�70b#.cGQ3<����#.=Q>�IP#�#,GQ3$!OI:=QX @ ����#�MOI�#��"E$#�!$��!<�SZ<[]&$3O^7��#��NGB(��.=Q��!$3$�p��E$#,GQ��3$�7�����"����7=Q�HGB������3$�pGB3<���]�P*�3$3i!$��3<*��"��!<8<�����q8DZ � #�!$C$��!<��&)(.C$3$X¦I:=QX @ ����#�%�#;I�#��"E$#+c!<��!<�+(L��E$��&$��#�M�E<#,GB��3$�������"��#�-�#.*,!)( @ 3$� @ ��&$�7* C1

4$(;��#�����#�&$#�M d @ ��&$�7* C2

Z
� ( @ (+=Q>�!$/5M��#����+(��OI�(.K�GB#�M�E<#,GB��3$�������"/J*,(9GY(�!�4B(��+(�II:(�I�*S(9GY(.!��&$�HGB!$3<ME<#���#�I

ḡ L
∫

0

g(C1, C2)dl = ḡL,
§ � Z Ü�Ü ©

��#m3�I�#�!<� @ !$/5M���#��7�.(��m��3$IP��3$&<#��b(�!DZ Ð 3$!<3$�"3<*S(.C$3<8�GB3<����3$E)(�C$3<3k����#,GQ3<���q8I��"3$!$3$�"3<*,(�C$3$3��&<�AGB!$��%�#mE$&$#�3<*���#,GQ�����b(�^�!<��&$#�E$3<3D4B��#.*,!$3$I�(�X��;��%�#O���7=Q�HG)c
�7����3$�]GQ3$�����P*�3$3D�

σ̄ î =
1

L

L
∫

0

g(C1, C2)

T (C1, C2)

(

µ1(C1, T )− µ2(C2, T )
)

dl → min .
§ � Z Ü Ã�©

Ïh��#�-�/ E$#+=)� @ 3<��>o*,(���3$��3$�"#��7��>'#�� C1

3
C2

��I�#�&<#�����3U3<*��"��!$��!$3<82IP#�!:c
C<��!<��&)(�C$3<3

C1

4+!$��#�-S0b#,GQ3$�"#h� @ ������><4 @ ��#]E$#���#�I g �"��!:8$���]I�(�I;��#��7�.(.�]E$��&$��#�ME<#,GB��3$�������"/�4��+(�Im3m#�-��;���pIP#.=Q3 @ ��������#;���7�;�������b( G1

��!<��MD4b�.(.IOI:(�Im^7��#�E<#.c
��#�Im=Q3<?;>;#,GQ!$#�%�#i§¨I:=QX @ ����#�%�#b©�IP#��"E$#�!<��!<�+(<Z$[]#����7=)#���3<8<�2�6(.����&$3)(9=Q>�!$#�%�#-�(+=B(�!<�,(

d(G1C1)

dl
=
dG1

dl
= −g(C1, C2).

§ � Z ÜIK ©
¯h*���&)(���!<��!$3<8 § � Z Ü8K ©1�A=Q�HGQ�����+4 @ ��#

dC1

dl
= −

1− C1

G1

g(C1, C2), C1(0) = C10,
§ � Z Ü Á�©

(
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dG1

dC1

=
G1

1− C1

,
#���I:�,GY(

G1(C1) =
G1(0)(1− C10)

1− C1

=
G̃

1− C1

,

%ÛGQ�
G̃ d IP#.=Q3 @ ��������#m3$!<��&<��!$#�%�#�I�#��"E$#�!$��!<�+(L�LE$��&$��#�M�E$#�GB��3<�������"��ZB[�#��7=Q�E$#,GQ���+(�!$#���I$3

G1(C1)
��§ � Z Ü Áb©1E$#+=)� @ 3$�

dC1

dl
= −

1

G̃
(1− C1)

2g(C1, C2), C1(0) = C10.
§ � Z ÃH�b©

Øh-��;3$�]���7=)#���3<8��"3$!$3$�6(9=Q>�!$#�MiGB3<����3<E)(�C$3$3l§ � Z�À9Ã�©A4�§ � Z�À K ©1E$&$3$�r�P�O��#�&$�r�
∂T

∂C2

(

∂µ1
∂T
−
∂µ2
∂T
−
µ1 − µ2
T

)

−
∂µ2
∂C2

= λ2

(

∂g

∂C2

)

T

g2(C1, C2)
,

§ � Z Ã�À9©

C1L =
C10G10 − ḡL

G10 − ḡL
.

§ � Z Ã J ©
��=)8j0:3$�"3 @ ����I$3:0E$#.����!<C$3)(+=Q#��O��3�GY(

µi = µ0(P, T ) +RT lnCi, i = 1, 2,
§ � Z×Ã a ©

E$&$#�3:*,��#�GB!)(.8 ∂µ2
∂C2

=
RT

C2

4$�+(�I @ ��#����A=Q#���3<8`§ � Z×Ã:À9©1E<��&$��E$3<?;����I:(.I

−
R

C2

= λ2

(

∂g

∂C2

)

1

g2
.

§ � Z Ã � ©

� #�!$���+(�!:���
λ2
!)(+0b#,G)8<�m3<*����A=Q#���3:8

C10
∫

C1L

G̃

T (C1, C2)(1− C1)2
dC1 = L

E$#��A=Q��E$#�GB���+(�!<#���I$3��!<��%�#m&$��?���!<3<8
C∗2 (C1, λ2)

��&)(.��!$��!<3<8`§ � Z Ã � ©7Z
Øh��#�-���!<!$#�E$&<#�����#���&$�7?;��!<3$����#�#������������b�.�b���O�A=)� @ (�X�4)IP#�%ÛGB(LE$#.��#�IjGB3<�]c�]��*�3$3UE$&$#�E$#�&$C$3$#�!)(+=Q��!W&)(+*,!$#�����320:3$�"3 @ ����I$3:0WE<#�����!$C$3)(+=)#��N3l�����"E$��&)(+c����&)(
T
E$#�����#S8$!$!$(<�

g = α
(

µ1(C1)− µ2(C2)
)

.
�V^7��#��2�A=)� @ (��h3<*L§ � Z×Ã:À9©"�7=Q�HGQ�����94 @ ��#;E$#���#�Ii�6(�����#�E<��&$��!$#��,(;E$#��7��#S8$!$��!

g∗ = 1�2 354Y6 = ḡ,
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dC1

dl
=
ḡ(1− C1)

G10 − ḡl
⇒ C1(l) = 1− (1− C10)

G10

G10 − ḡl
.

��=)8i0:3$�"3 @ ����I$3:0�E$#�����!$C<3)(+=Q#��m�m��#�&<�"�O§ � Z Ã a ©\E$#�����#S8$!<��������E$#���#�I:(���#�#��+c�����������������jE<#�����#98$!<������#O#���!$#�?;��!$3<8I�#�!<C$��!<��&)(�C$3<M
C1

C2

= exp
(

ḡ

2T

)

.

Ð 3$!$3<�6(+=Q>�!$#���E$&$#�3<*,��#�GB�7����#m^�!:��&$#�E<3$3�E$&$3�^���#��
σmin =

g2

αT
.

��&<��%�3$��*S(�IP#�!$/��6(�����#�E$��&$��!$#���(m&)(������"#.��&$��!$/J��&$(�-�#����F¨ Ü À¢ªÈZ
ó 5Rõ¾6�A�="?<r�3�629�9�625 sDí:?<3�="6:¬ 5:îB78;Zs�3�52â []������> GQ��������&$�"#�GB3$!)(.�"3 @ �7c��I$3$�hE$#�GB��3<�������6/�&)(+*7GB�A=Q��!</�E$#�&<?�!$���5Z$�V^���#��U�A=)� @ (��h�]�:!<I$C$3$3 g(u1, u2)��#�#���������������������*S(���3$��3$�"#�����>��IP#�&$#�����3NE$��&$���"������!$3$8NE$#�&<?�!<8

υ
#��jGY(��+=Q�7c

!<3$M
p1
3
p2
IP#�!<�+(�I<��3$&<�:X���3:0UE$#�GB��3<�������5Z��_-�#.=Q>�?�3$!$���������A=)� @ (����n��IP#.c&<#�����>p*,(���3$��3<�p��#.=)>�I�#p#.�p&)(.*,!<#�����3

p1−p2
4,�+(�I @ ��#pE$&$#�3<*���#�GB������#�^�!:��&$#�E<3$3�"#SKm!$#�*,(�E$3$��(.��>mI:(.I

σ =
υ(p1 − p2)

T
(p1 − p2)→ min .

§ � Z×Ã�Â�©
�1&<�AGB!<���d*,!$( @ ��!$3$�d^���#�M����7=)3 @ 3$!$/W�"3$!$3$�"3<*�3$&<��Xp��E<&$3L*,(9GY(.!$!$#��n��&$�HGB!$���*�!)( @ ��!$3<3���I�#�&$#�����3 υ

1

L

L
∫

0

υ(p1(l)− p2(l))dl = υ.
§ � Z×Ã Ü ©

�1/5&)(+K�(+8
∆p = p1 − p2

@ ��&$��* υ I:(�I ∆p(υ)
4��6#SKm!$#�*S(�E$3<�,(.��>k����&<�AG)c

!<��!$!<��X�*S(SGY( @ �i#L�"3$!$3$�r���"�hGB3$����3$E)(.C$3$3�I�(�I
σ(υ) =

1

T
υ∆p(υ)→ min /υ− %|; . § � Z Ã�Ã�©

b"�A=Q3
σ(υ)

��/5E<��I:=Q(`��!$3<*�4���#`#�E<��3$�6(+=Q>�!)(.8���IP#�&$#��7��>NGB#+=)KO!$(N-�/\��>`E$#.c
�7��#S8$!$!$(3N&)(���!)(

υ
Z���E$&$#.��3$��!$#��¦�7=$� @ (��m&$��?���!$3<XÅ����&$�HGB!$��!<!)#�M *S(9GB( @ 3!<�7=Q3$!<��M$!<#�%�#oE$&$#�%�&)(��"�"3$&$#��b(�!$3:8�§ � Z×Ã�Ã�©���#�#������������b�.�b���'#�&�GB3$!)(.�+(���/5E<��I:c

=)#�M�#�-�#.=)# @ I$3��]��!$I$C<3$3 σ(υ) G)=$8 υ = υ
Z\�1I�#�&<#�����>U�l^7��#�� E$#��A=Q�HGB!$���

�A=)� @ (���E$&<3$!$3$�6(��7� !<��-�#.=Q���OGB���b0l*,!)( @ ��!$3$M υ1 3 υ2 4r#�E<&$�AGB�A=)8$���"/10�§Ú���5ZE<&$3:=Q#SK���!$3$��[�Z a ©����A=Q#���3:8$�"3
L(λ∗, υi) = max

λ
min
υ

[σ(υ) + λ(υ − υ)].
§ � Z Ã K ©

«�!$( @ ��!$3<8��]��!$I$C<3$3 L �;��# @ I:(+0 υi (i = 1, 2)
#,GQ3$!)(�IP#���/]Z���#+=QX

γ
E$��&$3$#�GY(

L
4)����� @ ��!$3<��IP#���#�&<#�M υ∗(l) = υ1

4)!$(+0b#,GQ8:�m3<*����7=)#���3<8
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γυ1 + υ2(1− γ) = υ, γ ≥ 0.
ó A�6�7c785cêB3�A�62s2?<9�3�52â Çg(������"#���&$3$�TE<&$#�C$������&)(���?�3$&$��!$3<8W%A(.*S(:4"E<&$#S0b#+c

GQ8<����%�# @ ��&$�7*����PKL(�Xp���������7��&$#�M<���b��#$ZFØ]-�#�*,!)( @ 3$� p1 3 p2 GY(��.=Q��!$3$��GQ#�3E$#��A=Q�h���PKL(�X��;��%�#����7��&$#�M<���b��(<4)(
g(p1, p2) d &)(.�q0b#�G%7(+*S(�3iE$&<�AGBE$#+=Q#9Km3$�54@ ��#hE$&$#�C$�����\E$&$#�3<�q0b#�GB3<�]3<*,#�����&<�63 @ ����I$3D4��9ZÒ��Z+�����"E$��&$(.���:&)(]!<�13<*,�"��!<8$�7���H8�Z[]&$#�3<*���#,GQ������#m^�!<��&$#�E<3$3

σ = g(p1, p2)
µ1(p1, T )− µ2(p2, T )

T
.

§ � Z Ã.Áb©
��=)8�3PGB�,(+=)>�!$#�%�#m%A(.*S(L��/5&)(.K���!<3$�O§ � Z×Ã�Áb©1E$&<3$�"���m��#�&$�r�

σ = g(p1, p2) ln
p1
p2
.

§ � Z K �b©
[h������>

p1 d GB(��.=Q��!$3$�;�O*,(��"I$!<�P��#�Mn���"I�#�����3'#�-IG����6( V 4Y#�!$#O��!$3<KL(��7�.c�H8kE$&$3o3$�7��� @ ��!$3$3n%7(.*,( @ ��&$��*L�7��KL(.Xp�;���;������&$#�M$������#$Z�«D(SGY(�!)(OE<&$#,GQ#.=)Km3:c���A=Q>�!$#��7��>2E$&$#�C$�����,(
τ
3���&$�HGB!$3$M�E$#���#�I

g
Z�sd&$��-��������H8��"3$!$3$�"3:*,3$&$#��b(.��>

GB3$����3$E)(.C$3$X��

σ =
1

τ

τ
∫

0

g(p1, p2)
µ1(p1, T )− µ2(p2, T )

T
dt→ min,

§ � Z K À9©

E$&$3����7=Q#���3<8:0
1

τ

τ
∫

0

g(p1, p2)dt = ḡ,
§ � Z KcJ ©

dp1
dt

= −
RTg(p1, p2)

V
, p1(0) = p10.

§ � Z KIa ©
¯h*h#�-��;3:0m���A=Q#���3$Mn§ � ZÄÀ9Ã�©74�§ � Z�À K ©RG)=)8j^7��#�Mj*,(9GY( @ 3jE$#.=)� @ 3<�U��#�#���!$#�?��7c!$3<8

Tg2(p1, p2) = −λ2

(

∂g

∂p2
:
∂µ2
∂p2

)

,
§ � Z K � ©

p1(τ) = p10 −
RT

V
ḡτ.

§ � Z K Â�©
��=)8�3PGB�,(+=)>�!$#�%�#m%A(.*S(L3�*,(���3$��3$�"#��7��3

g(p1, p2) = α(p1 − p2)
1/2

���7=Q#���3$�O§ � Z K � ©1E$&$3<��#,GQ3<�mI���#�#.��!$#�?���!$3<X
(p1 − p2)

3

p22
= 1�2 3|4Y6 = η.

§ � Z K�Ü ©
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[]#,GB�7�.(.!$#���I�( ���A=Q#���3<8�§ � Z K�Ü ©L� ��&)(.��!$��!<3<8�§ � Z K ÀS©L3�§ � Z K8a ©LE$#.*,��#+=)8$�7�
!$(�M<��3;#�E<��3$�6(9=Q>�!$/5M�*S(�IP#�!�3<*,�"��!$��!<3<8

p∗2(t)
3��"3$!$3$�6(9=Q>�!$#���E<ç$#�3<*,��#,GB�7����#

^�!<�8ç<#�E$3$3
σ̄min

Z�ØhE<��3<�6(+=Q>�!$/5Mn*,(�I�#�!n3<*,�"��!$��!<3<8oGY(��.=Q��!$3<8n#�E$&$�HGB�7=)8<�����q8
E<#��7=)��&$�7?;��!<3<8��&)(���!$��!$3<Ml§ � Z KIa ©74�§ � Z K�Ü ©�����# @ !$#�����>�XJGB#LI�#�!$�7�.(.!<��/ η

p∗2(t, η) =







√

4

3
η2/3 −

2

3
η1/6

[

γRT

V
t− f(p20, η)

]

−
2

3
η1/3







3

,
§ � Z K Ã�©

%ÔGB�
f(p20, η) =

3

2
η−1/6p

2/3
20 + 2η1/6p

1/3
20 .

§ � Z K8K ©
�1�A=Q3 @ 3$!:� p20 !)(+0b#�GQ8<�m3:*j§ � Z K�Ü ©1I�(�I�&$�7?;��!<3$���:&$(���!$��!$3<8

p20 + η1/3p
2/3
20 = p10,

§ � Z K Á�©

σ̄min =
V

RTτ

[

p10(ln p10 − 1)− p1(τ)(ln p1(τ)− 1)− r(p20)− r(p2(τ))
]

,
%ÔGB�

r(p2) = p2(ln p2 − 1) + η1/3p
2/3
2

(

ln p2 −
3

2

)

.

ò A�3B78;:?kê�ê�3�í:?<r�3�å�â []&$#�3<*���#�GB������#'^�!<��&$#�E$3<3W�kE$&$#�C$��������I$&$3$�7�.(9=$=Q3:c
*,(�C$3<3D4QI�(�I��;=QX�-�#��WE$&$#�C<���������6(�����#�E<��&$��!$#��,(:4B��/5&)(.KL(��7���q8��#8ç$�r�,=Q#�M

σ = g(C1, C2)
µ1(C1)− µ2(C2)

T
.

§ � Z×Á8��©
��=)8n3PGB�,(+=)>�!$/10N&$(�������#�&$#��i0<3<�"3 @ ����I$3$M`E$#�����!$C<3)(+=lI$&$3$�7�.(+=<=Q3<*,3$&<�:Xp�;�7c%�#��q8o���7�;��������(��j&$(�������#�&$�;E<ç$3oE$#��7��#S8$!$!</10o�����"E$�¢ç)(.���kç$��3GY(��+=Q��!$3<3o*,(+c
��3$��3:�O#.�m��%�#�I�#�!<C$��!<�Iç)(�C$3<3

C1

4

µ1 = µ0(T, p) +RT lnC1.

[]#.����!<C$3)(+=
µ2
#�E<&$�AGB�A=)8$�7���H8�&$(���!$#�������!$#�M�I�#�!<C$��!<��&)(�C$3<��M

C2 = C
�

µ2 = µ0(T, p) +RT lnC,

�+(�I @ ��#
σ = g(C1, C)R ln

C1

C
.

§ � Z×Á<ÀS©
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[]#���#�I
g
*S(���3<��3<��#��LE<#�����&�0:!$#��7��3I$&$3$�7�.(9=$=Q#��

F
4<I�#���#�&)(+8��L����#�X¦# @ �Ac&$�AGQ>p#�E<&$�AGB�A=)8$�7���H8��6(.����#�M�I$&<3$���+(+=$=Q#��

M
Z���=)8h=Q3$!$��M$!$#�M�I$3$!$�7��3$I<3;�6(����,(

3<*,�"��!<8$�7���H8����#�#����������7�b��3<3k�]��&)(.��!$��!<3$���
dM

dt
= αF (C1 − C), M(0) =M0, M(τ) =M.

b"�7=Q3
ç)(.*��"�hç</¦3���#8ç$�6(�I<ç$3$�7�.(9=$=Q#��mE<ç$3
t = 0

#,GB3<!)(�I�#���/]4$��#

Ṁ = KM2/3(C1 − C).
§ � Z�Á J ©

� #�^�����3$C$3$��!<�
K
*,(���3$��3<��I:(.IL#��]I�#�^�����3<C$3$��!:�.(��6(�����#�E$��&$�AGB( @ 3D4��+(�IL3L#����#�&$�"/�I$&$3$�7�.(9=$=B(<Z

«D(9GB( @ (L#m�"3$!<3$�r���"��GB3$����3<E)(�C$3$3k�mE<&$#�C$��������I<&$3$���+(+=$=)3<*S(�C$3$3kE$&$3$�"�7���#�&$�r�

σ =
1

τ

τ
∫

0

KM2/3(C1 − C)R ln
C1

C
dt→ min

C1

,
§ � Z×Á a ©

τ
∫

0

KM2/3(C1 − C)dt = (M −M0).
§ � Z�Á � ©

f6�7=)#���3<8;#�E<��3$�6(+=Q>�!<#�����3�^���#�M�*,(9GY( @ 3���/\����I:(.Xp��3<*\#�-��;3�0����7=Q#���3$M�§ � Z�À9Ã�©A4§ � Z�À K ©�3�3$�"��X��O��3PG

M2/3(C1 − C)2

C1

=
λ2
KR

= 1�2 35476 = η.
§ � Z�ÁbÂ�©

¯h*5���7=Q#���3$M�§ � Z�ÁbÂ�©R3���&)(���!$��!<3<8�§ � Z�Á J ©RE<#.=)� @ 3$�oGB3$������&<��!$C$3$(+=Q>�!$#��d��&)(��.c!$��!<3$��4BI�#���#�&$#�������# @ !$#�����>�X�GQ#OIP#�!$�7�.(�!:��/ η̃ = η
#�E$&<�AGB�A=)8$�7�

C∗(t)
Z<��=)8

^���#�%�#�*,(��"��!$3<�
Ṁ
3
M @ ��&$��* Ċ1

3
C1

�

Ċ∗1 = −
√

η̃

√
C∗1 (C

∗
1 − C)3

C∗1 + C
, C1(0) = C10.

§ � Z×Á Ü ©
� ���Iç<�,GB!<#O��3�GB�7��>$4 @ ��#�G)=)8��7=$� @ (.8D4QIP#�%ÔGY(L!)( @ (9=Q>�!$/5���6(.����/�I<ç$3<���+(+=$c=Q#�� ç$(.*�=)3 @ !$/]4Y3$��E$#+=Q>�*�#��b(�!$3<���kç$(���!$��!$3<82§ � Z×Á J ©�G)=)8��¢ç$�AGQ!$��Mo!)( @ (+=Q>�!<#�M�6(�����/�GB(����§Ú����3�=)�j��/5E<��I:=)#�����3������¢ç:0O*S(���3$��3$�"#�����3�E$#����hç�0<!<#�����3#��

M
©74

#�C$��!$I<����!$3<*��OG)=)8�E<ç<#�3<*,��#,GB�7���b(�^�!<�8ç$#�E$3$3DZ¥
3�="3�à�5R78@�3�5¦p�A�5:s�A�?<145:9�3�å�â � 3$!$�7��3$I�(�0<3<�"3 @ ����I$3:0 E$&$����&)(.�;��!$3$M# @ ��!$>N&$(.*,!$#�#�-�&)(+*,!)(<Z6[]#�^7��#��r�lE$#�I:(+K����e3$��E$#.=Q>.*,#��b(.!$3$��#�-.�;3:0l���7=Q#���3$M�"3$!$3$�6(9=Q>�!$#�MjGB3$����3<E)(�C$3$3�!$(LI�#�!<I$&$����!$#���E<&$3$�"��&<��Z
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Çg(������"#���&$3$��3<*,#.����&<�"3 @ ����I$3$M�E$��&$3<#,GB3 @ ����I$3�GB��M$��������Xp�;3$M�&$��(�I<��#�&�3�GB�7c(9=Q>�!$#�%�#����"��?���!$3<8�4B��IP#���#�&$#��WE$&$#�����I�(����O&$�,(.I$C$3<8���3�GY(

α1B1 + α2B2

k1
⇀↽
k2

α3B3,

%ÔGB�
αi d �����70:3$#��"����&$3 @ ����I$3$��I�#�^�����3<C$3$��!:��/�� Bi

d &<�,(�%���!<��/�� ki d IP#�!:c�7�+(�!<��/ E$&b8$�"#�M�3�#�-�&)(.��!<#�M�&$��(�I$C$3$M�Z��;(+=Q���o-���GB��� � @ 3<�+(.��>$4 @ ��# α1 <
0, α2 < 0, α3 > 0

Z��1I�#�&$#�����>�&$��(�I$C$3$3'#�E$&$�HGB�7=$8$�����H8'*S(�IP#�!$#��VGB��M$�7������X�c
��3:0��6(.���

W (x) = W1 −W2 = k1x
−α1

1 x−α2

2 − k2x
α3

3 ,
§ � Z×ÁbÃ�©

%ÔGB�
xi =

Ni(t)

N(t)
d �"#.=)8<&$!)(.8]GB#.=)8 i cº%�#pI�#��"E<#�!$��!:�.(<4 ni d I�#.=Q3 @ ���7����#]�"#+=Q��M

i
cº%�#LI�#��"E$#�!$��!<�+(m��(�E$E)(Hç)(.���.4

N(t) =
∑

i

ni(t)
Z

[]&$#�3<*���#,GQ������#m^�!:��&$#�E<3$3

σ =
W

T
A,

§ � Z×Á K ©
%ÔGB�

A = −
3
∑

i=1

αiµi

d 0:3$�"3 @ ����IP#����hç<#,GB�7����#Fç$��(�I$C$3<3DZ��=)8�3PGB�,(9=Q>�!$/10�&)(��7����#�&$#��
µi = µ0i (T, p) +RT lnxi,

#.��I<��GY(
A = −

3
∑

i=1

αiµ
0
i (T, p)−RT

∑

i

αi lnxi.

[]��&$��#����A=B(�%A(����"#�����^7��#��V��/5&)(.K���!<3$3&$(���!$#¾¨×ÃYª

−
3
∑

i=1

αiµ
0
i = RT ln k í (T, p),

%ÔGB��I�#�!$���+(�!<�+(N&)(.��!$#�������3:8
k í E$&$�HGB���+(��.=)8<��� ��#�-�#�MU#���!$#�?���!$3$�IP#�!$�7�.(.!<���I�#�&$#�������M�E$&b8$�"#�M�3�#�-�&)(.��!$#�M�&$�,(.I$C$3$MD�

k í (T, p) = k1(T, p)

k2(T, p)
.
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sr(�I<3$�W#�-�&)(.*�#��54

A = RT

(

ln
k1
k2
−
∑

i

lnxαii

)

= RT ln
k1x

−α1

1 x−α2

2

k2x
α3

3

= RT ln
W1

W2

.

[h������>�*S(9GY(.!)(L��&<�AGB!<8:8��I�#�&$#�����>m&$��(�I$C$3<3
1

τ

τ
∫

0

W (t)dt = W,
§ � Z×Á�Á�©

(���IP#�&$#��7��>m&<�,(�I$C<3$3
W (t)

8$�+=)8$�7���q8��:E<&)(��.=Q��!$3$���5ZYØ]!$(�#�E$&$�HGB�7=)8<���m3<*,�"�Ac
!$��!<3$��������E$��!$3�E$&$����&)(+�;��!<3<8

ξ(t)

dξ

dt
= W

§ � Z�À_�8��©
3�I�#.=)3 @ ���7����#m�"#.=Q��MI�(.KLGQ#�%�#L3:*�IP#��"E$#�!<��!<��#��m��0b#�GB��&<�,(�I<C$3$3

dNi

dt
= αiW, i = 1, 3.

Ø�����X�GY(
N3(t) = N30 + α3ξ(t),(L#�-.�;����I�#+=Q3 @ ��������#O�"#.=Q��M

N(t) = N0 + ξ(t)
3
∑

i=1

αi.

�1I�#�&<#�����>O#�-�&)(.��!$#�M�&$�,(.I$C$3$3

W2 = k2
N3(α)
∑

i
Ni(t)

= k2
N30 + α3ξ(t)

N0 + ξ(t)
3
∑

i=1
αi

.

��� @ �7��#�����I:(.*,(�!$!<#�%�#$4$*S(SGY( @ (�#��"3$!$3<�r�:�"�hGB3<����3<E)(�C$3$3�E<&$3$�"���m��3�G

σ =
1

τ

τ
∫

0

RW ln
W +W2(ξ)

W2(ξ)
dt→ min

E$&$3����7=Q#���3<8:0
1

τ

τ
∫

0

W (t)dt = W,
dξ

dt
= W, ξ(0) = 0, W2(ξ) = k2

N30 + α3ξ

N0 + ξ
αi
∑

i

.

§ � Z�À_�<ÀS©
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(�Ð�Í=Î�ÕNË|Ô�È�Ë|ÊqË5È�Ò�Í5ÚrÊ5Î�Þ�Ó=Ë5Ð�Ð�Ë|Ì5Ò�ÝqË|Ë Ï�É�Ñ5È�Î�Ó=ËqÊ5Ò�È�Ë*)5É�Ð,+|Ë|Ü�ÌqÑ5ÎrÝ|É�Ð�Ð�Î�Õß.-�ç�Á�å ¦Y¦ /�¦ ¿�ç ¨ À�ã ì5À�ä�À�ì=½�¿rð�ä�ç10 îrÀ ¦7¦ À�ær½�Á�À�À À æ2-�ç�À�ê_è¨ çYî ¦7§�¨ ç43Yä § -�ç�æ�À�À¼�å7æ�¿rç�ç�¾�ì5å7ä
q = α(T2 − T1)

T1(l)

T2(l)
= 1− β

αL
ó σmin =

β2

αL− β
β = W ln

(

1− q

WT1(0)

)

áfå é § ç í ä © 0�æ�ç § ç é J = LX X = ��57698;: ó J = J ó σmin = J
T
L−1J

< îrä�ç ¦_§ ç7-�ç�ä�ä�À20 À�êYç § å=-�ì5À2>�å7è¦ é À20�ì=½ ¦7¦ ç�æ�å=-�å7ä�ç ¦
g(c1, c2) = k(c1(l)− c2(l))

c2(l) = c1(l) +
m

2
−
√

c1(l)m+
m

4
c1(0)
∫

c1(L)

GdC1

k(1− c21)
√

c1m+ m
4 − m

2

= L ó
σmin =

c1(0)
∫

c1(L)

RG

(1− c1)2
ln

c1dc1

c1 + m
2 −

√

c1m+ m2

4÷ ¨ ò ¦_§ ç1-�ç�ä�ä�À20¹À�ê7ç § å?-rì5À2>�å ¦ é À203 é ¨ À�ì5ç�¿�ã2-�ä © 0�ì=½ ¦7¦ ç�æ�å=-�å7ä�ç ¦ ∂g

∂c1

/ ∂g

∂c2
= m

c2(l)(1− c2(l))
c1(l)(1− c1(l)) ó

dc1
dl

= −g(c1, c2)
G1

ó
c1(0) = C10, c1(L) = c1L ó
σmin = R

L
∫

0

g(c1, c2) ln

[

c1(1− c2)
c2(1− c1)

]

dl

¯]��E$#+=Q>�*���8i*S(��"��!<�iE$��&$���"��!$!$/10
dt =

dξ

W

4<*S(.E$3<?����V�]�:!<I$C$3$XJÎ�(�%�&$(�!:c
KL(:�

L =
R

τ
ln
W +W2(ξ)

W2(ξ)
+

λ

W
.

¯h*����7=Q#���3<8�7�+(�C$3$#�!$(�&$!$#��7��3
L
E$#

W
E$#.=)� @ 3$�

W 2

W +W2(ξ)
=
λτ

R
= 1�2 3|4Y6 . § � Z�À_� J ©

¤���#���&$��-�#��b(�!$3<�����"���7��������&)(.��!$��!<3$���µ§ � Z�À_�8��©"3����7=Q#���3$���l!$(���&$�AGB!<����*�!)(+c
@ ��!$3$� W E$#�*���#.=)8<Xp��!)(.M<��3

W ∗(t), ξ∗(t)
3'#�C$��!$I<�G)=$8nE<&$#�3<*���#,GQ������(�^�!:c

��&$#�E$3<3DZ
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&$��Km3$�6(mGB#.=)Km!)(i��#�GB��&PKL(.��>�!$�L�"��!<���;GB���b0'&$�7*,��&<���b(�&$#����L&)(+*�=Q3 @ (�Xp��3:c�"3$�q8'*�!)( @ ��!$3:8$�"3N3<!<����!$��3$��!</\0nE$��&<���"��!<!$/\0n3:=)3'��# @ I$3n����#�GY(j3n��/5��#,GB(I�#�!<����I<��3$��!</102E$#���#�I�#��$Z � (�&$3<��Z � Z J 3<*,#�-�&)(.K���!l��&)(�%��"��!<�o�+(�IP#�Ml��3$�7���7c
�"/]Z�[]&$#�3<*���#,GB�7����#`^�!<��&$#�E$3<3�� !$��M�&)(.��!$# �7���"�"��E$# �������TE$#,GB��3$�������6(��
��I�(+=)8$&<!$/10�E$&$#�3<*����AGQ��!$3$M����I<��#�&$#���E<#���#�IP#��L!)(�����I<��#�&$/�GB��3<K��P�;3:0i��3:=�Z

σ =
1

2

∑

k,j

Jkj(uj, uk)xkj(uj, uk),
§ � Z�À_� a ©

%ÛGQ�
k
3
j d 3$!�GB��I���/JIP#�!<�+(�I<��3$&<�:Xp�;3:0E$#�GB��3<�������dZÐ !<#9Km3<���A=Q>`À�+ J ����8<*,(�!`�������54 @ ��#kI:(.K�GB#����7=Q(�%A(����"#��O�+0b#,GB3:�o�E$&)(+c����X @ (�����>�^���#�%�#�&)(.����!$�7����(�GQ�b(.K�GB/]4��7=B(.%7(����"/5��4<��#�GB��&bKL(.�;3$� Jkk 4�&)(���!</!<�S=QX�Z

kj
J

kk
u u,

jj
u u,

ù�ú:û_ü
�:ü ý8ü*@¹���E�>?�\�
@±��@�H����@���C�@���
>?���:ú�����>�ú�K��Wû�HN��CFûTú:û�@���>O�
�N���+(�C$3$#�!)(�&$!$#��'&$��Km3$�"�1��I�#�&<#�����3L3<*��"��!$��!$3<8�^�I�������!$��3$��!$/10�E$��&$���"��!:c

!$/10
υ
&)(.��!$/�!<�S=QX�3���#�-.=QX�GY(.Xp���q8-b(+=Q(�!$��#���/5����#�#���!$#�?���!$3:8

v̇k =
∑

j

Jkj(uj, uk) = 0, k = 1, 2, ...
§ � Z�À_� � ©



À J�Ü L  �M£cRM RY�±��S1¡~���<\2PHS"��U����TV$�Y�)X��F¡Y^Y�����W] S"�<\<�<S$P+ D[8\B¡Yl��D�Y���q�<X2PH^<�$�

[]&$3��6(+=)#��U#.��I:=Q#�!$��!$3<3#��L��#�����#98<!$3<8�&$(���!$#�������3<8�E$&$�HGBE$#.=Q(�%A(�Xp�94 @ ��#E<#���#�I$3j=Q3$!$��M$!$#�*S(���3$�H8:�L#���GB��3<K�����3:0i��3�=�4<�9Z<��Z<�"#�%��P�L-�/\��>�*,(�E$3$��(�!$/��
��#�&$�"��Øh!<*S(.%���&$(

Jj =
∑

ν

γjνxν , j = 1, 2, ...
§ � ZÄÀ��bÂ�©

[]&$3 @ ���2G$=)8�I$3$!<����3 @ ����I$3:0�IP#�^�����3$C<3$��!<��#�� γji ��E$&)(����HG)=Q3$��/����7=)#���3<8
γij = γji,('�6(.��&$3<C)( IP#�^�����3$C<3$��!<��#��

||γij||
E$#.=Q#SKO3:���7=)>�!$# #�E$&$�AGQ�7=Q��!$!)(.8�Z1� E$&)(+c

��#�M @ (��7��3 &)(�����!$�����b(l§ � Z�À_� a ©h�^7��#��J�7=$� @ (��O#�I�(.*�/5�b(������q8`E$#.=Q#SKO3:���A=Q>�!$##�E$&$�HGB�7=Q��!$!)(.8OI$�b(9GB&$(.��3 @ !)(.8O��#�&<�6(<Zbf"�7=Q#���3<8m���p�"3<!$3$�r���6(�E$#���#����+(��.=)8�cX��;3$�W����I<��#�&)(
u
��#���E)(9GY(.Xp���]���7=Q#���3<8$�"3����+(�C$3<#�!)(�&$!<#�����3l§ � Z�À_� � ©1��#�����#.c

8<!$3<8�E$#,GQ��3$�7�����
∑

jν

γνjxν(uν , uk) = 0, k = 1, 2, ...
§ � Z�À_� Ü ©

sr(.I$3$��#�-�&)(+*,#��54�·�y�{�u�¼)zQxS³)uAwQ³Qxq}�wQ|¡Á�z�}�|jxS{�v�w2C"{Lx_�2³Q|�x9²9³QxÛwBxS²9³Qx_�
{L|ºwb}�x9²9z)³)u,}�z)¶:|�y7vPx_�Uy7zQy�{L|~}"CB �y�x9y�{Lx7½2¯L|¡�lz<»;wPu�·+³Qx9·�|�y�³DC��l´Qx9²+y7zQy�{L|±}) 
´�w)z¦�Qz)³Q|¡�)³QxY�U»+u�·.zQy7z�}�x9y7{�z�´Qx9{LxSvPx9·NxS{è²+·.z<Á mc¯�zR��y�z:��z�y7´�wPu�·.|�²¡�Qz)¾
·.x9y�{�zumPy��Bx9·.zD�`·9»+u�z�}]³Qx9y�{�zZ $E9vPy�{L|7³Qy�zQ·+³DC6|�´Q|±wB|±}�|7³)³DC6|hwPu�y7´�wB|�²+|£�<½){Lyq½
{�u.vbz�}Jx_`qwPu+».xq}� R¶�{�x_`YCly¢m+}�}�uAwQ³Qx9|p´�wBxSz<».·�xS²+y�{L·.x�E9³){�wBxS´)z)z�`YC��Bxp}]z)³)z)¾
}]u��2�b³QxSZ
sr(.ID4�G)=)8�����E�=Q#���#�%�#OE<#���#�I:(�3�#,GB!$#�ME$&<#��"��K��P��# @ !<#�M�E$#�GB��3$�������"/�E<#.c��#�IÅ����E:=)#���/ E$&<#�E$#�&$C<3$#�!)(9=Q��!¥&)(.*�!$#��7��3¥�����"E$��&)(.���:&$!$/10ÖE<#�����!$C$3)(9=Q#��

u+ = 1/T+, u− = 1/T−, u = 1/T
q+ = α+(u− u+), q− = −α−(u− − u).[]&$#�3<*,��#,GB�7����#�^�!<��&$#�E$3$3

σ = q+

(

1

T
−

1

T+

)

− q−

(

1

T−
−

1

T

)

= α+(u−u+)
2+α−(u−−u)

2.
§ � Z�À_�bÃ�©

f"�7=Q#���3$���7�.(.C$3$#�!$(�&$!$#��7��3k��#�����#98<!$3<8E$&<#��"��K��P��# @ !$#�M��3$�7�����"/]�
q+ + q− = α+(u− u+)− α−(u− − u) = 0.

§ � Z�À_� K ©
sd&$��-�#���(�!$3$�]�"3$!$3$�r���6(

σ
E$#

u
�L��3�=)����/5E<��I:=)#�����3���!<3<*�^���#�M��]��!$I<C$3$3

∂σ

∂u
= 2α+(u− u+)− 2α−(u− − u) = 0

��#���E$(9GY(��7�m�]���7=Q#���3$����§ � ZÄÀ�� K ©����+(�C$3$#�!$(�&$!$#�����3���3$�7�����"/]Z
f�������&bKLGQ��!$3$�h#���#��54 @ ��#������+(�C$3$#�!)(�&$!<#��U��#��7��#98<!$3$3i#���I$&$/\��#�M���3$�����7c�"/]4Q-.=)3<*,IP#�M�I&)(���!<#�������3$X�4BE$&$#�3<*,��#�GB�7����#O^�!<��&$#�E$3<3o�"3<!$3$�6(+=Q>�!$#$4Q!)(.*�/1c

��(�Xp�i����#�&$���"#�M []&$3$%�#9Km3$!)(:Z�b"��GB#�I:(.*,(.���A=Q>��7����#iG)=)8'��3$���������L&$(���E<&$�AGB�Ac
=)��!$!$/\�63E)(�&)(.�"����&$(��"3E$&$3$���HGB��!<#$4Q!)(�E<&$3$�"��&�4Q��I$!<3$%��F¨ À a ªÈZ
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h�úih�ú A �"	6üYü���kæ��� 	�¿���+-�����hÿ�������� ý6þ��ÿ��)	&��ýÀ������%
%�ü2�]ý*����q�¾�����)��	 �)!��ý��Ò�§��ü�ü����)	�¿����

�����A=Q#���3:8��"3$!<3$�6(+=Q>�!<#�MjGQ3$����3$E)(�C$3<3�.0b#,G)8<��I$3<!$����3 @ ����I$3$���]��!$I<C$3$3D4#�E$&$�HGB�7=$8$Xp��3$��*,(�I�#�!$#��"��&<!$#�����3U����E:=)#.c�32�6(.����#�#�-��"��!$(<4g��IP#�&$#��7��3l0:3$�"3:c
@ ����I$3:0�&$�,(�I<C$3$Mk3kE<&DZBsr(�II:(.IkI<&$3<����&$3$M'�m^���3�0�*S(SGY( @ (90#,GB!$#.��3$E$!</5M d�"3$!$3$�r���_!$��#�-�&)(.��3$�"/10�E<#�����&$>$4���#`3$�"��!$!$# ����!$I<C$3$3�I$3$!$�7��3$I$3

n(x, u)
4

����8:*,/5�b(.Xp��3$�nE$��&$���"��!$!$/5�nI�#�!:�.(�I:��3$&<��Xp�;3<0µ��3$�7�����¥�oE$#���#�I:(.�"3µ#�-��"�7c
!)(<4r#�E<&$�AGB�A=)8$X�� ����#�M$�7����(n#�E:��3$�6(+=)>�!$#�%�#'�:E<&)(��.=Q��!$3<8

u
Zgf6�A=Q#���3:8U�"3$!<3:c

�6(+=Q>�!<#�MjGB3$����3$E$(�C$3$3�3$�"��Xp�m��#�&$�r�iE$#�����#S8$!<�����b(�!$��IP#���#�&$#�%�#OIP#��"E:=Q��I���(<4
*S(���3$�q8<�;��%�#W#��UE$��&$���"��!$!</\0�IP#�!<�+(�I<��3$&<�:Xp�;3:0���3<�������Ó!$(2#�E<��3$�6(+=Q>�!<#��
&$��?���!$3<3DZ��1#�*�!$3$I:(.���N*,(9GY( @ ('#n��/�GB�A=Q��!$3$3W�.(�IP#�%�#NI:=B(����,('I$3$!$�7��3 @ ����I$3:0*S(���3$��3$�"#�������MD4$G)=$8�I�#.��#�&$/10����A=Q#���3<8��63<!$3$�r���6(;GB3<����3$E)(�C$3<3�#,GB3<!)(�I�#���/]Z
� @ (��7��!$#��7��3D4:#���/�GB�A=Q��!$3$3O�.(.I$3:0m��3$�7�����54PG$=)8mI�#.��#�&$/10m�"3$!$3<�r�:�r�;GB3<����3�cE)(�C$3<3��#�#������������b�.�b���jE<#�����#98<!$������#OE$&$#�3<*,��#,GB�7���b(�^�!<��&$#�E$3$3DZ¡�v�5:="?�A�5
�45R9�3�å ZP[h���7��>����7=)#���3$�.4b!)(+=Q#SK���!$!<#��5!)(hE$&$#�C<�����d#�E:��3$�6(+=)>.c
!$#�%�#;��E$&)(��.=)��!$3<8�4$�"#9K��7��-�/\��>�*S(.E$3$��(�!$#L�;��#�&$�"�h����8:*,3i�"��K�GQ�m��E$&$(��.=)8�c
Xp��3$�V��#�*AGB��M$�7����3<���

u(t)
3�E$��&<���"��!<!$#�M���#�����#98$!<3<8

x(t)
��3�GY(

ϕ(x, u) = 1�2N354Y6 , § � ZÄÀ���Áb©
%ÛGQ�]�]��!$I$C$3:8

ϕ
!$��E$&<��&$/5��!$(L3mGB3<������&$��!<C$3$&<�����6(LE$#;��#���#�I<��E$!$#��7��3(.&$%��bc

�"��!<��#��$4����A=Q3 @ 3$!$(iIP#�!$���+(�!<��/a!$��#�E$&$�HGB�7=)��!)(<4�( u(t) 3 x(t) d ��I�(+=)8<&$!$/5��]�:!<I$C$3$3DZ
[]&$�HGBE$#.=Q#SKm3$�54 @ ��#�3$!PGB3$��3�G)�b(+=Q>�!$#�����>p��3$�������"/N0P(�&$(�I<����&$3<*������b�q8��]��!$I:cC$3$��M
n(x, u)

4Q(����7=Q#���3<8�#�E<��3<�6(+=Q>�!$#�����3�3$�"��Xp�m��#�&$�r�
F (n(x, u), x, u, nx, nu) = 1�2 3|4Y6 , § � ZÄÀ�À��b©

%ÛGQ� @ ��&<��* nx 4 nu #�-�#�*�!)( @ ��!$/ @ (��7��!$/5��E$&$#�3<*,��#,GB!$/5� n E$#'��#�#����������������:X�c�;3$�VE<��&$���"��!$!</d�5Z
� (O�]�:!<I$C$3$X

n
�"#�%��P��-�/\��>�!)(9=Q#9K���!</J����3:=)3'3<!$/5�;���A=Q#���3<8�4�!)(�E$&<3:c

�"��&D4$��&$��-�#��b(�!$3<����3�GY(
n(x, u) = 0

E<&$3
x = u.

§ � Z�À�À�À9©
sd&$��-����7���q8L��/�GB�7=)3<��>�I�=B(����\�]��!$I$C$3$M

n(x, u)
4SG)=)8�IP#���#�&</10�&$��?���!$3$�5��&)(.�.c

!$��!<3<8`§ � ZÄÀ�À_�b©��,GB#��+=Q������#�&b8$���m��&<��-�#��b(�!$3$XÅ§ � Z�À_��Áb©AZ
Øh-��;(.8L�Û0b���6(�&<��?;��!$3<8mE<#����+(��.=Q��!$!$#�M�*S(9GB( @ 3L#���!<#��b(�!)(h!)(hf������5&�K�cG��i!2323D� è |¢�L|7³)zQ|j»+u.²9u�¶�z�xS´){�z�}�uh���b³QxY�Axymb´�wPu�·h�B|�³)z�½Çmb²+x9·h�B|�{L·.xqw�½B|7{
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mPy£�Yx9·+zD�J§ � Z�À_��Á�©�{LxY�H²9u�zj{LxT�2�bvPxh{�xY�H²9u� �vPxY�A²9u ®�mb³)vb¼)z�½
n(x, u)

½B·¢�<½Q|7{Lyq½
wQ|¢�L|7³)zQ|~} m�wPu�·+³Q|�³)z�½

Fx
Fu

=
ϕx

ϕu

.
§ � Z�À�À J ©

����M$�7����3:���7=Q>�!$#$4Q3<*����7=Q#���3<8 § � Z�À_��Á�©1�7=)�AGQ���7�+4 @ ��#
ϕxdx = −ϕudu,

(�3<*O§ � ZÄÀ�À��b©1��/\����I�(����94 @ ��#
Fxdx = −Fudu,
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E<#.=Q!$��!$#m3����A=Q#���3<�O§ � Z�À_��Á�©7Z
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n
4�#�-.�;���L&$�7?;��!<3$�mI�#���#�&$#�%�#3o8$�.=)8<�����H8n3$��IP#��"/5�
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§ � Z�À�À_�b©h8<�.=)8<Xp���q8 ���A=Q#���3<8<�"3`�"3$!$3$�6(+=)>�!$#�MnGQ3$����3$E)(�C$3<3D4

x d 3$!<����!$��3$�.c!</5��E<��&$���"��!$!</d��E$(�����3$��!$#�M�4"(
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�7��#S8$!$!<#$Z
� |�x_`qwPu.{�z�}§C���{L|�´:�Bx9xY`H}�|�³)Z][]&<#�C$������#��Ù����E:=Q#�#�-��"��!)(��"3<!$3$�6(+=Q>�!$#�M

GQ3$����3$E)(�C<3$3�!)(.*,/5��(�Xp��E$&$#�C<�����2E$&$3JI�#���#�&$#��Ù#������7=B(�� �����"E$��&)(+����&$#�M
T (t)

3UI�#�!$� @ !$#�M2����E:=Q#����"I�#��7�b>�XÆ*,(o*S(9GB(�!$!$#�����&<���r8U#���-�3$&)(.�����q8W*,(9GY(�!�c!<#���IP#.=Q3 @ ��������#i����E:=)#���/e3�E$&$3k^���#���E$&$3<&$#����i^�!:��&$#�E<3$3'��3$�������"/e#�I�(.*,/�c��(������H8V�"3$!$3$�6(9=Q>�!$/5�5Z�sg���"E$��&$(.����&)( #S0P=B(9GQ3<���A=)8
T0(t) d ��E$&$(��.=)8<Xp�;�����#�*7GQ��M$�7����3$�.ZR«D(���3$��3<�6#�����>i����E�=Q#���#�%�#�E<#���#�I�(

n(T0, T )
�"��K�GQ��#S0P=B(.K�GY(��Ac

�"/5�W���A=Q#���3#,0P=B(9GB3<���7=Q����#��m3:0������"E$��&)(+����&
T
3
T0
!)(.*�/5�b(�X��O*,(�I�#�!$#��

����E:=)#�#�-��"��!)(<ZYÑ;#�&$�6(9=Q>�!$#�*S(9GY( @ (L3$�"�����m��3�G

∆S =

τ
∫

0

n(T0, T )(1/T0 − 1/T )dt => min



cRMdcRM�$h �PP���q�£gp�<VZP�^$�ZÖ4Q+�±��S1¡~���<\2P�S"��U����WV$�kj'�H�B��Q+�WS À J Á

E$&$3����7=Q#���3<8:0
τ
∫

0

n(T0, T )dt = 0, C
dT

dt
= −n(T0, T ), T (0)− %|; ,

%ÛGQ�
C d ����E:=)#����"IP#�����>O#S0P=B(+KLGY(.���"#�%�#L���7=B(<Zf6�A=Q#���3<�i�"3$!$3$�6(+=)>�!$#�M GB3<����3<E)(�C$3<3lG)=)8l!$��#�-�&)(+��3$�"#�%�#'����E:=)#�#�-��"��!)(<4

I:(�I�E<#�I:(+*S(�!$#L&)(�!$����4Q3<�"�����m��3�G

T 2

n2(T0, T )

∂n

∂T0
= 1�2 35476 , n(T0, T ) = 0

E$&$3
T0 = T.

§ � ZÄÀ�À a ©

� (�IP#�%�# ��3�GY('GQ#.=)K���!�-�/\��>`*,(�I�#�!V����E:=Q#�#�-��"��!$(
n(T0, T )

4 @ ��#�-�/Æ��/1cE$#.=Q!:8:=Q#���>;���7=Q#���3$�L§ � Z�À_��Á�©6������!$I<C$3$��M
ϕ(T0, T ) = T0− T

È���&<��%�3$�"3i�7=Q#+c
�b(��"3D4�G$=)82I�(�I$3:0`*,(�I�#�!$#��k����E�=Q#�E$��&$��!$#��,('�"3$!$3$�6(+=)>�!$#�M GB3$����3<E)(�C$3$3U��#.c
#����������7�b�.�b���iE<#�����#98<!$!)(.8&)(.*�!$#�����>O�����"E$��&)(.���:&2È�[�#�I:(.K����54 @ ��#
mPy��Bx9·.z�½�}}�z)³)z�}]u��2�b³Qx_��²9zQy�y�z$´)u�¼)z)z�y�x9xS{L·�|7{Ly�{L·�mP|�{�´Qx9y�{Lx7½)³)³)uS½�wPu9»+³Qx9y�{��L{L|~}]¾
´Q|±wPu.{�m�w'²¡�:½'{�|ð�ozo{Lxð�2�bvPx�{L|T��»+u�vPxS³Qx9·�{L|�´:�Bx+x_`H}�|�³)uY �vPx9{LxÛwDC�|�}�x��Wmb{
`YC"{��i´�wQ|�²+y�{�u�·h�B|�³DC�· ®6xÛwb}�|

n(T0, T ) =
M(T0 − T )T

2

1 +R(T )M(T0 − T )
,

§ � Z�À�À � ©

%ÛGQ�
M
3
R d E$&$#�3:*,��#+=Q>�!$/5�hGB3$������&$��!$C<3$&<�����"/d���]�:!<I$C$3$3D4 M(0) = 0

Z
[]&$3$�"��&$#�� *S(�IP#�!)( ����E:=Q#�E$��&$��!$#��,(:4Ö��GB#��.=)������#�&P8<Xp�;��%�# ���A=Q#���3<8<�

§ � Z�À�À � ©74F�"#9K��7�o�A=)�PKO3:��>'I$3<!$����3$I:(k����E:=Q#�#�-��"��!)(o�OI�#�^�����3$C$3$��!<��#�������E:c
=Q#�E$&<#���#�GB!$#��7��3D4QE$&<#�E$#�&<C$3$#�!)(9=Q>�!$/5�VI$�b(SGB&)(.�.�i�����"E$��&$(.���:&$/�4

n(T0, T ) = αT 2(T0 − T ).
§ � ZÄÀ�ÀSÂ�©

� ����&<�,GB!<# E$#�I�(.*S(.��>$4 @ ��#kG)=)8U�]��!$I$C$3<3 ϕ 4r*,(���3$�q8<����MW#��N#.��!$#�?���!$3:8�����"E$��&)(+����&
T
3
T0
4QI:=Q(�����*,(�I�#�!$#�������E:=Q#�E$��&$��!$#��,(<4Y#�-�����E$� @ 3<�b(�X��;3:0��"3:c!$3$�6(+=)>�!<��X�GB3$����3$E)(.C$3$X�4Q��I:=QX @ (��7�m�L����-98�!$>�Xp��#�!$#�����I$3$M�*,(�I�#�!D4$E$&$3�IP#.c��#�&<#��VE$#.��#�I�E$&$#�E$#�&$C$3$#�!$(+=Q��!�&$(.*,!$#�����3������6E<��&)(+����&DZ

f6�A=Q#���3<� § � ZÄÀ�À J ©��"#9K����'-�/\��>n3$��E<#.=Q>�*�#��b(�!<#nI:(�I G)=)8UE$&<#�����&<I$3U��#�%�#$4
��/5E$#.=)!$��!$#�=Q3j��E$&$#�C$�������h�"3$!$3$�6(9=Q>�!$#�M�GQ3$����3$E)(�C<3$3�E$&<3j*,(9GY(�!<!$#�MjI$3<!$�7c
��3$IP��!<��IP#���#�&<#�����#�#���!$#�?���!$3$���"��K�GQ�OE$��&<���"��!<!$/d�"3D4)�+(�I�3OG)=)8i��#�%�#<4 @ ��#.c-�/U!$(�M<��3L������>�I�=B(����5I<3$!$����3 @ ����I$3:0�*S(���3<��3$�"#�������MD4.G)=)8�I�#���#�&$/10;*S(9GB(�!$!$#����#�#.��!$#�?���!$3<����/5E$#.=Q!$��!$#$Z
[]&$3$���AGB���2GB#�I:(+*S(.���7=Q>�������#����7=Q#���3<8 § � Z�À�À � ©A�



À a � L  �M£cRM RY�±��S1¡~���<\2PHS"��U����TV$�Y�)X��F¡Y^Y�����W] S"�<\<�<S$P+ D[8\B¡Yl��D�Y���q�<X2PH^<�$�

�1���HGB���V�]��!$I$C<3$X
m(T0, T )

m(T0, T ) =
n(T0, T )

T 2
,

§ � Z�À�À Ü ©
E<&$�AGBE<#.=B(�%A(.8����6I:(.I�3

n(T0, T )
!$��E<&$��&$/5��!$#5GB3$������&$��!$C$3$&:�b���"#�MD493�E$#�GB���+(+c

��3$�o��§ � ZÄÀ�À a ©7Z9[�#��7=Q��!$���A=Q#9Km!$/10�E$&$��#�-�&)(+*,#��b(.!$3$M;E$��&$��E$3:?;���n^���#h���A=Q#���3$�
�L��#�&$�"�
F =

1

m2(T0, T )

∂m

∂T0
= 1�2N354Y6 , m(T0, T ) = 0

E$&$3
T0 = T.

§ � Z�À�À9Ã�©

¯h*O§ � Z�À�À J ©��]� @ ����#�����3�GB(L�]��!$I$C$3$3 ϕ(T0, T ) �A=Q�AG)�����+4 @ ��#
FT
FT0

=
ϕT

ϕT0

= −1.
§ � Z�À�À K ©

� (.M�GB���
FT
3
FT0

FT =
1

m2(T0, T )

∂2m

∂T0∂T
−

2

m3(T0, T )

∂m

∂T

∂m

∂T0
,

FT0
=

1

m2(T0, T )

∂2m

∂T0∂T0
−

2

m3(T0, T )

(

∂m

∂T0

)2

.

§ � Z�À�ÀSÁb©

[]#��7=Q��E$#�GB���+(�!$#���I$3`§ � Z�À�ÀSÁ�©1�§ � Z�À�À K ©1E$#.=$� @ 3$�
mT0T +mT0T0

=
2

m
mT0

(mT0
+mT )

3�=Q3
∂

∂T0
(mT +mT0

) =
2

m
mT0

(mT +mT0
).

§ � Z�À J �b©
[]&$��#�-�&$(.*�������§ � ZÄÀ J �b©��7=Q�HGQ��Xp�;3$��#�-�&)(+*,#��

∂

∂T0
(mT0

+mT )

mT0
+mT

= 2
mT0

m3�=Q3
∂

∂T0
ln |mT0

+mT | = 2
∂

∂T0
ln |m|.

Ø���I<�,GY(
∂

∂T0
ln
∣

∣

∣

∣

mT +mT0

m2

∣

∣

∣

∣

= 0.
§ � Z�À J ÀS©

¯h*'§ � ZÄÀ J À9©��7=)�AGQ���7�+4 @ ��#o��/5&$(.K���!$3<��4g�7��#S8<�;����E$#�G2*,!)(�IP#���E$&<#�3<*���#,GB!<#�MD48<�.=)8<�����q8E<&$#�3<*���#.=Q>�!$#�M�!$��E<&$��&$/5��!$#�M��]��!$I$C$3$��M�#��
T
4<�9Z��.Z

ln
∣

∣

∣

∣

mT +mT0

m2

∣

∣

∣

∣

= ξ(T )



cRMdcRM�$h �PP���q�£gp�<VZP�^$�ZÖ4Q+�±��S1¡~���<\2P�S"��U����WV$�kj'�H�B��Q+�WS À a À

3:=Q3
mT +mT0

m2
= −f(T ).

§ � Z�À J8J ©
fh&)(.��!$��!<3$�'� @ (.����!</10µE$&<#�3<*,��#,GB!</10e§ � Z�À JIJ ©�&$��?;(����Å�"�7��#,GQ#���0P(�&$(�I<���Ac&$3 1 ��3$I

Ṫ0 = 1, Ṫ = 1, ṁ = −f(T )m2.
ÇR��?���!$3<8^���3�0���&)(.��!$��!<3$M

T0(t) = t+ r1, T (t) = t+ r2, ṁ = −f(t+ r2)m
2 ⇒

⇒
1

dt

(

1

m

)

= f(t+ r2), ⇒ m(t) =
1

∫

f(t+ r2)dt+ c
,

§ � Z�À JIa ©

%ÛGQ�
c d IP#�!$���+(�!<�+(<� f(t) d !$��E<&$��&$/5��!)(.8��]�:!<I$C$3<8�Z���� @ ����#���§ � Z�À JIa ©A4$3$�7cI:=QX @ (.8 t 3�*S(��"��!<8<8 dt @ ��&$�7* dT 4)E<#.=)� @ 3$�V#�-�������&$��?���!$3<���L��#�&$�"�

m(T0, T ) =
1

∫

f(T )dT + µ(T0 − T )
,

§ � Z�À J � ©

%ÛGQ�
f
3
µ d E$&$#�3:*,��#.=)>�!$/5�m����!$I<C$3$3DZg«QGB����>� @ ����!$#$4 @ ��#����3�=)�V§ � Z�À JIa ©&)(.*�!$#�����>
(T0 − T )

3�E$&$#�3<*,��#+=Q>�!)(.8��]�:!<I$C$3<8�#��m!<����E<#�����#98<!$!$/]Z
¬ ��GB���V3$��I:(.��>m����!$I<C$3$X

µ(T0 − T )
����3�GB�

µ(T0 − T ) =
1

M(T0 − T )
.

����3:=$�E$&$#�3<*,��#+=Q>�!$#�����3k����!$I<C$3$M
f
3
µ
�o§ � ZÄÀ JIa ©\E$��&$��E$3<?��,��&$�7?;��!$3$�;�

^�I$��3$�b(+=Q��!<��!<#�M���#�&$�"�

m(T0, T ) =
M(T0 − T )

1 +R(T )M(T0 − T )
,

§ � Z�À J Â�©

%ÛGQ�
R(T ) =

∫

f(T )dT d GB3$������&$��!$C<3$&<�����6(.8��]��!$I<C$3<8DZ
Ïh��#�-�/�� @ ���7��>�GB#�E$#+=Q!$3<���7=Q>�!$#�����&<��-�#���(�!$3$� m(T0, T ) = 0

E$&$3
T0 = T

4
!)(+=Q#SKO3<��!)(j�]�:!<I$C$3$X

M(T0 − T )
GB#�E$#+=Q!$3<���7=Q>�!<#��L���7=Q#���3$�

M(0) = 0
3

�O� @ �7��#��¥§ � Z�À�À Ü ©�3µ§ � ZÄÀ J Â�©�E$#.=$� @ 3$��#�-.�;3$Ml��3PGU*S(.��3$��3$�"#�����3 n(T0, T ) ���#�&$�"�m§ � ZÄÀ�À � ©7Z
B 7Iê�62s23�åáp�6�78;<6Rå�9�78;<s2? p�A�623�í:s26c¬78;Zs�?�ôc9�;<A�62p�3�34s¾p�A�62r�5k7c785·="3�ã

9�3�="?Zê*)�9�62î ¬�3�7c783�p�?<r�3�3 ZY«D(9GY( @ (;#L�"3$!$3$�r���"�hGB3<����3<E)(�C$3$3iG)=)8i����&$�"#.cGB3$!)(.�"3 @ ����I�#�%�#OE$&<#�C$�����,(���#���I:(9=)8$&$!</5��E$#.��#�IP#��V3<�"�����m�7=Q�HGQ��Xp�;3$M���3�G��

σ =
1

τ

∫ τ

0
n(x, u)R(x, u)dt→ min

u

§ � Z�À J�Ü ©



À acJ L  �M£cRM RY�±��S1¡~���<\2PHS"��U����TV$�Y�)X��F¡Y^Y�����W] S"�<\<�<S$P+ D[8\B¡Yl��D�Y���q�<X2PH^<�$�

E<&$3����A=Q#���3<8:0
ẋ = f(x, u), x(0) = x0,

§ � Z�À J Ã�©
∫ τ

0
n(x, u)dt = ∆N.

§ � Z�À JIK ©
«QGQ����>

σ d ��&$�AGQ!$����E$&$#�3<*���#,GQ������#^�!:��&$#�E<3$3D�����7=Q#���3$��§ � ZÄÀ J Ã�©d0P(�&)(.I<����&$3:c*������2��I�#�&$#�����>23<*,�"��!$��!$3<8µ3<!<����!$��3$��!<#�MµE$��&$���"��!$!$#�Mµ��3$�������"/è§ �����"E$��&)(9c
�.��&$/]4"GY(.�.=Q��!<3<8D4r0:3$�"3 @ ����IP#�%�# E$#�����!$C$3)(9=B(b©7� R(x, u) d GB��3<K��P��(.8U��3:=Q(E<&$#�C$������(<�

n(x, u) d E$#���#�IDZbf6�A=Q#���3$��§ � Z�À JIK ©g#�E<&$�AGB�A=)8$�7�;��&<�AGB!$XpX����7=)3 @ 3:c!:��E$#���#�I:(:Z � ��#�-S0b#�GB3$�"#������A=Q#���3$�;#�E<��3$�6(+=Q>�!$#�����3'*S(SGY( @ 3W§ � Z�À J�Ü © Ú�§ � ZÄÀ JHK ©E<#.=)� @ ��!$#m��/\?;��3�3$�"�����m��3�G

F =
n2(x, u)

nu
Ru = 1�2 3|4Y6 . § � Z�À J Áb©

sd&$��-����7���q8`!)(.M<��3D4�G)=)8NI�(�I$3:0'*,(���3$��3$�"#��7����M
n(x, u)

�#�E<��3$�6(9=Q>�!$#���E$&$#.c
C<����������/5E$#.=Q!$��!$#����A=Q#���3<�

ϕ(x, u) = 1�2 35476 ,
%ÔGB�

ϕ
*S(SGY(�!)(:ZQ����#�#����������7�b��3<3k�m§ � ZÄÀ�À J ©�3$�"�����W���7=Q#���3$�
(

2
nx
n

+
Rux

Ru

−
nux
nu

)/(

2
nu
n

+
Ruu

Ru

−
nuu
nu

)

=
ϕx

ϕu

,
§ � Z�À a �b©

#�E$&$�HGB�7=)8<Xp�������������]�:!<I$C$3$3
n
3
R
4:G$=)8�*S(SGY(�!$!<#�M

ϕ
Z

����#�� @ (.����!$#��V�7=$� @ (���4QIP#�%ÔGY( ϕ = σ = n(x, u)R(x, u)
4<���7=)#���3$�O§ � Z�À a �b©

��/�GB�7=$8$���UI$3$!$�7��3 @ ����I$3$�'*S(���3$��3$�"#�����3�G)=)8������70����A0�E$&<#�C$������#��$4\�VIP#���#.c&</10n�"3$!$3$�6(9=Q>�!$#�MkGB3$����3$E)(.C$3$3 E$&$3n*,(9GY(�!$!<#�MN��&$�AGB!<��M ���7=Q3 @ 3$!$��E$#���#�I:(��#�#��������������������jE$#��7��#98<!$������#OE<&$#�3<*���#,GQ������(�^�!<��&$#�E$3$3�Z
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åèç�ñ ð í í D ã ç�ó ó ô ç
é å¸ç�ñ ð í ã çø ä ó é ê çèë ì é ç
ë é ë å¸ç®ã ô

�¦%Û=B(.���;&)(������"#���&<��!$/e*,(9GY( @ 3'#jE$&$�HGB�7=Q>�!$/10'��#�*��"#9Km!$#��7�98�0�����&$�"#,GQ3:c!)(��"3 @ ����I<3:0N��3<�������54R��I�#���#�&$/10NE<&$#�3$�Û0b#,GQ3<�k#�-��"��!nE$#���#�I:(.�"3n����E�=Q#���/_3E$&$��#�-�&)(.*�#��b(.!$3$������E�=Q#���#�Mo^�!$��&$%�3<3'�j&$(�-�#��.�3k&)(�-�#.��/��m����E:=Q#��.��Z � !$3<�
#���!<#��H8:���q8���3$�������"/2����E:=Q#�#�-��"��!$(<4+����E�=Q#���/5�\3�0b#+=Q#,GB3�=Q>�!$/5�1�6(.?;3$!</]4+����E:c
=Q#���/5�6!)(���#���/ 3�E$&$��#�-�&)(.*�#��b(.���7=Q3�����E�=Q#���#�M�^�!<��&$%�3$3���&)(�-�#.���]&)(.*7GQ�7=Q��!$3<8DZ
[]&$3�^7��#��k��#.*,!$3$I�(�X��p*S(9GY( @ 3]GB���b0���3$E<#��$�9E$#�G$GB��&bKL(�!$3$�6*S(SGY(�!$!$/10������gcE$��&$(.����&�E$#,GQ��3$�7�����6(��Æ� �"3$!$3$�6(+=)>�!$#�M�*S(.��&)(.��#�M�&)(�-�#.��/ 3¦3<*,�+=Q� @ ��!$3$��6(�I���3$�6(+=Q>�!$#�Mk&$(�-�#���/J�O��3$�7�����"��4�#���GB�A=Q>�!$/5� @ (��7��3kI�#���#�&$#�Mk3<�"��Xp�j&)(.*7c=Q3 @ !</5������"E$��&$(.���:&$/�Z � (+KLGY(+8U3:*�^7��3:0U*S(9GB( @ �"#9K��7�N-�/\��> E<#����+(��.=)��!)(E$&$3$�"��!$3<���7=Q>�!$#�I�*,(��"I$!<�P��#�MO3m#.��I$&$/\��#�Mj��3$�������"��Z:�2E$��&<��#�� �A=)� @ (���&$� @ >3�GB�7�i#�*S(.��&)(.�+(+0k3�E$#+=)� @ ��!$3<3o!$��IP#���#�&$#�%�#iIP#.=Q3 @ �������b(j&)(.-�#���/¦*S(m��3$I���3:c&$#��b(.!$!$#�����&$���r8D4<��#��.��#�&$#�� d #;E$#���#�I��]3:*,�.=Q��I:(.���"#�M�3:=Q3j*S(+��&)( @ 3$�b(.���"#�M�"#��;!<#�����3����7�.(.C$3$#�!)(.&$!$#��VE$&$#�C<��������Z
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T

)2

:
∂q

∂T
=M.
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��3$E$(�C$3$��MD46����E:=Q#���#�MV!)(�%�&<�P*,I�#�M
Q
46��#�GQ8$!</5�a^�I$��3<�b(+=Q��!<��#��Æ§Ú����E:=)#����"IP#.c

����>�X_3<����# @ !$3$I�(b©�3k^�������I<��3$��!$/5��IP#�^�����3$C$3<��!<��#��µ����E:=)#�E$��&<�AGY( @ 3 K =
kL
Z
[]#���I�#.=)>�I<�N��/5&)(.K���!<3<8'G)=)8`�"3<!$3$�6(+=Q>�!$#�MnGB3<����3<E)(�C$3$3l#�I�(.*,/5�b(.Xp���H8

I�#��"E$(�I<��!<����4����7=Q3n3$��E<#.=Q>�*�#��b(.��>���I:( @ ���7�����m(�&$%7���"��!<�+(!$� Q 4�(i��IP#�&$#�����>3<*,�"��!$��!<3<8;^�!<��&$#�E$3$3�3$����# @ !$3<I:( σ0 49E<&$�AGB��(�&$3<���7=Q>�!<#h!)(�MPGB��������8:*,>p�"�7KLG)�
Q
3
σ0
Z���=$8i=QXp-�#�%�#L*S(.I�#�!)(�����E:=)#�E$��&$��!$#��,(

σ0 = −

L
∫

0

q(T0, T )

T0
dl.

�l����#�X�# @ ��&$�AGQ>hG)=)8L3$�7��# @ !$3$I�(��5E$#��7��#S8$!$!$/5� ��#,GQ8<!$/5�n^�I$��3<�b(+=Q��!<��#�� W��E$&$(����AG$=Q3$��#o��&)(.��!$��!<3$�N§ÍÂ:Z J ©7Zg[]&$#����HGQ8`*,(��"��!:�
dl = −W (dT0/q(T0, T )),E$#.=)� @ 3<��E<&$3E<&$#�3<*���#.=Q>�!<#��U*S(�IP#�!$�]����E:=Q#�E$��&$��!$#��,(

σ0(TH
,W,Q) =

T
H
−Q/W
∫

T
H

W
dT0
T0

=W ln

(

1−
Q

WT
H

)

.
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�1��8<*�>$4Y(.!)(+=Q#�%�3 @ !<��Xa&)(.����!$�7���.�l§ÍÂ:Z�À_�b©74)!$�7��&<�,GB!$#jE$#.=)� @ 3<��>i3�G)=$8�=QXp-�#�M*S(9GB(�!$!$#�Mo*,(���3$��3$�"#��7��3
W (T0)

��#,GQ8<!$#�%�#�^�I$��3$��(+=Q��!:�.(N§ÊG$=)8'!$�����+(�C$3$#�!)(�&:c
!$/10�E<&$#�C$������#�� d ����E�=Q#����"IP#�����3Q©d#��L�����"E$��&$(.���:&$/J%�&<��Xp����%�#OE<#���#�I�(<Z.0/Dê�?D78;<3&¬ 6�78;<3�øt3�="6�78;Z3 ;<5:p�ê�626�/2="5:9�9�o�v&p�A�62r�5R7c7862s�â f"�7=Q#���3<8
�"3$!$3$�6(9=Q>�!$#�MhGQ3$����3$E)(�C$3<3�E$#�*���#.=$8$Xp����/�GQ�7=Q3<��>��dE$&$#�����&)(�!$�7�b����E)(�&)(.�"���.c
&$#�������E:=Q#�#�-��"��!$!<3$I:('%�&)(�!<3$C<�`&$��(+=Q3<*������"/102&$�7KO3$�"#��$4F�+(�I2I�(�ING)=$8 =QXdc
-�#�%�#k&$��(+=Q>�!<#�%�#�����E:=Q#�#�-��"��!$!<3$I:(oE<&$#�3<*���#,GB�7����#'^�!<��&$#�E$3$32-�#+=Q>�?;�O�"3$!<3:c
�6(+=Q>�!<#�Ú���#�*��"#9Km!$#�%�#$Z<Çg(.*�=)3 @ 3$���"�7KLGQ�j��(�I:��3 @ ����IP#�M�3��"3$!$3$�6(9=Q>�!$#.c���#�*7c�"#9Km!$#�M]GB3<����3$E)(�C$3<��M�%�#���#�&$3<�h#�����&<�"#,GB3$!$(��"3 @ ����IP#��'��#�����&<?���!$�7�b���5(�E<E)(+c&)(.�+(<Z<b"�7=Q3�E<#;�����U3:=Q3i3$!$/5�2���70:!$#.=)#�%�3 @ ����I$3$�U��&<��-�#���(�!$3<8<�U%�3PGB&$#�GB3$!)(+c�"3 @ ����I$3$M�&$�7KO3<�U�;����E:=Q#�#�-��"��!<!$3$I�����3<I���3<&$#��b(.!D4<��#�G)=)8j�.(.I�#�%�#�(�E$E)(.&)(+c�.(��"#9K����m-�/\��>OE$#��7��&$#���!)(O����#98�#�C$��!$I:(��"3$!$3$�6(+=)>�!$#�MiGB3$����3$E)(.C$3$3D4Y-�#+=Q���
��/5��#�I:(.8�4 @ ���2G)=)8i����E�=Q#�#�-��"��!$!$3$I�(m��E$&$#�3<*,��#+=Q>�!$#�M%�3�GB&$#�GB3$!)(.�"3$I�#�M�Z
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q(T0, T ) = k(T0 − T )
Z6f6�A=Q#���3<�

§ÍÂ:Z�Áb©74YI:(.I'!<����&:�,GB!$#���3�GB�7��>$4DE$&<3$��#,GQ3<��IoE$#��7��#S8$!$�7�����o#���!$#�?���!$3<8'�����"E$�Ac
&$(.����&u¨ J � ªÍ�

T

T0
= 1�2N354Y6 . §ÈÂ�ZÄÀ�À9©

Øh-�#�*,!)( @ 3$�`^���#�#���!$#�?���!$3$� m̃ Z�sg#�%ÔGY( q(T0) = kT0(1− m̃)
Z<�1IP#�&$#��7��>�3:*,�"�7c

!<��!$3<8�^�!:��&$#�E<3$3�3$����# @ !$3<I:(m�LI:(+KLGB#��U��� @ ��!$3$3�E<#�����#98<!$!)(<�

dσ0 = −
q(T0)

T0
= K(m̃− 1), K = kL,

�A=Q�HGB#��b(.���7=Q>�!$#$4:���p3$!<����%�&)(+=Q>�!$#���*,!)( @ ��!<3$��G$=)8O������MjE<#�����&b0:!$#��7��3iI�#�!<�.(.I:c�+(
L

σ0 = K(m̃− 1).
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¯h*���&)(���!$��!$3:8&)(�����!$�7���k§ÈÂ:Z�À_�b©�3 §ÈÂ:Z�À J ©��7=Q�HGQ�����94 @ ��#

m̃ = 1 +
W

K
ln

(

1−
Q

WT
H

)

.
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sg(�I�I:(�I;#���!$#�?;��!$3$� q(T0)
T0

E$#�����#S8$!$!<#$4.��#]�"3<!$3$�6(+=Q>�!)(.8�GB3$����3$E$(�C$3<8L&$(���!)(

σmin =

L
∫

0

q(T0)
(

1

T
−

1

T0

)

dl = [
q(T0)

T0
]
1− m̃

m̃
L =

K(1− m̃)2

m̃
.
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� ����&<�,GB!$#�E$#�I:(.*,(.��><4 @ ��#;^��+(�#�C$��!<I:(��"#SK�����-�/\��>�GB#�����3$%�!<���.(;��E$&$#.��3:c��#���# @ !$#��V��&<��- @ (.��#�������E�=Q#�#�-��"��!$!$3$IP��4����7=)3kE)(�&$(��"����&$/�����#�&$#�%�#OE$#.��#�I�(<������"E$��&)(.���:&)(�!)(��.0b#�GB��������E:=Q#�#�-��"��!$!$3$I
T (0)

3���#,GQ8<!$#�M�^�I$��3$�b(9=Q��!<�
W1

4
��GB#��.=)������#�&P8<Xp� mPy��Bx9·.z�½�}¸{L|±wb}�xS²9z)³)uS}]z)¶<|�y�vPx_�Jy�x����Qu�y�x+·+u�³)³Qx9y7{Lz$45����8:*�c
��(�Xp��3$�"3O3:0�����#,GQ8<!$/5� ^�I$��3<�b(+=Q��!<��#��

W
3������"E$��&$(.���:&$#�MjE$��&$��#�%�#�E<#���#.c

I�(L!)(��.0b#,GQ��������E:=Q#�#�-��"��!$!$3<I
T0(0)

4

W1 =
W

m̃
, T (0) = m̃T0(0) exp(−

K(1− m̃)

W
).
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¯]��I:=)X @ 3$��I�#�!$���+(�!<�.� m̃ 3<*]&)(.����!$�7���§ÍÂ:Z�À J ©74�§ÈÂ�ZÄÀ � ©74�E$#.=)� @ 3<�U��/5&)(.K��Ac!<3$�hG$=)8��"3$!$3<��(9=Q>�!$#�MiGB3<����3$E)(�C$3<3 @ ��&$�7*�3<�q0b#�GB!$/5�]GB(�!$!$/5�

σmin =
σ20(TH

,W,Q)

σ0(TH
,W,Q) +K

=
W 2 ln2

(

1− Q
WT

H

)

K +W ln
(

1− Q
WT

H

) .
§ÈÂ�ZÄÀ Ü ©
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Ø���I<�,GB(��7=Q�HGQ���7�+4 @ ��#dG)=)8�E$&$#�C$�����,(p����E:=Q#�#�-��"��!)(���!<>�Xp��#�!$#�����I$3$�k*,(�IP#�!$#������E:=Q#�E$��&$�AGY( @ 3V�"�7KLG)�nGB�����r82��!<�P��&$��!$!$�#�-�&)(.��3$�"/5�"3U��3$�7�����6(��"3W��E$&)(9c���AG$=Q3$��#�!$��&)(�����!$������#
1

σ
−
kτ

σ20
−

1

σ0
≤ 0,

§ÍÂ:Z�À9Ã�©
#�E$&$�HGB�7=$8$Xp�����p#�-.=Q(�����>hGB#��7��3<Km3$�"#��7��3O!$(�E:=Q#���IP#�����3O�dIP#�#�&�GB3$!)(.�+(��"3

σ
3

σ0(TH
,W,Q)

§Ú&$3$��Z$Â:Z J 4�u:©7Z:[]&$3j^���#��54<I:(�Ij�7=)�AGQ���7��3<*�§ÍÂ:Z�À � ©74�E<&$#�3<*���#,GQ������#
^�!<��&$#�E$3<3�LI�(.KLGQ#��2��� @ ��!$3<33:=Q3���I:(+KLGB/\M��"#��"��!<����&$���"��!$3�E$#��7��#S8$!$!$#<Z

kL- 0
0

s0
s

2

0

÷÷
ø

ö
çç
è

æ

kL

TW
H

à á

s
s

0
ss =

ù�ú:û_ü�¤8ü ý8ü*FL��Gq��û�@_úI���_û�@_ú��"ú
>?�_û�@_ú���G
�x��
��~
�WûWû���@���� G�������>?�����§û'��A�Jô@��������Yû\H:ú
>����HN���
��>�@���� G����
��
���
�_û���� vN� úI����HN���
��>�@���� G����
��
���
�_û��G@¹	N�A��M�0{ �
Æ�u.vPx9³ {L|�´:�BxS´Q|±wB|7²9u�¶�z�H�m�wD�P| � ¤���#��*,(�IP#�!o=Q3$!<����! #.��!$#���3<���A=Q>�!$#�����&:c

�"#,GB3<!)(��"3 @ ����I$3�0E$#�����!$C<3)(+=Q#��<4

q(T0, T ) = k
(

1

T
−

1

T0

)

,

E$&$#�GB�7=B(.���e��/5I:=B(9GQI$3W(�!)(+=)#�%�3 @ !$/5�������54"I�#.��#�&$/5��-�/1=Q3UE<&$#����HGB��!</�G)=)8!$>�X���#�!$#�����IP#�%�#p*S(�IP#�!)(:Z.�n^���#��o�7=)� @ (.�13<*����7=)#���3<8��"3$!<3$�6(+=Q>�!<#�M�GB3$����3$E)(9cC$3$3n§ÈÂ�Z×Áb©6�7=Q�HGQ�����94 @ ��#�G)=$8O=QXp-�#�%�#���� @ ��!<3<8N§¨�"#��"��!<�.(;��&<���"��!<3Q©�����E:=Q#���#�ME$#���#�I
q
E$#�����#S8$!$��!DZgØh-�#�*�!)( @ 3$����%�#����A=Q3 @ 3$!<� @ ��&$��* q = Q/L

Z�sg���"E$��&$(+c
����&)(�3$�7��# @ !<3$I:(�E$#,G @ 3$!<8$�7���q8��&)(���!<��!$3<X

dT0
dl

= −
q

W
⇒ T0(l) = T

H
−

q

W
l.

Ð 3$!$3<��(9=Q>�!$#��5E<&$#�3<*���#,GB�7����#�^�!:��&$#�E<3$3;G$=)8�!<��E$&$��&$/5��!<#�M���3$�������"/¦§¨�"3$!$3�c
�6(+=Q>�!</5ME$&<3$&$#��7�LG)=)8�E$��&$3<#,GB3 @ ����IP#�MQ©7�

σmin =

L
∫

0

q(T0, T )
(

1

T
−

1

T0

)

dl =
Q2

K
.
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¯h*�^7��#�%�#m&)(�����!$�7���b(�3���#�#���!<#�?;��!$3<8l§ÍÂ:Z�À_�b©1E$#+=)� @ 3$�

√

σminkL = WT
H

[

1− exp
σ0(TH

,W,Q)

W

]

.

Øh-.=B(��7��3OGB#�����3:KO3<�6/�0�&$�7Km3$�"#�������E�=Q#�#�-��"��!)(���E<&$#�����&)(�!$�7�������hI�#�#�&:c
GQ3$!)(.�+(��"3

(σ0, σ)
#�E<&$�AGB�A=)8$X����H8%�&)(.!$3$C)(��"3�!$��&)(.����!$�7���b(
√
σkL

WT
H

+ exp

(

σ0(TH
,W,Q)

W

)

≥ 1.
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��3�GO^���#�M�%�&$(�!$3$C$/WE$#�I�(.*S(.!L!)(]&<3$��ZPÂ:Z J 4e`+Z � (�I�3�G)=)8�!$>�X���#�!$#�����IP#�%�#]*S(�IP#.c
!$(���E$&$#�C$�������\�63<!$3$�6(+=Q>�!$#�M�GB3$����3<E)(�C$3$3�G)=)8�*,(�IP#�!)(]Ñ���&$>��1E$&$#�3:*,��#�GB������#
^�!<��&<#�E$3$3��;I�(.KLGQ#��l��� @ ��!<3$3�����E:=Q#�#�-��"��!$!<3$I:(�§¨�;I:(.K�GB/5Mi�"#��"��!<�L��&$���"�Ac!<3�LE$��&$3$#,GQ3 @ ����I�#���E$&<#�C$�������,©dE$#��7��#S8$!$!<#$Z��=)8N3$�7��# @ !<3$I:(�-�����IP#�!$� @ !$#�M`���"IP#��7��3 �����"E<��&)(.����&)(kE$#�����#S8$!$!$( (T0 =
T
H
)
3jE$&$3m=QXp-�#��`*S(.I�#�!<������E:=Q#�E$��&$�AGY( @ 3i*S(���3<��3$�"#��7��>��"3$!$3$�6(9=Q>�!$#�M�GB3$�Ac��3$E)(.C$3$3#��

σ0(TH
,W,Q)

I$�b(9GB&$(.��3 @ !)(.8

σmin =
T 2
0

kL
σ20(TH

,W,Q).

¯]�7��# @ !$3$I<�]-�����I�#�!<� @ !$#�M����"I�#��7��3���#�#������������b�.�b���5G)=)8�&)(.��E$&$�HGB�7=)��!$!$#�%�#p�7�.(9cC<3$#�!)(.&$!$#�%�#i����E:=)#�#�-��"��!)(i-�����I�#�!<� @ !<#�-�#.=Q>�?�#�MoE$#.��#�Io%�#�&b8 @ ��%�#i����E:=)#�!$#.c��3<���A=)8DZ
sr(.I$3$�l#�-�&)(.*�#��54bG)=)8j#�C$��!<I$3�������E$��!$3�����&$�"#�GB3$!)(.�"3 @ ����I�#�%�#���#�����&:?;��!�c�7����(�����E�=Q#�#�-��"��!$!$3<I:(�!$��#�-S0b#�GB3$�"#�E$#�*S(9GB(�!$!$#�Mm����E:=Q#���#�MO!)(�%�&<�P*,I��

Q
4P��#.c

G)8$!$#��r��^�I$��3$�b(+=Q��!<����E$#���#�I:(
W
§Ú����E:=)#����"IP#�����3j3$����# @ !$3<I:( c ©"&)(.��� @ 3<�+(.��>

σ0
E<#]��#�&$�r�S=Q��§ÈÂ:Z�À_�b©A4�(��+(�I<K��\��(�I<��3 @ ����I<�:XVGB3$����3$E$(�C$3$X σ I�(�I�&)(.*�!$#��7��>�7���"�6(�&$!$#�Mi^�!<��&$#�E$3$3��+0b#,GQ8:�;3:0j3���/10b#,GQ8:�;3:0iE$#.��#�IP#���§¨&)(+*,!$#��7��>L�"�7KLGQ�

^�!<��&<#�E$3$��MN��3$�������"/a�j!)( @ (+=Q�;3o�jI�#�!$C$�;E$&$#�C<������(b©7ZD[]#.=)� @ ��!<!$/5��GY(�!<!$/5���#�#����������������:X��o��# @ IP�O!$(�E:=Q#���I�#��7��3`��I�#�#�&�GB3<!)(.�+(��"3�§ σ0, σ ©7ZFØh!)(i=Q�7KO3<�*,(����HGB#��"#O��/\?��;%�&)(�!$3$C</]4�#�E$&<�AGB�A=)8$���"#�Mo!$��&)(�����!$�����b(��"3k��3$E$('§ÍÂ:Z�À9Ã�©53:=Q3
§ÍÂ:Z�À K ©7ZbÇg(.*�!$#�����>;#�&�GB3$!$(.��3<*�#�-�&)(.KL(.Xp�;��Mm��# @ I<3j3m��#�#����������������:X�����MO��# @ cI<3O%�&)(.!$3$C$/�#�-.=B(.����3OE$#�*���#.=)8<�������,GB3:��>�#���#��54����7��>�=Q3O&$�7*,��&$��/VG)=)8��S=)� @ c?���!$3:8�����&$�"#,GB3<!)(��"3 @ ����I�#�M�#�&$%A(�!$3:*S(�C<3$3E$&$#�C$������(<ZØ����"�7��3$�54 @ ��#;!)(�MPGB��!$!</5�]#�C$��!$I$3j!$�p8<�.=)8$X����q8j%�&<��-�/5�"3D4��.(.IiI�(�I�G)=$8!<>�Xp��#�!$#�����I�#�%�#L*,(�IP#�!)(;����E:=)#�#�-��"��!)(L�;��&<��- @ (+��#��VE<&$#���3<��#���# @ !$#��U����E:=Q#.c#�-��"��!<!$3$I��j#�C$��!$I:(2§ÍÂ:Z�À9Ã�©��"#9K����k-�/\��>$4gI:(�I`E$#�I�(.*S(.!$#GY(9=Q���.4FGQ#�����3$%�!:���.(
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σ0v(W0, T0H , Q) = W0 ln
T0K
T0H

= W0 ln
T0H −Q/W0

T0H
,
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T1K = m̃T0H = m̃[T0H −Q/W0].
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Q
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.
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T0(l) = T1K + (T0H − T1K)e
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T1K = T0H −
Q

W0(1− e
− K

W0 )
.
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σ = σ0v +
Q
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=W0 ln

T0HW0 −Q
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+
Q(1− e

− K
W0 )

T0H(1− e
− K

W0 )−Q
.
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Ki

©±3i����E:=)#���#�M�!)(�%�&<�P*,IP#�MDZ
ØhE<��3$�6(+=Q>�!$#��h&)(���E$&$�HGB�7=Q��!)3<������#�GB3<���H8iIi�"3<!$3$�"3<*,(�C$3$3��7�:�"�6(.&$!$#�%�#LE<&$#.c
3:*,��#�GB�����b(;^�!:��&$#�E<3$3��;��3$�������"��E<&$3j*,(9GY(�!<!$/10j�����"�6(�&$!<#��2I�#�^�����3<C$3$��!<���
����E:=)#�E$��&$��!$#��,( 3V�����"�6(�&<!$#�MW����E�=Q#���#�MV!)(�%�&<�P*,IP��Z1ÇR��?;��!$3$�k^7��#�MW*S(9GB( @ 3�"�7��#�GB#���Î�(.%�&)(�!:K�(E$&$3<���AGB�7�nI`���7=Q#���3$XÓ&$(�����!$�����b( @ (.����!</102E$&<#�3<*,��#,G)c!</10

σimin

E<#
Ki

3E$#
Qi

G)=$8������70
i
ZB�µI:( @ ���7������E$&<3$�"��&)(mE$#.=$� @ 3$�����7=)#.c��3<8o#�E<��3$�6(+=Q>�!<#�����3N�j*S(9GY( @ ��&)(���E$&$�HGB�7=Q��!$3<8NE$#�����&�0<!<#�����3oG)=)8'��3$�������"/]4



�:M´³ZM��'U��hQ������Q�F¡~���<\2P�S"�<V$��XB¡cQ.¡YV$¡9¢ À � Â

��#��7��#S8<�;��M'3<*�����E:=Q#�#�-��"��!$!<3$I�#��4Â.��/\������!$��!$3$� d ��/\������!$��!$3$�IÃ94D�jI�(.K�GB#��3<*OI�#���#�&$/10N*S(SGY(�!)(�����E:=)#��b(.8 !)(�%�&<�P*,I�(k3 ��/5E<#.=Q!$��!$/_���7=)#���3<8N����&$�"#,GQ3:c
!)(��"3 @ ����IP#�M��#�%Û=B(.��#��b(.!$!$#��7��3�E$#.��#�IP#��$Z[]&$#�3:*,��#�GB������#o^�!<��&$#�E$3$32�kI�(.KLGQ#�������E�=Q#�#�-��"��!$!$3$IP��-+=Q3<*,IP#oI`�"3$!<3:c
�6(+=Q>�!<#.cº��#.*,�"#SKO!$#��r��49#�E$&$�HGB�7=$8$���"#��r�;��/5&$(.K���!$3<8<�"3�§ÍÂ:Z�À_�b©74<§ÍÂ:Z�À Ü ©7Z�Ñ���!$I:c
C$3<8

σimin

��/5E<��I:=B(+8���!$3<*�E$#�^�������I<��3$��!$#��r��I�#�^�����3<C$3$��!:��������E�=Q#�E$&$#���#,G$c
!$#��7��3

Ki = kiL
§
Ki = kiτ

©7Z�«D(9GY( @ (�#�E<��3<��(9=Q>�!$#�%�#]&)(���E$&$�HGB�7=)��!$3<8LE$#�����&b0Pc!$#��7��3n����E:=)#�#�-��"��!)(�����#,GQ3<���q8NIo�+(�I�#��"�k��/5-�#�&:�kI�#�^�����3<C$3$��!:��#��
Ki ≥ 0

4
@ ��#�-�/�E$&<3O*S(9GY(.!$!$#�MO3:0O�7���6�"�dGB3$����3$E$(�C$3<8i����3$�������"�]-�/1=B(��"3$!<3$�6(+=Q>�!$(<�

σ =
∑

i

σimin(Ki)→ min
/

∑

i

Ki = K.
§ÍÂ:Z a À9©

[]#���A=Q#���3:8$�J#�E:��3$�6(+=)>�!$#��7��3l^���#�M *S(9GB( @ 3'G)=)8 �����A0N����E:=Q#�#�-��"��!<!$3$I�#��o�!$��!:�S=Q����#�M�E<#�����&�0:!$#��7��>�XeE<&$#�3<*���#,GQ!$/5��E<#
Ki

GQ#.=)Km!$/�-�/\��>�#,GB3<!)(�I�#���/]�

dσimin

dKi

= 1�2N354Y6 , i = 1, 2, ...
§ÈÂ�Z acJ ©

[]#��7=Q��GB3<������&$��!$C<3$&$#���(�!$3<8`§ÈÂ�ZÄÀ Ü ©1E$#
Ki

E$#.=$� @ 3$�

σi0(TH
,W,Q)

σi0(TH
,W,Q) +Ki

= 1�2 35476 , i = 1, 2, ...
§ÈÂ�Z a8a ©

f6�7=)#���3$�m§ÈÂ:Z a8a ©��"#9Km!$#LE$��&$��E<3$�,(+�b>m��^�I<��3$�b(9=Q��!<��!$#�M���#�&<�"�

di(Ki) =
σimin(Ki)

σi0(TH
,W,Q)

= 1�2 354Y6 , i = 1, 2, ...
§ÈÂ�Z a � ©

� (.*,#����������7=)3 @ 3$!<� di E$&$3<���AGB��!$!$#�M]GQ3$����3$E)(�C$3<��M�G)=$8 i c�%�#\����E�=Q#�#�-��"��!$!$3<I:(3l����#�&$�r�S=Q3$&:�����eE$&)(.��3:=Q#�G)=)8`#�E<��3$�6(+=Q>�!<#�%�#o&)(���E$&$�HGB�7=Q��!$3<8UE$#�����&�0:!$#.c
������MD�

²�{L|�´:�Bx9x_`A}�|�³$³QxY�ky7zQy�{L|±}�|�y]xS´){�z�}�uh���b³Qx�y�´�wQx+|7vb{�z�wBx9·.u.³)³DCF}�z´�wQx9¾
{�zQ·�xS{LxS¶:³DCF}]z�{L|�´:�Bx9x_`A}�|�³)³)z$vPu,}�z�´Qx+·.|±wk�)³Qx9y�{�zµ{L|�´:�Bx9x_`H}�|7³)uN}�|¡Á�²Ym
³)z�}�zi³)u.²+x5wPu�y�´�wQ|�²+|��:½Q{���{�u.vI F¶�{LxY`YC2´�w)zQ·�|�²+|7³)³DC6|p²+z)y�y�z)´)u.¼)z)z�²¡�:½·�y�|T�
{L|�´:�Bx9xY`H}�|�³)³)z)vPx9·`xSvbu+»+uh�BzQy¡�UxS²9z)³)u�vPx9·HC"Z1¤���#`E$&)(.��3:=Q# E<#�*,��#+=)8$�7�`#�&$%A(+c
!$3<*�#��b(.��>j��/ @ 3<�7=Q3<���7=Q>�!<�:XTE$&$#�C$�AGQ��&<��4�!)(mI�(.KLGQ#��V?;(�%��;IP#���#�&$#�M������A=Q3:c
@ 3$�b(.Xp�NE$#�����&b0:!$#��7��>N��#�%�#N����E:=Q#�#�-��"��!<!$3$I:(:4"G)=$8WI�#.��#�&$#�%�#NE$&$3$���HGB��!$!)(.8GB3$����3$E)(.C$3<8m!)(.3$-�#.=)>�?�(.8�4�*,(�� @ �������"��!<>�?;��!$3<8mE$#�����&b0:!$#�����3���#�%�#$4.G)=$8�IP#.c��#�&<#�%�#�#�!)(�!)(�3$�"��!$>�?�(+8DZ
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� ����&<�,GB!$#'E<#�I:(.*,(.��><4 @ ��#oE$&$3`��/5E$#+=Q!$��!<3$3l���7=)#���3$Mµ§ÍÂ:Z a � ©�#�E<��3$�6(+=Q>+c!</5��E$#�����&b0:!$#�����3�&)(.��!$/

K∗
i =

Kσi0(Qi)
∑

ν
σν0(Qν)

,

(��"3$!$3$�r���VE$&$#�3<*,��#,GB�7���b(�^�!<��&$#�E$3$3�����3$�������"�

σmin =

(

∑

i
σi0(Qi)

)2

∑

i
σi0(Qi) +K

.

f"�7=Q#���3<8�#�E:��3$�6(+=)>�!$#��7��3�G)=)8�&)(���E$&$�AGQ�7=Q��!$3<8eE$#�����&b0:!$#��7����MaE$#.*,��#.=$8$Xp�
��/5&)(.*�3<��>�#�E<��3$�6(+=Q>�!</5��^�������I<��3$��!$/5��IP#�^�����3$C<3$��!<��/ ����E:=Q#�E<��&$�AGY( @ 3 @ �7c&<��*i����E:=Q#���/5��!)(�%�&:��*�I$3U3l!)(k�7=Q�HGQ��Xp�;���a^7�+(�E$�i�+(�I$3<��K��OE<�P�����e!)(�M<��3
#�E<��3$�6(9=Q>�!$#���&)(���E$&$�AGQ�7=Q��!$3$������E:=Q#���/10!)(.%�&<�P*,#�IDZ

ü\úËÊdú ¼½	���	��)	Tý �
	�5ü��)�
	��)!��hý���()	6þ6ý��gÿ * ��	�¾����%Ø�gý��
ü��hü��gÿ��ÿ

ØpGQ!$#�M�3<*'I:=B(�����3 @ ����I$3:0�*S(9GB( @ ����&$�"#,GB3<!)(��"3$I$3µ8$�+=)8$�7���q8�*S(SGY( @ (l#�6(.I���3$�6(+=Q>�!<#�Mn&)(.-�#����.4�I�#.��#�&<��X��"#9Km!$#i3<*,�+=Q� @ >3<*�����&$�"3 @ ����I$3N!$��#�GB!$#.c&<#,GB!<#�Mm��3$�7�����"/�Z$Ø���GB�A=Q>�!$/5��^A=Q���"��!<��/���3$�������"/��"#�%��P��3$�"����>�&)(.*7=Q3 @ !</5������"E$��&)(.���:&$/]4\(n*,!)( @ 3<�`�6#SKm!$#$46��I:=QX @ 3$�`� ^7���W��3$�7�����r�W����E:=Q#��.�:X�6(9c?�3$!<��4$E<#.=)� @ 3<��>L&)(�-�#.����Z Ð (�IP��3$�r���2�+(�I�#�Mi&)(�-�#.��/VGB#��7��3$%A(��7�b�q8��;#�-�&$(.��3:c�"#���E$&$#�C$�������.ZR[]&$3n^���#���E$&$#�C$������G$=Q3<���q8N��IP#.=Q>���%�#�GB!$#iGQ#.=Q%�#�3�=Q3D4����A=Q3
��%�#oE<&$#,GB#+=)KO3:���7=)>�!$#��7��>'#�%�&$(�!$3 @ ��!)(<4R��#oIP#�^�����3$C$3<��!<��/Å����E:=)#�E$��&$�AGY( @ 3GQ#.=)Km!$/U-�/\��>���IP#.=Q>]��%�#�GB!$#����7=Q3$I<3DZP�l&<�,(+=Q>�!$/10L��3<�������6(+0�!$3���#$4�!$3�GB&<�bc
%�#���!$��3$�"���7�O�"�����+(<Z$½@�785:A�ìH3�å â [�&<3�����&$�"#�GB3$!)(��"3 @ ����I�#��Å(�!)(9=Q3<*,�����70:!$#+=Q#�%�3 @ ����I$3:0���3:c�7�����V?�3$&$#�IP#�3$��E$#.=Q>�*���Xp�O^�I�����&$%����b3 @ ����I$3$M�E<#,G)0b#�GFZQ[]&$3�^���#��VE<#,GáE+vPy�|ºwQ¾
�HzQ|¡�kE$#�!$3$�6(�X����6(�IP��3$�6(+=)>�!$#��]IP#.=Q3 @ ��������#m&$(�-�#���/]4)IP#���#�&$#��]�"#9K��7�L-�/\��>E<#.=)� @ ��!$#�E<&$3�E$��&$�70�#,GB����3$�������"/l3<*�3$�Û0b#,GB!$#�%�#p��#��7��#S8$!$3:8��d��#��7��#S8$!$3<��&)(��+c!<#�������3<8���#�I$&<�PKL(�Xp����M���&$�HGB#�M ¨ K ªÍZSsr(�I�I:(.I�E$&<#,GB#+=)KO3:���7=)>�!$#��7��>�E$&$#�C$�����,(
3�=Q3��%�#m3$!:����!<��3$��!$#����b>O!$��#�%�#���#�&$��!$/]4)��#m�6(�IP��3$�6(9=Q>�!$#�M�&)(�-�#�������#�#��������+c
�7���.�����j&$(�-�#��+(L�L#�-�&)(.��3$�"#��WE$&$#�C<��������Z
� (�M�GB���Ó&$(�-�#��.��4�I�#.��#�&<��Xæ�"#SK����VE<&$#�3<*������7��3J��3$�7������(V�V#�-�&)(.��3$�"#��

E<&$#�C$��������4d���7=)3�#�!)(l!)(+0b#�GB3<���H8��2��&<�AGB�n�o�����"E$��&)(.���:&$#�M
T 0 3�GY(��+=Q��!$3�c���

p0
Z���=)8 E$&<#�����#���/ � @ 3<�+(����54 @ ��#0<3<�"3 @ ����I$3$�iE$&$#�C$������/ #������P�����b�.�:Xp�9Z
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Øh-�&)(.��3$�"/5MOE$&$#�C$�����5GB#.=)K���!m��#�����#98:��>�3<*5GB�.�P0�� @ (�����I�#��<��3<*,�"��!$��!<3<8m�����gcE$��&$(.����&$/ �l(9GB3$#�-b(.��3 @ ����I�#���E$&$#�C$�������o#��l!)( @ (+=Q>�!$#�MV�����"E$��&$(.���:&$/ÓGB#�����"E$��&)(+����&$/¦#�I<&<�PKL��!$3<8�3i3<*,�"��!$��!$3:8iGB(��.=Q��!$3<8���3<*,#.����&$�"3 @ ����I�#��WE$&$#.cC$�������OE$&$3
T = T 0 #���!)( @ (+=Q>�!$#�%�#�GB(��.=Q��!$3<8 ���3$�7�����"��GB# p0 ZRÇg(�-�#��+(!)(I:(.K�GB#��2� @ (.����IP��E$&$#�C<������(<�

A0 = −∆E − T 0∆S + p0∆V,

%ÛGQ�
∆E,∆S,∆V d 3<*��"��!<��!$3<8n��!<�P��&$��!$!$��MN^�!<��&$%�3$3D4�^�!:��&$#�E<3$3N3o#�-IG����6(��3$�7�����"/�Z
� (�(SGB3)(�-�(.��3 @ ����IP#��`� @ (��7��IP�h^�!<��&<#�E$3<8O��3$�7�����"/�!$���"��!:8$�����q8j3O&$(�-�#��+(

Aa = −∆Ea + p0∆Va = ∆Ia

&)(���!$(�3<*��"��!$��!$3$X�^�!<�.(9=Q>�E$3$3���3$�7�����"/]Z � (�3:*,#�����&$�"3 @ ����I�#��'� @ (�����I��5!$��3<*�c�"��!$!$(���!<�P��&$��!<!<8<8N^�!$��&<%�3<8�4��+(�I @ ��#�3<*��"��!$��!$3$��^�!:�.(+=)>�E$3$3N&$(���!$# ∆It =
p0∆Vt

4)(L&)(.-�#��+(
At = ∆It − T

0∆S
ZB�����"�6(�&$!$(.8&$(�-�#��+(

A = Aa + At = ∆I − T 0∆S.

b"�7=Q3i����������3i#�-�#�*�!)( @ ��!$3$� L = I − T 0S
3O� @ ������>$4 @ ��#�E$&<3i��#���E)(9GB��!$3$3i!)(+c

@ (+=Q>�!$#�%�#���#��7��#S8$!$3:8i��3$�7�����6/µ����#�����#S8$!$3<���U#�I<&<�PKL(�Xp����Mi��&$�AGB/�!$3$I�(�I�#�M&)(�-�#.��/�E$#.=)� @ 3<��>�!$�7=Q>.*�8D4B��#i�6(�IP��3$�6(+=)>�!)(.8k&)(.-�#��+(<4YI�#���#�&<��X_�"#SK����j��#.c����&:?;3<��>k��3$�7�����6(E$&$3n��/5&)(���!$3$�b(�!<3$3N����#�3:0'E)(�&)(.�"����&<#����E)(.&)(��"�7��&)(��"3
#�I$&<�PK���!<3<8D4

Amax = ∆L
Z

¤1IP����&<%�3<8;*,(���3$��3<�]!$����#.=)>�I�#�#��h��#�����#98<!$3<8;��3$�7�����"/�4�!$#�3�#��h��#�����#98<!$3<8
#�I$&<�PKL(�X��;��M���&$�HGB/]Zbsr(�I;I:(�ILE<&$#�C$�����dE$&$3LE$#�GB� @ �7��� A E$&$�AGQE$#.=B(.%7(+=)�H8�#�-+c&)(.��3$�"/5�54<��#L#�!)(;!<�h� @ 3:��/5�b(��7��*,!$( @ ��!$3$M�I$3$!$�7��3 @ ����I$3:0�I�#�^�����3$C$3$��!<��#��§Ú����E:=Q#+c�3i�6(�����#�#�-��6��!)(<4<��IP#�&$#��7����M&$�,(.I$C$3$M�3�E$&DZ×©7Z$[�&<3�^�IP����&$%�����3 @ ����I�#��(�!)(+=)3<*,�;����&<�6#�GB3$!$(��"3 @ ����IP#�����#�����&<?;��!$������#�E<&$#�C$�����,(i3:=Q3o��%�#�#���GB�7=)>�!$#�M���+(9GB3$3#�E$&<�AGB�A=)8$�7���H8�E$#.����&b8$�"3^�IP����&$%�3$3DZ
¤1IP����&<%�����3 @ ����I$3$Mk�"�7��#,Go3<�6������GB�b(�!���Gk#��]�O(;�mI(:�À�Zh�1&$(���!$��!$3$�l�`#�-�&)(.��3$�"/5�ÆE$&$#�C$������#��Æ!$� � @ 3:��/5�b(��7��#�-IG���I<��3$��!$#�M!$��#�-�&)(.��3$�"#�����3D4����.8<*,(�!$!$#�Mo�;���A=Q3 @ 3<!)(��"3'E$#.��#�IP#��$4�IP#�!$� @ !$/5�"3nIP#�^�����3:cC$3$��!<�.(.�"3����E:=Q#.c�3��6(�����#�E$��&$�AGY( @ 3DZ� (�E$&<3$�"��&D4:������E:=Q#�#�-��"��!$!$3$IP��E$&$3O*S(SGY(�!$!$/10jIP#�^�����3$C$3<��!<���]����E:=Q#�E$�7c

&$�AGB( @ 3O3m����E:=)#���#�MO!)(�%�&<�P*,IP�h!$��3<*,-���Km!)(�!$��#�-�&)(+��3$�"#��7��>$4:IP#���#�&<��X�!$�A=Q>�*�8���"��!$>�?�3<��>$4Q��M���#�#������7���������:X��j!$��3:*,-��7KO!</5��E$#.����&<3�^�IP����&$%�3$3�Z
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J Z�Çg(.������(+��&$3<�b(�Xp���q8���#.=Q>�I�#���3$�������"/V�5&$�7*,��&$���b(�&<#��54b3$!<����!$��3$��!$/5��E$�7c

&<���"��!<!$/5�LI�#���#�&$#�%�#N§Ú�����"E$��&)(.���:&$/]4YGY(��.=Q��!$3<8�4DIP#�!$C$��!<��&$(�C$3$3n3'E$&�Z ©p��#��+c
E$(9GY(�X�����3$!<����!$��3$��!$/d�"3nE<��&$���"��!$!$/5�"3n#�I$&:��KL(.Xp�;��M'��&$�AGB/]Z�[]#��A=Q�HGB!$3$�
3:*,�"��!:8$Xp���H8m3�!$�d������%ÔGY(��"#�%��P��-�/\��>���# @ !$#�!)(�MPGB��!$/]Z � &<#��"�5��#�%�#<4P�"!<#�%�3$���3$�7�����"/J��#�#�-�����!$����#�GB��&bKL(.��&$��*���&$����(�&)(<Z
������&$�"#�GB3$!)(.�"3$I���E<&$3WI�#�!$� @ !$#��T��&$���"��!<3V&$��?;(�Xp�N*S(SGY( @ 3W#n�6(�IP��3:c�r���"�3<*��.=Q� @ ��!$!$#�M�&)(�-�#���/ G)=)8V��3$�7�����54�I:(�IW��#,GQ��&bK�(+�;3:0Y4��+(�IV3V!$���#.cGQ��&bK�(+�;3:0O&$�7*,��&$���b(�&$(<4<E$&$3j#�%�&)(�!<3 @ ��!<!$#�MiE$&$#�GB#.=$KO3<���7=Q>�!$#�����3�E$&$#�C$�����,(3�=Q3LE<&$3�*,(9GY(.!$!$#�M�3$!<����!$��3$��!$#��7�b3�E$#���#�I�#��$Z Ð (�IP��3$�6(9=Q>�!<��X�&)(�-�#����i§ÊwPuI`+xS¾

{Lx9y7´Qx9y�x_`9³Qx9y�{��:©74)!)(.M�GB��!<!<��XeE<&$3�^���3:0�#�%�&)(�!$3 @ ��!$3<8�0Y4Q-��,GB���V#�-�#�*,!)( @ (.��>
@ ��&$�7* Lτ

3:=Q3
Lp

��#�#������������b����!$!$#$ZB¤���#LE$#�!<8:��3$�h8$�.=)8<�����H8�#�-�#�-��;��!$3$���U^�I:c
����&<%�3$3D4Q#�!)(���#���E)(9GY(.���m��^�I�����&$%�3$��MD4B���A=Q3D�

d C$�7=Q����#�ME<#���#�I`§¨�"#���!$#��7��>P© p ��IP#.=Q>L��%�#�GB!$#m�6(+=Q(<4
d E$&$#,GQ#.=)Km3<���A=Q>�!$#�����>mE$&$#�C$������( τ ��I�#.=Q>L��%�#,GB!$#����7=)3$I:(<4
d ��3$�7�����6(m��#,GQ��&PKm3<�m&<��*,��&$���b(.& d #�I$&<�PKL(�Xp����X���&$�HGQ��ZÇg(������"#���&$3$�V*,(9GY( @ 3�#�&$(�� @ �7����&)(�-�#���#���E$#���#�-�!$#��7��3iG)=)8�&b8�GY(���3$��������3E<#�I:(+KL���54SI�(�I�#��b(d�7��&<��I<���:&)(p#�E<��3<�6(+=Q>�!$#�%�#p&$�7?;��!<3<8���E$#,GB#�-�!$/10�*,(9GY( @ (+0YZ
.0/21 ?kå�p�6�78;:?<9�6�s2@�?y3¦v�?<A�?Z@�;<5:A 62p�;Z3�="?Zê*)29�62ìI6öA�5
� 5:9�3�åtí:?R¬ ?kã

à�3 6 ="?Z@�783�="?kê�)29�6�î A�?</262;<52â Çg(.*�#�-�>����J�����mE$#,GB��3$�7�����"/�4g�.0b#�GQ8<��3$�j�
&$(������6(.��&<3$�b(����r�:X�����&$�"#�GB3$!)(��"3 @ ����I<�:Xe��3$�������r��4B!)(���&$3I:(+����%�#�&$3$3��À9©13$����# @ !<3$I$3�-�����I�#�!<� @ !$#�M����"I�#��7��3l§Ú&$��*���&$�.�b(�&$/�©7�

J ©13$����# @ !<3$I$3�I�#�!<� @ !$#�M���"IP#�����3l§¨E)(.����3$��!$/5��E$#,GQ��3$�7�����"/�©7�
a ©�(�I<��3$��!$/5��E<#,GB��3$�������"/Ù����E$&)(��.=$8$���"/5�"3V3$!<����!$��3)��!$/d�"3�E$��&$���"��!:c

!</5�"3`§¨&)(.-�# @ 3<�]���A=B(b©7Z�1��I<��#�&</Å3$!<����!<��3$��!$/102E$��&$���"��!$!$/10lE$#,GB��3$�������eI�(.K�GB#�%�#��3<E)(k-��,GB���
#�-�#�*�!)( @ (+��>l��#�#.�����7����������!$!$#UI�(�I zn, ze, zp Z5�1#����+(��.=)8<Xp�;3<�"3�^���3:0�����I<��#.c&<#��o8$�+=)8$X����q82�����"E<��&)(+����&$/�4gGY(��.=)��!$3<823l0:3$�"3 @ ����I<3$�E$#�����!$C$3$(+=Q/ÖE$#�G)c��3$�7�����5Z"�1��I<��#�&2^�IP������!$��3$��!$/102E$��&$���"��!$!$/102I:(.K�GB#�M

i
cºM`E$#�GB��3$�7�����"/�0P(+c

&$(�I<����&$3<*��b�����H8e��!<�P��&$��!<!$��Ma^�!$��&$%�3$��M
Ei

4�^�!:��&$#�E<3$��M
Si
3�I�#.=)3 @ ���7����#��

Nij (j = 1, . . . ,m, i = 1, . . . , n)
I�(.K�GB#�%�#23<*n���7�;���7���$Z�[]&$3µ!)(+=)3 @ 3$3IP#�!<�+(�I<�+(��"��K�GQ��E<#,GB��3$�������6(��"3O��#�*�!$3$I�(�Xp��^�!$��&$%��7�b3 @ ����I$3$�p3��6(.����&$3)(9=Q>.c!</5��E<#���#�I$3

qiν(zi, zν)
3
giν(zi, zν)

Z"«QGQ����>o3$!�GB��I���/¥#�*�!)( @ (.Xp�94 @ ��#nE<#���#�I!$(�E$&)(.�.=Q��!U#��
i
cºM2E$#�GB��3<�������"/ÓI

ν
cºMDZ"[]&$3U^7��#��aE$#.��#�I

giν
����I<��#�&<!$/5MV3

��#,GQ��&PKm3<�
m
��#����+(��.=)8<Xp�;3�0 d E<#jIP#.=Q3 @ ���7���������������7���$4���#�GB��&bKL(.�;3:0b�q8o���3$�7�����"��Z5Ñ���!$I$C$3<3

qiν
3
giν
&$(���!$/Ö!<�S=)X E$&$3

zi = zν
Z��Å��3:=)�2*S(�IP#�!$#��

��#S0:&)(.!$��!$3:8�^�!$��&<%�3$3�3����7�;��������(

qiν(zi, zν) = −qνi(zν , zi), giν(zi, zν) = −giν(zν , zi) ∀i, ν.
§ÍÂ:Z a Â�©
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¯]!<����!$��3$��!$/5��E$��&<���"��!<!$/d��&<��*,��&$���b(�&<#��
zn
E<&$�AGBE<#.=B(�%A(�X����H8*S(9GB(�!$!$/1c

�"3j3j!<��3<*��"��!$!$/5�"3D�$3<!<����!$��3$��!</d�]E$��&$���"��!$!$/5�]&)(�-�# @ ��%�#����A=B( u G)=)8OI:(+K�cGB#�%�#�"#��"��!<�.(
t
E$&$3$!$(9G)=Q�7KL(.��!$��I�#���#�&$#��r�n�"!$#9K����������

Dz

3n8$�+=)8$X����q8N�
*S(9GB( @ ����E$&$(��.=)8<Xp��3$�"3o��#�*AGB��M$�7����3:8$�"3D��!)(.I�#�!$��CD4Y3<!<����!$��3$��!$/5��E$��&$���"��!:c!$/5�hE)(�����3<��!$/10jE$#,GB��3$�������28$�.=)8<Xp���H8j�]�:!<I$C$3<8<�63i3�0j^�I��7����!$��3$��!$/\0iE$��&$�7c
�"��!$!</10

ze = f(Ee, Se, Ne).
§ÍÂ:Z a�Ü ©

� (�&P8PGQ�h�"����I<��#�&$#��
u(t)

�:E<&)(��.=)8<Xp��3$�"3���#.*7GB��M$������3<8<�63�8$�.=)8<Xp���H8�3��]�:!<I:c
C$3$3mI�#�!<�.(.I<�.(

U q
iν(t)

3
U g
iν(t)
4PE<&$3$!$3$�6(.Xp��3$�p*,!$( @ ��!$3<8O!$#+=Q>�3�=Q3m�AGB3$!<3$C)(<Z

b"�7=Q3m�]��!$I$C$3:8mIP#�!<�+(�I<�+(�&$(���!)(]�HGB3$!$3$C<��4b��#���#�#������7���7�b����Xp�;3$MOE$#���#�Im��#.*�c
�"#9K���!�4$���A=Q3#�!)(L&$(���!)(�!<�S=)X�4QE$#.��#�I�#����7�P�����b�������+Z
Çg(�-�# @ �������A=Q#l�6#SK����`IP#�!<�+(�I<��3<&$#��b(+��>2#,GB!$#���&$���6��!$!$#l��!$����I�#+=Q>�I$3<�"3E$#,GQ��3$�7�����6(��"3�4<�����+(�!)(.�.=Q3$��(.8iE$&<3iIP#�!<�+(�I<���]��I:(+KLGQ#�MO3<*h!$3:0O����#�3O*�!)( @ �7c!$3<8�3$!<����!$��3)��!$/\0kE$��&<���"��!<!$/\0YZ Ð /J-���GB����!)(.*�/5�b(.��>O�+(�I�#���&)(.-�# @ �������7=Q#&)(�-�# @ 3$�U���7=)#�����&)(.��E$&<�AGB�A=Q��!$!$/d�"3kE$(�&)(��"�7��&)(.�63�4BE$&<�AGBE$#+=B(�%A(.8D4 @ ��#mE$#.c��#�I<3��l!$���ÅIP#�!$����I<��3$��!$/5�N3�!$�o����8:*S(�!</ �o&$#�����#��¥^�!<��&$#�E$3$3���3$�7�����"/]Z

[]&$3$�"��&<#����+(�I�#�%�#�&$(�-�# @ ��%�#j���7=B(i�"#SKL�7�i�7=)�PKm3<��>��.��&$-�3$!)(:4DI�#�!<�+(�I<��3$&<�PcXp�;(.8l#�GB!$#���&$���"��!$!$#o�LGB�����r8`&$�7*,��&<���b(�&)(.�"3DZrsr(.I`I�(�I`E$��&<���"��!<!$/d�
ui(t)E$&$3iI�#�!<�+(�I<�����hI:(.K�GB#�MjE$#�GB��3$�������"#�M��"#�%��P�L-�/\��>�&)(.*�=)3 @ !$/]4$!$���L���"/5�7=B(����#�GB3<��>;�]��!$I$C$3<3�IP#�!<�+(�I<�+(<Z$�1/5-�#�&

ui(t) = zi(t)
��#�#���������������������!<�S=Q����#��r�

*,!)( @ ��!<3$X�E$#���#�I:(<Z¤1IP������!$��3$��!$/5��E$��&$���"��!$!$/5��I:(.K�GB#�M]3<*6E$#�GB��3<���������,GQ#��.=Q�7����#�&P8$X�����&)(��.c
!$��!<3<8$�W����&$�"#�GB3$!)(.�"3 @ ����I$3:0-b(+=Q(�!$��#��$�f6�A=Q#���3<X�^�!$��&<%�����3 @ ����I�#�%�#O-b(+=B(.!$�,( d

Ėν =
n
∑

i=1

[

U q
iνqiν(zi, zν)+U

g
iνµiνgiν(zi, zν)

]

−rν(uνzν), ν = 1, . . . , n,
§ÍÂ:Z a Ã�©

%ÛGQ�������"�"3$&$#���(�!$3$��E$&$#���#,GB3:���q8kE$#m�������
i
4Q��I:=QX @ (.8 i = ν

4Q��� @ ����#�����#�%�#<4
@ ��# qνν = gνν = 0

�
rν(u, z) d ^�!<��&$%�3<8D4rE$#.=)� @ (����6(.82#.� ν c�MlE$#�GB��3<�������6/&)(�-�# @ 3$�J���7=Q#���E$&$��#�-�&)(.*�#��b(.���7=)8�4r���7=Q3 r > 0

4g3 *S(.��&)( @ 3<�b(����6(.8l3$�54g���7c=Q3
r < 0

���.��#�&<#��m�A=B(�%A(����"#��m�I<�b(9GB&$(.��!$/10N��IP#�-�I�(+0nE$&<�AGB�7�.(��+=)8$�7�o��#�-�#�M
��I�(+=)8$&<!$#���E$&$#�3<*����HGB��!$3<��4<�9Z:��Z������"�r�OE$#�3$!�GB��I��7�

j
#.�;�AGB3$!<3$C$/�GB#

m
G)=)8

I:(.K�GB#�%�#L��# @ ���+(�!$3<8 i 3 ν Zf6�A=Q#���3:8$�W�6(.����&$3)(+=)>�!$#�%�#O-�(+=B(�!<�,(LE<#�I:(.K�GB#��"�O3<*����������7��� d

Ṅjν =
n
∑

i=1

U g
ijνgij(zi, zj)− njν(uν , zν), j = 1, ...,m, ν = 1, . . . , n,

§ÈÂ�Z a8K ©
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%ÔGB�

njν d E$#���#�I j cº%�#L�������������b(m#�� ν cºM�E$#,GQ��3$�7�����"/JI�&$(�-�# @ ���r�j���A=)��Z¬ (+=Q(�!$���iE$#L^�!<��&$#�E$3$3 d

Ṡν =
1

Tν

n
∑

i=1

[

U q
iνqiν(zi, zν) + U g

iνµiνgiν(zi, zν)
]

ν = 1, . . . , n.
§ÈÂ:Z a Áb©

�60b#,GQ8:�;3$��E$#���#�I$3kE$&$�AGQE$#.=B(.%7(�X���E<#.=Q#SKO3<���7=Q>�!$/5�"3D4�(m��/10b#,GQ8:�;3$� d #��.c&<3$C)(.���7=Q>�!$/5�"3DZ
� (O�]��!$I$C$3$3oI�#�!:�.(.I<�.(:4DI$&$#��"����E$#��r8<!<�P��/10o���7=Q#���3$MD4��"#�%7���i-�/\��>i!$(+c

=)#9K���!</ GB#�E<#.=Q!$3:���7=)>�!$/5�d#�%�&)(�!$3 @ ��!$3:8D4.�.(.I @ ��#]-���GB���'E$&$�HGBE$#+=B(�%A(.��><4 @ ��#
U ∈ Du

4�%ÔGB���"!$#9K���������#
Du

E$&$�AGQ���+(��.=)8<���o��#�-�#�MNE$#�GB�"!$#9K���������#����&<?�3$!
I:�:-�(����HGB3$!$3 @ !$/5�"3`%�&$(�!<8$�"3�4�&)(���E$#.=Q#SK���!$!<#�%�#��E<#.=Q#SKO3<���7=Q>�!$#���I$�b(SG)c&$(�!<����������&<?�3$!$#�M��!$( @ (+=)��I�#�#�&�GB3$!$(.�9Z� &$3<����&$3$���J#�E<��3$�6(+=Q>�!$#�����3 *,(9GY( @ 3n8$�+=)8$�7���q8N3<*,�+=Q� @ ��!$!)(.8N&)(�-�#.�.( A 4IP#���#�&)(.8�&)(.��!)(;�:�"��!$>�?���!$3$Xe��!:����&$��!<!$��Mk^�!$��&$%�3$3���3$�������"/

A = ∆E =
n
∑

ν=1

(Eν(0)− Eν(τ))→ max .
§ÈÂ:Z � �b©

� ( @ (9=Q>�!$#��m��#�����#98$!<3$�i��3$�������"/ *,(9GY(�!<#$4RE$#�^���#��r� I$&$3:����&<3$M�§ÍÂ:Z � �b©���#.c#.�����7���7�b�������O���A=Q#���3<X

E(τ) =
n
∑

ν=1

Eν(τ)→ min .

sr(.I�I�(�Im��!<�P��&$��!$!<8<8O^�!$��&$%�3<8OI�(.KLGQ#�M�3:*pE$#,GQ��3$�7�����l����3:=)����&)(���!$��!$3:8
��#��7��#98<!$3<8�*,(���3$��3<�m#��

Sν , Vν , Nν

4<��#�E$&$3:0b#�GB3$�VI���&$��-�#���(�!$3$X

E(τ) =
n
∑

ν=1

Eν

[

Sν(τ), Nν(τ), Vν(τ)
]

→ min
u,V

.
§ÈÂ�Z � ÀS©

Ð 3$!$3$�r������!<�P��&<��!$!$��MN^�!$��&<%�3$3n!<�PKO!<#�3<��I:(+��>�E<&$3o*S(SGY(�!$!$#��µ!)( @ (+=Q>�!$#����#��7��#98<!$3$3���3<�������"/���� @ ����#�����&)(.��!$��!$3$Ml§ÈÂ:Z a8K ©A4F§ÍÂ:Z a Áb©74$���.8<*,��Ml§ÈÂ�Z a�Ü ©�G)=$8E$(�����3$��!$/10�E$#�GB��3<�������54Q#�%�&$(�!$3 @ ��!$3$MD4Q!)(+=)#9K���!<!$/10�!)(L#�-IG����WE<#,GB��3$�������54

V (t) ∈ DV ,
§ÈÂ�Z � J ©

!$(LE$��&$���"��!$!$/5�
U
3
u d

U(t) ∈ D
U
, u(t) ∈ Du

§ÈÂ:Z � a ©
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3m!)(�I�#�!$� @ !$/5�p��#��7��#S8$!$3<8k§Ú*�!)( @ ��!$3<8m^�!<��&$#�E$3$3O3m��#��7�+(��b(b©RG)=)8�!$��IP#���#�&$/10E$#,GQ��3$�7�����5�
Sν(τ) = Sk

ν , ν = 1, 2, ..., r ≤ n,
µνj(τ) = µ̄νj, pν(τ) = p̄ν , Tν(τ) = T̄ν , (j, ν) ∈ Ω.

§ÍÂ:Z ��� ©
«QGB����>

Ω d �"!<#9K����7����#���# @ ���+(�!$3<M`3<!�GB��I���#�� j, ν 4BG)=)8nI�#.��#�&$/10nIP#�!$� @ !$/5�*,!)( @ ��!<3<8 @ (��7��3E$��&$���"��!$!$/10�� ν cºM�E$#,GB��3$�7�����"����3$I���3$&$#��b(.!$/]Z[h������>�#�-.�;��� @ 3$�7=Q#����A=Q#���3<M §ÍÂ:Z ��� ©74:!)(+=)#9K���!<!$/10i!)(;IP#�!$� @ !$#��]��#��7��#S8:c!$3<8���3$�������"/]4B&)(���!<#
m
ZQ[]&$3�^7��#��V��E$&)(����HG)=Q3$��/¦��#�#���!$#.?;��!<3<8

(

∂Eν

∂Sν

)

t=τ

= Tν(τ), −

(

∂Eν

∂Vν

)

t=τ

= pν(τ),

(

∂Eν

∂Nνj

)

t=τ

= µνj(τ),§ÍÂ:Z � Â�©
%ÛGQ�

pν d GY(��.=Q��!$3$�.4�( µνj d 0:3$�"3 @ ����I$3$MnE$#.����!<C$3)(+= j c�%�#j���7�;�������b(i� ν c�ME$#,GQ��3$�7�����"��Z
Øh���+(�!$#���3$�"�q8�!)(5�6(.�����6(.��3 @ ����I$3:0�#���#�-���!$!$#��7�98�0�*,(9GY( @ 3D4,E$#�*���#.=)8<Xp��3:0��&b8�GB���7=$� @ (����m�7��������������!$!$#m��E$&<#�����3<�b>m����&$��?���!$3$��ZÀ�ZDØh-IG����"/

Vν(τ)
�.0b#�GQ8<�j��#.=Q>�I�#i�iI$&$3<����&$3<MN#�E<��3$�6(+=Q>�!$#��7��3V§ÈÂ:Z � À9©�3

#�%�&$(�!$3 @ ��!$3<8l§ÍÂ:Z � J ©13!$3$I�(�I!$���.=Q3:8$Xp�m!)( S(τ) 3 N(τ)
4)E$#�^7��#��r�OG)=)83�0

#�E<��3$�6(+=Q>�!<#�%�#���/5-�#�&)(�GB#��7�.(+��# @ !<#O&$�7?;3<��>�*S(9GB( @ �

E(τ) =
n
∑

ν=1

Eν(S
∗
ν(τ), N

∗
ν (τ), Vν(τ))→ min

V ∈DV

.
§ÍÂ:Z � Ü ©

� @ (��7��!$#�����3D4B���7=Q3�*,(9GY(�!������"�6(�&<!$/5M�#�-HG����W��3$�7�����"/J�LI�#�!<C$��E$&$#�C$������(
n
∑

ν=1

Vν(τ) = V0
§ÍÂ:Z � Ã�©

3j*S(���3$��3$�"#�����>
Eν

��/5E<��I:=B(���!<3<*]E$#
Vν
4���#���&$��-�#��b(�!<3$��§ÈÂ:Z � Ü ©A4D§ÍÂ:Z � Ã�©�E$&<3:c

��#,GQ3<�mI����A=Q#���3:8$�
(

∂Eν

∂Vν

)

τ

= −pν(τ) = 1�2 35476 ∀ν. §ÈÂ:Z � K ©
sr(�I<3$��#�-�&)(.*�#��54D��IP#�!$� @ !$/5M �"#��"��!<�#�-HG����"/eE$#�GB��3<�������JE$&<3N#�E:��3$�6(+=)>.c!$/10�=Q3$-�#�*S(SGY(�!$!$/10m*,!)( @ ��!$3<8:0 Sν(τ) 3 Nν(τ)

�7=)�AGQ���7����/5-�3$&)(.��>�3<*����A=Q#.c
��3<8�&)(�����!$�����b(]GY(��.=)��!$3$M�Zkb"�7=Q3O��&<�AGB3OE$#,GB��3$�7�����23<�"���7���q8j&$��*���&$���b(.&D4bGY(.�.c
=Q��!<3$����I�#���#�&$#�����3$IP��3$&<#��b(�!$#<4D��#�3:*L���7=Q#���3<8V§ÈÂ:Z � K ©��A=Q�AGQ���7�+4 @ ��#����"#.c�"��!<�

τ
GY(��.=)��!$3<8������A0�E$#,GQ��3$�7�����54�#�-IG����"/lI�#.��#�&</10;�"#9Km!$#p�"��!<8:��>$4SGB#+=)K�c

!$/���#���E)(SGY(.��>���GY(��+=Q��!$3<���V^���#�%�#m&$�7*,��&$���b(�&$(
pn
Z



ÀSÂ J L  �ME�:M RY�WX< Y¡�¡8gYS1�T\<\<]����öQ+�WX< �¡_S1�ðjRPH\$��U����WV$�Y���H�B��Q.�TS�]
J Z�[h���7��>l������E$#�GB��3<�������"/�41��IP#���#�&</5�"3�I�#�!:�.(�I:��3$&<�����U&$(�-�# @ ������7=Q#<48<�.=)8<Xp���q8�&$�7*,��&$���b(�&$(��"3D4P!$�dIP#�!<�+(�I<��3$&<�:Xp�;3$�"3LGB&<��%d�1GB&<��%�#��5Zbsg#�%ÔGY(h*,(+c

GB( @ (�§ÍÂ:Z � À9©74P§ÍÂ:Z a8K ©74b§ÈÂ:Z a Áb©�#�I�(.*,/5��(������H8�!$�6*,(9GY( @ ��M�#�E:��3$�6(+=)>�!$#�%�#��:E<&)(��.=)�7c!<3<8D4.(�����&<�AGB!$��!$!$#�M�*S(SGY( @ ��M;!$�7=Q3<!$��M$!<#�%�#]E$&$#�%�&)(��"�"3$&<#��b(�!$3:8�§¨���5Z.E<&$3:=Q#.cK���!$3$��[�Z a ©7Z7����M$������3<���7=Q>�!<#$4+�d^7��#����A=)� @ (��6��&)(���!<��!$3:8j§ÈÂ�Z a8K ©74b§ÈÂ:Z a Áb©Y�"#�%��P�-�/\��>�#���-�&$#�?���!$/e3o*,(��"��!$��!$/����7=Q#���3<8$�"3W§ÍÂ:Z ��� ©74YIP#���#�&</5�LE$&$3$��#,GQ8:��I
m&$(�����!$�����b(��

Ṡν =
1

τ
(Sk

ν − Sν0) = σν =
1

Tν
q(zν , uν), ν = 1, 2, ...,

Ṅjν =
1

τ
(Nk

νj −Nνj0) = njν(zν , uν), (j, ν) ∈ Ω.

§ÈÂ:Z � Á�©

[h���7��>�E$&<3$&$#��7��/�^�!<��&$#�E$3$3O3LI�#.=)3 @ ���7���b(�!$��I�#���#�&$/10����7�;���7����*,(9GY(�!</2G)=$8
r
&$�7*,��&<���b(�&$#��m3���# @ ���+(�!$3:8 (ν, j ∈ Ω)

4$#�-������ @ 3$�A=Q#L���7=Q#���3$M §ÈÂ:Z � Áb©�&)(���!$#
m− 1

Z<Ø]�7�.(9=Q>�!$/5�hE$��&$���"��!<!$/d�
S∗ν(τ)

*S(���3<�H8:��#��;��&$�HGB!$3�0iE$#���#�IP#��
Nνj(τ)E<&$3

(j, ν 6= Ω)
4g����#�-�#,GB!$/�3`E$#,G)=)��KL(.�o#�E:��3$�6(+=)>�!$#��r� ��/5-�#�&<��Zr�1&$�AGQ!<8<8

��I�#�&$#�����>m3<*,�"��!$��!$3:8
E
&$(���!)(

Ė =
∑

ν

∂E

∂Sν
Ṡν +

∑

ν,j

∂E

∂Nνj

Ṅνj =
∑

ν

Tνσν +
′
∑

ν,j

µνjnνj.
§ÈÂ�Z ÂI��©

f"�7=Q#���3<8�§ÈÂ�Z � Á�©]E$&$�HGB���+(��.=)8<Xp�o��#�-�#�M
(m − 1)

����&$�AGB!<��!$!$#��j#�%�&)(�!$3 @ ��!$3$�.Z� !$3$�¥!)(9GQ#lGB#�-b(���3:��>W#�%�&)(.!$3 @ ��!$3<8�!)(2��#�����#S8$!$3<� &$(�-�# @ ��%�#2���7=Q(<Z � (�IE<&)(���3�=Q#$4)^7��3#�%�&$(�!$3 @ ��!$3<83$�"��Xp�m��3�G����A=Q#���3<M!$��!$(�I�#�E�=Q��!$3:8

∆Sp = 0→ Sp(0) = Sp(τ), ∆Njp = 0→ Njp(0) = Njp(τ), j = 1, ...,m.§ÈÂ:Z×Â:ÀS©
sg(�I�I:(�ILE$&$3<&$#�����/�^�!:��&$#�E<3$3O3LI�#+=Q3 @ ��������(����������7���b(���&)(�-�# @ ���'���A=Q��3$�"�7cX��m��3PG

∆Sp
τ

= −
n
∑

ν=1

1

uνT
q(zν , uν),

∆Njp

τ
= −

n
∑

ν=1

njν(zν , uν), j = 1, ...,m,

��#h���A=Q#���3<8�§ÈÂ:Z×Â:À9©�E$&<�AGB�7�.(��+=)8$X�����#�-�#�M;#�%�&)(�!$3 @ ��!$3<8�!)(���&<�AGB!$3<�\*,!)( @ ��!$3:8E<#���#�I�#��$4 @ 3$�7=Q#pI�#���#�&$/10�&)(���!$# (m+1)
Z+Ï]��&<��*

uνT
#�-�#�*�!)( @ ��!$/ �����"E$��&)(.���Pc&</¦&)(.-�# @ ��%�#����A=B(mE$&<3�IP#�!<�+(�I<����� ν cº�W&$��*���&$�.�b(�&$#��5ZBsg(�I$3$�W#�-�&$(.*,#��d4)�"/E<&$3:0b#�GB3$��Io����&$�AGB!<��!$!$#�Mn*,(9GY( @ ��#��"3$!<3$�r���6�;����&$�HGB!$��!$!$#�%�#��/5&$(.K���!$3<8§ÍÂ:Z×ÂI�b©74$E<&$3����7=Q#���3<8:0 §ÍÂ:Z � Áb©13`§ÈÂ�Z Â:ÀS©\E<#

uν(t)
ZBØ]-.�;��� @ 3<�7=Q#�����&$�AGB!<��!$!$/\0���7=Q#���3$M&)(���!$#

(r +m+ 1)
Z



�:MÔÓRM�µ�P7��PcUcPm¡ S$P�V)�H�ZS$P+ D[8\Y¡_lO��P:g�¡cQ+� À9Â a

ØhE<��3$�6(+=Q>�!<#��\&<��?;��!$3$�
W ∗(t) = (U ∗(t), u∗(t))

*S(SGY( @ 3�§ÍÂ:Z×ÂI�b©74:§ÍÂ:Z Â�À9©¨ Ü ÂYªE$&$�HGB���+(��.=)8<��� ��#�-�#�MlI<����# @ !$#.cºE<#�����#98<!$!<��Xª����I<��#�&:c�����!$I<C$3$X�46E<&$3$!$3$�6(.X�c����X¦!)(
(0, τ)

!$��-�#+=Q���
(r+m+1)

c�%�#�*,!$( @ ��!$3<8 W l Z � (.K�GB#���3<*h^���3:0O*,!)(9c
@ ��!<3$MN§¨3�0j!)(+*,/5�b(�X��L-b(.*�#���/5�"3)©���E$&)(.�.=Q��!$3$� W ∗(t)

E$&$3<!$3$�6(��7������� @ ��!<3$�
GB#.=Q3

γl
3$!:����&<�b(+=B(

(0, τ)
Z�[�&<3O^���#��

γl ≥ 0,
1+m+r
∑

l=0

γl = 1
4:(�E<#��7=)�AGB#���(.���A=Q>.c

!$#��7��>$4)��IP#���#�&<#�M�A=Q�AG)�:X��O*�!)( @ ��!$3<8 W l 4$&$#.=Q3�!$��3$%�&)(��7�9ZÏh��#�-�/µ!)(�M<��3�-�(.*,#���/5��*,!)( @ ��!$3:8 W 4<!<�PKm!$#�§¨���5Z$E<&$3:=Q#SK���!$3$��[�Z a ©���#.c���+(���3<��>��]�:!<I$C$3$X�Î�(.%�&)(.!<KL(]��#�M�KL�\*S(9GB( @ 3D4b!$#�-���*d����&$�HGB!$��!$3<8O3m3<��I�(.��>�6(�I���3$�r���µE<#j����I:��#�&<�
λ d �"!<#9Km3<���A=Q��Mo#��j�63<!$3$�r���6(j^���#�Mo�]�:!<I$C$3$3oE$#

u

L =

[

n
∑

ν=1



Tνσν +
m
∑

j=1

µνjnνj



+ Λ
n
∑

ν=1

q(zν , uν)

uνT
+

m
∑

j=1

λj
n
∑

ν=1

njν(zν , uν)+

+
∑

(j,ν)∈Ω
λjνnjν(zν , uν) +

1

Tν

n
∑

ν=1

λνq(zν , uν)

]}

→ min
u

max
λ

.

§ÍÂ:Z Â J ©
a ZD�J*,(9GY( @ (+0'#�E$&<�AGB�A=Q>�!$#�M �"#.�;!$#��7��3 Na

��&$���r8
τ ∗
#�E$&<�AGB�A=)8$�7���H8NE$#

���7=Q#���3$X
Na(τ) =

A∗n(τ)

τ
→ max

τ>0
,

@ ��#�G)=)8�GB3$������&<��!$C$3<&<���,�"#�Mm3L��/5E:�:I�=Q#�M�������&b0�*S(���3$��3<�"#�����3mE$#.=$� @ ��!$!$#�M&)(�-�#.��/�#���E$&<#,GB#.=$KO3<���7=Q>�!$#��7��3�E$&$#�C$������(mE<&$3$��#�GB3<�mI���&)(���!<��!$3$X¦G)=$8
τ ∗

(

dA∗n
dτ

)

τ∗

=
A∗n(τ

∗)

τ ∗
.

§ÍÂ:Z Â a ©
b"�7=)3��]��!$I$C$3<8

L
��§ÈÂ:Z×Â J ©�E$&<3������A0j*,!)( @ ��!<3<8:0 λ ��/5E<��I:=B(���!$3<*�E<# W 4��#o-b(.*�#���#��m*,!)( @ ��!<3$�i�AGB3$!<��������!$!$#$�r���7=)3D4r!)(.I�#�!<��CD4g�"!$#SK���������# Dw

GQ#�E<�bc
����3$�"/10 �:E<&)(��.=Q��!$3$Ml�"#SKm!$#&)(.*�-�3<��>o!$(!$����I�#.=)>�I�#kE<#,GB�"!$#SK����7���$4 @ 3$�7=)#I�#���#�&$/10

M0 �"��!$>�?�� (r + m + 1)
3�!)(lI�(.K�GB#���3<*'IP#���#�&$/10��]�:!<I$C$3<8

Î�(�%�&)(.!<KL(
L
��/5E<��I:=Q(���!$3<*�4)��#mIP#.=Q3 @ ��������#O-�(.*,#���/10�&$��?���!$3<Mk!<��E$&<����#��Ac0b#,GB3:� @ 3<�7=B( M0 Z)�1E$&)(����AG)=Q3<��#�����>m^���#�%�#L�P������&PK�GB��!$3<8�A=Q�AGQ���7�O3<*m§ÈÂ:Z×Â J ©AZ«�!)( @ ��!<3<8 γl #�E$&<�AGB�A=)8$X��L3<*����7=)#���3$Mn§ÍÂ:Z � Áb©74Y§ÈÂ:Z×Â:À9©"E$#��A=Q�hE$#�GB�7�.(�!<#���I$3�k!$3:0`-b(+*,#���/10 &$�7?;��!<3$MU�j��#�#����������������:Xp�;3$�eI�(.KLGQ#��r�N3:*i!$3:0`������#���/5�

�"!$#9Km3<���7=Q���
γl
Z

�_I:( @ ���7��������/5��#,GY(o3<*���/\?;��3<*�=)#9K���!<!$#�%�#N����#�&$�r�S=Q3<&<�����a�P������&bKLGB�Ac!$3$�.4R#�E<&$�AGB�A=)8$X��;���j����&<��I<���:&<� #�E<��3<�6(+=Q>�!$#�%�#k&<��?;��!$3<8`�*,(9GY( @ �O#�6(�I:c��3$�6(9=Q>�!$#�M�&)(.-�#����.Z



ÀSÂ � L  �ME�:M RY�WX< Y¡�¡8gYS1�T\<\<]����öQ+�WX< �¡_S1�ðjRPH\$��U����WV$�Y���H�B��Q.�TS�]
f_���i��&oKÆGN��!'3'��Â:Z�À���²a{L|±wb}�xS²9z)³)uS}]z)¶<|�y�vPx_�2y7zQy�{L|±}�|W dy�x9y�{Lx7½)¾

¯L|¡�oz<»hwQ|A».|ºwB·HmbuAwBx9·OzmwPuI`+xS¶:|h�Ax�{L|��QuOy]»+u�²9u�³)³<CR}T³)u�¶�u��2�b³DCF}�y�x9y7{Lx7½Q³)z)¾
|±}) �²¡�<½¾���°`YC��o»+u�vPxS³Qx9·m{L|�´:�BxS¾dz�}]u�y�y�xS´Q|±wQ|�³Qx9yÔuL}�u.vPy�z�}]u��2�b³Qx_�jwPuH`.xS{L|W 
z<».·¢�B|�¶:|�³)³Qx_��»+uj·HwB|~}�½

τ
 �y�x9xS{L·�|7{Ly�{L·�mP|�{Ö´�wBxS¼Q|�y�yÉ �²¡�<½'vPxS{LxÛwBxY�Ax9S

��·�|7vb{LxÛwWz)³){L|7³Qy�zQ·+³DC��2´Q|ºwB|~}�|�³)³<C��
u
z©®�mb³)vb¼)zD�2vPxS³){�u�vb{�u

U
³)u

z)³${�|ºwB·+u��B|
(0, τ)

vcmPy�xS¶:³Qx�´Qx9y�{Lx7½Q³Q|7³Z "´�wQz)¶:|~}TvPxð�Qz)¶:|�y�{L·.x�»+³)u�¶:|�³)zD�Z rvPxS¾
{LxÛw2C6|px9³i´�wQz)³)z�}]u�|7{  F³Q|�´�wB|�·.x9yT�QxS²+z){

r+m+2
 ��H²+|

r
�e¶:zQy£�Yx§mPy��Bx9·.zD�Z 

³)uh�Bx_Á�|�³)³DC��m³)u�vPxS³Q|�¶�³Qx9|�y�x9y�{Lx7½)³)zQ|d´QxS²+y�zQy7{L|~}� 
m
��wbu+»�}�|±wQ³Qx9y7{0��·�|7vb¾

{LxÛwPumvPx9³)¼Q|7³){�wPu�¼$zD�R�
�ï·'³)u.¶:uh�B|�z�·'vPxS³)¼Q|�´�wBxS¼Q|�y�y~uNz)³){L|�³Qy�zQ·+³DC6|j´Q|±wB|±}�|7³)³DC6|;wPuH`.xS¶:|h�Ax

{L|£�Buiz<»�}�|7³�½2�\{�yÛ½`y�vbu.¶:vPxq}¥²+xO³Q|�vPxS{LxÛw2C��`xS´){�z�}]u��2�b³DC��'»+³)u�¶:|�³)zD�Z \y�xS¾
xS{L·.|�{Ly�{L·�mc�°¯�zR�nxS´){�z�}]u��2�b³DCF}_²9u�·¢�Y|7³)z�½:}m�

�ÒE+³){�wBxS´)z�½ly�zQy7{L|~}"CWwPu�y�{L|7{³)u�z)³){L|±wQ·.u��B|
(0, τ)

vbu�v�vcmPy�xS¶�³Qx��Bz)¾
³Q|¡�)³)uS½ö®�mb³)vb¼)z�½)Z
�e*S(���3$��3<�"#�����3U#.�k*,(9GY(�!<!$/10`%�&)(.!$3 @ !$/10 ���7=Q#���3$Ml�6(�I���3$�6(+=Q>�!)(.8`&$(+c-�#��+(l�"#SK����l-�/\��>2-�#.=)>�?;�k3:=Q3��"��!$>.?;�o!<�S=)8�Z5�ÖE$#��7=Q�HGB!$���Å�A=)� @ (��o#�!)(��#�#��������������������j�"3$!$3$�r���r�i*,(.��&)( @ ��!<!$#�M�&)(.-�#���/]Z[]#,G @ ��&$I$!<���54 @ ��#��.(�I�(.8�����&<��I<����&)(�#�E<��3<�6(+=Q>�!$#�%�#�E$&<#�C$�����,(]0P(�&)(.I<����&:c!$(�G)=)8i=)X�-�#�M�I$3$!$�7��3$I$3����E:=Q#.c�3��6(�����#�E$��&$��!<#��,(<Z
��=o�]Go���O�m3���� ¥ x��H²9ui³)ujy�x9y�{�u�·Y �E9³){�wBxS´)zD��wPuH`+x9¶:|h�AxO{L|£�Bujz'´�w)z)¾

wQx9y�{�CÇE+vPy7{L|�³Qy�zQ·+³DC���wB|H».|±wB·�mbu7wBx9·�´�wQz
t = τ

xY��wPu.³)z)¶:|�³)zD�N³Q|�³)uh�Yx�Á�|�³Qx
(1+m+r = 0)

 �E+³){�wBxS´)z�½jy�zQy7{L|~}"C`·�xS´){�z�}]u��2�b³Qxq}¦´�wBxS¼Q|�y�y�|�´�w)zÑ���°`YC��
»+u.vPxS³)u_�m{L|7´:�YxS¾Fz�}�u�y�y�xS´Q|ºwB|�³Qx9y~u5wPu�y�{L|�{ey\´Qx9y�{Lx7½)³)³Qx_�Oy7v�xÛwQx+y7{��c�Ø �u1wbu�¾
`+xS¶:|�|�{L|��Bx�³)u�´�wBxS{�½DÁ�|�³)z)z�·.y�|h�Ax�´�wBxS¼Q|�y�yÔuY 6vPxS³){�u.vb{�z�w2mP|�{ y�xS²+³)z�}]zz
{L|±}�z�Á¦|5wB|H».|±wB·�mbu7wPu,}�z)Z
[]&$3`!)(9=Q3 @ 3$3`E$#,GQ��3$�7������IP#�!$� @ !$#�M`���"I�#�����3l*S(SGY( @ (�#��6(�I���3$�6(+=Q>�!$#�M&$(�-�#����5#�I:(.*�/5�b(��7���q8L*S(9GY( @ ��M�#�E<��3$�6(+=Q>�!$#�%�#]��E$&)(��+=Q��!$3:8��5C$�A=Q# @ 3$�A=Q��!$!$/\c�"3�E<��&$���"��!$!$/5�"3

U(t)
ZQ[]&$3�^7��#��V��E$&)(����HG)=Q3<��#

f������p&�KTGi�p!O3m�hÂ:Z J � � u;vbuHÁ�²+xH}ez)³){L|ºwB·.uh�Y|�´Qx+y7{Lx7½Q³Qy7{L·.u0®�mb³)vb¾
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u(t)
z)³){L|7³Qy�zQ·+³DC��'´Q|±wQ|~}�|�³)³DC���wbuI`+xS¶<|¢�7x
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� wBxS²+xð�2Á�z){L|��2�b³Qx9y�{��N´�wBxS¼Q|�y�yÔu'³Q|ixY��wbu�³)z)¶:|�³)uY �wPu�y7¶<|7{ E9vPy�|ºw��Hz)zVy7z)¾
y�{L|±}§C � [h������>��3$�������6(���#�GB��&bKO3<��&$�7*,��&<���b(�&N�������"E$��&)(.���:&$#�M

T−
4
k
E<#,G)c

��3$�7������IP#�!$� @ !$#�Mo���"I�#�����3o��!)( @ (+=Q>�!$/5�"3������"E$��&)(+����&)(��"3 Ti0 3�����E:=Q#����gcI�#��7�98<�"3
ci(i = 1, ..., k)

3N&)(�-�# @ ���L���7=)#$4FI�#���#�&$#��m�"#SKL�7������.�:E$(.��>k�mE<#,G)c��3$�7�����6(��"3V�o����E:=Q#���#�MWIP#�!<�+(�I<�SZ�[�&<�AGBE$#+=Q#9Km3$�54 @ ��#n#�-IG����"/ E$#�GB��3$�7�����E$#��7��#98<!$!$/]4<&)(�-�#��.(��"#SK����;-�/\��>�E$#+=)� @ ��!$(;*,(�� @ �7�L3<*��"��!$��!$3<8i�����"E$��&)(.���Pc&$/�&)(.-�# @ ��%�#L���A=B(�E$&$3�I�#�!<�.(.I<������E$#�GB��3$�������6(��"3DZ

+
Q

-
Q

A -
T

)(, TET

ù�ú:û_ü�¤8ü �:üqp�ú:û�@���>y�  Rû��_û�@���� ������ú����
���RûTú:û�@���>O� HN���
��K��
��C���>OHN�_û�@_ú� 
�������K
��E��@��\Gq�)úI
���������	�����
� (�M�GQ����^�IP����&<%�3$X

A∞
G)=)8�#�GB!$#�M�E$#,GB��3$�7�����"/]Z���=)8�^7��#�%�#l*S(.E$3<?;���

��&)(���!$��!$3<8i-b(+=B(.!$�,(�E$#;^�!$��&$%�3$3�3i^�!:��&$#�E<3$3jG)=)8j#�-�&$(.��3$�"#�Mi����E�=Q#���#�Mi�6(+c
?;3$!</]4F&)(�-�#��+(�X��;��M *,(�� @ ����#�-��"��!$(�^�!$��&<%�3$��M`E$#�GB��3$�������"/�3N&$�7*,��&$���b(�&$(§¨&$3<��ZBÂ:Z � ©7�

dQ+ − dQ− − dA = 0,
dQ+

T
−
dQ−
T−

= 0⇒ dQ− = dQ+
T−
T
.

§ÍÂ:Z Â � ©
[]#��7=Q�HGB!$���i&)(�����!$�7����#o��#�#������������b�.�b���'��#��r��4 @ ��#oE$&<3$&$#��7�'^�!:��&$#�E<3$32&)(�-�#+c
@ ��%�#����7=B(�&)(.����!�!<�S=)X�ZB¯h*���&)(.��!$��!<3$Ml§ÍÂ:Z×Â � ©1�A=Q�AG)�����+4 @ ��#

dA = dQ+

(

1−
T−
T

)

= −c(T )
(

1−
T−
T

)

dT,

�.(.I @ ��#

A∞ =

T0
∫

T−

c(T )
(

1−
T−
T

)

dT.
§ÍÂ:Z×Â�Â�©

[]&$3�E$#��7��#98<!$!$#�M�����E:=)#����"IP#�����3

A∞ = c

(

T0 − T−

(

1 + ln
T0
T−

))

.

¤��.(��]��!$I$C<3<8!$��#���&<3$C)(.���7=Q>�!)(m3�&)(���!)(L!<�,=QX�����# @ I�� T0 = T−
§¨&<3$��ZBÂ:Z×Â�©7Z
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0
T

-
T

+
DA

t
A

¥
A

ù�ú:û_üq¤8üo¤8ü:ùO������@��_û��
�_û������
�_û�@�A½ûTú:û�@���>O���[cú:û_ü�¤8ü � � ��:úI��E�����cú�K
�����
��C·ú�
����E�����cú�K
�����
��C��

������G
�"ú�@��\G
A��
�Yû�@_ú���
��~
�WûWû��
��=)8

n
E$#,GB��3$�7�����

A∞ =
n
∑

i=1

Ai∞
ZQ[]&$3

ci = 1�2 3|4Y6
A∞ =

n
∑

i=1

ci

(

T0i − T−

(

1 + ln
Ti0
T−

))

.
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[]&$3NE$&P8<�"#���IP#�!<�+(�I<���OE<#,GB��3$�������J��&$��*���&$���b(.&$#��J��#����7�P�����b��3$�j&$(�-�#.c
@ ��%�#L���7=B(�3<*��.=Q��I�(����6(+8�&)(�-�#.�.(;&)(���!)(;!<�S=QX�4$3�E$#.����&$3�^�IP����&<%�3$3��!<��#�-�&$(+c��3$�"#��2E$&$#�C<�������]��/5&)(���!$3$�b(�!<3<8j�����"E$��&)(.���:&�E$&$#�E$#�&$C$3$#�!$(+=Q>�!$/�E$&$3$&$#����.�
^�!<��&<#�E$3$3l��3$�7�����"/]Zgsg(�ID4�G$=)8 ��3$�������"/�4R��#�GB��&bKL(.�;��M`&$��*���&$�.�b(�&l�������"E$�Ac
&$(.����&$#�M

T−
4�3LE$#�GB��3$�������`�\����E:=Q#����"I�#��7�+8<�"3

ci
3�!$( @ (9=Q>�!$/5�"3L�����"E$��&)(.���Pc&$(��"3

Ti0
E$&<3n!$��#�-�&)(+��3$�"#�����/5&)(���!<3$�b(�!$3<3'�����"E$��&)(.���:&NE$#�����&b8n^�IP����&<%�3$3

&$(���!)(�!$��E<#.=)� @ ��!$!$#�M�&)(�-�#����.�
A∞ = T−∆S,%ÔGB��E$&$3$&$#����m^�!<��&$#�E$3$3���3$�������"/

∆S =
∑

i

ci

(

Ti0
T−
− ln

Ti0
T−
− 1

)

.

� wBxS²+xð�2Á�z){L|��2�b³Qx9y�{���´�wBxS¼Q|�y�yÔu)®6z)vPy7z�wBx9·.u.³)u � �o^���#���7=)� @ (.�rG$=)8�I:(+K�cGQ#�MmE$#�GB��3$�������"/e§Ú3$!�GB��I��
i
#�E<����I:(�����©6!<�PKm!$#�&$��?�3<��>�*S(9GB( @ ��#���/5-�#�&$�5�.(+cI<3:0������"E<��&)(.���:&o&)(�-�# @ ��%�#m���A=B( T1(t) 3 T2(t) 4 @ ��#�-�/J3<*��.=Q� @ ��!$!$(.8o&$(�-�#��+(-�/1=B(L�6(�IP��3$�6(+=)>�!)(<�

Aτ =

τ
∫

0

(q+(T, T1)− q−(T2, T−))dt→ max
T1,T2

.
§ÈÂ�Z Â�Ã�©
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sr(�IjI�(�Ii�"/µE$&$�HGBE$#.=B(.%7(.���54 @ ��#L&)(.-�# @ ���h���7=Q#LC$3$I:=)3 @ ����I$33:*,�"��!:8$��������#�3E)(�&)(.�"����&</]4Q��#m��%�#m��#��7��#98<!$3$������&$�AGB!<���V*S(���&$���r8�C<3$I:=B(L!$��3<*,�"��!<8$�7���H8��

∆S =

τ
∫

0

(

q+(T, T1)

T1
−
q−(T2, T−)

T2

)

dt = 0.
§ÈÂ:Z×Â K ©

sg���"E$��&)(+����&)(�E$#,GQ��3$�7�����"/®E$&$3¦#���-�#�&$�N����E:=Q#���/ï3<*��"��!<8<�����q8��V��#�#.�����7�.c
������3$3�]�:&$(���!$��!$3$���

dT

dt
= −

q+(T, T1)

c(T )
, T (0) = T0.

§ÍÂ:Z Â.Áb©

�1/5&)(.K���!$3$�;§ÈÂ:Z×Â�Ã�©r�7=Q�HGQ������3<*�^�!$��&$%��7�b3 @ ���,IP#�%�#$4<(����7=Q#���3$��§ÈÂ�Z Â K © d 3<*�^�!:c��&$#�E$3$M$!$#�%�#m-b(+=Q(�!$�,(�&)(�-�# @ ��%�#L���7=B(<� @ ��&<��* q+ 3 q− #�-�#�*,!$( @ ��!$/�����E:=Q#���/5�E$#���#�I$3#���E$#�GB��3<�������"/JI��6(.?;3$!<��3�#����6(.?;3<!$/¦I�&$�7*,��&$���b(�&:��Z
Øh-�#�*�!)( @ 3$� ∆S d E<&$3$&$#��7�V^�!<��&<#�E$3$3�&$(�-�# @ ��%�#2���7=B(UE<&$3µE$#.=)� @ ��!$3$3����E:=B(<4)��#�%ÛGB(L*S(9GB( @ �n§ÍÂ:Z Â�Ã�©»Ú�§ÍÂ:Z×Â�Áb©��"#SKm!$#L&)(+*,-�3<��>m!)(�GB����E$#�GQ*S(9GB( @ 3��

Q+ =

τ
∫

0

q+(T, T1)dt→ max
T1(t)

§ÍÂ:Z Ü �b©

E$&$3����7=Q#���3<8:0N§ÈÂ�Z Â�Á�©13����7=Q#���3$3
τ
∫

0

q+(T, T1)

T1
dt = ∆S.

§ÈÂ:Z Ü À9©

����#�&)(.8�E$#�GQ*S(9GB( @ (L�L��3:=$��E$#��7��#S8$!$�7���b( T− 4)(�*,!$( @ 3:�94B3 T2 4)E$&$3<�"���O��3�G

Q− = q−(T2, T−)τ → min
T2

§ÍÂ:Z Ü8J ©
E$&$3����7=Q#���3$3

q−(T2, T−)

T2
=

∆S

τ
.

§ÍÂ:Z ÜIa ©
f6�A=Q#���3<�L§ÈÂ:Z Ü8a ©6����8<*�/5�b(��7�

T2
3
∆S
4��.(�I @ ��# Q− *S(���3$��3<��#�� ∆S 4:I:(.Ii3�6(�I���3$�r���

Q+

Z)�1�7=Q3 @ 3$!<� ∆S !$(9GB#���/5-�&)(.��>��+(�ID4 @ ��#�-�/

Aτ (∆S) = [Q∗+(∆S)−Q
∗
−(∆S)]→ max

∆S>0
.
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«D(9GY( @ ( §ÈÂ:Z ÜcJ ©A4�§ÈÂ:Z Ü8a ©A41§ÍÂ:Z Ü � ©]&)(������"#���&$��!$(o��/\?���ZFf6�7=)#���3<8 #�E<��3$�6(+=Q>+c!<#�����3^���#�M�*S(9GY( @ 3��h��# @ !$#��7��>�X¦GB#L#�-�#�*,!$( @ ��!$3$M���#���E)(9GY(.Xp���h���7=)#���3<8<�"3�"3<!$3$�6(+=Q>�!$#�MjGB3$����3$E)(.C$3$3�E$&$#�C$�����,(L����E:=Q#�#�-��"��!)(:�

∂q+
∂T1

(

T ∗1 (T )

q+(T, T ∗1 (T ))

)2

= 1�2 3|4Y6 = k ∀T.
§ÍÂ:Z Ü Â�©

Øh!$3�#�E$&$�AGQ�7=)8<Xp�
T1(T )

�]��# @ !<#�����>�XJGB#LI�#�!$�7�.(.!<��/ k Z�1�A=Q3 @ 3$!:��^���#�MIP#�!$���+(�!:��/¦!)(+0b#�GQ8<��E$#��A=Q��E$#�GB���+(�!$#���I$3!$(�M�GB��!$!$#�M�3<*§ÍÂ:Z Ü Â�©�*S(���3<��3$�"#��7��3
T ∗1 (T, k)

�`§ÈÂ:Z×Â�Áb©A4�§ÍÂ:Z Ü À9©7ZFØh!)(�*,(���3<��3<�k#��
∆S
4 @ ��#k3E<&$3$��#�GB3<�mI�*S(.��3$��3$�"#�����3

Q∗+
#��

∆S
4)3�=Q3D4 @ ��#L��#LK�����(��"#��.4)#�� k Z��=)8�!<>�Xp��#�!$#�����I$3:0�*,(�I�#�!$#��L����E:=)#�#�-��"��!)(

q− = α−(T2 − T−), q+ = α+(T − T1)
§ÈÂ�Z Ü�Ü ©

3�E<#�����#98<!$!$#�M�����E:=Q#����"I�#�����3
c
&)(�����!$�7����#k§ÍÂ:Z Ü Â�©1E$&<3$�"���O��#�&$�r�

T 2
1

α+(T − T1)2
= 1�2N354Y6 ⇒ T1 = kT,

%ÔGB�
k d !$��IP#���#�&)(.8IP#�!$�7�.(�!:�.( (0 < k < 1)

Z
f6�7=)#���3<8W§ÈÂ�Z Â�Á�©74"§ÈÂ�Z Ü À9©pE$#��7=)�LE$#,GB�7�+(�!$#���I<3N��!$3�0

T1(T, k)
E<&$3$��#�GQ8<��I

��&)(.��!$��!$3<8$�54)����8:*,/5�b(.Xp�;3<�
k,∆S

3
T
�

∆S =
c

k
ln
T0
T
, τ =

c

α+(1− k)
ln
T0
T
,

§ÈÂ�Z Ü Ã�©
3�=Q3

T = T0 exp

(

−
τα+(1− k)

c

)

.
§ÈÂ�Z Ü8K ©

[]#,GB�7�.(.��3$�
T
�L���A=Q#���3$�O§ÈÂ:Z Ü Ã�©A4$E$#+=)� @ 3$�

∆S =
τα+(1− k)

k
,

§ÈÂ�Z Ü Á�©

(�E$#��A=Q��E<#,GB�7�.(.!$#���I$3
T1 = kT

3
T
�§ÈÂ�Z Ü ��©1!)(�M�GQ���

Q∗+(k) = T0c

(

1− exp

(

−
τα+(1− k)

c

))

.
§ÈÂ�Z ÃI��©
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¯h*����7=Q#���3<8 §ÈÂ:Z Ü8a ©

α−(T2 − T−) =
∆ST2
τ

=
α+(1− k)

k
T2

�7=Q�HGQ�����94 @ ��#
T2 = T−

α−k

α−k − α+(1− k)
.

sr(�IjI�(�I
T2 > 0

4:��#
α−k− α+(1− k) > 0

4<#���I<�,GY(
k >

α+

α− + α+

Z<�1�7=Q3 @ 3$!)(

Q∗−(k) =
τT−α+α−(1− k)

α−k − α+(1− k)
.

§ÍÂ:Z Ã�À9©
[]#����7=Q#���3$X¥§ÍÂ:Z Ü � ©1E$#+=)� @ 3$�W��&)(���!$��!$3$�hG)=)8 k

dAτ

dk
= 0⇒

∂Q∗+
∂k

=
∂Q−
∂k
⇒ T0 exp

(

−
α+τ

c
(1− k)

)

=
T−α

2
−

(α−k − α+(1− k))2
.§ÍÂ:Z Ã J ©

Î�����(.8 @ (��7��>k^7��#�%�#���&)(���!<��!$3<8 �"#�!$#���#�!$!$#�&)(.�������o�m3<*��"��!$��!$3$��� k
#��

!<�S=)8�GB#��AGB3$!<3$C$/]4)(�E$&)(���(.8O3$��E</\��/5�b(����L&)(.*,&</5��E$&$3
k0 =

α+

α− + α+

Z<[]&$3
k < k0

E$&)(���(.8 @ (�����>��:&$(���!$��!$3<8n#���&<3$C)(.���7=Q>�!)(:4F(iE$&$3 k > k0
#�!)(i�"#�!<#.c

��#�!<!$#O�:�"��!$>�?;(������H8o#��O-�����I�#�!$� @ !$#�����3�GB# T− ZYÇR�7?;��!$3$�;��&)(���!<��!$3<82§ÍÂ:Z Ã J ©���P�;�����b�.�b���94B�AGB3<!$��������!$!$#O3�E$&<3
T0 > T−

�,GQ#��.=Q�7����#�&P8$�7�O!$��&)(.����!$�7����(��
α+

α+ + α−
< k ≤ 1.

[]#��A=Q�r��#�%�#$4SI�(�I�G)=$8�I:(.K�GB#�M]E$#�GB��3$�������"/`!)(�M�GQ��!$#5*,!)( @ ��!<3$� ki 47GB#��7�.(.�.c=)8$X��;���5�6(�IP��3$�r���
Aiτ (∆Si(ki))

4+&)(�-�#.��#���E$#���#�-�!$#��7��>]��3$�7�����"/WE<&$3���3$IP��3:c
&$#��b(.!$!$#�M�E$&$#,GQ#.=)Km3<���A=Q>�!$#�����3�E$&$#�C$�����,(

τ
�"#9K����L-�/\��>�!)(�M�GB��!)(�I�(�I

Aτ =
∑

i

A∗iτ .

±'`qwPu.{�³)uS½O»+u.²9u�¶�u � ¬ ��GB���n!)(.*,/5��(.��>]*,(9GY( @ �;#�-h3<*,�+=Q� @ ��!$3$3��6(�I���3$�r���6(&)(�-�#.��/J�O!$��&$(���!$#�������!$#�M�����&<�"#,GB3$!$(��"3 @ ����IP#�M'��3$�������"��E<&P8$�"#�MD4Y(�*S(9GB( @ �#�E$&<3$���AGQ��!$3$3m&)(.��!$#�������!<#�M���3$�7�����"/��]*,(9GY(.!$!$#��5!$��&$(���!$#�������!$#��d��#�����#S8$!$3<�
���"3$!$3<�6(+=Q>�!$#�Mn*S(+��&)(.��#�M &)(�-�#.��/ d #�-�&)(.��!$#�MDZ���E<��&$��#����7=)� @ (��L�����"E<�7c&)(.�.�:&</µE$#�GB��3$�7�����"/µ3O&$��*���&$�.�b(�&)(;��-+=Q3<KL(�X����q8D4<(���#�����#�&$#��l#���GY(9=)8$X����q8
GB&<��%�#��;GB&<��%A(<ZB[]#�I�(.K����54<I:(�I�����8<*,(�!$/�^7��3�*S(9GB( @ 3jGB&<��%���GB&:�:%�#��5Z
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Ø���*,(9GY( @ 3�§ÍÂ:Z×Â�Ã�© Ú�§ÈÂ:Z×Â�Áb©�#�-�&)(+��!)(+8�*S(SGY( @ (]#.�S=)3 @ (��7���H8L�����54 @ ��#�*,(9GY(.!$/!$( @ (9=Q>�!)(.8�3�IP#�!$� @ !)(.8�����"E$��&)(.���:&$/�E$#,GQ��3$�7�����"/ T (0)

3
T (τ)

ZY«D(�E$3:?;���
^7���i*,(9GY( @ �i����#�&$�"�

Aτ =

τ
∫

0

(q+(T−, T2)− q−(T1, T ))dt→ min
T1,T2

,
§ÈÂ�Z Ã a ©

E<&$3����A=Q#���3<8:0
τ
∫

0

(

q+(T−, T2)

T2
−
q−(T1, T )

T1

)

dt = 0.
§ÍÂ:Z×Ã � ©

sR���"E<��&)(.�.��&)(�E<#,GB��3$�������"/ïE$&<3J#.��-�#�&$�N����E�=Q#���/®3<*,�"��!<8$�7���H8J����#�#��������+c
�7����3$3��]��&)(.��!$��!<3$���

dT

dt
= −

q−(T1, T )

c(T )
, T (0) = T−, T (τ) = T0.

§ÈÂ�Z Ã�Â�©

ÇR��?���!$3$��^���#�M�*S(SGY( @ 3��"#9K��7��-�/\��>mE$&$#����AGB��!$#mE$#L��#�M�K��]�Û0b���"��4 @ ��#m3&<��?;��!$3$�]*S(9GY( @ 3N§ÍÂ:Z Â�Ã�©»ÚY§ÈÂ:Z×Â�Áb©6����#�M�&)(+*,!$3$C<��MD4 @ ��#L&$�7*��S=)>9�.(+�m-��,GB�7�L*S(.��3:c������>����;�d3L#.�]*S(9GY(.!$!$#�M������"E$��&$(.���:&$/
T0
Z��1�"���7��#����7=)#���3<8§ÈÂ�Z Ü À9©RE$#+=)� @ 3$�GQ�b(L3<!<����%�&)(+=)>�!$/10�#�%�&)(�!<3 @ ��!$3<8

τ
∫

0

q−(T1, T )

T1
dt = ∆S,

§ÍÂ:Z×Ã Ü ©

τ
∫

0

q−(T1, T )

c(T )
dt = T0 − T−.

§ÈÂ�Z Ã�Ã�©
!]��!$#<4 @ ��#LE$&$3 τ 4:����&<���r8<�����"�H8�I�-�����IP#�!$� @ !$#��7��3D4Q�"3<!$3$�r���U*,(.��&$( @ ��!:c!<#�M�&)(�-�#���/ª&$(�����!��6(.I���3<�r�:�r��E<#.=)� @ ��!$!$#�Mµ3�&)(�����!�#�-�&)(.��3$�"#�M�&)(�-�#����

A∞
Z:[]&$3O��3$I���3$&$#��b(�!$!$#�MjE$&$#�GB#.=)Km3<���7=Q>�!<#�����3

τ
�6(�I���3$�6(+=Q>�!$(.8O&)(�-�#��+(��

E<&P8$�"#�Mn*S(SGY( @ � A∗τ+ �"��!$>�?���4R(��"3$!$3<�6(+=Q>�!)(+8N&)(.-�#��+(���#�-�&$(.��!<#�Mn*S(9GY( @ �
A∗τ−

-�#+=Q>�?;��#�-�&)(.��3$�"#�MDZBØh-�#�*�!)( @ 3$�W3:0�&)(.*�!$#�����>mI:(�I §Ú���5ZÒ&$3$�.ZYÂ:Z×Â�©

∆A∗+ = A∞ − A
∗
τ+.

�Å#�-�&)(.��!$#�MV*,(9GY( @ ���"3$!$3<��(9=Q>�!)(+8V*,(.��&$( @ ��!$!)(.8�&)(�-�#��+(N-�#.=Q>.?;��4 @ ���
A∞
Z)¯h0i&)(.*�!$3$C)(

∆A∗− = A∗τ− − A∞.
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�2��3:=)����#�%�#<4 @ ��#���#�-�&)(.��!<#�M�*,(9GY( @ ��3<�"�������H8�GB#�E$#.=)!$3<���A=Q>�!$#������7=Q#���3$�§ÈÂ:Z×Ã�Ã�©A4"����"!$#SKL��������#'GB#�E<������3$�"/\0V&$��?���!$3<M��PKL�.4 @ ���T�NE$&b8$�"#�MD463lG)=)8=QX�-�#�%�#L*,(�I�#�!)(�����E:=Q#�E$��&$��!$#���(m��E$&$(����HG)=Q3$��#�!$��&)(.����!<������#

∆A∗− ≥ ∆A∗+.
§ÍÂ:Z Ã K ©

� (�&$3$��Z:Â�Z Ü E<#�I:(.*,(�!L0P(.&)(�I<����&m*S(���3<��3$�"#��7��3m*S(.��&)( @ 3$�b(����"#�MO3m�6(.I���3$�6(+=Q>.c!$#�MiE$#.=$� @ ��!$!$#�M�&)(�-�#.��/µ#���E$&$#,GQ#.=)Km3<���A=Q>�!$#�����3�E$&$#�C<������(<ZDb"�7=Q3�E$&$#�GB#.=$cKO3:���7=)>�!$#��7��>�E<&$#�C$������(V!$�nE$&$����/\?;(�����!<��IP#���#�&<#�%�#W*,!$( @ ��!$3<8 τ0 45��#V!$3�cI:(�IP#�M2&$(�-�#���/Å3<*��.=Q� @ >n3<*���3$�������"/¥!$�7=Q>.*�8DZ"���7=Q3 @ 3$!)( τ ∗ ��#�#.�����7��������������6(�I���3$�r���r�n��&$�AGB!<��M`3<!<����!$��3$��!<#�����3l3:*,�.=)� @ ��!$3<8 &)(�-�#.��/Ó§¨�6(�IP��3$�6(+=)>�!$#�M�"#��;!<#�����3Q©7Z

¥
A

*

+
DA

*

-
DA *

-t
A

*

+t
A

t
0

t *
t

ù�úRû�üq¤8üo8ü�®������H
@��\������_ú:ûTú
>?�_û�@_ú��������@��_û��
�_û��������_û�@_ú ûTú:û�@���>O�s����r��>?��C·ú�������@��
��C������q��K���tI��@M��
������G
�"ú�@��\G
A����_û�@_ú���
��~
�WûWû��
¡½3�7c;Z5R="o�/25cí�A�5cí:5:A�s2ä�?ZA�?�â
� wBxS²+xð�2Á�z){L|��2�b³Qx9y�{��L´�wBxS¼Q|�y�yÔu;³Q|pxY��wbu�³)z)¶:|�³)u � []&$3�#.�����P��������3$3O#�%�&)(+c

!$3 @ ��!$3<8�!)(�E$&<#,GB#+=)KO3:���7=)>�!$#��7��>jE$&$#�C$�����,(m�6(�I���3$�6(+=Q>�!$#�M�&$(�-�#�����4Q3<*,�+=Q�7c
@ ��!<!$#�MN3<*m��3$�������"/Æ§¨���5Z�&$3<��ZRÂ�Z Ã�©A4���#�#����������������b���k#�-�&)(.��3<�"/5M E$&<#�C$������4��I�#���#�&$#��������"E$��&$(.���:&$/e�����70�E$#,GQ��3$�7�����µ��/5&)(.��!$3$��(�Xp���H8o3k�OE$&$�HGB�7=)�����+(+c
!$#���8:���q8�&)(���!$/\�63�!$��I�#���#�&$#��r�i*�!)( @ ��!$3$X Θ

Z
¤1!<��&$#�E$3:8i��3<�������"/µE$&$3j^7��#��l!$�p��#�*�&)(��7�.(.���94:�+(�IjI�(�IO&)(�-�# @ �������A=Q#;E$#.c=)� @ (��7�L3j#.�,GB(����;����E:=Q#��.�jE$&$3O�����"E$��&)(.���:&$��4<��I�#+=Q>���%�#�GB!$#;-.=Q3<*�I�#�MiIm�����gcE$��&$(.����&$��I�(.KLGQ#�M�E$#�GB��3<�������"/�ZYÇg(�-�#���#���E<#���#�-�!$#��7��>O��3$�7�����"/JE$&$3!$��#�%�&$(+c

!$3 @ ��!$!$#�MmE<&$#,GQ#.=)Km3<���A=Q>�!$#�����3OE<&$#�C$������( A∞ &)(���!$(]���"��!$>�?���!$3$Xµ���d��!<�P�+c



À ÜcJ L  �ME�:M RY�WX< Y¡�¡8gYS1�T\<\<]����öQ+�WX< �¡_S1�ðjRPH\$��U����WV$�Y���H�B��Q.�TS�]

AiQ

11
,cT

ii cT ,

kk
cT ,

ù�ú:û_ü�¤8ü°¯IüLK£��
>?���:ú�����>�ú�K��Wû�H ���·ûTú:û�@���>y�§û'ú ������G
A��
��C�@���� Gq������C�>y��F�ú��
��C� 
�
�
û�������r���������I
���������	�����

&<��!$!$��M�^�!$��&<%�3$3

A∞ =
k
∑

i=1

Ti0
∫

Θ

ci(T ) dT.

«�!)( @ ��!$3<� Θ #�E$&$�HGB�7=$8$�����H8�3<*����7=Q#���3<8�E$#��7��#98<!$�����b(h^�!<��&<#�E$3$3�&)(�-�# @ ��%�#���7=B(
k
∑

i=1

∆Si =
k
∑

i=1

Ti0
∫

Θ

ci(T )

T
dT = 0.

§ÍÂ:Z×Ã�Áb©

� @ (�����!$#�����3�4�G$=)8jE$#��7��#98<!$!$/10j����E:=)#����"IP#�������M�3<*h&)(�����!$�7���b(�§ÈÂ�Z Ã�Á�©6�7=Q�HGQ�bc�7�94 @ ��#mIP#�!$� @ !)(.8������"E$��&)(+���:&)(

Θ =
k
∏

i=1

T γi
i0 , γi = ci

/

k
∑

ν=1

cν ,

�+(�I @ ��#�&)(�-�#.��#���E$#���#�-�!$#��7��>

A∞ =
k
∑

i=1

ci(Ti0 −Θ) = (T −Θ)
k
∑

i=1

ci.
§ÈÂ�Z K ��©

`"·,½<»��;´QxS{L|ºw2�pwPuH`.xS{Lx9y�´Qx9y�x_`+³Qx9y�{�z�y�´�wQz�wQx+y7{Lxq} E9³){�wBxS´)z)ziy7zQy�{L|±}§C �
� (.M�GB���Å*,(���3$��3$�"#�����>V�"��K�GQ��E<#�����&$��M¦&$(�-�#���#���E<#���#�-�!$#��7��3¦3�E<&$3$&$#�����#��
^�!<��&<#�E$3$3�G$=)8k��3<�������"/�4D��#�����#98:�;��M'3<*;E$#�GB��3<��������������E:=Q#����"I�#����98$�"3

ci
3

!$( @ (9=Q>�!$/5�"3`�����"E$��&)(.���:&)(��"3 Ti0 3`!$�O��#�GB��&bKL(.�;��Ml&$��*���&$�.�b(�&)(<ZrÇg(�-�#���#.c��E$#���#�-�!$#�����>��+(�I�#�M���3$�7�����"/�#�E$&<�AGB�A=)8$�7���H8m��/5&)(+KL��!$3$����§ÈÂ:Z K �b©A4���I�#���#�&$#��
T =

∑

i

Ti0γi d ��&$�HGB!<8<8�!$( @ (+=)>�!)(.8������6E<��&)(+����&)(jE<#,GB��3$����������� @ ����#���3:0#.��!$#���3<���7=Q>�!$/10�����E�=Q#����"IP#�������M
γi
Z
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[]&$3$&<#�����^�!<��&$#�E$3$3N��3$�7�����"/_��!$��#�-�&)(+��3$�"#���E$&$#�C<����������/5&)(���!$3$�b(�!<3<8
�����"E$��&)(+����&kE<#,GB��3$��������#.�

Ti0
GB#

T
&)(.����!

∆S =
∑

i

∆Si =
∑

i

ci ln
T

Ti0
= ln

T

Θ

∑

i

ci,

#���I:�,GY(
T

Θ
= exp

∆S
∑

i
ci
.

[]#��7=Q�pE<#,GB�7�.(.!$#���I$3j^7��#�%�#;#���!$#�?;��!$3<8j����/5&)(.K���!<3$�;§ÈÂ:Z K �b©rE$#.=)� @ 3<�l����8:*,>�"��K�GQ�j&$(�-�#���#���E$#���#�-�!$#�����>�X���3$�7�����"/¦3�E<&$3$&$#��7��#��W����^�!<��&<#�E$3$3����#�&$�"�

A∞ =
∑

i

ciT
(

1−
Θ

T

)

=
∑

i

ciTi0





1− exp





−
∆S
∑

i
ci











 .
§ÍÂ:Z K À9©

¤��.(n*S(���3$��3<�"#�����>l�"#�!$#���#�!$!)(<4�(n���!)(�I�=Q#�!VE$&<3
∆S = 0

&)(.����!V��&$�HGB!$��M
!)( @ (+=Q>�!$#�M������"E$��&)(+���:&$�

(

dA∞
d∆S

)

∆S=0

= T .

� wBxS²+xð�2Á�z){L|��2�b³Qx9y�{���´.wBxS¼Q|�y�y~u
®"z)vPy�z.wBx9·.u�³)u � Çg(.�����"#���&$3<�µ�.�K���*S(+c
GY( @ �OE<&$3i��3$IP��3$&<#��b(�!$!<#�MiE$&$#�GB#.=)Km3<���7=Q>�!$#�����3�E$&<#�C$�����,( τ Z$«D(9GY( @ (�#��,=Q3:c@ (��7���q8�#�� &$(������"#���&<��!$!$#�M���/\?;�������54 @ ��#N�����"E$��&)(+����&$/ÆI�(.K�GB#�MWE<#,GB��3:c�������"/Ö�oI�#�!$C<��E$&$#�C$�����,(

Ti
&)(.*7=Q3 @ !$/]Z6[]&$3$&$#��7�N^�!<��&<#�E$3$3W��3<�������"/ÖE$#.c=Q#9Km3<���7=Q��!DZ � �S=QX¥&)(���!$/�E<&$3$&)(.����!$3:82��!:����&$��!<!$��MU^�!$��&$%�3$323`^�!<��&$#�E$3$3

&)(�-�# @ ��%�#L���7=Q(<ZÑ;#�&$�6(9=Q>�!$#L*,(9GY( @ (LE$&$3<�"���m��3�G

Aτ =
k
∑

i=1

Ti0
∫

Ti

ci(T )dT → max
Ti,Tpi(T )

§ÍÂ:Z K8J ©

E$&$3����7=Q#���3<8:0

∆Sp =
k
∑

i=1

Ti0
∫

Ti

ci(T )

Tpi(T )
dT = 0,

§ÈÂ:Z K8a ©

Ti0
∫

Ti

ci(T )dT

qi(T, Tp)
= τ, i = 1, . . . , k.

§ÍÂ:Z K � ©
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«QGQ����>

Tpi d �����"E$��&)(+����&)(�&)(�-�# @ ��%�#����7=B(�E<&$3mI�#�!<�+(�I:����� i c�M�E$#,GQ��3$�7�����"#�M�Z«D(.��3$��3$�"#�����>�^���#�M������"E$��&)(.���:&$/�#��]�����"E$��&)(+����&$/�E$#,GB��3$�������"/V�,GB#��+=Q������#.c
&b8$�7�]���7=)#���3$X��"3$!$3$�6(9=Q>�!$#�M�GQ3$����3$E)(�C$3<3L����E:=Q#�#�-��"��!)(:Z�f6�A=Q#���3$��§ÍÂ:Z K8J ©F��#.c
#.�����7���7�b�������L�6(.I���3<�6(+=Q>�!$#��r�L�:�"��!$>�?���!$3$X¦��!<�P��&$��!$!$��M�^�!$��&$%�3$3i��3$�������"/]4
���7=Q#���3$�n§ÍÂ:Z KIa © d &)(�����!$�������`!<�S=)XÓE$&<3$&$#��7�.(o^�!<��&$#�E$3$3U&$(�-�# @ ��%�#����7=Q(<4"(§ÍÂ:Z K � © d #�%�&)(�!$3 @ ��!$3<Xe!)(�E$&$#,GQ#.=)Km3<���A=Q>�!$#�����>mE$&$#�C$������(<Z«D(9GY( @ (N§ÍÂ:Z K8J ©»Ú�§ÍÂ:Z K � ©p����E)(�&)(�-��7=Q>�!)(3N�"#SK�����-�/\��>&)(.*�-�3<�+(!)( k E$#�G)c*,(9GY( @ #�-m#�E:��3$�6(+=)>�!$#���I�#�!:�.(�I:���;&$(�-�# @ ��%�#����7=Q(O��I:(+KLGB#�M3<*�E$#�GB��3$�������5Z[]&$3i^���#��WE$��&<��#�!)( @ (+=Q>�!$#L� @ 3:�.(����VE$&$3<&$#��7� ∆Si ^�!:��&$#�E<3$3&)(�-�# @ ��%�#����A=B(E<&$3IP#�!<�+(�I<�����

i
cºM�E$#,GQ��3$�7�����"#�M���3$IP��3$&<#��b(�!$!</5�5Z

«D(9GY( @ (�#�-]#�E:��3$�6(+=)>�!$#��nI�#�!<�.(.I<���dE$&$3$�"�7����#�&$�r�i§¨3$!PGB��IP� i #�E<����I:(�����©

Aτ =

T0
∫

T

c(T ) dT → max
T ,Tp(T )

§ÈÂ:Z K Â�©

E<&$3����A=Q#���3<8:0
T0
∫

T

c(T )

Tp(T )
dT = ∆S,

§ÍÂ:Z K�Ü ©

T0
∫

T

c(T ) dT

q(T, Tp)
= τ.

§ÈÂ�Z K Ã�©

«D(9GY( @ (�§ÍÂ:Z K Â�© Ú�§ÈÂ:Z K Ã�©Y�"��# @ !$#�����>�XlGB#�#�-�#�*�!)( @ ��!$3<M���#���E)(SGY(��7���"*S(9GB( @ ��M§ÍÂ:Z Ü Áb©»ÚY§ÈÂ:Z×Ã:À9©A4�E$#�^���#��r�������"E<��&)(.����&Q(U&)(�-�# @ ��%�#2���7=B(UE<&$3µI�#�!:�.(�I:���N� i cºME<#,GB��3$�������"#�M ��GB#��.=Q�7����#�&P8<�������7=)#���3$X §ÈÂ�Z Ü Â�©74D#�E$&$�HGB�7=)8<Xp�����r�
Tpi(Ti, ki)

Z
[]#��7=Q��E$#,GQ���+(�!$#���I$3`^7��#�MN*S(.��3$��3<�"#�����3`�`§ÈÂ:Z K�Ü ©A4�§ÈÂ�Z K Ã�©hE$#.=)� @ 3<�J��3$�������r�3:*]GQ���b0���&)(.��!$��!<3$M��]��&$���r8!<��3<*������7��!$/d�"3

Ti
4
∆Si
4
ki
Z

� (��.��#�&$#���^7�.(.E$�i!:��Km!$#�&$��?;(.��>k*S(9GY( @ �N#��+(�IP#�����/5-�#�&$�O^7��3:0`E$��&$�7c�"��!$!$/10Y4 @ ��#�-�/

Aτ =
m
∑

i=0

Aτi(∆Si, ki, Ti)→ max
∆Si,Ti,ki

§ÈÂ:Z K8K ©
E<&$3����A=Q#���3<8:0

m
∑

i=1

∆Si(ki, Ti) = ∆Sp = 0,
§ÈÂ�Z K Áb©

ϕi(∆Si, ki, Ti) = τ, i = 1, . . . ,m,
§ÈÂ�Z×Á8��©
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%ÛGQ�
ϕi
d �]��!$I<C$3<8D4bI�#���#�&)(+8�E$#.=)� @ (��7���q8O��&$��*��S=Q>S�.(.���p��*�8<��3:8m3$!:����%�&)(+=B(��§ÈÂ:Z K Ã�©�E$&$3�E$#�GB���+(�!$#���I��\�.�,GY(h*S(.��3$��3$�"#�����3

Tpi(T, k)
4�!$(�M�GB��!$#�MLE$#����7=)#���3$X

§ÈÂ:Z Ü Â�©AZ
� @ (.����!$#�����3D4<G)=)8�!$>�Xp��#�!$#�����I$3:0�*S(.I�#�!$#��L����E:=Q#�#�-��"��!$(

qi = αi(Ti − Tpi), i = 1, . . . ,m,
§ÍÂ:Z×Á:À9©

���7=Q#���3<8 §ÈÂ:Z Ü Â�©A4$I�(�I�-�/1=Q#�E$#�I:(.*,(�!$#$4$E$&$3$��#,GQ8:�mI�*S(.��3$��3$�"#�����3

Tpi(Ti) = kiTi, i = 1, . . . ,m.
§ÈÂ�Z×Á J ©

[]#��A=Q�LE$#�GB�7�.(�!<#���I$3n^���#�%�#���/5&)(+KL��!$3<8'�N§ÍÂ:Z K�Ü ©p3W§ÈÂ:Z K Ã�©pE$#+=)� @ 3$��G)=)8E$#��7��#98<!$!$/10�����E:=Q#����"I�#����b��MO*,(���3$��3$�"#��7��3
Ti(ki)

3
∆Si(ki)

����#�&$�"��§ÈÂ:Z Ü8K ©A4
§ÈÂ:Z Ü Áb©AZ
«D(9GB( @ ( §ÈÂ�Z K8K ©»Ú�§ÍÂ:Z×ÁI�b©h��#�����#�3<�o��.(.I�#��J��/5-�#�&$� ki 4 ∆Si 4 Ti 4 @ ��#�-�/eGB#.c����3 @ >m�6(�I���3$�r���6(

Aτ =
m
∑

i=1

ci(Ti0 − Ti)→ max
Ti,∆Si,ki

§ÍÂ:Z×Á a ©

E$&$3L���A=Q#���3<8�0§ÈÂ:Z K Áb©A4)§ÈÂ:Z Ü8K ©A4Q§ÍÂ:Z Ü Áb©74�IP#���#�&$/5��E$#��A=Q�d3$��I�=QX @ ��!$3<8 ∆Si �"#9KLc!$#�E$&<3$�����7��3�I���3�G)�

Ti(ki) = Ti0 exp

(

−
ταi(1− ki)

ci

)

, i = 1, . . . ,m,
§ÈÂ�Z×Á � ©

m
∑

i=1

αi(1− ki)

ki
= 0.

§ÍÂ:Z�ÁbÂ�©
[]#,GB�7�.(.�.=)8<8

Ti(ki)
�m§ÈÂ�Z×Á a ©74�E<#.=)� @ 3$� ����E)(�&$(�-��7=)>�!<��Xµ*,(9GY( @ ��§ÈÂ:Z�Á a ©A4Q§ÍÂ:Z×Á�Â�©�

m
!$��3:*,��������!$/d�"3

ki
Z.f6�A=Q#���3:8L���+(�C$3<#�!)(�&$!<#�����3

i
cº%�#]�7=B(.%7(.���"#�%�#��]��!$I$C$3$3

Î�(�%�&)(.!<KL(�^���#�M�*S(9GB( @ 3

Ri = ci(Ti0 − Ti(ki))− λ
αi(1− ki)

kiE$#
ki
E<&$3$��#�GQ8<��I���3$�7�����"����&)(���!$��!$3<M

k2i Ti(ki) = 1�2 354Y6 = λ/τ, i = 1, . . . ,m,
§ÈÂ:Z�Á Ü ©

#�E$&$�HGB�7=$8$Xp��3:0
ki(λ)

Z$«�!$( @ ��!$3$� λ !)(90b#,GQ8:��E<#��7=Q��E$#�GB���+(�!$#���I$3i^7��3:0O*,(���3�c��3$�"#�������M���§ÈÂ�Z×Á�Â�©7Z



À Ü�Ü L  �ME�:M RY�WX< Y¡�¡8gYS1�T\<\<]����öQ+�WX< �¡_S1�ðjRPH\$��U����WV$�Y���H�B��Q.�TS�]
Þ 5cí:5:A�sDä�?<A�9�o05öp�A�62r�5R7c78o¹â Çg(�-�#��+(m�m����&$�"#�GB3$!)(��"3 @ ����I$3:0k��3$�7�����6(90�"#SK�����-�/\��>�E<#.=)� @ ��!$(�3L#���#�GB!$#�%�#�3<����# @ !$3$I�(<4P���7=Q3�!$�dE$&<�AGBE$#+=B(�%A(.��><4 @ ��#E$(�&)(��"�7��&$/_&)(.-�# @ ��%�#����A=B(�����&$�HGB!$����!<��3<*��"��!$!$/]Zg[]&$#�C$������/]4R�IP#���#�&$/10E<&$#�3$�Û0b#,GQ3<�lE$&$��#�-�&)(.*�#��b(�!<3$��!<��I�#.��#�&$#�%�#`I�#.=)3 @ ���7���b(N����E:=Q#���#�M�^�!$��&<%�3$3D4E<#.=)� @ ��!$!$#�M�#.��&$��*���&$���b(.&)(<4Q��&$(�-�#��.��4)!)(.*�/5�b(�Xp�m&$�7*,��&$���b(�&<!$/d�"3DZÇg(������"#���&$3$����3$�������r���I�#.��#�&$#�M

n
&)(�-�# @ 3:0i���7=�4B3<*,#+=Q3$&$#���(�!$!$/10jGB&<��%#.��GQ&<��%7(:4.I�#�!<�+(�I<��3<&<�:Xp����&<��*���&$���b(.&$#��54.3$�"��X��;3$�k�����"E$��&)(+����&<�

T0
3�GY(��+c

=)��!$3$�
p0
Z"� @ 3<�.(.����*S(9GB(�!$!$/5�"32!)( @ (+=Q>�!</5�i��#��7��#S8$!$3:8U�����A0lE$#�GB��3$�7�����e3E$(�&)(��"�7��&$/¦3<����# @ !$3$I�(<Z������"�6(�&<!$/5M�#�-IG����W������M���3$�7�����"/J!$��3<*��"��!$��!DZ

� (.K�GB/5ML3:*d����E:=)#���/10�E<#���#�IP#��
qν(T0, Tν)

4�I:(.IL3
σν(Tν) =

1

Tν
qν(T0, Tν)

4
*,(���3<��3<�n��#+=Q>�IP#N#.�N#�GB!$#�%�#'��E$&)(.�.=)8$X��;��%�# ��#�*7GB��M$�7����3<8

Tν
4"E$&<3 @ ����G)=$8&$(�-�# @ ��%�#O���7=B(j��/5-�#�&$#�� Tν = T0

^7��#��iE$#���#�Io�"#9Km!$#m�ÛGB�A=B(.��>�&)(.��!$/5��!<�bc
=)X�4<E$#�^7��#��r�j����#,GB3<��>L�]��!$I$C<3$3�IP#�!<�+(�I<�+(

Uν

G$=)8i&)(�-�# @ ��%�#����7=B(�!$�]3<�"��������"/5�7=Q(<Z
«D(9GY( @ ('#n�6(�I���3$�6(+=Q>�!$#�MW&)(�-�#������n&)(������6(.��&<3$�b(����"#�M���3$�������"��&)(���E)(+cGB(������H8W!$(

n
E<#,GQ*,(9GY( @ #�E<��3$�6(9=Q>�!$#�%�#NIP#�!<�+(�I<�+(nI:(.K�GB#�M23:*�E$#,GB��3$�7�����T�&<��*���&$���b(.&$#��54$&$(������"#���&$��!$!$/10���/\?���Z$[]&$3j^���#��`GY(.�.=Q��!<3<8i�����70OE$#,GQ��3$�7�����

��I�#�!<� @ !</5Mk�"#��"��!:� τ &$(���!$# p0 ZY«D(9GY( @ (L#m�6(.I���3<�6(+=Q>�!<#�M��"#.�;!$#��7��3���&$�7c-.������� @ ���+(L0P(.&)(�I<����&$3$����3$I������A0�E$#�GB��3$�������5ZÇg(������"#���&$3$�ÙE$��&<��#�!)( @ (+=Q>�!$#V#,GB!<��3<*`!<3:0_§Ú3$!�GB��I�� i #�E<����I:(.����©7Z�b"�Ac=)3'E$&$3oI�#�!<�+(�I<����&<��*���&$���b(.&)(���&$(�-�# @ 3$�����7=Q#��54�^�!<��&<#�E$3<8n&$(�-�# @ ��%�#j���A=B(
S(τ)

��IP#�!$C$��E$&$#�C$������(�*,(9GY(�!)(:4�(i#�-IG����
V ∗
#�E$&$�HGB�7=)��!n���7=Q#���3$���

p = p0
4

��#'��!<�P��&$��!$!<8<8U^�!$��&$%�3<8U&)(�-�# @ ��%�#o���A=B( E(τ)
��3$IP��3<&$#��b(�!$(o32�"3$!$3$�r���r�

��!<�P��&$��!$!$��M�^�!<��&$%�3$3���3$�������"/µ��#�#.�����7���������������"3<!$3$�r���
E0

Z Ð /�E$&$3:0b#�GB3$�
I�E<#����+(�!$#���I��

q(T0, T )→ max
T

/(

q(T0, T )

T

)

=
∆S

τ
,

§ÈÂ�Z×ÁbÃ�©
%ÔGB� @ ��&<�+(iI:(�Ik#�-�/ @ !$#i#�-�#�*,!$( @ (.���j����&<�AGB!$��!$3$�LE$#j��&$���"��!$3o!)(j3<!<����&$�b(+=)�
[0, τ ]

Z
¤��+(jE$#,G)*S(9GY( @ (<4BI:(�IkE$#�I:(.*,(�!$#j��/\?;�.4QG)=)8=Q3<!$��M<!$#�%�#j*,(�I�#�!)(m����E:=Q#�E<�7c&<��!$#��,(

q(T0, T ) = α(T0, T )
§ÍÂ:Z×Á K ©

��/5E<��I:=B(<4)����#�E<��3<�6(+=Q>�!$#���&$��?���!$3<���HGB3$!$�7������!$!$#

T ∗ =
T0

1 + ∆S/ατ
, ατ +∆S > 0.
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Ð (�IP��3$�6(+=)>�!)(.8�&)(.-�#��+(L&)(���!$(

A∗(τ) =
Tn∆Sατ

ατ +∆S
−∆E,

§ÈÂ:Z�Á�Áb©
%ÛGQ�

∆E = E(S(τ), V ∗(τ))− E(S(0), V (0))
Z

Ïh��#�-�/NI�#�!$I<&$����3<*,3$&$#��b(+��>�*S(���3$��3$�"#�����>;§ÍÂ:Z�Á�Áb©74ÒE$&$�HGBE$#+=Q#9Km3$�54 @ ��#�I:(+K�cGY(.8�3<*�E$#,GQ��3$�7������-.=Q3<*�I:(LI�3�GB��(+=Q>�!<#��r�i%7(.*���4)E$&$3�^���#��

∆S = Cp ln
T (τ)

T (0)
−R ln

p0
p(0)

,
§ÈÂ:Z�À_�8��©

%ÛGQ�
Cp

d ����E:=)#����"IP#�����>]E$&<3�E$#�����#98<!$!$#���GY(��.=Q��!$3$3DZ�«QGB����>�� @ ����!</2���A=Q#���3<8&)(�����!$�����b(;GY(.�.=Q��!<3$ME$#�GB��3$�7�������L�6#��"��!<�
τ
GY(.�.=Q��!$3$X�3$�7��# @ !$3$I�(<ZÇg(�����!$�7����# §ÈÂ:Z�À_�I�b©pE$#�*���#.=$8$������/5&$(.*,3:��>
T (τ) @ ��&$�7* ∆S 3'!)(�M:��3nE$&$3:c&$#��7�m��!<�P��&<��!$!$��M�^�!$��&$%�3<3

∆E = Cv(T (τ)− T (0))
�

∆E = CvT (0)





(

p0
p(0)

)R/Cp

exp

(

∆S

Cp

)

− 1



 .
§ÈÂ:Z�À_�<ÀS©

[]#��7=Q��E$#�GB���+(�!$#���I$3o§ÈÂ:Z�À_�<ÀS©r�j§ÍÂ:Z�Á�Áb©rE$#.=$� @ 3$� *S(���3<��3$�"#�����> A∗(τ,∆S) ZbË](+c&)(�I<����&�*S(���3$��3$�"#�����3�&$(�-�#���#���E<#���#�-�!$#��7��3���3$�������"/`#��
τ
E$#�I�(.*S(.!�!$(5&$3$�.Z+Â�Z Ü Z

b"�7=)3m^�!<��&$#�E$3:8
S(τ)

!$�5*,(9GY(�!)(:4���#����"���7��#�*,(9GY( @ 3�§ÈÂ:Z�ÁbÃ�©R3$�"�����N*S(SGY( @ �#k�"3$!$3$�r���"�i�����"�6(�&<!$#�M2��!<�P��&$��!$!$��MU^�!<��&$%�3$3U��3$�������"/�4 @ ��#oE$&<3$��#,GQ3<�'I��&$��-�#��b(.!$3$X
(

T (τ)

T
− 1

)

q(T0, T )→ min
T>0

§ÈÂ:Z�À_� J ©
��#����"������!$#m��&)(�����!$������#��

∆S = S(τ)− S(0) = τ
q(T0, T

∗)

T ∗
.

¤���#�&)(�����!$������#OG)=)8o3�GB��(+=Q>�!<#�%�#�%A(.*,(i3�=Q3$!$��M$!$#�%�#�*S(.I�#�!$(j����E:=Q#�#�-��"��!)(��
� @ ����#���§ÈÂ�ZÄÀ_�I�b©1E$��&$��E$3<?;����I:(.I

Cp ln
T (τ)

T (0)
−R ln

p0
p(0)

= τα
(

T0
T
− 1

)

.
§ÈÂ:Z�À_� a ©

[]#L���A=Q#���3<X¥§ÈÂ:Z�À_� J ©6G)=$8
q = α(T0 − T )

3$�"�����

T (τ)

T
=
T

T0
⇒ T (τ) =

T 2

T0
,

§ÈÂ:Z�À_� � ©
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@ ��#mE<#��7=Q��E$#,GQ���+(�!$#���I$3��§ÈÂ�ZÄÀ�� a ©1E<&$3$��#�GB3<�mI���&)(���!$��!$3<XJG$=)8 T ∗

2Cp ln
T ∗

T0T (0)
−R ln

p0
p(0)

= τα
(

T0
T ∗
− 1

)

.
§ÍÂ:Z�À_�bÂ�©

Î����b(.8 @ (��7��>�^7��#�%�#�&)(�����!$�7���b(;�"#�!<#���#�!<!$#���#�*,&$(����+(��7�94)(�E$&$(��b(.8m��-�/5��(������&<#�����#��
T ∗
4��+(�I @ ��#�&$��?���!$3<�p�HGB3$!$�7������!$!$#�3L#�E<&$�AGB�A=)8$�7� T ∗ 3LE$&$�HGB�7=)>�!<��X&$(�-�#��.�B�

A∗(τ) = −∆Emin = Cv

(

T (0)−
(T ∗)2

T0

)

+ ατ(T0 − T
∗).

§ÈÂ:Z�À_� Ü ©
Øh-���(+8o���Iç<��I<���Rç)(�#�E<��3$�6(+=Q>�!<#�%�#�EZç$#�C$�����,(i�i��3$�������"�L��#�GB!$3$��&$�7*,��&�c

�.�b(�&$#��U�+(�IP#��b(<�
d ["ç$3i*S(9GY(.!$!$/10�!)( @ (+=Q>�!$#�M������"E$�¢ç)(.���kç$��3�!)( @ (+=Q>�!<#��W#�-IG����"�"ç$(�-�#.c@ ��%�#����7=B( T (0) 3 V (0)

��%�#�#�-IG������"%�!$#�����!$!<#��"��!<8<�����q8��+(�ID4 @ ��#�-�/n�����"E<�hç)(+c�.�Rç)(�#�I:(+*S(+=B(.��>·ç)(.��!$#�Mi*,!)( @ ��!<3$X T ∗
§ÚE$�hç$��/5M�(9GB3)(�-�(.��3 @ ����I$3$M� @ (��7��#�IQ©AZ

d ¯h*��"��!$��!$3$��#�-HG����6( V ∗(t) 4r��#�#����������������:X�������E$#��7��#98<!$!$#�M2�����"E$��&)(+c�.��&$�
T ∗(t)

4"��#,GQ!$#���&$���"��!$!</5�_E<&$#�3<*���#,GQ������#��T&)(�-�#���/�§¨3<*�#�����&$�"3 @ ����I)3$M� @ (.����#�IQ©7Z
d Ð %�!<#�����!<!$#��r�L3<*��"��!$��!$3$X�#�-HG����6(]���"#��"��!<� t = τ

GB#���/5&)(���!$3$�b(�!<3<8
GB(��.=Q��!$3<8;&)(�-�# @ ��%�#h���7=B(h3;&$��*���&$�.�b(�&)(�§¨�.��#8ç<#�ML(9GQ3)(�-b(.��3 @ ����I$3<ML� @ (��7��#�I)©7Z��*S(SGY( @ ��#L�6(�I���3$�6(+=Q>�!$#�M��"#��;!$#�����3

n(τ) =

∑

i
Ai(τ)

τ
→ max

τ>0

���7=Q#���3$��#�E<��3<�6(+=Q>�!$#�����3G)=)8���/5E<��I:=Q/10k������&b0iGB�b(+KLGB/�GB3$������&$��!$C$3$&<���7c
�"/10��]��!$I$C$3$M

n(τ)
4��9Z���Z+G)=)8L�]��!$I$C$3<M

Ai(τ)
4���GB#��.=Q�7����#�&P8<Xp�;3�0m!$��&)(�����!:c

�7���.�
∑

i

(

d2Ai

dτ 2
τ 2 − 2Ai(τ)

)

< 2τ
∑

i

dAi(τ)

dτ
,

E<&$3$�"���m��3�G
∑

i

(

dAi

dτ
−
Ai(τ)

τ

)

= 0.

�µ� @ �7��#���§ÈÂ:Z�À_�<ÀS©74F§ÈÂ:Z�À_� J ©�G$=)8�&)(.�����"#���&$��!$!$/\0���/\?;��*S(�IP#�!$#�������E:=Q#�E<��&$�7c!<#��,(L3i0P(.&)(�I<����&$3$�7�b3$I�&)(�-�# @ ��%�#����7=B(�E<#.=)� @ 3$�W��&)(���!$��!$3<�]G)=$8 τ ∗
n
∑

i=1

αi∆Si
αiτ +∆Si

(

∆Si
αiτ +∆Si

− 1
)

=
T0
τ

n
∑

i=1

∆Ei(∆Si).
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Ð #���!$#�����>
n(τ ∗)

46I�#���#�&<��X�"#SKO!<#NE$#.=)� @ 3<��>l� &$�7*,��&<���b(�&$!$#�� E<&$#�C$�������.4#�%�&$(�!$3 @ ��!)(<4)*S(.��&)( @ 3$�b(����6(.8K����"#���!$#��7��>O�"#9K��7�m-�/\��>O��IP#.=Q>���%�#�GB!$#m���7c=Q3$I�(<Z
��&)(.-�#����0¨ Ü8K ªD3$���7=Q�HGB#��b(�!</�&$��*���&$����(�&$!$/5��E<&$#�C$������/�G)=)8j*S(�IP#�!$#��;����E:c

=Q#�E$��&$�AGB( @ 3-�#.=Q����#�-�����%�#���3�GY(:Z

ü\úih�ú T (hÿ�ý6þ�()	���ý$*	�����ÿæ�gÿ��Î�]ý���Ï * (�	�þ6ý���%Ò*aü��hü��gÿ��
	 �Óü
��*�%°�¾+Ò(hÿ���ÿ�()*�%$	�(�	$�¾��ú

Çg(������"#���&$3$�Ù��3$�7�����r��E$&$��#�-�&)(+*,#��b(.!$3<8�����E:=Q#���#�MJ^�!$��&<%�3$3J�V&)(�-�#����
§¨&$3<��Z<Â�Z K ©74b��#��7��#S8<����X�3<*5GB���b0m&<��*,��&$���b(.&$#���§Ú3$����# @ !$3<I�#��b©��d�����"E$��&$(.���:&)(+c�"3

T+
3
T−(T+ > T−)

3�&)(�-�# @ ��%�#����7=B(:4.I�#�!:�.(�I:��3$&<��Xp�;��%�#���&<��*,��&$���b(.&)(��"33���/5&)(�-�(.��/5��(�Xp����%�#O3�=Q3E<#.=)� @ (�X��;��%�#O3<*���!$��&$(�-�#��.��Z

ù�ú:û_ü�¤8üo¶8üqp�ú:û�@���>y����
������������������cú��I@���� Gq��@����M�������@�	
sg(�I<��X_��3<�������r�n!)(+*,/5�b(�X��N´�w�½:}"CF}Ó´�wB|�x_`qwPu9».x9·.u�{L|£�Y|±}�4����7=Q3n&)(�-�# @ ������A=Q#�E$#.=)� @ (.��������E�=Q#����m#���3<����# @ !$3$I�(���-�#+=Q>�?;��Mm�����"E$��&)(.���:&$#�M T+ 4 @ (�����>��%�#kE<��&$�HGY(����o3$�7��# @ !$3$I<�N�m�"��!$>�?���M �����"E$��&)(+����&$#�M T− 3 %���!<��&$3<&<�b���o&)(+c-�#��.��Zib"�7=Q3WKL��&$(�-�# @ �������7=Q#`E$#+=)� @ (��7�l&)(.-�#����23<*,��!<��4�(NE<#���#�IV����E:=Q#.��/!)(�E$&$(��.=Q��!k#.��0b#.=Q#�GB!$#�%�#O3$����# @ !$3$I�(jI%�#�&b8 @ ���r��4Q��#OE$&$��#�-�&$(.*,#���(.���A=Q>ox_`9¾wPu�{�³DC��2§Ú&)(�-�#��+(

→
����E:=Q#��+(b©7Z

n A�å�="62î©p�A�5:62/2A�?Zí:62s2?<;<5cê*)�â Øh-�#.*,!)( @ 3$�`�����"E$��&$(.���:&$/�IP#�!<�+(�I<�+(;&)(+c-�# @ ��%�#����7=B(��p3$����# @ !$3<I:(��"3 @ ��&$�7* T1 3 T2 4 (T1 > T2)
�b����E�=Q#���/5��E$#���#�I$3j#��

%�#�&b8 @ ��%�#�3�0b#.=Q#�GB!$#�%�#�3$�7��# @ !$3$IP#�� d q+(T+, T1), q−(T2, T−)
���"#���!$#��7��> d

p
Z ¬ (+=B(.!$��#���/5����#�#���!$#�?;��!$3<8NE$#�^�!$��&<%�3$3 3n^�!<��&<#�E$3$3'G$=)8n&)(.-�# @ ��%�#����7=B(*S(�E<3<?��P���H8�I�(�ID�

q+(T+, T1) = q−(T2, T−) + p,
§ÈÂ�ZÄÀ_��Ã�©

q+(T+, T1)

T1
=
q−(T2, T−)

T2
.

§ÈÂ:Z�À_� K ©
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[]#��7=Q�HGB!$����&)(.����!<������#j����8<*,(�!$#m�������54 @ ��#O^�!<��&$#�E$3:8k&)(�-�# @ ��%�#m���A=B(O!<��3<*�c�"��!<8$�7���q8j3m!<��#�-�&$(.��3$�"#�����>�E$&$#�C$������#�����!<�P��&$3j&)(�-�# @ ��%�#����A=B(�!$�d� @ 3<��/5�b(9c�7���q8DZb��3$����3$E)(�C<3<8i����3$�������"�]&$(���!)(���I�#�&<#�����3�3:*,�"��!<��!$3<8i^�!<��&<#�E$3$3i3$�7��# @ c!<3$I�#��

σ =
q−(T2, T−)

T−
−
q+(T+, T1)

T+
.

§ÍÂ:Z�À_��Áb©
Øh-�#�*,!)( @ 3$� � [p��E$&$��#�-�&$(.*,#���(.���A=)8I:(.I

η =
p

q+(T+, T1)

§ÍÂ:Z�À�À_�b©

3�!$(�M�GB���V����8:*,>��"�7KLG)�i�"#���!$#�����>�X
p
4 � [p�_3�&)(��Û0b#,GB#��W����E:=Q#���/

q+
Z

¯]��I:=)X @ 3$�V3<*�&)(�����!$�7���k§ÈÂ:Z�À_�bÃ�©74�§ÈÂ:Z�À_� K © q− Z)[]#.=)� @ 3$�

q− = q+
T2
T1
,

§ÍÂ:Z�À�À�À9©

q+

(

1−
T2
T1

)

= p→ η = 1−
T2
T1
.

§ÍÂ:Z�À�À J ©
�U����#�Xµ# @ ��&<�AGB> T2 = T2(q−, T−), T1 = T1(q+, T+)

Z:�U� @ ����#��l^���3�0m*S(.��3:c��3$�"#��7����MD4Q3j���7=Q#���3<8N§ÈÂ�ZÄÀ�À�À9©��"#9Km!$#;!)(�M:��3�����8<*�>
p
�
η
3
q+
G)=)8iI�#�!<I$&$���+c

!</10�*,(�I�#�!$#��L����E:=)#�E$��&$��!$#��,(<Z
� �c�5{LxS³Qx9·�y�vbzQ|]»+u�vPxS³DC�{L|�´:�BxS´Q|±wB|7²9u�¶�z �

q+ = α+(T+ − T−), q− = α−(T2 − T−).
§ÈÂ:Z�À�À a ©

[]#+=)� @ 3$�

T1 = T+ −
q+
α+

, T2 = T− +
q−
α−

= T− +
q+
α−

T2
T1
.

Ø���I<�,GY(
T2 =

T−

1−
q+
α−T1

=
T−

1−
p

ηα−T1

T2
T1

= 1− η =
T−

T1 −
p

α−η

=
T−

T+ −
p

ηα+

−
p

ηα−
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sr(�I<3$�¦#�-�&)(+*,#��54F�"#.�;!$#��7��>o3 � [��ªE$&b8$�"#�%�#kE$&<��#�-�&)(.*,#��b(.���A=)8nG)=)8`!<>�X�c
��#�!<#�����I<3:0�*S(�IP#�!$#��L����E:=Q#�E<��&$�AGY( @ 32§ÍÂ:Z�À�À a ©����.8<*S(.!$/�&)(�����!$�7����#��

(1− η)

η
=

T−

T+η −
p

ᾱ

§ÈÂ:Z�À�À � ©

%ÛGQ�
ᾱ =

α+α−
α+ + α−

Z)sg(�ID4 @ ��#

p(η) = ᾱη

(

T+ − T−
1

1− η

)

.
§ÈÂ:Z�À�À9Â�©

� #�%ÔGY(
η
&$(�����! � [p� � (�&<!$#�#�-�&)(.��3$�"#�M�����E�=Q#���#�M�6(+?;3$!$/

η = ηk = 1−
T−
T+
,

�"#��;!<#�����>
p(ηk) = 0

4$�+(�I�K��.4$I:(�I�3jG$=)8
η = 0

Z

ù�ú:û_üq¤8üo·8ü�®������H�@���Fû���� �Wú�>?�����
	���
�\���\G
A��
��CÖ>?�����
�_û�@�A�JÇú0ÿ'�UT��
�����������������@��\G��I@���� G���@��s���������@�	
� (�M�GQ����*,!)( @ ��!<3$� η 4�G)=)82IP#���#�&$#�%�#'�"#���!$#�����>nE$&P8<�"#�%�#'E$&<��#�-�&)(.*,#��b(+c���A=)8W�6(�I���3$�6(+=Q>�!$(<4"3U���7=Q3 @ 3$!<� pmax

Z � ����&:�,GB!$# E$#�I:(.*,(.��><46#�C$��!$3$�'*,!)(�I
����#�&$#�M�E$&$#�3:*,��#�GB!$#�M�4 @ ��#��]��!$I<C$3<8 pmax(η)

��/\E<��I:=B(�������&b0�§¨&$3$�.Z�Â:Z×Á�©74��+(�I
@ ��#L���7=Q#���3$���������+(�C<3$#�!)(�&<!$#�����3�#�E$&<�AGB�A=)8$�7�O��# @ I<�i�6(�I���3$�r���6(

dp

dη
= 0→ T+ − T−

1

1− η
− ηT−

1

(1− η)2
= 0,

#���I:�,GY(��]� @ ����#��V��#�%�#$4 @ ��# p > 0
4$E$#.=)� @ 3<�

ηnca = 1−
√

T−/T+.
§ÈÂ:Z�À�À Ü ©
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«�!)( @ ��!$3<� � [p�j4Q��#�#����������������:X������;�6(�I���3$�r���r��"#���!$#�����3D4�!<��*,(���3<��3<�#.��IP#�^�����3$C$3<��!<��#�������E:=Q#�E<��&$��!$#���(<Z�Øh!$#p-�/1=Q#pE$#.=)� @ ��!$# � #���3$I�#���/5�t¨�À a À¢ªÈ4(jE$#�*AGB!$��� � ��&<*,#�!<#���3'£�=Q>�-.��&$!$#�� ¨ À_� J ªÍZ��1#�#.�����7���������:X�������^���#��r� � [��

*�!)( @ ��!$3<�iE$&<�AGB�A=Q>�!$#�Ml�"#���!$#�����32E$&<��#�-�&$(.*,#��b(�!$3<8N����E�=Q#���/ �k&)(.-�#����NE<#.c=$� @ 3$�VE$#��7=)��E$#�GB���+(�!$#���I$3��§ÍÂ:Z�À�À9Â�© ηnca
pmax = ᾱ(

√

T+ −
√

T−)
2.

§ÍÂ:Z�À�À9Ã�©
Çg(.*�&$��?;(.8O��&)(.��!$��!<3$��§ÈÂ�ZÄÀ�ÀSÂ�©r#���!$#���3:���7=Q>�!<#

η
4PE$#+=)� @ 3$� � [p��E$&b8$�"#�%�#E<&$��#�-�&)(.*�#��b(.���7=)8�����E:=)#���/J�L&)(�-�#.���i���]��!$I$C$3<3��"#.�;!$#��7��3

η(p) =
1

2

(

p

ᾱT+
+ ηk

)

+

√

√

√

√

1

4

(

p

ᾱT+
+ ηk

)2

−
p

ᾱT+
.

§ÍÂ:Z�À�À K ©
[h��!$I<��3<&$!)(.8 @ (��7��>�I$&$3$��#�MO!)(�&<3$��Z<Â:Z�Á���#�#.�����7��������������*�!)(�I<���"3$!:����E$�7c&<�AGlI$��(9GB&)(+��!$/5�¦IP#�&$!$��������/5&$(.K���!$3$3V§ÈÂ�ZÄÀ�À K ©7Z�Ø]!$(�&$��(+=Q3<*��������H8D4FIP#�%ÔGY(

����E:=)#���#�MiE$#.��#�I
q+
-�#.=Q>.?;�p��#�%�#$4<IP#���#�&$/5M���#�#����������������������"#��;!$#�����3

pmax

Z
Æ�u�vPxS³k{L|�´:�BxS´Q|±wB|7²+u.¶:zn·F®6xqw�}�|VH�m�wD�P| � ��^���#��V�7=)� @ (��

q+ = α+

(

1

T1
−

1

T+

)

, q− = α−

(

1

T−
−

1

T2

)

,

��� @ ����#���&)(�����!$�7���b(�§ÍÂ:Z�À�À�À9©�E$#.=)� @ 3<�
1

T1
=

1

T+
+
q+
α+

,
1

T2
=

1

T−
−
q−
α−

,

T2
T1

= 1− η =

1

T+
+
q+
α+

1

T−
−
q+
α−

(1− η)
.

sg(�I$3<�W#�-�&)(.*,#��

1− η =

1

T+
+

p

α+η
1

T−
−

p

α−η
(1− η)

,

(

p(η) =

η

(

1− η

T−
−

1

T+

)

α−α+

α+(1− η)2 + α−
.

§ÍÂ:Z�À�ÀSÁb©
¤��+(2*,(���3$��3$�"#�����>�(.!)(+=Q#�%�3 @ !$(2*,(���3$��3$�"#��7��3_§ÈÂ�ZÄÀ�À9Â�©LG$=)8µ!$>�X���#�!<#�����I�#�%�#����E:=)#�E$��&$��!$#��,(<Z Ð #.�;!$#��7��>m#�-�&$(.��(.�����q8�L!<�,=Q>�E$&$3

η = 0
3�E$&<3

η = ηk
4$3

E<&$3!<��I�#.��#�&<#��
η = η0

GB#��7��3$%A(��7�j�6(�IP��3$�r���6(<Z
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«D(���3$��3$�"#�����>o�"��K�GQ� �"#.�;!$#��7��>�X
p
3lE<#���#�I�#�������E:=)#���/]4"#���-�3$&)(����"#�M

#��]%�#�&b8 @ ��%�#�3$�7��# @ !<3$I:( q+ 4���/\����I:(.����3<*5��/5&)(+K���!$3$M�§ÈÂ:Z�À�À9Â�©74$§ÍÂ:Z�À�ÀSÁb©�E$#��7=)�*S(��"��!$/e��!$3:0
η =

p

q+

Z���&<#�����#��
q+
�"#���!$#�����>E<��&$��#�!)( @ (+=Q>�!$#i�����A=Q3 @ 3�c

�b(��7���q8D4�GB#�����3<%7(��7������#���%�#��6(�I���3$�6(+=Q>�!$#�%�#�*,!)( @ ��!$3<8D4:(�E$#.��#��`E)(SGY(����i§¨&<3$��ZÂ:Z�À_�b©7Z

ù�ú:û_ü�¤8ü þ�û8ü�®'�����H�@���I�����_ú:ûTú
>?�_û�@_úÖ>?�����
�_û�@_úI��
�����������������@��\G
����@�����@����@@���� G���@��
� (�I:=)#�!O*S(���3<��3$�"#�����3

p(q+)
�;!)( @ (+=Q��I�#�#�&�GB3<!)(.��&)(�����! � [p� � (�&$!$#$4:(!)(�I:=)#�!�#���&$��*�I:(<4Q��#��HGB3$!<8<Xp�;��%�#O!)( @ (+=)#�IP#�#�&�GB3$!)(.���]��# @ IP#�M�6(�IP��3<�r�:�6(:4&)(�����!

ηnca
Z � (i&<3$��Z�Â:Z�À�À�E$#�I:(.*,(�!$/�*,(���3<��3$�"#��7��3

ηk
3
ηnca

#���#.��!$#�?���!$3:8
�����"E$��&)(+����&k3<����# @ !$3$IP#��$Z

ù�ú:û_ü�¤8ü þ_þ_ü�<=���_ú:ûTú
>?�_û�@�A½ÿ'�UT���@B��@��
��F����cú��x@���>O�
�����@�	N·ú:û�@���K��cú�HN���M��G
��������@_ú
>?��E��B~cú�H Gq��@���� G�������C�>y��F�ú����¦úx~cú
H Gq��>y��HIûTú
>y��G
A��
��CÖ>?�����
�_û�@_ú
[]#��A=Q�\*S(��"��!$/W����#�&<�r�S=Q��§ÈÂ:Z�À_��Á�©

q−
@ ��&$�7* η 3 q+ E$#+=)� @ 3$�N���.8<*,>]�"��KLcGQ� � [p��E$&$��#�-�&$(.*,#���(�!$3<8�3�E<&$#�3<*���#,GQ������#���^�!<��&<#�E$3$3

η = ηk −
T−σ

q+
=

pηk
p+ σT−

.
§ÈÂ:Z�À J ��©

�µ&$#�����#��
σ
� [��_�"#�!$#.��#�!$!<#����"��!<>�?�(��7���H8DZ

[]&$3'��/5��#,GB�;*,(���3$��3$�"#��7����MN�"��K�GQ���"#��;!<#�����>�X�3o*S(.��&)(.�+(��"3n����E:=Q#.��/
3��"�7KLGQ�V�"#���!$#��7��>�X 3 � [p�è�"/Æ3$��E$#.=Q>.*,#���(+=Q3�%�3<E$#����7*�����!<�P��&$��!$!$��%�#
&)(���!<#�������3<8L&)(.-�# @ ��%�#]���A=B(<4�� @ 3<�+(.8�E$&<#�3<*���#,GB�7����#�^�!<��&<#�E$3$3m�]!$���n&)(���!</5�
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q+
*,!)( @ ��!<3<8 η 3l�"#.�;!$#�����3 p ���"��!$>�?;(.���q8DZrsg(�I @ ��#�*S(���3$��3$�"#�����> p(q+) 4E<#�����&$#���!$!)(.8l!$(&$3$��ZgÂ:ZÄÀ��<4�E$&$�AGQ���.(.�.=)8$�7�'��#�-�#�M %�&)(.!$3$C<�N#�-.=Q(�����3l&<�,(+=Q3�c

*������"#�����3jG)=)8i!<��#�-�&$(.��3$�"#�%�#LE$&<��#�-�&$(.*,#��b(�!$3<8j����E�=Q#���#�M�^�!$��&<%�3$3��;&)(�-�#.���
�;#.��I$&$/\��#�M���3$�������"����GQ�����r8i&$�7*,��&$���b(�&$(��"3DZ � 3i#�GB!)(�&$��(+=Q>�!)(+8j����E:=Q#��b(.8
�6(+?;3$!)(h�5!<��!<�,=Q����#�M��"#��;!$#�����>�X�!$�\�"#9K��7��&$(�-�#��+(.��>��]#�-.=Q(�����3D4.=Q�7K�(+�;��M
��/\?;�]I<&$3$��#�M

p(q+)
Z$Ñ�(�I<��3 @ ����I�#�M�%�&)(�!<3$C$��M�&$(.*����"!$/10i&$�7KO3$�"#���8$�.=$8$���+c�q8�4)���7������������!$!$#<4)=Q���b(.8���������>m^7��#�M�*S(.��3$��3<�"#�����3D4B��#�#����������7�b�.�:Xp��(.8&$#��7���

p
��&$#�����#��

q+
Z��J&)(.*AGB�7=)�OÂ:Z K E$#�I:(+*S(�!<#$4 @ ��#jG)=)8'!ZG�X���#�!$#�����IP#�%�#�*,(�I�#�!$(����E:=)#�E$��&$�AGY( @ 3 � [p�O4<��#�#������7���7�b����Xp�;3$M�6(�I���3$�r���r�i�"#���!$#�����3D4)!$�]3<*,�"�Ac!:8$�����q8�GY(+K��o��#�%ÛGB(<4dIP#�%ÔGY(U&$(�-�# @ ���o���7=)#V��!<�P��&$��!$!$� !$��&)(���!$#�������!$#$45E$&$3^7��#��W�,(��6(;���7=)3 @ 3$!)(��6(�IP��3$�6(+=)>�!$#�M��"#���!$#��7��3D4)���7�������b����!$!$#$4$�:�"��!$>�?;(����.c�q8�Z

Ø����"�7��3$�54 @ ��# E$#+=)� @ ��!$!</5��*S(���3$��3$�"#�����3�!$���I:=QX @ (�Xp� �N����-98U�:&$(��.c!<��!$3<8`��#��7��#S8$!$3<8l&$(�-�# @ ��%�#����A=B(<Z"Øh!$3 ��&$��-���Xp�'*�!)(�!<3<8`��#.=Q>�IP#oIP#�^�����3:cC<3$��!<��#�������E:=Q#�#�-��"��!$(<Zr¤���3`*,(���3$��3$�"#��7��3l��E$&)(����AG)=Q3<��/�!<����#.=Q>�I�#$4FIP#�%ÔGY(
����E:=)#��.(;E$&$��#�-�&$(.*����7���H8i���"�70P(.!$3 @ ����I<�:X¦&)(�-�#.����4:!<#�3jI�#�%ÛGB(�#�!)(�E<&$��#�-�&)(+c*��������H8`��&$(�-�#��.�n&)(.*AGB�A=Q��!$3:8DZg�1�7=)�AGB�7����3$�j^7��#�%�#k���3$�7�����6(+0`&$(.*7GB�A=Q��!<3<8D4
3<��E$#+=Q>�*���X��;3:0n����E:=Q#�����XÅ^�!$��&$%�3$X §~{L|±wb}]z)¶:|�y7vbzQ|my�zQy7{L|~}"CWwPu+»+²+|£�Y|7³)z�½�©
��/5&)(�-b(+��/5�b(.���6(.8��"#.�;!$#�����><4�(V*�!)( @ 3<�µ3JE$&$#�3:*,��#�GB3<���7=Q>�!<#�����>$4]#�%�&)(�!$3:c
@ ��!)(:Z�[]#�GB&$#�-�!$����#�C$��!$I$3nE<&$�AGB�A=Q>�!$/10n��#�*,�"#SKO!<#�������Mn��3$��������&)(.*AGB�7=)��!$3<8&$(������"#���&<��!$/J�L%q=�Z Ü Z

.0/2A�?Z;<9�o0î¸p�A�5:6�/2A�?Zí:62s2?<;<5cê�)�A�?</262;:?
→

;<5:p�ê�62;:?�â �µ^7��#����A=)� @ (���"#.�;!$#��7��>
p
!)(�E$&$(��.=Q��!)(��k��3$�������r�`3<*���!$�.4R�9ZÒ��ZRE$&$3`E$&$3$!<8:��/10`��/\?;��GQ#.c

E:������!$3:8:0'#O*�!)(�I��;E$#���#�I�#��i#�!)(O#���&<3$C)(.���7=Q>�!)(:Z�[]#���#�I$3k����E:=Q#���/
q+
3
q−�+(�I:KL�O3$�"��X���GB&<��%�#�Ml*,!)(.ID4gE$#�^���#��r� �����"E$��&)(.���:&)(

T2 < T−
4g(

T1 > T+
Z

��!<�P��&$��!$!$X�X!$��#�-�&)(.��3$�"#��7��>l&)(.-�# @ ��%�#N���A=B(<4�I:(�IV3V��/\?;��4�!$��� @ 3<��/5�b(9c���5Z:�U^���#��l�A=)� @ (��p-b(+=B(�!<��#���/\�p��#�#.��!$#�?���!<3<8n§ÍÂ:Z�À_�bÃ�©r3k§ÈÂ:Z�À_� K ©r#����+(�X����q8i���3:=Q�.4P�+(�IOI:(.Im3<*,�"��!<8<���H8j!$(�E$&$#���3$��#�E$#.=Q#SKO!$/\��*,!)(.I$3OE$&$(���#�M�3�=)����#�M @ (+c�7����Mn^���3:0o&)(�����!$�����$Z�¤1������I<��3$��!<#�����>���3<�������"/a#�C$��!$3$�b(.�����H8Ux9{LxS´)z){L|£���b¾
³DCF}TvPx¢E¡®�®"z)¼)zQ|7³){Lxq}�����E:=)#���#�%�#m!)(���#��,(

r =
|q+|

|p|
=

1

η
=

T1
T1 − T2

> 1/ηk.
§ÍÂ:Z�À J À9©

¤���#m&)(�����!$�7����#m�A=Q�AG)�����j3<*���/5&$(.K���!$3<8N§ÈÂ:Z�À�À J ©7Z



�:MdcRM?�g�Y��Q+�WS�]a����¢�¢ZS Öm���É¶9�º��¢�¢kP���PHS"� À9Ã�Â

��=)8m!$>�Xp��#�!$#�����I$3:0�*S(�IP#�!$#�������E:=Q#�#�-��"��!$(i§ÈÂ:Z�À�À a ©74bE$&<#����HGQ8O��/5I�=B(9GBI$3�4
(�!)(+=)#�%�3 @ !$/5�������54 @ ��#O-�/1=Q3�3$��E$#+=Q>�*�#��b(�!$/J��/\?;��G)=$8�E$&b8$�"#�%�#OE$&$��#�-�&)(+c*,#���(�!$3<8k����E�=Q#���/T�i&)(�-�#��.��4DE$#.=)� @ 3<������8<*�>��"��K�GQ��*S(+��&)( @ 3$�b(.���"#�Mn�"#���c!$#��7��>�X�3�#.��#�E$3:���7=)>�!$/5��IP#�^�����3$C$3<��!<��#��

r
����#�&$�"�

r =
T+ + rp/ᾱ

T+ − T− + rp/ᾱ
.

[]&$3
ᾱ→∞

3:=)3
p̄→∞

���A=Q3 @ 3<!)( r �7��&$���"3<�b�q8�I r0 = 1/ηk =
T+

T+ − T−

Z
[]#��A=Q��*,(��"��!</

r
!$(j#.��!$#.?;��!<3$�

|q+|/|p|
E<#.=)� @ 3$������8:*,>j�"��K�GQ��*S(+��&)(9c

@ 3$�b(.���"#�M��"#���!$#��7��>�X�3�E$#���#�I�#��W����E:=Q#���/

|p| = |q+|

(

1−
T−

T+ + |q+|/ᾱ

)

.
§ÈÂ:Z�À J8J ©

[]&$3���3$IP��3$&<#��b(�!<!$#��n*,!$( @ ��!$3$3 ᾱ ^��+(]*S(���3$��3$�"#�����>��"#�!$#���#�!$!)(�§¨&$3$�.Z�Â:Z�À J ©7ZØ���#�E$3:���7=Q>�!$/dM'I�#�^�����3$C$3$��!<��������%ÔGY(j-�#.=)>�?;���AGQ3$!$3$C$/]ZD[�&<3k�����A=Q3 @ ��!$3$3E$#���#�I:(
q+
#���#�E$3<���7=Q>�!$/dM�IP#�^�����3$C$3<��!<�m����&$���"3<���H8I��HGB3$!<3$C$��4Q#����+(��b(.8<��>

-�#.=Q>.?;���AGB3<!$3$C$/]Z

ù�ú:û_ü�¤8ü þÉý8üq<5���_úRûðú�>?�_û\@�AB�
��@���H ���M�
���q��������>?��CFúI��@���ú������>?��C�@���� G���@�� ��@����@����Kcú�������>y��CÖ>?���¹�
�_û�@_ú
.0/2A�?<;<9�o·î p�A�5:62/2A�?Zí:62s2?<;<5cê*) A�?</262;:?

→
v�6DêB6c¬'â �a&P8�GQ�j�7=$� @ (����C$�7=)>�X¦#�-�&)(.��!$#�%�#;E$&$��#�-�&$(.*,#���(.���A=)8j8$�.=$8$�����q8i#���-�#�&O����E�=Q#���/µ�L0b#+=Q#,GQ!$#�%�#

3$����# @ !$3<I:(<ZRb6%�#�^�������I<��3<��!$#��7�b>���^���#��`�A=)� @ (��50P(�&)(.I<����&$3<*��:Xp�0�Qxð�YxS²9z:�2�b¾³DCF}_vPx¡E¢®�®"z)¼)zQ|�³){Lxq}

ε =
|q−|

p
=
|q+| − |p|

|p|
= r − 1.

§ÈÂ�ZÄÀ JHa ©
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[]#��7=)��*,(��"��!</Ö�'&)(�����!$�������`§ÍÂ:Z�À J8J ©

|q+| = |q−| + |p|
4"E$#+=)� @ 3$�a����8:*,>�"�7KLG)�i�"#���!$#��7��>�X�3�E$#���#�I�#��V#���-�3$&)(.���"#�M�����E:=)#���/

|p| =
|q−|[ᾱ(T+ − T−) + |q−|]

ᾱT− − |q−|
.

§ÍÂ:Z�À J � ©

f6�7=)#���3$�
T2 > 0

E$&$3$��#,GB3:�VIµ��#��r��4 @ ��#U*,!$(��"��!)(+���A=Q>��U��/5&)(+KL��!$3$3§ÍÂ:Z�À J � ©mE<#.=Q#SKO3<���7=Q��!T§¨#�!�&)(�����!
αT2
©74\(`����E�=Q#���#�M�E$#.��#�I

q−
#�%�&)(�!$3 @ ��!

(q− < αT−)
ZQ¯h*O§ÍÂ:ZÄÀ J � ©��7=Q�HGQ�����+4 @ ��#

q−(p, ᾱ) = −
1

2
[ᾱ(T+ − T−) + p] +

√

[ᾱ(T+ − T−) + p]2

4
+ ᾱT−p,

§ÈÂ:Z�À J Â�©

%ÔGB�
p d *S(.��&)( @ 3$�b(����6(.8��"#.�;!$#��7��>$Z+«D(.��3$��3$�"#�����> q−(p) E$#�I�(.*S(.!)(5!)(5&<3$��Z9Â:Z�À J Z

ü\ú0ü\ú T (hÿ���ÿ��"!��)Ïlÿ *�ý�����ýJI ��ý�ü�����¿������hý*À�Rÿ����]ý*Ïu�Ò�
��ý �]ý��"���)!��Ïu�-�
	$Í ���

��^���#��W&)(.*7GQ�7=Q���"/�&$(������"#���&<3$�VC$3$I:=)/�E$&<��#�-�&$(.*,#��b(.���A=Q��M�4Q�LIP#���#�&$/10
&$(�-�# @ ���O���7=Q#oE$��&<3$#,GQ3 @ ����I$3U3<*��"��!<8<���n����#�3`E)(�&$(��"����&$/Å��#k��&$���"��!$3l3:=Q3E<#���&$���"��!$3NE$&<��-�/5��(�!$3<8�4�C$3<&$I<�S=)3$&<��8 E$#�*,(��"I$!<�P��#��r�nIP#�!<�.�:&:�n3nE$#�# @ �7c&<�AGB!$#�I�#�!<�+(�I<��3<&<��8��3$����# @ !$3$I�(��"3DZ<��=)8�#�C$��!<I$3E$&$�HGB�7=)>�!$/10��#.*,�"#9Km!$#+c�7����M'�.(�IP#�%�#�E$&$��#�-�&)(.*�#��b(+���7=$8n!<�PKm!$#i����#�&$�r�S=Q3$&<#��b(.��>�3o&$�7?;3<��>�*,(9GY( @ �#�-;#�E:��3$�6(+=)>�!$#�Mi��#�&<�"��3<*,�"��!$��!$3:8�E)(�&)(.�"����&<#���&)(�-�# @ ��%�#����7=Q(<4:�.(.IiI:(�Ij�#.�S=)3 @ 3$�d#���E$&$�HGB/�GQ�P����MmE$#����+(�!$#���I$3���%�#������"E$��&)(.���:&)(��"#SK�����3:*,�"��!:8<��>��H8E<#���&$���"��!$33:=)3E$#�G)=Q3$!<��Z

¡½3�78;<5:="oq7 ¬�sDä�=)å A�5cí:5RA�sDä�?<A�?<="3
n A�å�="62î�r�3�@�êØâ Øh-�#.*,!)( @ 3$� �����"E$��&)(.���:&<�µ3<����# @ !$3$I�( Tn(f) 4\%ÔGB� f�"#SK����`��#�#.�����7��������#��b(+��>2��&$���6��!$3�3:=)3���� @ ��!$3$X (�E$E)(.&)(.�+(<413�-.�,GB��� � @ 3:c�+(.��>$4 @ ��#�#�!)(]E$&$3$!$3<�6(�����*,!)( @ ��!<3<8 T+ =Q3$-�# T− Zcb"�7=)3m#�-�#�*�!)( @ 3<��>�*S(.��3$��3�c�"#�����>�����E�=Q#���#�%�#�E$#���#�I:(

q
#��������"E$��&)(+����&j3$�7��# @ !<3$I:(�3�&)(�-�# @ ��%�#����7=Q(�I�(�I

q(Tn, T )
4g��#l»+u.²+u.¶:uNxk´�wB|7²+|��2�b³Qx_�2}�x_¯�³Qx9y�{�z�E$&P8<�"#�%�#'E$&<��#�-�&)(.*,#��b(.���A=)8

E<&$3$�"���m��#�&$�r�

p̄ = q(Tn, T )→ max

/

(

q(Tn, T )

T

)

= 0,

Tn = (T+, T−); T > 0.

§ÍÂ:Z�À J�Ü ©



�:M��:M�W]�<V< D]&Q+�WX< �¡S¢8]Øj��j<¡S Y¡Ô���: D[8\<]Øj¾S$PH×��<\ À9Ã�Ã

¤���#�����&$�HGB!$��!$!)(+8J*,(9GY( @ (V!$�7=)3$!$��M<!$#�%�#�E$&$#�%�&)(��"�"3$&$#��b(�!$3<8¦� #�GB!$3<����7=Q#���3$���d4�����8:*S(.!$!$/5���������54 @ ��#�^�!<��&$#�E$3<8N&)(.-�# @ ��%�#����7=B(i*S(�#�GB3$!nC$3<I:=!$�i3<*,�"��!<8$�7���H8�Z�Ø�GB!$#��r�N���7=Q#���3$Xï§Ú���5ZrE$&$3�=Q#9K���!$3$��[�Z a ©���#�#.�����7���7�b����Xp�
GB�b(�-�(.*,#���/10L*,!)( @ ��!$3<8m�����"E$��&)(+����&$/�&)(�-�# @ ��%�#����7=B( T1 3 T2 4.G)=)8mI:(+KLGB#�%�#3<*;I�#���#�&$/10�*�!)( @ ��!$3$�;�]��!$I$C$3$3kÎ�(�%�&)(�!<KL( L = q(Tn, T )

(

1 +
λ

T

) *S(SGY( @ 3
§ÈÂ:Z�À J�Ü ©6GB#�����3<%7(��7�j�6(�IP��3<�r�:�6(:ZB[]&$3�^���#��

T1 = argmax
T

q(T+, T )

(

1 +
λ

T

)

,

T2 = argmax
T

q(T−, T )

(

1 +
λ

T

)

.























§ÈÂ:Z�À J Ã�©

�1�7=)3 @ 3$!<� λ c��"!$#9Km3<���7=)8j��/5-�3$&)(�X���3<*h���A=Q#���3:8i&)(�����!$�7���b(;^���3:0i�6(�IP��3<�"�bc�"#��§¨�"3$!$3<�r�:�6(LE$#
λ
#����6(�IP��3$�r���6(

L
E$#

T
©

q(T+, T1)

(

1 +
λ

T1

)

= q(T−, T2)

(

1 +
λ

T2

)

.
§ÈÂ:Z�À JIK ©

sr(�I<3$�N#�-�&)(+*,#��54)³Q|H»+u�·.zQy7z�}�x�xS{T»+u�vPxS³)u�{L|�´:�BxS´Q|±wB|7²+u.¶�z¼)z)vY��´�wB|�²+|��2�b³Qx_�
}�x_¯�³Qx9y�{�z�·Ly�zQy7{L|~}�|�y]²+·Hm+}p½�wB|H».|±wB·�mbu7wPu,}�zky�x9y7{Lx9z){Åz<»;²+·�m��kz<».xS{L|ºwb}
zl²+·Hm��2u.²9z)uI`Au�{  �{�u.vovbu.v'xS{

T1
v
T2
{L|~}]´Q|±wPu.{�m�wPu�²+xð�DÁ�³)ui}�|7³�½Q{��PyÛ½

y�vbu.¶:vPx9x_`qwPu+»+³Qx � ±\´){�z�}�uh���b³DC��m¼)z)vY�YX9´Qx¡�Bx�Á[Z�³)u�¼)z)vY� ¥ u7wQ³Qx]y�{Lx_��wPu+»+¾
³)z)¼Q|¢�Z d¶�{Lxi{L|~}]´Q|±wPu.{�m�wPuLwPuI`+xS¶:|h�Ax�{L|��Qu�xS{§�Bz)¶�u�|7{Lyq½2x9{{L|~}]´Q|±wPu.{�m�w
wB|A».|ºwB·HmbuAwBx9· � ±\{Å·+z)²9u�»+u�vPxS³)u�{L|7´:�Bx9´Q|ºwB|�²9u.¶:z�»+u�·+zQyq½){ {Lxð���bvPx]»+³)u�¶:|�³)z�½
T1
z
T2
·OxS´){�z�}]u��2�b³QxH}_¼)z)vY�Y|7Z

����#��V�A=)� @ (���4QIP#�%ÔGY(�*S(�IP#�!�����E:=Q#�E<��&$�AGY( @ 3=)3$!$����!D�
q(T+, T ) = α+(T+ − T ), q(T−, T ) = α−(T− − T ),

§ÈÂ�ZÄÀ J Áb©
&$��*��S=Q>S�.(.��/ &$(�� @ ����#��kE$#���#�&$�r�,=B(���§ÈÂ�ZÄÀ JHK ©74�§ÈÂ�ZÄÀ J Áb©hE$&$3$��#�GQ8:�kI ��#�#���!<#.c?;��!$3<8$�

pmax =
α

4

(

√

T+ −
√

T−

)2

,
§ÈÂ:Z�À a ��©

%ÛGQ�
α =

4α+α−
(√

α+ +
√
α−
)2 .

§ÈÂ:Z�À a ÀS©

[]&$3�^���#��VE$&$#�3<*���#�GB������#m^�!<��&$#�E$3<3�����3<�������"�

σ =
α

4

(√
T+ −

√
T−
)2

√
T+T−

.



ÀSÃ K L  �ME�:M RY�WX< Y¡�¡8gYS1�T\<\<]����öQ+�WX< �¡_S1�ðjRPH\$��U����WV$�Y���H�B��Q.�TS�]
��=)8�*,(�IP#�!)(�����E:=Q#�E$��&$�AGY( @ 3oÑ;��&$>��

q = α
(

1

T
−

1

Tn

)

E<&$�AGB�A=Q>�!$(.8�"#��;!<#�����>m����E:=)#���#�M�6(.?�3$!$/]4Q!)(�MPGB��!$!$(.83:*�&$�7?;��!$3<8���3$�����7c
�"/T§ÈÂ�ZÄÀ JHK ©74�§ÈÂ:Z�À J Á�©74<3�E$&$#�3:*,��#�GB������#m^�!<��&$#�E$3<3�3$�"��X��O��3PG

p̄max =
α

8

T+ − T−
T+T−

,

(
σ =

α

16

(

1

T−
−

1

T+

)2

.

Æ�u�²9u.¶:uix�´�wQ|�²+|��2�b³Qxq}Å{L|±w�}�z)¶:|�y7vPxq} ¥"� ï ����E�=Q#���#�M��6(.?�3$!$/¦E$&$3*,(+c
GB(�!$!$#�Mm�"#��;!<#�����3

p0
^�I<��3$�b(+=)��!<��!)(�*S(9GB( @ ��#��"3<!$3$�6(+=Q>�!$#�� E$&<#�3<*���#,GB�7�����^�!<��&<#�E$3$3��h��3<�������"��Zbsr(.I;I:(�I�^�!<��&<#�E$3<8L&)(�-�# @ ��%�#h���A=B(h*S(hC$3<I:=m!$�\3<*��"��!:8:c�7���q8D4���#E$&$#�3<*,��#�GB������#�^�!<��&$#�E$3$3`����3$�������"�

σ
#�E$&$�AGQ�7=)8<�����H8 3<*��"��!$��!$3$���

^�!<��&<#�E$3$3�&<��*,��&$���b(�&<#��$Z Ð /�E<&$3:0b#,GQ3$��I�E<#����+(�!$#���I��

σ =

(

q(Tn, T )

Tn

)

→ max

/ q(Tn, T ) = p0,
(

q(Tn, T )

T

)

= 0, Tn = {T+;T−}, T > 0.
§ÍÂ:Z�À acJ ©

�2^7��#�M�*S(9GY( @ �\GB��(]����&$�HGB!$��!$!$/10m���A=Q#���3:8D4P�A=Q�AGB#��b(.���7=Q>�!<#$4���E$&$3<!$C$3$E$�p#�E:c��3$�6(+=Q>�!$/5M�C$3$I�=�"#9K�������#,GB��&PKL(.��>���&$3�-�(.*,#���/10O*,!)( @ ��!$3<8i�����"E$��&)(+����&$/
T
Z�Ø�GQ!)(�I�#<4B���7=)3�G)=)8

Tn = T+
3iG)=)8

Tn = T−
�]��!$I$C<3<8�Î�(�%�&)(�!<KL(:4Q��#�#��+c

��������������Xp��(.8N*,(9GY( @ ��§ÈÂ:Z�À acJ ©74D3$�"�������AGB3<!$��������!$!$/dM �6(�I���3$�r���¦E$# T §Ú^���#E<# @ ��3 ������%ÔGY(��+(�IQ©A4���#�-b(+*,#���/10'*,!)( @ ��!<3$M ��#.=Q>�IP#�GB��(<ZRØ�GQ!$#3<*m!$3:0V§ T1 ©��#�#��������������������I�#�!<�+(�I<�.�o�;%�#�&b8 @ 3<�µ3$����# @ !$3<I�#�� (Tn = T+)
GB&<��%�#���§

T2
©dc

IP#�!<�+(�I<�.���h0b#.=)#,GB!$/5�V3$�7��# @ !$3$I�#�� (Tn = T−)
ZQ[]&$3�^7��#��

T1 = argmax
T

[

q(T+, T )

(

1

T+
+ λ+

µ

T

)

− λp0

]

,

T2 = argmax
T

[

q(T−, T )

(

1

T−
+ λ+

µ

T

)

− λp0

]

.

§ÍÂ:Z�À a8a ©

«�!$( @ ��!$3<8m�]��!$I$C<3$3mÎ�(�%�&)(.!<KL(���^���3�0O-�(.*,#���/10L��# @ I�(+0m#�GB3$!)(.I�#���/�§Ú�"3$!$3:c�r���WE$#
λ
©

q(T+, T1)

(

1

T+
+ λ+

µ

T1

)

= q(T−, T2)

(

1

T−
+ λ+

µ

T2

)

.
§ÍÂ:Z�À a � ©
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� &$#��"�]��#�%�#$4)��/5E<#.=Q!$��!$/�����&<�AGB!$��!$!$/d��#�%�&$(�!$3 @ ��!$3<8�*,(9GY( @ 3`§ÍÂ:ZÄÀ acJ ©

γq(T+, T1) + (1− γ)q(T−, T2) = p0,

γ
q(T+, T1)

T − 1
+ (1− γ)

q(T−, T2)

T2
= 0.

§ÈÂ:Z�À a Â�©

fh&)(.��!$��!<3<8§ÍÂ:ZÄÀ a8a © Ú�§ÈÂ:Z�À a Â�©�E<#�*,��#+=)8$X���!)(�M<��3�E:8<��>]!$��3:*,��������!$/\0§
T1, T2, λ,

µ
3
γ
©AZ�«�!)( @ ��!$3<��"!$#9Km3<���A=)8 γ 46��#�#������������b�.�:Xp�;��%�#nGB#.=Q����&$���"��!$3VI�#�!�c�.(.I<�.(;&)(�-�# @ ��%�#����A=B(;��%�#�&b8 @ 3$�l3$����# @ !$3<I�#��54:�,GB#��+=Q������#�&b8$���L!$��&)(�����!$�������

0 < γ < 1
Z

��=)8�!<>�Xp��#�!$#�����I�#�%�#`*S(.I�#�!)(N����E:=Q#�E$��&$�AGY( @ 3�&$��?���!$3$�k*S(SGY( @ 3�§ÈÂ:Z�À acJ ©E$&$3$��#,GB3<�mI��A=Q�AG)�:X��;3$��&<��*��,=Q>9�+(.�.(��

ηmax = max
p0

γq(T+, T1)
= 1−

1

2T+
×

×

(

T+ + T− −
4p

α
−

√

(T+ − T−)2 +
(

4p

α

)2

− 8
p

α
(T+ + T−)

)

,

§ÈÂ:Z�À a�Ü ©

%ÛGQ�
α
��/5&)(+KL(������H8�&)(�����!$�7����#��W§ÍÂ:Z�À a À9©AZ � �7��&<��GB!$#]E$&<#�����&<3<��>$4 @ ��#�E$&$3 p→

0
���7=Q3 @ 3$!)( ηmax

�7��&$���"3<���H8mI � [p� � (.&$!$#$4�(hE$&$3
p→ pmax

#�!$(]�7��&$���"3<���H8
IV*�!)( @ ��!$3<X ����&$�"3 @ ����I�#�%�# � [p�O4�!$(�M�GB��!$!$#�%�# � #���3$I�#���/5�54 � ��&<*�#�!$#��_3£�=Q>�-���&$!$#��54

ηnca = 1−

√

T−
T+
.

ØhE<��3$�6(9=Q>�!$/5��E<&$#,GQ#.=)Km3<���A=Q>�!$#��7��3kI�#�!<�.(.I<�+(O��%�#�&P8 @ 3$��3�0b#.=)#,GB!$/5��3$�Ac��# @ !$3$I:(.�"3�#.��!$#��q8<���H8iGB&<��%�IjGB&<��%7��4QI:(�I

γ

1− γ
=

√

α−
α+

.
§ÈÂ:Z�À a Ã�©

.0/2A�?<;<9�o·î&r�3�@�êiâ �e#�-�&)(.��!$/10`C$3$I�=B(+0n0b#.=Q#�GB3:=Q>�!$3$I�#��o3 ����E:=Q#���/10
!)(���#���#����"�A0P(�!$3 @ ����I�(.8i&)(.-�#��+(�E$#,GB��#,GB3:���q8iIO��3$�������"��4:*S(�� @ ��� @ ��%�#�����E:=Q#+c�.(�#���-�3$&)(.�����q8�#.��0b#.=Q#,GQ!$#�%�#�3jE<��&$�HGY(��7���H8�%�#�&P8 @ ���r�m3$�7��# @ !<3$I<��ZQØ��,=Q3 @ 3$�0b#.=Q#�GB3:=Q>�!$#�%�#;C$3$I�=B(�#��;C$3$I:=B(�����E:=Q#���#�%�#�!)(���#��,(�*,(�I:=QX @ (��7���H8i����#��54 @ ��#��E$��&$��#��N�7=)� @ (���#�C$��!$I�#�Mm^�IP#�!$#��"3 @ !$#�����3j�A=)�PKO3:��0b#.=)#,GB3�=Q>�!$/5MOIP#�^�����3:cC$3$��!<�

ε
4<&)(���!</5M�#���!$#�?���!$3$X�E$#���#�I:(�#���-�3$&)(����"#�M���0b#.=Q#�GB!$#�%�#�3<����# @ !$3$I�(����E:=Q#���/JI�E$#,GB��#,GB3<�"#�M��"#��;!<#�����3

ε =
(1− γ)q(T−, T )

p0
,

§ÈÂ:Z�À a8K ©
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(���#����#�&$#��¦�7=)� @ (.� � [p�Æ����E:=)#���#�%�#k!)(���#��,(`§¨#.��#�E$3:���7=)>�!$/5M2IP#�^�����3$C$3�c��!<�P©

r =
γq(T+, T )

p0

§ÍÂ:Z�À a Áb©

d #.��!$#�?���!$3<��E<#���#�I:(;����E:=Q#���/�4QE$��&$�AGB(��b(����"#�M�%�#�&P8 @ ���r�j3$����# @ !$3<I<��4QIi*,(+c��&)( @ 3$�b(����"#�MU�"#.�;!$#��7��3�Z�¯h*i^�!$��&$%�����3 @ ����I�#�%�#n-b(+=B(.!$�,(k�A=Q�AGQ���7�+4 @ ��# r =
1+ ε

4:E$#�^���#��r�LGB#��7�.(+��# @ !<#L!)(�M:��3iE$&$�HGB�7=Q>�!$#���*,!)( @ ��!<3$��0b#+=Q#,GB3�=Q>�!$#�%�#�IP#.c^�����3$C$3$��!<�.(:Z
� ����&<�,GB!$#�E$#�I�(.*S(+��>$4 @ ��#;E$&$�HGB�7=Q>�!$#��r�m*�!)( @ ��!$3$X�*�!)( @ ��!$3<X�0b#.=Q#�GB3:=Q>.c!<#�%�#�I�#�^�����3$C$3$��!<�+(o��#�#����������������b���'E$&<3 *S(9GB(�!$!$#�M ��&$�HGB!$��M2�"#���!$#��7��3

p0�"3<!$3$�6(+=Q>�!$#���*,!)( @ ��!<3$��E$&<#�3<*,��#,GB�7���b(j^�!:��&$#�E<3$3'�j��3$�������"��Z�[]#.=)� @ 3$��*,(+cGB( @ ��4B��#���E)(9GY(.Xp���:Xa��*S(9GB( @ ��M2§ÍÂ:ZÄÀ acJ ©\����#�Mk&$(.*,!$3<C$��MD4 @ ��#m�����"E$��&)(+����&)(&$(�-�# @ ��%�#j���7=Q(�!$��GB#.=)Km!)(jE<&$3$!)(9G$=Q��KL(.��>�#���&$��*�I<� [T−, T+]
ZD[]&$3'I�#�!<�+(�I:c

���;��0b#.=Q#�GB!$/5�µ3<����# @ !$3$IP#�� T < T−
4Y(OE$&$3kI�#�!:�.(�I:������%�#�&b8 @ 3<� T > T+

Z
[]#��7=Q�HGB#��b(.���7=)>�!$#��7��>]&$�7?;��!<3<8�^7��#�M�*,(9GY( @ 3���#�����&<?���!$!$#](�!)(9=Q#�%�3 @ !)(�*S(SGY(+c
@ �m§ÈÂ�ZÄÀ a8J ©74<E<#�^���#��r��E<&$3$���HGB���V&$�7*��,=Q>9�+(.�O&$�7?;��!<3<8iG)=)8j=Q3$!$��M$!$#�%�#�*,(�I�#�!$(����E:=)#�E$��&$��!$#��,(<�

ε =
1

2p0





√

p20 +
α(T+ + T−)

2
p0 +

α2(T+ − T−)2

16
− p0 −

α(T+ − T−)

4



 .

§ÍÂ:Z�À � �b©
«QGQ����>$4�I�(�IO3m&)(�!$����4

α
��/ @ 3$�7=$8$�����H8iE<#i§ÍÂ:Z�À a À9©AZP�W�7�.(.��>��Ñ¨×ÂH�HªB&)(������"#.��&$��!)(�+(�K��]*,(9GY( @ (�G)=)8OGB&<��%�3:0�*S(.I�#�!<#��L����E:=Q#�E$��&$�AGY( @ 3DZ

¡½3�78;<5:="oq7¹9�5R78@�6Dê*)2@�3�="3æA�5cí:5RA�sDä�?<A�?Z="3
n A�5I¬�5cê*)�9�?Zå�="62149�6�78;5)
;<5:p�êB62s26�î�="?5�43�9�o¹â Øh-�#�*�!)( @ 3$� �����"E$�hç$(+c�.�Rç$/¦3$����# @ !$3<I�#�� @ �hç<��* Ti0 4Q(;����E:=Q#���#�ME$#���#�I#�� i c�%�#L3$����# @ !$3<I:(mI¾ç$(�-�#.c@ ���r�;���7=)� @ �hç$�7* uiqi(Ti0, T ) ZPÑ���!$I$C$3$3mIP#�!<�+(�I<�+( ui(t) 4�I�(�I�3������"E$�¢ç)(.���kç)(

T (t)
E$#,G$=Q��KL(.��#�E<��3$�6(+=Q>�!$#��r�i��/5-�#8ç:�i�L*,(9GY( @ �

p̄ =
1

τ

∫ τ

0

∑

i

uiqi(Ti0, T )dt→ max

/ 1

τ

τ
∫

0

∑

i uiqi(Ti0, T )

T
dt = σ

ui = [0; 1], T > 0.

§ÍÂ:Z�À � À9©

�1&<�AGB!<X�XÅ��IP#�&$#��7��>�3<*��"��!$��!$3<8 ^�!:��&$#�E<3$3`&)(.-�# @ ��%�#����7=Q(-��,GQ���¦E<��&$��#�!)(+c
@ (+=Q>�!<#o� @ 3<�+(.��>'E)(�&)(.�"����&<#��5Zr[§ç<3l��3$I���3<ç$#���(�!$!$#�M2E<ç<#,GB#+=)KO3:���7=)>�!$#��7��3
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E<ç$#�C<������(
τ
�"!$#9Km3<���A=Q3 1

τ

E$�¢ç$�HGL3$!<����%hç$(+=B(��"3��"#�%��P��-�/\��>p#�E<�P����!$/]4+#,GQ!)(+c
I�#���GY(9=Q>�!$��M<?;���U-.�,GB���Ñç)(������6(.�8ç<3$�b(.��>��H8j*,(9GY( @ (<4���IP#���#8ç<#�M τ �7�8ç$���"3<���H8I�-�����IP#�!$� @ !$#��7��3D4Y�m^���#����A=)� @ (������hç$�HGB!$��!$3$��E$#���#�I:(�����E:=)#���/�3���I�#Iç$#�����33<*,�"��!$��!<3<8k^�!:�8ç$#�E<3$3áç$(�-�# @ ��%�#����A=B(m!$��#�-,0b#,GQ3$�"#$ZYÑ;��!$I<C$3$3 qi �"#�!$#���#�!$!$#���"��!$>�?;(�Xp���H8�E$#

T
3��:���7=Q3 @ 3$�b(�X����q8�E$# Ti0 Z)["ç$3¾ç)(�����!$�������������"E$�¢ç)(.���kçç)(�-�# @ ��%�#L���7=Q(�33<����# @ !$3$I�(m^7��3����!$I<C$3$3
ç)(���!</�!<�,=QX�Zf6�A=Q#���3:8L#�E<��3$�6(9=Q>�!$#�����3L*S(SGY( @ 3§ÈÂ�ZÄÀ � À9©FE<ç<3$�r�P����#Iç$�r�i§¨���5Z�E$&$3:=Q#SK��7c!$3$��[�Z a ©

L =
n
∑

i=1

uiqi(Ti0, T )(1−
λ

T
)→ max

ui,T
min
λ
.

��� @ �7��#��V��#�%�#<4 @ ��#m�]��!$I$C$3<3�IP#�!<�+(�I<�+( ui �.0b#�GQ8<��� L =Q3$!$��M$!$#$4QE<#.=)� @ 3$�

u∗i =























1,
���A=Q3 4\X]Z 3 qi = 4\X]Z 3 (1− λ

T

)

,

0,
���A=Q3 4\X]Z 3 qi = − 4\X]Z 3

(

1−
λ

T

)

.
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sg(�I$3$��#�-8ç)(.*�#��54��;� @ ����#�������#�M<�������]��!$I$C$3<M qi ���7=Q#jGB#.=$KO!$#iIP#�!<�+(�I:c��3<ç<#��b(.��>n��#'�������"323$����# @ !$3<I:(��"3D4r�`IP#���#8ç</10 Ti0 > T
4g���A=Q3

T > λ
4gE$#.c

=)� @ (.8�����E:=)#�����#�� Â+%�#8ç<8 @ 3:0�Ã23$����# @ !<3$I�#��<4\3�I�#�!<�.(.I<��3<ç<#��b(.��>U��#`�������"33$����# @ !$3<I:(��"3D4��oI�#���#8ç$/10 Ti0 < T
4�#���GY(.�b(.8'����E:=)#�����4FI�#�%ÛGB(

T < λ
Z�b"�7=)3

��!$��IP#���#Iç$/5M��"#��"��!<�;�8ç$���"��!$3�ç$(�-�# @ ���p���7=Q#;I�#�!<�+(�I<��3<ç<������� i cº�`3$�7��# @ !$3:cI�#��k3
Ti0 > T

4S��#h#�!<#�I�#�!<�+(�I<��3Zç<�b�����6=QXp-�/5�
j
cº��3$����# @ !$3<I�#��54+��I�#���#8ç$#�%�#

Tj0 > Ti0
Z�sR#�K���I�(��,(��7���q8`#.�,GY( @ 3N����E:=Q#.��/�Z��;(+=Q���m-.�,GB���JE$#+=B(�%A(.��><4 @ ��#

Tj0 > Ti0
4)���7=Q3

j > i
Z

f6�A=Q#���3:8n#�E:��3$�6(+=)>�!$#��7��3 IP#�!<�+(�I<�+( §ÈÂ�ZÄÀ � J ©�ç)(.*�-�3$�b(.Xp���"!$#9K���������#�3$�Ac
��# @ !$3$I�#�� !$(kGQ�b('E$#�GB�"!$#9K��������b(V§ðÂ+%�#8ç<8 @ 3:0�Ã 3 Â90b#.=)#,GB!</10�Ãb©7Z�Ì�ç)(�!$3$C<��M�"��K�GQ�i!<3$�"3�A=)�PKO3:�O���7=Q3 @ 3$!)( λ 4<*S(���3<�H8:��(.8�#�� σ ZØh-�#�*�!)( @ 3$� q+(T ) �7���"�6(Iç$!$/5ML����E�=Q#���#�M�E$#���#�I�E<ç<3�E<#,GB��#�GB�.4×( q−(T ) d��#LK���EZç$3#.����#�GB������E:=)#���/J#.�Fç)(.-�# @ ��%�#L���7=B(<�

q+(T ) =
∑

i

q+i (Ti0, T ), q−(T ) =
∑

i

q−i (Ti0, T ).

������#�X�# @ �¢ç$�HGB>$4<G$=)8 i cº%�#�3<����# @ !$3$I�(mE$#���#�I$3E<#,GB��#,GY(�3�#�����#,GY(�����E:=)#���/

q+i =
1

2
(qi + |qi|), q−i =

1

2
(qi − |qi|)

§¨���5ZDç$3$�.ZYÂ:Z�À a ©AZ
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ù�ú:û_üq¤8ü þ�n8ü�<=���_ú:ûTú
>?�_û�@�A±�
��@���HN���B@���� G���@��
q+

ú
q−

��@M@���>O�
�����@�	r�� �������K
��E��@��\Gq�
ØhE<��3<��(9=Q>�!$/5�j*�!)( @ ��!$3<8`�����"E$�¢ç)(.���kç$/Ùç)(�-�# @ ��%�#k���7=B(kE<ç$3lE$#�GB��#�GB�O3#.����#�GB������E:=Q#���/e#�-�#�*,!$( @ 3$� @ �hç$�7* T+ > λ

3
T− < λ

��#�#.�����7����������!$!$#$Z�sg(�I
I�(�Ik^���3k*,!)( @ ��!$3:8o8<�.=)8$X����q8o-b(.*�#���/5�"3k�O���hç$�HGB!$��!$!$#�M'*S(9GB( @ �;#�E<��3<�63:*S(+cC<3$3�§ÈÂ�ZÄÀ � À9©74"��#NG)=$8�I�(.K�GB#�%�#`3<*k!$3:0V����!$I<C$3<8�Î�(�%hç$(�!<KL(

L
GB#��7��3$%A(��7�

�6(.I���3$�r����(:4$#.��I<��GY(��7=Q�HGQ��Xp����EZç$�AGBE<#.=Q#SKL��!$3$3�%Û=B(9GQI�#��7��3��]��!$I$C<3$M
q+
3

q−
E<&$3������"E$��&)(.���:&)(+0�I�#�!:�.(�I:�.(�&)(�-�# @ ��%�#L���7=Q(�&)(�����!$�����b(

∂L+

∂T+
⇒

dq+

dT+
−

λ

T+

(

dq+

dT+
−
q+

T+

)

= 0,

∂L−

∂T−
⇒

dq−

dT−
−

λ

T−

(

dq−

dT−
−
q−

T−

)

= 0,

L+(λ, T+) = L−(λ, T−)→ q+(T+)

(

1−
λ

T+

)

= q−(T−)

(

1−
λ

T−

)

.
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f"�7=Q#���3<8�§ÍÂ:ZÄÀ � a ©�#�E<ç$�HGB�7=$8$Xp�
λ, T+

3
T−
4r#�%hç$(�!$3 @ ��!$3$��!)('�¢ç$�AGQ!$X�XÆ3$!:c����!$��3$��!<#�����>k3<*��"��!$��!$3<8 ^�!<�Iç$#�E$3$3uç)(�-�# @ ��%�#����7=Q(E$#�*,��#.=)8<����!)(.M<��3'GQ#.=Q3�Iç$���"��!$3

τ
4)����� @ ��!$3$3�I�#.��#8ç</10EZç$#�3$�Û0b#,GQ3<�O��%�#m!)(.%hç$���m3�#,0�=Q(.KLGQ��!$3$�

γ+
q+(T+)

T+
+ γ−

q−(T−)

T−
= σ,

γ+ + γ− = 1; γ+ ≥ 0; γ1 ≥ 0.
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Ñ��:!<I$C$3$3
q+(T )

3
q−(T )

3$��E</\��/d��(�Xp�j3:*�=Q#��6/��L��# @ I:(90 Ti0 4)E$#�^7��#��r��4���7=)3
T ∗+
3:=Q3

T ∗−
��#���E)(9GB(�Xp�o�O�����"E<�hç)(.���Rç$#�MU#,GB!$#�%�#o3<*i&$�7*,��&$���b(�&$#��$4g��#
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�Rç)(���!$��!$3<8�§ÍÂ:ZÄÀ � a ©�!$��E<ç$3$�"��!$3$�"/]Z\�¥^7��#��_�A=)� @ (��=)���b(.8 @ (�����>`��#�#.�����7�.c��������Xp�;��%�#L�Rç)(���!<��!$3<8�3$�"�����·ç)(+*�ç$/5�LE<ç<3
T = T ∗

4<EZç$3 @ ���W�"��!<8<����*,!)(�Ii�^���#�Mm��# @ IP��4:(�#�E<��3$�6(+=Q>�!$(.8������"E$��&)(+����&)(�&)(���!$(������"E$��&)(.���:&$��&$��*���&$�.�b(�&)(<ZÏh��#�-�/ 3$���7=Q�HGB#��b(+��>®*,(���3<��3$�"#��7��>®#�E<��3$�6(+=Q>�!<#�%�#éç$��?���!$3<8 *S(SGY( @ 3§ÈÂ:Z�À � ÀS©1#���3<*��"��!$��!$3<8
σ
4)E$�¢ç$��E$3<?;��������I:(�I

p = γ+q
+(T+) + γ−q

−(T−)→ max

/

γ+
q+(T+)

T+
+ γ−

q−(T−)

T−
= σ

3D4$3$��I:=)X @ (+8 T+ 3 T− 4$E$#��7�8ç$#�3$�W*S(���3$��3<�"#�����3 σ+(q+) 3 σ−(q−) 4$%ÔGB� σ+ =
q+

T+

3
σ− =

q−

T−
Z�[]�hç$��(.8;3<*d^7��3:0��]��!$I$C$3$ML#�E<ç<�AGB�A=Q��!$(�E<ç$3

q+ > 0
§¨!)(.%�&$���

&)(�-�# @ ��%�#L���7=Q(b©74Q(L����#8ç)(.8�E<ç$3 q− < 0
§¨���5ZDç<3$��ZBÂ:Z�À � ©AZ

ù�ú:û_üq¤8ü þ��:ü�<=���_ú:ûTú
>?�_û�@�A±@���� G�������E��M�
��@���H �M��@§û�HN��
�_û�@_ú·ú���>?���
���cú��ID���@�
���cúcú�������K
��E��M@��\Gq�  cúI���'������	NH Gq���I������G���K�H �
«D(���3$��3$�"#�����>�"#.�;!$#��7��3N����E:=Q#���#�M �6(+?;3$!$/

p̄∗
§¨�¢ç$�AGB!<��%�#�E$#���#�I�(�����E�c

=Q#���/�©L#��n�hç$�HGB!$��%�# E<ç$3<ç$(.�;��!$3<8V^�!:�8ç$#�E<3$3Çç$(�-�# @ ��%�#'���A=B(NEZç$�AGB�7�.(.�.=)8$�7���#�-�#�Mm��/5E:�:I�=)��X�#�-�#+=Q# @ I<���]��!$I$C$3<3 q(σ) 4cç)(.��!$#�M σ+ E<ç$3 q > 0
3
σ−
E<ç<3

q < 0
Z � (k&$3<��Z"Â:Z�À � *S(.��3$��3<�"#�����>

q(σ+)
#�-�#�*�!)( @ ��!)( @ ��&$��* Γ 4g( q(σ−) d@ ��&<��* X Z��1/5E<��I:=Q(.8O#�-�#.=)# @ I:( q(σ) E$&$�HGB���+(��.=$8$������#�-�#�Mm#�-�����X�I�(��,(+���7=)>.c!<��X

Γ
3
X
4�3'��#���E)(9GY(.�����

q(σ)
*S(jE$&$�AGQ�7=B(��"3n#���&$��*�I:(<4�&)(.��E$#+=Q#9K���!$!$#�%�#

�"��K�GQ����# @ I:(��"3nI:(���(�!$3<8 σ1 3 σ2 Z�sg(�ID4 @ ��#�*,(�E$&$�HGB�7=Q(��"3N^���#�%�##.��&$�7*,I�(-b(.*�#���#��"ç$��?���!$3<���AGQ3$!$�7������!$!$#o§
γ− = 0

E<ç$3
σ > σ2

3
γ+ = 0

E<ç$3
σ < σ1

©7Z
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�UEZç$#���3<��!$#��`�7=$� @ (���-�(.*,#���/10L*,!)( @ ��!$3$MO�����"E$�¢ç)(.���kç$/æç)(�-�# @ ��%�#����A=B(�GQ�b(<4#�GB!$#]3:*d!$3�0�4

T+
4���#�#��������������������

σ = σ2
4SG�ç<��%�#���4

T−
4���#�#����������������b���

σ = σ1
Z

["ç$3
σ1 < σ < σ2

-b(.*�#���/5��*,!)( @ ��!<3<8o�����"E$�¢ç)(.���kç$/e!$�;�"��!:8$Xp���H8�4�(O3<*,�"�Ac!:8$Xp���q82=Q3:?;>
γ+
3
γ−
4FGB#.=Q32�8ç$���"��!$3U!)(�%hç<���b('32#S0P=B(+KLGB��!$3<8¦ç)(�-�# @ ��%�#���7=B(:Z

Øh��#�-���!$!$#n�b(.K���!U�A=)� @ (�MD46I�#�%ÛGB( σ = 0
4 @ ��#N��#�#����������7�b�.�b���`C$3$I�=Q3 @ �Ac��I�#��r�3<*��"��!$��!$3$XT��#�����#S8$!$3:8áç$(�-�# @ ��%�#m���A=B(O�m����E:=Q#���#�Mk�6(.?;3$!<��Z���^���#���A=)� @ (���3:*����7=Q#���3$M`§ÍÂ:ZÄÀ � a ©74�§ÍÂ:ZÄÀ ��� ©��7=)�AGQ���7�+4 @ ��#�G$=)8i=)X�-�/10i*S(.I�#�!<#��L����E:c=)#�E$�¢ç$�AGY( @ 3��/5E$#.=Q!<��!$#���&$��-�#��b(�!<3$�

γ+(λ− T−) = γ−(T+ − λ),

EZç$3 @ ����#.��!$#�?���!$3<�j�����"E$�¢ç)(.���kç�ç)(�-�# @ ��%�#���A=B(���E$#+=)��C$3$I:=B(90`!$(�%hç<���b(3#,0P=B(.K�GB��!<3<8¾ç)(���!$#

T−
T+

=
dq+

dT+

(

dq−

dT−
−
q−

T−

)/

dq−

dT−

(

dq+

dT+
+
q+

T+

)

.
§ÍÂ:Z�À � Â�©

������#�XJ# @ �¢ç$�AGB><4
dq+

dT+
:
dq−

dT−
=
q−(T )

T 2
−

:
q+(T )

T 2
+

.
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f"�7=Q#���3<8�§ÍÂ:Z�À � Â�©A4)§ÈÂ:Z�À � Ü ©g#�E<ç$�HGB�7=)8<Xp��-b(.*,#���/5�5*�!)( @ ��!$3<8L�����"E$�hç$(.���kç$/¸ç$(+c
-�# @ ��%�#]���A=B(��h��#��n�7=)� @ (��.4bI�#�%ÔGY(]#�!<#�E$#�# @ �hç<�AGB!<#�!)(�%hç<���b(.�����q8m3L#,0P=B(.K�GY(+c�7���q8DZ
��=)8�*S(SGY( @ 3� @ 3$�A=Q#���3$����# @ !<3$I�#��<4Y-�#.=)>�?;3$�2GB���b0Y4YE<#�!<8<��3$������&$�"3 @ �7c��I�#�%�# � [p��I:(.IO#���!$#�?���!$3<8jE<#.=)� @ ��!$!$#�Mj&)(.-�#���/�I�����E:=Q#�����4:#���#�-�&)(.!$!$#�M��%�#�&b8 @ ��%�#O3$����# @ !$3<I:(<4Q����&b8$�7�i���"/5�A=�4Q�.(�I�I�(�I3$����# @ !$3<I�#��j!<����IP#.=Q>�I�#O33:0�����"E$��&)(.���:&$/J&)(.*7=Q3 @ !</]ZY�µ^7��#��V�7=)� @ (.��C$�A=Q����#�#�-�&$(.*,!$#m&$��?;(.��>m*,(9GY( @ ��#C<3$I:=Q����*,(9GY(�!<!$#�MO�"#��;!$#�����>�X¦3O�"3$!<3$�6(+=Q>�!$#�MLGB3$����3$E)(�C<3$��Mi^�!<��&$%�3$3DZ$ÇR�Ac

?���!$3<� ¨ J ª��+(�I�#�M�*S(9GB( @ 3�E$#�I�(.*,/5�b(.����4 @ ��#m�L#�E<��3$�6(+=Q>�!<#��VC$3$I:=Q��&$(�-�# @ ������7=Q#�GQ#.=)Km!$#�E$#.=)� @ (+��>�����E:=Q#��.�m��#.=Q>�I�#�#������70m3$�7��# @ !$3$I�#��$4P�����"E$��&)(+����&$/IP#���#�&$/10�=Q��KL(.����E$&$�HGB�7=Q(+0m!<��I�#.��#�&$/10m#�E<��3$�6(9=Q>�!$#�!$(�M�GB��!$!$/10�*�!)( @ ��!$3$M
T+1 ≤ T0 ≤ T+2

§Ú����&�0<!<3$Mm3$!<����&$�b(9=iIP#�!<�+(�I<��3<&$#��b(�!<3<8Q©A4:(.!)(+=Q#�%�3 @ !<#�&$(�-�#.c
@ ���;���A=Q#jGQ#.=)Km!$#i#���GY(���(.��>i����E:=)#����'3<����# @ !$3$I�(��54D�����"E$��&$(.���:&$/TIP#���#�&$/10��GB#��.=)������#�&P8<Xp��!$��&)(�����!$�����b(��

T−1 ≤ T0 ≤ T−2
§¨!$3:KO!$3<M�3$!<����&$�b(9=�I�#�!<�.(.I:c

��3$&$#���(�!$3<8)©7ZPÏ]���N-.=)3<K��5*,(9GY(.!$!)(.8L�"#��;!$#�����>�IL��(.I���3$�6(+=Q>�!<#���#�*��"#9Km!$#�MD4
�����V3$!<����&$��(+=Q/¦I�#�!:�.(�I:��3$&$#��b(�!$3<8�?;3<&$��Z
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�dý���ÿ����hý��Æÿ��
�5ý6ü����
¡½3B78;Z5R="? 7>6c¬�9�3�=Ý3�78;<62à�9�3�@�62=�â fÆ3$����# @ !$3<I:(N��I�#�!$� @ !<#�MV���"I�#.c���HG�X �����"E$�hç)(+���Rç)(�E$&$3 IP#�!<�+(�I<���j��&)(.-�# @ 3$�����7=Q#��J3<*��"��!<8<�����q8D4RE<ç<3 @ �����IP#8ç$#��7��>m����3<*,�"��!$��!<3<8*,(���3$��3<�m#���E$#���#�I:(�����E:=Q#���/

q

Ṫ0 = −
1

C
q(T0, T ); T0(0) = T 0

0 ,
§ÈÂ:Z�À � Ã�©

%ÛGQ�
C d ����E:=)#����"IP#�����>O3$�7��# @ !<3$I:(<Z¬ ��GB���J3$��I:(.��>k#�E<��3<�6(+=Q>�!$/5M *S(.I�#�! 3<*��"��!$��!$3<8 �����"E<�hç)(.���Rç$/,ç)(�-�# @ �7c%�#����7=B(jG)=)8oGB#�����3<K���!$3<8N�6(�I���3$�6(+=Q>�!$#�M ç)(�-�#���/

A
E<ç$3N��3$IP��3<ç$#��b(�!$!<#��

�8ç$���"��!$3lE<ç$#�C<�����,(
τ
3`I�#.=Q3 @ ���7�����j����E:=Q#���/ Q0

4RE<�hç$�HGY(�!$!<#�M�§¨#.�,GY(.!$!$#�MQ©
3$����# @ !$3<I�#��Çç)(.-�# @ ���r�j���A=)��Z[]#.=)� @ ��!$!<��X�*S(SGY( @ ���,GB#�-�!$���5&$�7?�(.��>$4bE<��&$�A0b#,GQ8LI�����&$�AGQ!$��!$3$X�E$#]�"!$#.cK����������i*,!)( @ ��!<3$M T0 ��3$��E$#+=Q>�*,#��b(�!$3<���V��&)(���!<��!$3<8`§ÈÂ:Z�À � Ã�©7Z)[�&<3^���#����"/E$&$�HGBE$#.=B(.%7(.���54 @ ��#�G)=)8jE<# @ ��3i�����70 t �]�:!<I$C$3<8 q(T0, T ) *�!)(�IP#�E$#��7��#S8$!$!)(+8DZsr(�INI�(�I �6(�I���3$�r���r�N3<*,�.=)� @ ��!$!$#�Ml&)(�-�#���/_��#�#������������b�.�b���'�"3$!<3$�r����E$&<3:c&$#��7�.(�^�!<��&<#�E$3$3�&)(.-�# @ ��%�#L���7=B(<4)I<ç$3<���hç$3$M�#�E<��3$�6(+=Q>�!$#�����3�E<ç$3$�"�7�O��3�G

∆S =

T 0
0
∫

T0(τ)

C

T (T0)
dT0 −→ min

T (T0)

§ÈÂ:Z�À � K ©

E<ç$3����7=Q#���3$3
τ
∫

0

dt =

T 0
0
∫

T0(τ)

C

q(T0, T )
dT0 = τ,

§ÈÂ�ZÄÀ � Áb©

%ÛGQ�
T0(τ) = T 0

0 −
Q0

C

Z
Ñ���!$I$C$3<#�!)(+=�Î�(�%hç)(.!<KL(;*S(SGY( @ 3 §ÈÂ�ZÄÀ � K ©74�§ÈÂ:Z�À � Áb©�*,(�E$3<?������L��#�&$�"�

L =

T 0
0
∫

T0(τ)

C

(

1

T
− λ

1

q(T0, T )

)

dT0,

(L����#�E:��3$�6(+=)>�!$#���ç<��?;��!$3$���,GQ#��.=Q�7����#Iç<8$�7�O�Iç$��-�#��b(�!$3<X

max
λ







T 0
0
∫

T0(τ)

{

min
T

[

C

(

1

T
− λ

1

q(T0, T )

)]}

dT0 − λτ





 .
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F (T, T0, λ) =
1

T
− λ

1

q(T0, T )

3<�"�������AGB3$!<��������!$!$/dM��"3$!$3$�r���NE<#
T
4�E<ç$3 @ ��� q(T0, T ) GB3$�����hç<��!$C$3Zç<�b���6(:4��#

T ∗0 (T, λ)
#�E<ç$�HGB�7=)8<�����q8���7=Q#���3$�����7�.(�C<3$#�!)(Hç$!$#��7��3

F
Z)[]#.=)� @ 3$�

(

T

q(T0, T )

)2
∂q

∂T
= 1�2 35476 = 1

λ
∀t.

§ÈÂ:Z�À9ÂI��©

ÇF��?;��!$3$�
T ∗
4:��GB#��.=Q�7����#8ç<8$X��;������#�#���!$#�?���!$3<X¥§ÈÂ�ZÄÀ9ÂH�b©74P*S(���3<��3<�L#��

T0
3
λ
Z

Ïh��#�-�/�3<��I:=QX @ 3<��> λ 3k!)(.M<��3 T ∗(T0) 4Y�A=Q�AG)�����¾ç$�7?;3<��>N§ÈÂ:Z�À9ÂI��©d��#����"���7��!$#��3<!<����%hç)(+=)>�!$/5�����A=Q#���3<���J§ÈÂ:Z�À � Áb©AZ
��=)8�*,(�IP#�!)(�����E:=Q#�E$�hç$�AGY( @ 3

q = α(T n
0 − T

n)
§ÈÂ:Z�À9Â:À9©

���7=Q#���3<8`§ÍÂ:Z�À9ÂI�b©�3 §ÈÂ:Z�À � Á�©1E<ç<3$�r�P�O��3�G

T n+1 =
α

nλ
(T n

0 − T
n)2 ,

T 0
0
∫

T 0
0
−Q0

C

dT0
α(T n

0 − T
n)

=
τ

C
.

§ÍÂ:Z�À9Â J ©

f�ç)(���!$��!$3<��§ÈÂ:Z�À9Â J © ç$�7?�(��7���H8'(�!)(+=)3<��3 @ ����I$3'#���!$#���3<���7=Q>�!$# T (T0, λ) =Q3<?�>EZç$3!<��I�#.��#8ç</10
n = ±1

4�G)=)8jG�ç:�:%�3:0
n
��#�*��"#9Km!$# @ 3<�7=Q��!$!$#���ç$��?���!$3$�.Z

n ß�3�="5:ß$â ÇR�7?;��!<3$���Rç)(.��!$��!$3<8`§ÍÂ:ZÄÀSÂ J ©"G)=)8��7=$� @ (.8 n = 1
E<ç$3$�"�7�O��3�G

T 2 =
α

λ
(T0 − T )

2 ,

#.��I<��GY(��]� @ ����#��V��#�%�#$4 @ ��# T0 > T ∗
4)E<#.=)� @ 3$�

T ∗ = mT0 ∀t,

%ÔGB�
m d !$��I�#���#8ç)(.8�I�#�!<���+(�!<�+(<Z¯]��I:=)X @ (.8 m ��3$��E<#.=Q>�*�#��b(�!<3$���J§ÈÂ�ZÄÀ � Áb©74:*S(.E$3<?;���

T ∗(T0) = T0 ·

(

ατ − C ln
T 0
0

T 0
0 −

Q0

C

)

ατ
.
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T ∗(T0)
�L�Rç)(���!$��!$3<�j§ÈÂ�ZÄÀ � Ã�©74<E$#.=$� @ 3$�W*S(���3<��3$�"#��7��> T ∗(t)

T ∗(t) =
(

T 0
0 −

Q0

C

)

ατ − C ln
T 0
0

T 0
0 −

Q0

C

ατ
exp

(

t

τ

)

; t ∈ (0, τ).

� (�M�GQ���2���.8<*,>;�"��K�GQ�mE<ç<#,GB#.=$KO3<���7=Q>�!$#��7��>�XJE<ç$#�C$������(
τ
4:�"3$!$3$�6(9=Q>�!$#

��#�*��"#9Km!$/5��E$&<3$&$#��7��#���^�!<�Iç$#�E$3$3n��3$�������"/
D
3oE<ç<3<ç)(.����!$3<����^�!<�8ç$#�E$3$3

3$����# @ !$3<I:( ∆S0

Z � (h#�E:��3$�6(+=)>�!$#��nE<ç$#�C<����������I�#8ç<#�����3m3<*��"��!$��!$3<8
D
3
∆S0E$#��7��#98<!$!$/]4)�+(�I @ ��#

∆S0 = α(m− 1)τ ; D = ∆S +∆S0 =
α(1−m)2

m
τ.

«D(���3$��3$�"#��7��>
D
#��

∆S0

E$&<3&)(+*�=Q3 @ !$/10 τ E$#�I:(.*,(�!)(L!)(�&$3$��ZBÂ:Z�À9Â:Z

ù�ú:û_üq¤8ü þ�¤8ü�<=���_ú:ûTú
>?�_û�@�A�>�ú��cú
>y��G
A��
��C��:ú:ûWûTú�����~cúcú���@M��cú�
�_û�@���D���@�
���cúcú
ú:û�@���K��:ú�H �"úx��
������G
�"ú�@��\G�A��
�_û�@_ú

τ
��
��~
�WûWû��

ØhE<��3$�6(+=Q>�!</5���Iç)(���I<��#8ç<3$3 d E<ç<8<�"/5�j=Q3<!$3$3D4r��/10b#�GQ8<��3$��3<*�!$( @ (+=Q(
I�#�#Iç�GB3$!)(+�94)�+(�II�(�I dD

d∆S0

= 1−
1

m

Z
�J��#����7=)� @ (.��4FIP#�%ÛGB(¾ç)(�-�# @ ���L���7=Q# d 3PGB�,(+=)>�!$/5M %A(.*�4��6(.I���3<�6(+=Q>�!$(.8ç)(�-�#.�.(

A∗
4,E$&<#�3<*,���AGB��!$!)(.8�����E:=Q#���#�M��6(+?;3$!$#�MD4S#�EZç$�AGB�A=)8$�7���H8D4SI:(�I�!$�7�8ç<�,G)c

!$#�E$#�I:(.*,(.��><4Q��/°ç)(.K���!<3$���

A∗ = Q0 − E(V (0), T 0
0 )





(

V ∗(τ)

V (0)

)R/C

exp
∆S

C
− 1



 ,
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%ÔGB�

C d #�-IG����"!$(.8k����E:=Q#����"I�#��7�b>
ç)(.-�# @ ��%�#i���A=B(<4 ∆S d E<ç$3Zç$#��7���%�#�^�!�c�Iç$#�E$3<3D42ç)(���!</5M

∆S =

ατC ln

(

1 +
Q0

CT 0
0 −Q0

)

ατ − C ln

(

1 +
Q0

CT 0
0 −Q0

) .

¡½3B78;<5:="?¾7·9�5R78@�6Dê�)2@�3�="3¦3�78;<62à�9�3�@�?<="3�@�6�9�5:à�9�62î¦5R="@�6�78;Z3iâ «D(+c
GB( @ (d#pE<ç<�AGB�A=Q>�!$/10���#�*,�"#SKO!$#����S8:0]���hç<�"#,GB3$!$(��"3 @ ����I$3:0���3$�������o��!$����I�#.=)>.cI<3$�"3�3$����# @ !$3$I�(��"3JIP#�!$� @ !$#�M����"I�#�����3¦���P�;�����b����!$!$#��A=Q#9Km!$���n*S(9GY( @ 3��#�GB!$3<��3$����# @ !$3<I�#��54Øç)(������"#��8ç<��!$!$#�M�&)(�!<����4��+(�I�I�(�IV*7GB����>`*S(��"��!)(`!<��*S(9c��3$��3<�6#�M�E$�hç<���"��!<!$#�Mk�8ç$���"��!$3k!$(������"E$�¢ç)(.���kç<�#,GB!<#�%�#m3<*�3$�7��# @ !$3$IP#��j!$���E<ç<#���(.���L*,(9GY( @ ��Z:f6�A=Q#���3:8i#�E<��3$�6(+=Q>�!$#�����3��"#�%7�P�L-�/\��>;*S(.E$3$�,(.!$/µ����#8ç�c�"��EZç$3$!$C$3<E)(��6(�I���3$�r���6(m[]#�!<�Iç<8$%�3$!)(<Z
[]#����+(�!$#���I:(]*S(SGY( @ 3;G)=)8���3$I���3<ç$#��b(�!$!$#�MmE$&$#�GB#.=)Km3<���A=Q>�!$#�����3jI�#�!<�.(.I:c�+(
τ
E<ç$3$�"�7�O��3�G

f =
n
∑

i=1

τ
∫

0

uiqi(Ti0, T )dt→ max
uiEZç$3����A=Q#���3<8:0

n
∑

i=1

τ
∫

0

uiqi(Ti0, T )

T
dt = ∆,

Ṫi0 = −
uiqi(Ti0, T )

T
, Ti0(0) = T 0

i0, i = 1, n.
«QGQ����>

ui d �]��!$I$C<3$3jI�#�!<�+(�I<�+(<4:E$&<3$!$3$�6(�X��;3$�p*,!$( @ ��!$3<8O!$#.=)>�3m�AGQ3$!$3$C)(:ZÑ��:!<I$C$3<8�Ì:(��"3:=Q>S��#�!$(;G$=)8�^���#�M�*S(9GB( @ 3

H =
n
∑

i=1

uiqi(Ti0, T )

(

ψ0 −
λ

T
− ψi/T

)

.

[]&$�HGBE$#+=B(�%A(.8&$�7?;��!<3$��!$����/°ç$#SKLGB��!$!$/5�54B-.�,GB���V� @ 3:�.(+��> ψ0 = 1
Z$f)ç)(.��!$�7c

!<3<8jG)=)8���#�E<ç:8<K���!<!$/10�E$�¢ç$���"��!$!$/10

ψ̇i = −
∂H

∂Ti0
= −

n
∑

i=1

ui
∂qi
∂Ti0

(

1−
λ+ ψi
T

)

, i = 1, n.
§ÈÂ:Z�À9Â a ©

�e��3�=)�N��#�%�#<4 @ ��#k%hç)(�!<3 @ !$/5�O���7=Q#���3<8nG)=)8N�����6E<�hç)(+���Rç23$����# @ !$3$IP#��o����#+c-�#,GB!</]4
ψi(τ) = 0, i = 1, n.
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V)¡Y\Y�_UI\Y¡Ylo�WS�V)¡���Q�� À K Á
¯h*p���7=)#���3<8O�6(�I���3$�r���6(

H
E$#��]��!$I$C<3<8$�lI�#�!:�.(.I<�.(

u(t)
3$�"�����2��#�E<��3�c

�6(+=Q>�!<#��WE$&$#�C$�������

u∗i (t) =























1
E<ç$3

qi(Ti0, T )

(

1−
λ+ ψi
T

)

> 0,

0
E<ç$3

qi(Ti0, T )

(

1−
λ+ ψi
T

)

< 0.

sg(�I$3$��#�-8ç)(.*�#��54�ç$(�-�# @ ���;���7=Q#�I�#�!:�.(�I:��3<ç<������ i c��&Â.%�#8ç:8 @ 3$�°Ã�3$�7��# @ c!$3$IP#��54+I�#�%ÛGY(p��%�#p�����"E<�hç)(.���kç$(
T
�"��!$>.?;�

Ti0(t)
3�-�#.=Q>.?;�

λ+ψi(t)
Z+£p!)(+=Q#.c

%�3 @ !$#$4$#�!<#�#���GY(����L����E:=)#���� j c��r�áÂ90b#.=)#,GB!<#��r��Ã�3$����# @ !<3$I<��4)I�#�%ÔGY(;��%�#������gcE$�hç$(.���Rç)(�-�#+=Q>�?��
Tj0(t)

3��"��!$>�?;�
λ+ψj(t)

Zb�`� @ �7��#��n��#�%�#<4 @ ��# ψi(τ) = 0
4

^���3L�8ç$��-�#��b(.!$3<8L�]IP#�!$� @ !$/5M��"#��"��!<� τ ��#���E)(9GY(.Xp���1���7=Q#���3<8$�"3L#�E<��3$�6(9=Q>.c!$#�%�#�I�#�!:�.(�I:�.(;G)=)8�3<����# @ !$3$IP#��O-�����I�#�!$� @ !$#�M���"IP#�����3DZf6�A=Q#���3:8N#�E<��3$�6(+=Q>�!$#�����3`E$#������"E<��&)(.���:&$�O&$(�-�# @ ��%�#����7=B( T E<ç$3<��#,GQ8:�I���#�#.��!$#�?���!$3:8$�
∂H

∂T
= 0⇒

n
∑

i=1

ui

{

∂qi
∂T

(

1−
λ+ ψi
T

)

+ qi(Ti0, T )
λ+ ψi
T 2

}

= 0.

«D(9GB( @ (\�7��������������!$!$#���E<ç<#���(��7���H8�49I�#�%ÛGY(53$�7��# @ !$3$IP#��5GQ�b(<4�E<ç$3 @ ����#�GB3$!3<*p!$3:0�Â+%�#8ç<8 @ 3$M�Ã94�(�����#8ç<#�M d Â90b#.=Q#�GB!$/5M�Ã9Z<Øh!)(��"#9K��7��-�/\��> ç$�7?;��!)(�E$#.c
�hç$�HGB������#��Çç)(.*�-�3$��!$3<83<!<���¢ç$�b(+=B(

[0, τ ]
!)(�GQ�b(LE$#�GB/5!<���hç$�b(9=B(<4B!$(LI:(.K�GB#��

3<*�I�#���#8ç$/10¾ç)(�-�# @ �������7=Q#mIP#�!<�+(�I<��3<ç<�����O��#,GB!$3<�V3<����# @ !$3$IP#��5Z
¡½3B78;<5:="o�7�¬ s2ä�=)å 3B78;<62à�9�3�@�?<="3Ç@�629�5:à�9�62îæ5:="@�6�78;<3$ë�r�3�@�êBo
÷�62A�5R9�r�?
Çg(������"#��Iç$3$�¦GB���m*S(SGY( @ 3`#kE<ç$�HGB�7=Q>�!$/102��#�*,�"#SKO!$#����S8:0N����E:=Q#���#�Ml�6(+c?;3$!</�EZç$3k#�%¢ç)(�!$3 @ ��!$!$#�MoE<ç$#�GB#.=)Km3<���7=Q>�!<#�����3'C$3$I:=Q( τ 3�I�#�!<� @ !$/10����E:c=Q#����"I�#��7�98�0O%�#8ç<8 @ ��%�#;3$�7��# @ !$3$I:( c1 3�0b#+=Q#,GB!<#�%�# c2 ZPsr(.I$3$��C$3$I:=Q/�#�-�/ @ !$#!)(.*�/5�b(�X��2C<3$I:=B(��"3VÎ�#Iç$��!$C$(<Z1¯h*,��������!$/ª!$( @ (+=)>�!$/5�������"E$�¢ç)(.���kç$/ª^7��3:03$����# @ !$3<I�#��nGB# 3:0WI�#�!<�+(�I:�.(`�
ç)(�-�# @ 3$�a���A=Q#�� T 0

1

3
T 0
2

46*S(.I�#�!$/Ö����E:=Q#+c
E$�hç<�AGY( @ 3 q+(T1, T ) 3 q−(T2, T ) #��N%�#8ç<8 @ ��%�# 3V#��'0b#.=Q#�GB!$#�%�# 3$����# @ !$3<I:(I ç)(�-�# @ ���r�����A=)��Z)Ä1#��7��#98<!$3$�uç$(�-�# @ ��%�#U���A=B(W-��,GQ���Å0P(Iç)(.I<���¢ç$3<*,3<ç$#��b(+��>^�!<�Iç$#�E$3<��M

S
3���!<�P�8ç<��!$!$��Mk^�!$�hç<%�3$��M

E
4)I�#.��#8ç$/5��3<*,�"��!<8$X����H8�����#�#������7�.c

������3$3��GB3$�����hç$��!$C$3)(9=Q>�!$/5�"3�Rç)(���!$��!$3<8<�"3

Ṡ =
q(T
3
, T )

T
, Ė = q(T

3
, T )− p(t),

§ÈÂ:Z�À9Â � ©
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%ÔGB�1����E:=)#���#�M�E$#���#�I

q
ç)(�����!

q+
3:=)3

q−
�p*S(���3$��3$�"#�����3L#.�h��#�%�#$4.�\I�(�I$3<�'3$�7c

��# @ !$3<I�#��54B%�#8ç<8 @ 3$��3�=Q3�0b#.=)#,GB!</5�54B!)(+0b#�GB3<���q8k��I�#�!<�.(.I<��� ç)(�-�# @ �������7=Q#<�
p(t) d �"#��;!$#�����><4Q&)(.*,��3$�b(����6(.8i����E�=Q#���#�M�6(+?;3$!$#�MDZ� (LE<�hç$���"��!$!$/5����#��7��#S8$!$3<8�!)(+=Q#SKL��!$/µ���7=)#���3<8�C$3$I�=Q3 @ !$#�����3D�

S(τ)− S(0) = 0⇒

τ
∫

0

q(T
3
, T )

T
dt = 0,

§ÈÂ:Z�À9Â�Â�©

E(τ)− E(0) = 0⇒

τ
∫

0

q(T
3
, T )dt =

τ
∫

0

pdt = A.
§ÈÂ�ZÄÀ9Â Ü ©

�;(+=Q���§ç$��?���!$/µGQ���]*,(9GY( @ 3D4)#�EZç$�AGB�A=)8$X��;3$��E<ç$�AGQ�7=Q>�!</5����#�*��"#9Km!$#��7��3����E:=)#���/10��6(.?;3$!���GB�����r8�3$�7��# @ !<3$I:(��"3#�%hç)(.!$3 @ ��!$!$#�M���"IP#�����3D�(b©�«D(9GY( @ (�#��6(�I���3$�6(+=Q>�!$#�M ç$(�-�#�����3:=Q3�4 @ ��#p��#pK��6�,(.�"#���49#p�6(�IP��3$�6(9=Q>.c!<#�Mm�"#��;!$#�����3
p
4b�+(�IOI:(.I

A = pτ
Z � (�Im�A=Q�AGQ���7��3<*�§ÍÂ:Z�À9Â Ü ©A4b�6(�IP��3$�6(9=Q>�!$#�M

ç$(�-�#�������#�#��������������������OI<ç$3<���hç$3$M�#�E<��3$�6(+=Q>�!$#��7��3���3�GY(

A =

τ
∫

0

q(T
3
, T )dt = (Q+ −Q−)→ max,

§ÈÂ:Z�À9Â�Ã�©

-P©5«D(9GY( @ (�#�EZç$�AGQ�7=Q>�!<#�� � [p��EZç$3�*,(9GY(�!<!$#�M¾ç)(�-�#���� A0

η =
A

Q+
= 1−

Q−

Q+
→ max

§ÈÂ:Z�À9Â K ©
EZç$3����A=Q#���3$3

Q+ −Q− = A0.
§ÍÂ:Z�À9Â�Áb©

s ç$��-.�������q8O!$(�M<��3��+(�I�#�ML*S(�IP#�!m3:*,�"��!<��!$3<8������"E<�hç)(.���kç$/¸ç$(�-�# @ ��%�#����A=B(��#��8ç<���"��!$3
T ∗(t)

4.G)=)8mIP#���#8ç<#�%�#�����!$I<C$3$#�!)(9=Q/�§ÈÂ�ZÄÀ9Â�Ã�©r3:=)3o§ÈÂ�ZÄÀ9Â K ©FGB#�����3�c
%A(�X��n�6(�IP��3$�r���6(<Z"�TE$�hç$��#�Ml*S(9GB( @ � d E<ç<32���A=Q#���3:8:0µ§ÈÂ:Z�À9Â � ©»Ú�§ÍÂ:Z�À9Â Ü ©A4F��#�.��#8ç<#�MI�E<�hç$� @ 3$�7=)�,!<!)/5�V���7=Q#���3<8$�lGB#�-b(��+=)8$�7���q8
ç$(�����!<������#k§ÈÂ:Z�À9Â�Á�©7Z��=)8 #�-���3:0NE$#����+(�!$#���#�I`E<ç$3<�"���J�7=Q�HGQ��Xp���:XÖE$#��A=Q�AGQ#��b(.���7=Q>�!$#�����>áç$�7c
?���!$3:8D�

d ç)(.�����"#.�8ç$3$�µI�#�!:�.(.I<�¹ç)(�-�# @ ��%�#j���A=B(i��%�#8ç:8 @ 3$��3$�7��# @ !$3$IP#��T§Ú%�#8ç:8:c
@ 3$MLE$#.=)��C$3<I:=Y©74�� @ 3<�.(+8���%�#�E<ç$#�GB#.=$KO3<���7=Q>�!$#�����>$4������"E$�hç$(.���kç<�L3$�7��# @ !$3$I:(��I�#�!<C$��E$#+=)��C$3$I:=B(�3OE<ç$3<ç$(.�;��!$3$�h^�!<�Iç$#�E$3$3�ç)(.-�# @ ��%�#����A=B(;!<��#�EZç$�AGB�A=Q��!:c!</5�"3E)(Iç$(��"���Iç)(��"3D�

d (�!)(9=Q#�%�3 @ !$/5�n#�-8ç)(.*�#��áç)(������"#��Iç$3$�o0b#.=Q#,GQ!$/5MLE$#+=)��C$3$I:=�4��hI�#���#8ç$#��ç$(�-�# @ ���]���A=Q#m#���GY(���������E:=Q#��.�i0b#.=Q#�GB!$#��r�i3$����# @ !<3$I<�Y�



�:M]\cMSR��TX< �¡YS1� jRPH\$��UP���WV$�B���q�Y��Q+�WS�]a�p�Y�hQ.¡RUI\<�<VZPHS"�
V)¡Y\Y�_UI\Y¡Ylo�WS�V)¡���Q�� ÀSÁ<À
d ��#�����/5I:�b���4ç$�7*��S=Q>S�.(+�b/U#�E<��3<�"3<*S(�C<3$3LE$#.=$�:C<3$I:=Q#��<4���/5-�3<ç)(.8�!$��#�E<ç$�7cGB�7=)��!$!$/5��E)(Hç)(��"���Iç$/��+(�ID4 @ ��#�-�/�GB#�-�3<��>��q8k�6(�I���3$�r���6(jI<ç<3<���¢ç$3$����#�E:��3:c�6(+=Q>�!<#�����3DZ
Æ�u.²+u.¶:u�x�}]u�vPy7z�}�uh���b³Qx_�;wPuI`+xS{L| � sr(�I�I�(�Im!$(����+(9GB3<3j#�E:��3$�"3<*,(�C$3$3OE$#.c

=)��C$3$I:=)#���!)( @ (+=Q>�!$/5��3iI�#�!$� @ !$/5�]�����"E$�hç$(.���kç$/¦3$�7��# @ !$3$IP#��mEZç$�AGBE<#.=B(�%A(+cXp���H8���3$I���3<ç$#��b(�!$!$/5�"3�4$��#L�6(�IP��3$�6(+=)>�!$#�M�ç)(�-�#.���]��#�#��������������������O���.(.I$3:0
��3$�7�����6(+0�"3$!$3$�6(9=Q>�!)(+8���IP#8ç$#��7��>Fç$#��7�.(L^�!<�Iç$#�E$3$3�Z
£�Z.`Qx�^<½)¶�zD�2´Qxð��mb¼)z)vY� � Øh-�#.*,!)( @ 3$���8ç$���r8N%�#8ç:8 @ ��%�#�E$#+=)��C$3$I:=B( @ �¢ç$��*

t̄1
4$(������"E$�hç$(.���kç<��%�#Iç<8 @ ��%�#L3$�7��# @ !<3$I:(L��I�#�!<C$�]E$#.=)��C$3<I:=B( d @ �¢ç$�7* T 1 =

T1(t̄1)
ZrÑ;3$I���(�C$3<8

T 1

E<ç$3`*S(SGY(�!$!$#�M2!)( @ (+=)>�!$#�M`�����"E$�¢ç)(.���kç$� T 0
1

^�I$��3$�b(+c
=Q��!:��!)(2*S(9GB(�!$3$X I�#+=Q3 @ ��������(U����E:=Q#.��/ Q+ 45E<�hç$�HGY(�!$!$#�M ç$(�-�# @ ���r�����7=)��Z«D(9GY( @ (�E$&$3<�6�7�O��3�G

∆S1 =

t̄1
∫

0

q+(T1, T )

T
dt→ min

E<ç$3����7=Q#���3<8:0
t̄1
∫

0

q+(T1, T )dt = Q+, Ṫ1 = −q
+(T1, T )/c1, T1(0) = T 0

1 .
§ÈÂ:Z�À Ü ��©

«QGB����>j���"���7��#iE<ç$3<ç<#����+(i^�!:�8ç$#�E<3$3n��3$�7�����"/e�"3$!$3$�"3:*,3$&<�����b�H8'E$&<3$&$#��7�
^�!<��&$#�E$3<3j&)(.-�# @ ��%�#����A=B( ∆S1

4 @ ��#�!$��E<#��.=Q3<8<����!)(�#�E<��3$�6(+=Q>�!$#���&$�7?;��!<3$��Z¬ Z ñ xð�YxS²9³DC�� ´Qxð�2mb¼)z)vY�BZB£�!)(9=Q#�%�3 @ !$#j%�#�&b8 @ ���r�E$#.=)��C$3<I:=)��E$&$3�0b#,GB3$�I�E$#��7�.(�!<#���IP��*S(9GY( @ 3

∆S2 =

t̄2
∫

0

q−(T2, T )

T
dt→ max

E$&$3����7=Q#���3<8:0
t̄2
∫

0

q−(T2, T ) = Q−, Ṫ2 = −q
−(T2, T )/c2, T2(0) = T 0

2 .
§ÈÂ:Z�À Ü ÀS©

�W0b#.=)#,GB!<#��UE$#+=)��C$3$I:=)����#��,=Q3 @ 3$��#���%�#�&P8 @ ��%�#���&$��-����7�b�H8��6(.I���3$�"3<*,3�c&$#��b(+��>iE$&$3$&<#�����^�!<��&$#�E$3$3n&)(.-�# @ ��%�#j���A=B(<4��+(�I'I:(.Io*�!)(�Ik����E�=Q#���#�%�#�E$#���#+cI:(;#.��&$3$C$(.���A=Q��!3i�"3$!<3$�r���"�jE<&$3$&$#����+(L^�!<��&$#�E$3$3���3<�������"/���#�#.�����7�������������
�6(�I���3$�r���

∆S2

Z



À,Á J L  �ME�:M RY�WX< Y¡�¡8gYS1�T\<\<]����öQ+�WX< �¡_S1�ðjRPH\$��U����WV$�Y���H�B��Q.�TS�]
� (.K�GY(.823:*E$#��7�.(.�.=Q��!$!$/10W*,(9GY( @ E$&$�HGB���+(��.=)8<���`��#�-�#�M2*S(SGY( @ �2#�-n#�E:c��3$�6(+=Q>�!$#�������E:=Q#���#��eI�#�!<�+(�I:����46IP#���#�&$(.82&$��?���!)(n&$(�!$����ZR��=)82!<3:02��E$&)(+c

���AG)=)3$��#l���7=)#���3$�'�"3<!$3$�6(+=Q>�!$#�MVGB3$����3$E)(.C$3$3µ����E:=Q#�#�-��"��!$(<45I�#.��#�&<#���G)=$8
!<>�Xp��#�!$#�����I�#�%�#m*S(�IP#�!)(L����E:=Q#�E$��&$�AGY( @ 3oE$&$3$��#�GB3<�OI�&)(�����!$�7���b(.� T = T1υ1�h%�#�&P8 @ ���nE$#+=)��C$3$I:=Q� (υ1 < 1), T = T2υ2

��0b#.=)#,GB!$#��nE$#+=)��C$3$I:=Q�
(υ2 > 1)

Z
�;(9=Q����&)(������"#���&$3$��^7��#���*S(�IP#�!�����E:=Q#�E$��&$�AGY( @ 3DZ�l� @ �7��#��NE$&$#�E<#�&$C$3$#�!)(+=Q>�!<#�����3������"E$��&$(.���:&m3$����# @ !$3$I�(�3L&$(�-�# @ ��%�#]���7c=Q(�E$#.=)� @ 3$�UG)=)8%�#�&P8 @ ��%�#OE$#.=)��C$3$I�=B( q+ = α+(1− υ1)T1 = k1T1

4:G)=)8�0b#.c
=)#,GB!<#�%�#mE$#+=)��C$3$I:=B(

q− = α−(1− υ2)T2 = −k2T2
Z Ð 3$!$3$�6(9=Q>�!$/5M�E$&$3$&<#����

^�!<��&<#�E$3$3�&$(�-�# @ ��%�#L���7=B(�� i cº�UE$#.=)��C$3$I�=Q�

∆S∗i = t̄i
αi
υi
(1− υi), i = 1, 2.

��Z�`r{�C"vPx9·.vbu�´Qxð��mb¼)z)vY�Bx9· � []��&$��E$3<?����U*S(SGY( @ �O#;�6(�I���3$�6(+=Q>�!$#�Mi&$(�-�#.c����4b� @ 3<�.(+8 υ1 3 υ2 !)(.&P8�G)��� t̄1 3 t̄2 !<��3<*������7��!$/d�"3OE)(.&)(��"�7��&)(��"3�Z�[]#.=)� @ 3<�

A = Q+ −Q− = c1(T
0
1 − T̄1) + c2(T

0
2 − T̄1)→ max

§ÈÂ:Z�À ÜcJ ©
E<&$3����A=Q#���3<8:0

t̄1 + t̄2 = τ, t̄i > 0, i = 1, 2,

∆S∗1 +∆S∗2 = t̄1
α1

υ1
(1− υ1) + t̄2

α2

υ2
(1− υ2) = 0.







§ÍÂ:Z�À Ü8a ©

�1/5&)(+*,3$�3<*6&$��?���!<3<8]GB3$������&$��!$C<3)(+=Q>�!</10��:&$(���!$��!$3$MO§ÈÂ:Z�À Ü �b©B3m§ÈÂ�ZÄÀ Ü À9©
�����"E$��&)(.���:&$/e3$�7��# @ !<3$I�#����jIP#�!$C$�;E<#.=)��C$3$I:=)#�� @ ��&$�7*L3:0kE$&<#,GB#+=)KO3:���7=)>.c!<#�����3

T̄1 = T 0
1 exp

(

−
k1
c1
t̄1

)

, T2 = T 0
2 exp

(

k2
c2
t̄2

)

,

@ ��#mE<#�*,��#.=)8$�7�mE$��&$��E$3<�,(.��>m*,(9GY( @ �n§ÈÂ:Z�À ÜcJ ©�3 §ÈÂ�ZÄÀ ÜIa ©1I�(�I

A = c1(T
0
1 − T1) + c2(T

0
2 − T̄2)→ max

E<&$3����A=Q#���3<8:0
t̄1 + t̄2 =

c1
k1

ln
T 0
1

T̄1
+
c2
k2

ln
T̄2
T 0
2

= τ,

∆S1 +∆S2 =
c1α1

α1 − k1
ln
T 0
1

T̄1
−

c2α2

α2 + k2
ln
T̄2
T 0
2

= 0.
§ÈÂ:Z�À Ü � ©



�:M]\cMSR��TX< �¡YS1� jRPH\$��UP���WV$�B���q�Y��Q+�WS�]a�p�Y�hQ.¡RUI\<�<VZPHS"�
V)¡Y\Y�_UI\Y¡Ylo�WS�V)¡���Q�� ÀSÁ a
��=)8�I$&$(.��IP#�����3µ#�-�#.*,!)( @ 3$�_#���!$#���3<���7=Q>�!$/5�'3<*��"��!$��!$3<8������"E$��&$(.���:&$/3$����# @ !$3<I�#��iI�(�I ∆1 = T̄1/T

0
1 , ∆2 = T̄2/T

0
2 (∆1 < 1,∆2 > 1)

3�*,(�E$3<?����
�]�:!<I$C$3$X�Î�(�%�&)(�!<KL(�^7��#�M�*,(9GY( @ 3D4)#���-�&$#���3<�mE$#�����#S8$!$!</5���7=B(.%7(.���"/5��4

R = c1T
0
1∆1 + c2T

0
2∆2 + Λ1

(

c2
k2

ln∆2 −
c1
k1

ln∆1

)

−

−Λ2

(

c1α1

α1 − k1
ln∆1 +

c2α2

α2 + k2
ln∆2

)

.

f6�A=Q#���3:8����o���+(�C$3<#�!)(�&<!$#�����3µE$#l3$��IP#��"/5� E$��&$���"��!$!</d�
∆1,∆2, k1, k2E$&$3$��#,GQ8:�mI���&)(���!<��!$3<8<�

Rα1 = T 0
1 − Λ1(k1∆2)

−1 − Λ2α1[∆1(α1 − k1)]
−1 = 0,

Rα2 = T 0
2 + Λ1(k2∆2)

−1 − Λ2α2[∆2(α2 + k2)]
−1 = 0,

Rk1 = Λ1k
−2
1 − Λα1(α1 − k1)

−2 = 0,

Rk2 = −Λ1k
−2
2 + Λ2α2(α2 + k2)

−2 = 0.
¯h*hGB���b0�E$#��A=Q�AGB!<3:0&)(.����!<�����mE$#+=)� @ (����

k2
k1

= ±

√
α1(α2 + k2)
√
α2(α1 − k1)

⇒ k1 = ±
k2α1
√
α2

α2
√
α1 + k2(

√
α1 +

√
α2)

,
§ÈÂ:Z�À Ü Â�©

(����A=Q#���3<��C$3$I:=Q3 @ !$#��7��3kE<#�^�!:��&$#�E<3$3l§ÈÂ:Z�À Ü � ©1E$&<3$�"���O��3�G

ln∆2

ln∆1

= −
c1α1(α2 + k2)

c2α2(α1 − k1)
.

sr(�I I�(�I`�k^7��#���&)(.����!$�7�����O*,!)(.I =Q����#�M @ (��7��3l#���&<3$C)(.���7=Q>�!$/5M�§ ∆1 < 1
©A4

��#O&)(+*,!$#��7��>
(α1 − k1)

E$#.=Q#SKO3:���7=)>�!)(<4B(�*�!)( @ 3<�94YE$#+=Q#9Km3<���7=Q>�!$(m3�E$&$(��b(.8
@ (��7��>m�§ÈÂ:Z�À Ü Â�©74:�.(�I @ ��#

t̄2
t̄1

= −
k1c2 ln∆2

k2c1 ln∆1

=

√

α1

α2

.

�����"�6(
t̄1 + t̄2 = τ

4<�.(�I @ ��#�#�E<��3<�6(+=Q>�!$/5��E$&$#�GB#.=)Km3<���7=Q>�!$#�����3kIP#�!<�+(�I<�+(

t̄1 = τ

√
α2

√
α1 +

√
α2

, t̄2 = τ

√
α1

√
α1 +

√
α2

.



À,Á � L  �ME�:M RY�WX< Y¡�¡8gYS1�T\<\<]����öQ+�WX< �¡_S1�ðjRPH\$��U����WV$�Y���H�B��Q.�TS�]
�1/5&)(+*,3$�

∆1

3
∆2
@ ��&$��* t̄1 3 t̄2 �

∆1 = exp

(

−t̄1
k1
c1

)

, α2 = exp

(

t̄2
k2
c2

) §ÍÂ:Z�À Ü�Ü ©

3'E$#�GB�7�.(���3$��3:0o��I$&$3:����&<3$M #�E:��3$�6(+=)>�!$#��7��3D4�� @ �S8D4 @ ��#���#�%q=B(.��!$# §ÍÂ:Z�À Ü Â�©
k1
������>m�]��!$I$C$3:8

k2
ZQ[]#.=)� @ 3<�

A = T 0
1 c1

[

1− exp

(

−t̄1
k1(k2)

c1

)]

+ T 0
2 c2

[

1− exp

(

t̄2
k2
c2

)]

→ max .

f6�7=)#���3<8��6(�IP��3$�r���6(�^���#�%�#m��/5&)(.K���!$3<8�E$#
k2
��� @ �7��#���§ÈÂ�ZÄÀ Ü Â�©1E$&$3<��#.cG)8<��I��:&$(���!$��!$3$X

T10
T20

=

[

1 +
k2(
√
α1 +

√
α2)

α2
√
α1

]2

×

× exp

{

k2

[

t̄2
c2

+
t1
c1

α1
√
α1

α2
√
α1 + k2(

√
α1 +

√
α2)

]}

.

sr(.I�I:(.I;E$&)(.�b(.8 @ (�����>]^7��#�%�#h��&)(���!<��!$3:8�E$&<3 k2 > 0
�"#�!$#���#�!$!$#p*S(���3<��3<�

#.�
k2
4P��#;#�!$#�3$�"���7�L�HGB3$!$�7������!$!$#��]&$�7?;��!<3$�

k∗2
Z<¯h*�§ÈÂ:Z�À Ü Â�©6#�E$&$�AGQ�7=)8<���

k∗1
4

3:*�§ÈÂ:Z�À Ü�Ü ©
∆∗

1

3
∆∗

2

4<(;E<#�!<3$�
T̄ ∗i = ∆∗

iT
0
i , i = 1, 2

Z Ð (�I���3$�6(+=)>�!)(.8j&)(�-�#��+(
E<#,GB� @ 3<��/d��(������H8���#�%Û=B(���!$#k§ÈÂ�ZÄÀ Ü8J ©74$(L��#�#����������������:Xp�;3$M���M � [��_I:(�I

η
Amax

=
Amax(τ)

c1(T 0
1 − T̄

∗
1 )
.

fh���7=Q3 @ ��!$3$��I�#.=Q3 @ ���7���b(�I�#�!:�.(.I<��#��&)(.-�# @ ��%�#����7=B(��L3$�7��# @ !$3$I�(��"3 !$�GB(����OE<&$��3$�r�P�������b�b(mE$#m��&$(���!$��!$3$Xe�hGB�����r8IP#�!<�+(�I<�+(��"3D4$GB#�I�(.*S(+���7=)>�������#
^7��#�%�#m��(�I<�+(<4)E$#.=$� @ ��!$!$#���£�Z×ÌBZ � �P*,!$��C$#���/5�54QE$&$3<���AGB��!$#m��I<!$3$%��F¨ Ü8K ªÈZ«D(9GY( @ 32#'E$#.=)� @ ��!$3$3W��(.I���3$�6(+=Q>�!<#�MU&)(�-�#���/Å�nC<3$I:=Q�iÎ�#�&$��!<C)('��3$I:c��3$&$#��b(�!$!$#�M`E$&$#�GB#.=$KL�7���A=Q>�!$#�����323 #��"3<!$3$�6(+=Q>�!$#�M`E$&<#,GB#+=)KO3:���7=)>�!$#��7��3
C<3$I:=B(�E$&$3n*,(9GY(�!$!<#���*,!)( @ ��!<3$3`E<#.=)� @ ��!<!$#�M &)(�-�#.��/T^�I$��3$�b(9=Q��!:��!$/eGB&<��%GQ&<��%���Z�Ø�GB!$(�I�#V�"3$!$3$�6(9=Q>�!<��X¸E<&$#,GB#+=)KO3:���A=Q>�!$#��7��>�C$3$I:=B(V�"#SKO!<#W8<��!$#
��/5&)(.*�3<��> @ ��&<��*n����E:=Q#����"I�#��7�b3�3$����# @ !$3<I�#��<4�3�0�!)( @ (+=Q>�!$/5�'3µI�#�!<� @ !$/5������"E$��&)(.���:&$/]Z�¤���#m��/5&)(.K���!<3$��3$�"���7�O��3�G

τ ∗ =

(

1
√
α1

+
1
√
α2

)2 [
1

c1 lnT 0
1 /T̄1

+
1

c2 lnT 0
2 /T̄2

]−1
.

§ÍÂ:Z�À Ü Ã�©



�:M]\cMSR��TX< �¡YS1� jRPH\$��UP���WV$�B���q�Y��Q+�WS�]a�p�Y�hQ.¡RUI\<�<VZPHS"�
V)¡Y\Y�_UI\Y¡Ylo�WS�V)¡���Q�� ÀSÁbÂ
¯h*�# @ ����3�GB!$#�%�#O��&$��-�#��b(.!$3<8 τ > 0

��� @ ����#��a§ÍÂ:ZÄÀ Ü Ã�©5�7=)�AGQ���7�+4 @ ��#j�"!$#.cK���������#l��#��7��#98<!$3$MD4�GB#��7��3<Km3$�"/10��k3$��E$#.=Q>.*,#���(�!$3$���ÅC$3$I�=B(`Î�#�&$��!$C)(`!)(
E:=Q#���I�#��7��3

T1, T2
4$��/�GB�7=$8$�����H8���A=Q#���3<���

T̄ c1
1 T̄

c2
2 > (T 0

1 )
c1(T 0

2 )
c2 .

� &$3$��(.8
T c1
1 T

c2
2 = (T 0

1 )
c1(T 0

2 )
c2
��#�#����������������b�7�j��&$���"��!$3

τ =∞
Z

0

1
T

0

2
T

0=A

)(
max

tA

)(
max

¥A

1
T

2
T

*
t

G

ù�ú:û_ü�¤8ü þ�8ü
�����hú
>O�
�������û��
��G��������cú��º����Gq��û�@���C� 
���_û�@_ú��"ú
>O��tx������
��>O�
τ
 8úG:ú��cú�CI�
�_û�@���� ���
��C��������@��

f6�A=Q#���3<�j§ÍÂ:ZÄÀ Ü Ã�©1E$&$3��3$I���3$&$#��b(�!$!$#��V*�!)( @ ��!$3$3 τ ∗ ��/�GB�A=)8$�7�j!)(LE:=Q#��AcI�#��7��3
T1, T2

�"!$#SKL��������#]��# @ ��ID4.GQ#�����3<KO3<�"/10�*S(h��&<���r8 τ ∗ §¨&<3$��ZbÂ:ZÄÀ Ü ©7Z�Øh-�#.c*,!)( @ 3$�¦��%�#�I�(�I Gτ∗
Z�sR# @ I:(�I�(��,(�!<3<8 E<&P8$�"/10n3<*O�����"��M<�����b( A = 1�2N354Y6 I%�&)(.!$3$C$�\�"!$#SK����7���b(
Gτ∗
#�E$&$�HGB�7=$8$����E$&<�AGB�A=Q>�!<��X�&)(�-�#�����4�IP#���#�&<��X��"#SKm!$#

E$#.=)� @ 3:��>��]3$��E$#.=Q>.*,#���(�!$3$���WC$3$I:=Q(;Î�#�&$��!<C)(;*S(;��3$I���3$&$#���(�!$!$#��]��&$���r8 τ Z[]&$3
τ →∞

#�!)(�#�I:(+*,/5�b(.�����q8i&$(���!$#�MO&)(�-�#.����#�-�&)(.��3$�"#�%�#;C$3<I:=B(�Î�#�&<��!$C)(

A∞max = c1T
0
1 + c2T

0
2 − (c1 + c2)(T

0
1 )

c1/(c1+c2)(T 0
2 )

c2/(c1+c2).
§ÈÂ:Z�À Ü8K ©

¯h*,�+=Q� @ ��!$!)(+8'&)(�-�#.�.(j&$(���!)( A = c1(T
0
1 − T1) + c2(T

0
2 − T2)

ZDÑ;3$I���3$&$#+c
�b(�!$!</5�'*�!)( @ ��!$3:8$� A ��#�#����������������:X���!)(�&$3$��ZbÂ�ZÄÀ Ü E$(�&)(+=$=)�7=Q>�!$/5�dE<&P8$�"/5�.Z
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Ï]���V-�#+=Q>�?;��3<*,�+=Q� @ ��!$!)(+8�&)(�-�#��.(:4$������!$3<K���E$&<#S0b#�GB3<�O��#�#������������b�.�:Xp��(.8��M`E$&P8<�6(.8DZ Ð (�I���3$�r���r�`&$(�-�#���/]4R3<*,�.=)� @ ��!$!$#�M`*S(���&$���r8 τ 4R��#�#������������b�.�Pc�7�lE$&b8$�6(.8�4�I:(���(�Xp�;(.8$�q8�%�&)(.!$3$C$/Ù�"!$#SKL�������b('GB#��7��3<Km3$�"/10V*,( ��&$���r8

τ�����"E$��&)(.���:&DZ
�V^���#��U�A=)� @ (��h�����"E$��&)(.���:&$/ T1 3 T2 3$�7��# @ !$3$I�#��L�;I�#�!$C$�hE$#+=)��C$3$I:=Q#��&$(���!$/�GB&<��%hGB&<��%7�Y�

T1 = T2 = (T 0
1 )

c1/(c1+c2)(T 0
2 )

c2/(c1+c2).

�1#�#����������7�b����Xp�;3$Mk�6(.I���3<�6(+=Q>�!<#�M&$(�-�#���� � [p�

η
Amax

=
1− (T 0

2 /T
0
1 )

c2/(c1+c2)

(T 0
1 /T

0
2 )

c1/(c1+c2) − 1
= 2−

ηk
1− (1− ηk)c1/(c1+c2)

,
§ÍÂ:Z�À Ü Áb©

%ÔGB�
ηk d � [p�TC$3$I�=B( � (�&$!$#$4:3$�"��X��;��%�#������"E$��&)(.���:&$/�%�#�&b8 @ ��%�#L3j0b#.=)#,G)c!<#�%�#�3<����# @ !$3$IP#�� T 0

1

3
T 0
2

��#�#����������7�b����!$!$#$Z
Æ�u�²9u.¶:u�x�´�wQ|�²+|��2�b³Qxq} ¥"� ï ´�wQzL»+u�²9u�³)³Qx_��wPuI`+xS{L| � ¯���E$#.=Q>.*������kG)=)8�&$�7c

?���!$3:8O^���#�Mm*S(SGY( @ 3���#.��KL�dE<#,G)0b#�GF4 @ ��#�3m��*,(9GY( @ ��#��6(�IP��3$�6(9=Q>�!$#�MO&$(�-�#.c����Z�[�&<3m^���#��`E$#�GQ*S(9GB( @ 3m#�E<��3$�"3<*,(�C$3$3j%�#�&P8 @ ��%�#�3L0b#+=Q#,GQ!$#�%�#�E$#+=)��C$3$I:=Q#��!<��3<*��6��!<8$X����q8D4"�.(.IWI�(�I
Q+ 3 Q− �'!$3:02� @ 3<�+(�Xp���q8V��3$IP��3$&<#��b(�!$!</5�"3DZf"�7=Q#���3$��K���§ÍÂ:ZÄÀSÂ�Áb©r!$��#�-,0b#,GB3$�"#�� @ ������>�!$(��7�.(SGB3$3j����/5I�#���I$3jE$#.=)��C$3<I:=Q#��$Z����3�GQ��^7��#�%�#��iI:(+KLGQ#���3:*LE<#.=)��C$3$I:=)#��i�����"E$��&$(.���:&$/a3$�7��# @ !<3$I:(�3o&$(�-�#.c

@ ��%�#���7=B(�E$&$#�E<#�&$C$3<#�!)(+=Q>�!$/T3D4�I�(�IN�A=Q�AGQ������3<��4 q+ = k1T1, q
− = −k2T2

Z
� #�^�����3$C$3$��!<��/

k1
3
k2
4D���7�������b����!)!<#$4F#�I:(.K��P���q8n3$!$/5�"3D4 @ �����i*S(SGY( @ �L#�6(.I���3$�6(+=Q>�!<#�M&$(�-�#�����Z

�`� @ �7��#��n*,(9GY(.!$!$#�M�&)(�-�#.��/U�6(�IP��3<�r�:�r� � [p�¦��#�#����������������������"3$!$3$�r�������E:=)#���/
Q+ 4�#���GY(�!$!$#�M %�#�&b8 @ 3$�¦3<����# @ !$3$IP#��54R3n*S(SGY( @ (��7��/5IP#���I$3`E$#+=)�bcC<3$I:=Q#��L*,(�E$3<?������q8�I:(�I

I = Q+ = c1T
0
1∆1 → min

ki,Ti
, i = 1, 2

E<&$3����A=Q#���3<8:0
t̄1 + t̄2 = −

c1
k1

ln∆1 +
c2
k2

ln∆2 = t̄,

S̄1 + S̄2 =
c1α1

α1 − k1
ln∆2 +

c2α2

α2 + k2
ln∆2 = 0,

Q+ −Q− = c1T
0
1 (1−∆1) + c2T

0
2 (1−∆2) = A0,

§ÍÂ:Z�À9ÃI�b©

%ÔGB�
∆1 = T1/T

0
1 ; ∆2 = T2/T

0
2

ZPÑ��:!<I$C$3<8LÎ�(.%�&)(�!:KL(pG)=$8�^7��#�ML*S(9GB( @ 3�3<�"�������3�G



�:M]\cMSR��TX< �¡YS1� jRPH\$��UP���WV$�B���q�Y��Q+�WS�]a�p�Y�hQ.¡RUI\<�<VZPHS"�
V)¡Y\Y�_UI\Y¡Ylo�WS�V)¡���Q�� ÀSÁbÃ

R1 = c1T
0
1∆1 + Λ1

(

c2
k2

ln∆2 −
c1
k1

ln∆1

)

−

−Λ2

(

c1α1 ln∆1

α1 − k1
+
c2α2 ln∆2

α2 + k2

)

+ Λ3[c1T
0
1 (1−∆1) + c2T

0
2 (1−∆2)].

�1&)(���!<��!$3$�L^7��#�Mn�]��!$I$C$3<3N�;����!$I<C$3$��M
R
�i*,(9GY( @ ��#�E$&<�AGB�A=Q>�!$#�MN&)(.-�#����E$#�I�(.*,/5��(����94 @ ��#

∂R1

∂k1
=
∂R

∂k1
= 0,

∂R1

∂k2
=
∂R

∂k2
= 0.

£��+(�I�I�(�I�3<*�^���3�0���7=Q#���3$M�3�3<*�&$(�����!<������(o§ÍÂ:ZÄÀ Ü � ©74)IP#���#�&$#����+(�I<K���#����+(+c
�����H82-��7*i3<*,�"��!$��!<3$MU�o!$(.?;��Ml*S(9GB( @ �.4g�7=Q�HGQ��Xp�n��#�&$�r�S=Q/ §ÍÂ:Z�À Ü�Ü ©A4���#o#�E:c��3$�6(9=Q>�!$/5��E<&$#,GB#+=)Km3<���A=Q>�!$#��7��3E$#.=)��C$3<I:=Q#��L�+(�I$3$�]K���4<I�(�I�3��;*S(9GY( @ �]#E$&$�HGB�7=Q>�!$#�M�&)(�-�#����.ZPØ]E:��3$�6(+=)>�!$/5�5*,!)( @ ��!$3<8 k1 3 k2 #�E$&<�AGB�A=)8$X����H8��pGY(�!:c!$#��o�A=)� @ (��\3:*\��#����"������!$#�%�#�&$�7?;��!$3<8;�:&$(���!$��!$3<8�§ÈÂ:Z�À Ü Â�©A49I�#���#�&$#��1#��7�.(.�����q8-���*�3<*��"��!<��!$3<8�4F3'E$#��7=)�AGB!$��%�#�3:*L���7=Q#���3$M�§ÈÂ�ZÄÀSÃI�b©74�IP#���#�&<#���E<#��7=Q�L3$��I:=QX�c
@ ��!<3<8 ∆1

3
∆2

E<&$3$�"���m��3�G

c1T
0
1

[

1− exp

(

−
t̄1k1
c1

)]

+ c2T
0
1

[

1− exp

(

t̄2k2
c2

)]

= A0,
§ÈÂ:Z�À9Ã:ÀS©

k1
3
k2
#�I�(.*�/5�b(�Xp���H8�!$����I�#+=Q>�IP#j�"��!$>�?���4 @ ������*,(9GY( @ ��#mE$&<�AGB�A=Q>�!$#�M�&)(+c-�#�����Z

Ø����"�7��3$�54 @ ��#O*S(9GY( @ (m#O�6(�I���3$�r���"� � [p�ÅC$3$I:=Q(m��3$E$(OÎ�#�&$��!$C)(m^�I$��3:c�b(+=Q��!<��!$(�*,(9GY( @ �L#iE$#.=)� @ ��!$3$3N�6(�IP��3$�6(9=Q>�!$#�M'&)(�-�#���/]4DE$&$3'���A=Q#���3$3D4 @ ��#%�#�&b8 @ 3<M3$�7��# @ !<3$I�#S0P=B(SGB3<���q8iGB#L*S(SGY(�!$!<#�M������"E$��&)(.���:&$/ T1 ZÐ (.I���3<�6(+=Q>�!)(+8�&)(�-�#.�.(LE$&<3�*,(9GY(�!$!<#��WE$#���&<��-.=Q��!$3$3����E:=Q#���/

Q+ = c1(T
0
1 − T1)

&)(���!$(
A0 = Q+ − c2(T2(T1, τ)− T20),(
ηmax = 1−

c2(T2(T1, τ)− T20)

c1(T 0
1 − T1)

§ÈÂ:Z�À9Ã J ©
«D(���3$��3$�"#��7��>

T2(T1, τ)
!)(90b#,GQ8:�m3<*����7=)#���3$M`§ÍÂ:Z�À9ÃI�b©AZ



À,Á K L  �ME�:M RY�WX< Y¡�¡8gYS1�T\<\<]����öQ+�WX< �¡_S1�ðjRPH\$��U����WV$�Y���H�B��Q.�TS�]
.0/2A�?Z;<9�o05yr�3�@�ê�o ;<3�p�?4÷�62A�5:9�r�?�â «D(9GY( @ (L#�E$&<�AGB�A=Q>�!$/10��#�*��"#9KLc!<#����S8:0 #�-�&)(.��!</10`C<3$I:=Q#����3$E$(�Î�#�&<��!$C$(�����#,GB3<���q8lI ��#�E$&<#����n#��#��54RI:(9c

I:�:X¦�"3<!$3$�6(+=Q>�!<��XJ&)(.-�#����m!<�PKm!$#�*S(.��&)(.��3:�b>�G)=)8O��#�%�#$4 @ ��#�-�/VGB�b(����7=B(;���3$IP��3<&$#��b(�!<!$/5�"3 ����E�=Q#����"IP#��7�+8<�"3l3 !)( @ (9=Q>�!$/5�"3N�����"E$��&)(+����&)(��"3 T 0
1

3
T 0
2

E$��&$����������3m�]*S(9GB(�!$!$#��dI�#�!$� @ !<#��d��#��7��#S8$!$3<�d*S(]��3$I���3$&$#���(�!$!$#��d��&$���r8 τ Zb"�A=Q3
T 0
1 = T 0

2 = T 0 4D��#^7��#'»+u.²+u.¶:uLwPu+»+²+|��B|�³)z�½l{L|±wb}]z)¶<|�y�vbzlx9²9³QxÛwBxS²9³Qx_�y7zQy�{L|±}§C�³)um´Qx9²+y7zQy�{L|±}§C�y]»+u�²9u�³)³DCF}]zo{L|±}�´Q|ºwPu�{�m�wbuS}]z)Z
����&:�:I<���:&)(k#�E<��3$�6(9=Q>�!$#�%�#k&<��?;��!$3<8`3 �"����#,GU��%�#�&)(�� @ ���+(���#�-�&)(.��!$#�M*,(9GY( @ ��!$3 @ ����!$��#.�S=)3 @ (�X����H8n#���E<&P8$�"#�MDZ�Ø�GB!$(�I�#<4DI�(�I'3o�i#�-�&)(.��!$#�Mo*,(+cGB( @ �hG)=)8��3$�������"/�I�#�!$� @ !$#�Mk���"I�#��7��3k��&$�7*,��&<���b(�&$#��54B&)(������"#���&$��!<!$#�Mo&$(+c!<���.46*7GB����> �N#.�S=)3 @ 3$�#�� E<&P8$�"#�MU*S(9GY( @ 3W��3$I���3$&$#��b(.!$/ÖI:(�IW!)( @ (+=)>�!$/5��4�+(�I�3�I�#�!$� @ !</5�k�����"E$��&)(+����&$/ 3<����# @ !$3$IP#��$4 @ ��#l�7�PK�(.���l�"!$#9K���������#NGQ#.cE:������3$�"/\0k&$�7?;��!<3$M'3�����7=)3 @ 3$��(����mGB#�E<#.=Q!$3<���7=Q>�!$/5�;*S(+��&)(.��/�&)(.-�#���/JE<#��&)(���!$��!$3<Xµ�d#�-�&)(.��3$�"/5� ���d*�!)( @ ��!$3<���5Z ¬ #.=)���5��#�%�#$4b�"#SKO!<#�E<#�I:(.*,(.��>F¨ J � ªÈ4

@ ��#mIP#�%ÛGB(�IP#�!$� @ !$#���*S(SGY(�!$!$#���*,!$( @ ��!$3$�������"E$��&)(.���:&$/J!)(�%�&$����(����"#�%�#����A=B(�7��&$���"3<���H8'Ik-�����IP#�!$� @ !$#��7�b3D4Y��#iE<&$3o#�%�&)(�!<3 @ ��!<!$#�� τ �����"E$��&)(.���:&)(i#,0P=B(+cK�GY(.���"#�%�#'#�%�&)(�!$3 @ ��!)('��!$3<*���ZR�;&:�:%�3$�"3W�A=Q#��b(.�63�4r!)(�%�&<����>NE<&$32*S(+��&)(.�+(+0��#�#����������������:X�����Mn�"#��;!<#�����3n�"#9Km!$#LGB#i��IP#.=Q>j��%�#�GB!$#�-�#.=Q>�?�#�Mk�����"E$��&$(+c
�.��&$/]4$(�#S0P=B(SGB3<��>�=Q3<?�>�GB#�!$��I�#���#�&$#�%�#�E$&<�AGB�A=B(<4:I:(�I:�:X�-�/��"#���!$#��7��>��"/
!<��*,(.��&$(.��3:=)3DZ

ü\úba1ú �ö��ü��Rÿ���Ï ü �hÿ�ü���	¿��hý��)	�(��)Ï��¾��(hÿ���ÿ�()*�%$	�(�	$�¾�

¡½3�78;<5:="?¸7t6:¬ 9�3�=é3�78;<6�à�9�3�@�6�=�â Çg(������"#��Iç$3$����3$�������r��4g��I�#���#8ç$#�M
�����"E$�¢ç)(.���kç)(�3$����# @ !$3$I�(�3<*��"��!<8<�����q8j��#��8ç$���"��!$3�Z<¤���#��"#SKL�7��-�/\��>�*S(SGY(�!:c!$(.8�����!$I<C$3<8��8ç$���"��!$3

T0(t)
3:=)3;�A=)� @ (�M$!</5ML�7�+(�C$3$#�!$(Iç$!$/5M�E<ç<#�C$������Z�["ç$3:c�"��!$3<���7=Q>�!<#�Iyç)(.�����6(.�8ç$3<�b(����"#�M'��3$�������"��-��,GQ���æç<��?�(+��>j*S(9GB( @ �#O�6(�IP��3:c�6(9=Q>�!$#�M��hç$�HGB!$��MO�"#���!$#��7��3
p̄
4�I�#���#8ç$#�Mm^�I$��3$��(+=Q��!<��!)(�E<#����+(�!$#���I:(m§ÈÂ:Z�À � Ã�©

#]�6(�I���3$�6(+=Q>�!<#�M���&$�AGQ!$��Mm3$!<����!$��3$��!$#�����3m����E:=Q#���#�%�#�E$#.��#�I�(�E<ç$3L*,(9GY(.!$!$#�M
��&$�HGB!$��M�3$!<����!$��3$��!$#��7�b3�3:*,�"��!<��!$3:8�^�!<�Iç$#�E$3$3½ç)(�-�# @ ��%�#5���7=Q(<Z9� @ (�����!$#��7��3D4���7=)3���&$�HGB!$���d*,!$( @ ��!$3$�5�����"E$��&)(+���:&$/�3$�7��# @ !$3$I:(�E$#�����#S8$!$!<#$4���#�3<*��"��!$��!$3$�^�!<��&<#�E$3$3i&)(.-�# @ ��%�#����A=B(;&$(���!)(�!<�S=QX�Z$ØhE<��3$�6(9=Q>�!$#���ç$�7?;��!$3$�h^���#�Mj����&$�AG$c!<��!$!$#�M�*S(SGY( @ 3��,GB#��.=Q�7����#8ç:8$���m���A=Q#���3$X

1

τ

τ
∫

0

max
T

[

q(T0, T ) + λ(
q(T0, T )

T
− σ̄)

]

dt→ min
λ
.

§ÍÂ:Z�À9Ã a ©



�:M;c_M?�g�Y��Q+�WS�]a��\Y����Q¢PH^$�Y¡_\2P���\<]°S"�i���É¶S�±��¢�¢kP���PHS"� ÀSÁ�Á

��#�����3$%A(������H8m=Q3O�6(�IP��3$�r���lE$#�GB/5!<����%hç)(+=Q>�!$#�%�#;��/°ç)(.K���!$3<8m�i§ÍÂ:ZÄÀSÃ a ©r��#�G)c
!$#���3:=Q3NGB���b0`-b(.*,#���/10 *,!$( @ ��!$3<8�0�4g*S(���3$��3:�n#��k��#�%�#$4g��/5E<��I:=B(�=Q3l�����¢ç:0
*S(���3$��3$�"#�����>

q(T0, T )
#��

σ =
q(T0, T )

T

4\E<#.=)� @ ��!<!)(.8µE$#��7=)�n3<��I:=QX @ ��!<3<8
3<*i^7��3:0l��/°ç)(.K���!<3$M

T
Z � ���Iç<�,GB!<#n��3�GB����>$4 @ ��#oI�(�Il3`�k�7=)� @ (.�iE$#��7��#S8$!:c!$#�M������"E$�¢ç)(.���kç$/ 3<����# @ !$3$I�( G)=$8�*S(�IP#�!$#��`����E:=Q#�E<�hç$�AGY( @ 3µ��3�GY(�§ÈÂ:Z�À9Â:ÀS©!$���HGB3$!$�7�b����!$!$#�����>`-b(+*,#���#�%�#'*,!$( @ ��!$3<8V��#�*,�"#SKO!)(�=Q3<?�> EZç$3 0 < n < 1

Z
�_#����+(+=Q>�!$/10U�A=)� @ (.8:0l#�E<��3<�6(+=Q>�!$#��¹ç$��?���!$3$����#�#������7���7�b������� ���+(�C$3<#�!)(Iç�c!$#��7��3�E$#

T
E$#,GB/\!<����%hç)(+=Q>�!$#�%�#U��/°ç$(.K���!$3:8���§ÈÂ:Z�À9Ã a ©AZ1Øh����X�GY(l�7=)�AGQ���7�+4

@ ��#mG)=$8�=)X�-�#�%�#j�"#��"��!:�.(j��&$���"��!$3 t �����"E$�¢ç)(.���kç$/ T ∗(t)
3
T0(t)

����8<*,(�!$/
��#�#.��!$#�?���!$3<���

1

T 2

q(T0, T )

∂q(T0, T )

∂T

−
1

T
= 1�2 35476 . §ÈÂ:Z�À9Ã � ©

��=)8�*,(�I�#�!$#��L����E:=)#�E$�¢ç$��!$#��,(m��3PGY(§ÍÂ:ZÄÀSÂ:À9©�E$#.=)� @ 3$�>ç)(.����!$�7����#
T n
0

T n+1
+
n− 1

T
= 1�2 354Y6 .

� @ (��7��!$#�����3D4YG)=)8=Q3$!$��M$!$#�%�#�*,(�I�#�!)( (n = 1)
3<��I�#��6(.8k�����"E$��&$(.���:&)(�E$&$#+c

E$#�&$C<3$#�!)(+=)>�!)(LI$�b(SGB&)(.��!$#��r�iI�#�&$!<X�3:*
T0

T ∗(T0) = m
√

T0.
§ÈÂ:Z�À9Ã�Â�©

� *S(SGY( @ �\�5E$�¢ç$���6��!$!$#�M������"E$�¢ç)(.���kç$#�M�3$����# @ !<3$I:(��]E$#����+(�!$#���I���§ÈÂ:Z�À9Ã a ©C$�7=)����#�#�-8ç)(+*,!$#�E$�¢ç$��M:��3O#������hç$�HGB!$��!$3<8mE$#��8ç$���"��!<3OI����hç$�HGB!$��!$3$X�E$#��"!$#.c
K����������n*�!)( @ ��!$3<M T0 Z � (�Iuç$��%��S=$8<ç$!$#�MD4R�+(�I`3 �7=)� @ (.M$!$#�Ml�]��!$I$C<3$3 T0(t)�"#9K����5-�/\��>d��#�E$#����+(��.=Q��!)(d����&$#S8<��!$#��7��!)(.8��"��&)(

f(T0) ≥ 0
4,(\*,(9GY( @ (�§ÈÂ:Z�À9Ã a ©E$�hç<��E$3$��(�!)(�����#8ç$�"�

q̄ =

∞
∫

0

f(T0)q(T0, T )dT0 → max

/ ∞
∫

0

f(T0)
q(T0, T )

T
dT0 = σ̄.

§ÈÂ�ZÄÀ9Ã Ü ©

Ñ��:!<I$C$3<8
f(T0)

�.(�IP#��b(:4 @ ��#m���A=Q3 @ 3$!$(

γ =

T02
∫

T01

f(T0)dT0

ç)(���!$(�GB#.=Q���8ç$���"��!$3D4<����� @ ��!$3$��I�#.��#8ç<#�Mj�����6E<�hç)(+���Rç)(L3<����# @ !$3$I�(���GB#��.=)�7c����#Iç<8$�7�i!$�¢ç)(�����!$�7�����
T01 < T0 ≤ T02

Z<��=$8��A=)� @ (�M$!$#�Mo�]��!$I$C<3$3 T0(t) ^7��#E:=Q#���!$#��7��> ç)(.��E<ç$�HGB�7=)��!$3<8����¢ç$#98:��!$#�����3�����*�!)( @ ��!$3$MDZ



J �8� L  �ME�:M RY�WX< Y¡�¡8gYS1�T\<\<]����öQ+�WX< �¡_S1�ðjRPH\$��U����WV$�Y���H�B��Q.�TS�]
�1�A=Q3 @ 3$!:��IP#�^�����3$C$3<��!<�+(pE$&$#�E$#�&$C$3<#�!)(+=)>�!$#��7��3 m !)(+0b#�GB3$�E$#��A=Q��E$#�G)c�7�+(�!$#���I<3��L���7=Q#���3$��*S(9GY( @ 3`§ÍÂ:Z�À9Ã Ü ©�*S(���3<��3$�"#��7��3 T ∗0 (T, 1�2 3|4Y6 ) 4)!)(.M�GB��!$!$#�M3:*�§ÍÂ:ZÄÀSÃ � ©AZ9��=)8;=Q3<!$��M$!<#�%�#�*S(�IP#�!)(:4�E$#,GQ���+(��.=)8:8�§ÈÂ�ZÄÀSÃ�Â�©R�m§ÍÂ:Z�À9Ã Ü ©A4�E$#+=)� @ 3$�

∞
∫

0

f(T0)
√

T0dT0 = m.

sg(�I @ ��# m E<ç$�HGB�7�.(��+=)8$�7�]��#�-�#�M��¢ç$�AGQ!$����*�!)( @ ��!$3<�1I$��(9G�ç)(.��!$#�%�#�IP#8ç$!<8������gcE<�hç)(+���Rç$/J3$�7��# @ !$3$I:(:4Y(

T ∗(t) =
√

T0
√

T0(t).
§ÈÂ:Z�À9Ã�Ã�©

��=)8W*S(.I�#�!$(�§ÍÂ:ZÄÀSÂ:À9©�3
n = −1

���A=Q#���3<8�#�E<��3$�6(+=Q>�!$#�����3�E<ç<3$��#�GQ8<�`I
��/°ç)(.K���!<3<8$�

T ∗(T0) = 2λ
T0

T0 + λ
,

%ÔGB�
λ =

√

T 2
0 .� (.I 3 &$(�!$��� @ �¢ç<�.(���#�#��������������������o���hç<�AGB!<��!$3$XÖI$�b(9G2ç)(.�+(����!$I<C$3$3 T0(t)E<#��8ç$���"��!$3�=Q3<-�#�E$#L�"!$#9K��������.��Z

[h������>$4Y!)(�E<ç$3<�"�hçD4
f(T0) d ç)(.��!$#��"�¢ç$!$#��½ç)(���E<ç$�AGQ�7=Q��!<3$�;*,!$( @ ��!$3$M T0 4#�E<ç$�HGB�7=Q��!$!$#���!)(

(T01, T02)
4 @ ��#���#�#.�����7���7�b��������=Q3$!<��M$!$#��r��3:*,�"��!$��!$3<XU�����gcE<�hç)(+���Rç$/J3$�7��# @ !$3$I:(���3�GY(

T01 = T01 +
t

τ
(T02 − T01).

sR#�%ÔGY(�G)=)8
n = 1

E$#���#8ç$�r�,=Q�O§ÍÂ:ZÄÀSÃ�Ã�©�E$#.=)� @ 3$�

T ∗(T0) =
2(T

3/2
02 − T

3/2
01 )

3(T02 − T01)

√

T0.

��=)8
n = −1

T ∗(T0) =
2T0(T

3
02 − T

3
01)

3T0(T02 − T01) + (T 3
02 − T

3
01)
.

["ç$3
σ̄ = 0

E<ç$�HGB�7=)>�!)(.8�¢ç$�AGQ!<8<8�"#.�;!$#��7��>
p̄
G$=)8

n = 1

p̄max = α







T01 + T02
2

−
4

9





(T
3/2
02 − T

3/2
01 )

(T02 − T01)





2




 .



�:M;c_M?�g�Y��Q+�WS�]a��\Y����Q¢PH^$�Y¡_\2P���\<]°S"�i���É¶S�±��¢�¢kP���PHS"� J �<À

� ��3$�7�����6(����j#�GB!$3$��3$�7��# @ !$3$I�#��e#���!$#��q8<���q8l����E:=Q#���/5���6(.?�3$!$/]4g!)(+c%hç$���n32#,0P=B(.K�GB��!<3$�¹ç$(�-�# @ ��%�#o���7=B('�oI�#.��#8ç</102#����P�;�������.=)8<���b�q8WE$#���#�I�#��KO3PGBI�#��7��3�3:=Q3�%7(+*S(��dE<�hç$���"��!$!$#�Mm�����"E$�hç$(.���kç$#�MD4P��3$�7�����"/]4���I�#.��#8ç$/�0·ç)(+c
-�# @ ���]���A=Q#m!)(�%¢ç$����(������H8iGB!$���V3�#S0P=B(.K�GY(��7���q8!<# @ >�XJ��%�#8ç$!$/10¾ç$(�M$#�!)(90��3$!<����!$��3)��!$#�M���#.=Q!$� @ !$#�M
ç)(9GQ3)(�C$3$��MD4Q3jGB&�Z¡½3�7c;Z5R="o 7Ñ9�5R78@�6Dê�)2@�3�="3u3�78;<62à�9�3�@�?<="3$â ��=)8���#�I<ç)(.����!$3:8L*S(�E<3$��3
�����HGB���N#�-�#.*,!)( @ ��!$3:8D� T0(t) d ����I<��#8ç������"E$�hç)(+���kçO3$����# @ !$3$IP#��$� qΣ(T0, T, u)d �7�:�"�6(Hç$!$/5M�����E:=Q#���#�M�E$#���#�I�#��`3$����# @ !$3$IP#��2IÇç)(�-�# @ ���r�W���7=)�J§ qΣ =
n
∑

i=1

uiqi(Ti0(t), T (t))
©7Z

�1��I<��#Iç:cº�]��!$I$C$3:8
T0(t)

E<ç$3$!<3$�6(�����*�!)( @ ��!$3:8m3<*p�"!$#SK����7���b( V �b#�!$(��"#.cK����'-�/\��>öç$��%7�S=)8<ç<!$#�M2=Q3<-�#'�7=$� @ (�M$!$#�MU�]�:!<I$C$3$��MW�8ç$���"��!$3�Z6¯ª�k��#��54r3�nG�ç<��%�#�� �A=)� @ (��o^7��#�M��]��!$I$C<3$3��"#9Km!$# ��#�E<#����+(���3:��>¦ç)(���EZç$�AGB�A=Q��!$3$�'���*,!)( @ ��!<3$M f(T0) ≥ 0
4$#�E<ç$�HGB�7=)��!$!$#���!)(

V
3��.(.I�#��.4 @ ��#m���A=Q3 @ 3$!$(

µ =
∫

δV
f(T0)dT0

E<ç$�HGB���+(��.=)8<������#�-�#�M;GB#.=QXµ�8ç$���"��!<3
τ
4P����� @ ��!$3<�hI�#.��#8ç<#�MO����I<��#8ç T0 ∈ δV Z¯]��E$#.=)>�*���8�^7��3L#�-�#�*�!)( @ ��!$3<8�4.*,(9GY( @ ��#h�6(.I���3<�r�:�"�\�hç<�AGB!$��M��"#.�;!$#��7��3LE<ç<3*S(9GB(�!$!$#�M �hç$�HGB!$��Ml��IP#8ç$#�����3l3<*��"��!$��!$3<8l^�!<�8ç$#�E$3$3�ç)(�-�# @ ��%�#����A=B(k�"#SKm!$#*S(�E<3$�,(.��>m����#8ç$�"�

p̄ =
∫

V
f(T0)

2
∑

V=1

qΣ(T0, T, u)dT0 → max
T,u

E<ç$3����7=Q#���3$3
∫

V

f(T0)
2
∑

V=1

qΣ(T0, T, u)

T
dT0 = σ.

§ÈÂ�ZÄÀ9Ã K ©

¤��.��*,(9GY( @ ��4)������#�XJ# @ �¢ç$�AGB><42ç$�7?�(�X��O�;GQ�b(L^7�.(.E)(<�[]�hç<��/5M d #�E<ç$�HGB�A=Q��!$3$��#�E:��3$�6(+=)>�!$/10�*,!)( @ ��!<3$M�����I<��#8ç)(

ν = (T, u)

G)=)8���3$IP��3<ç<#��b(�!$!</10�*,!)( @ ��!$3<M�����I<��#Iç)( T0 3����A=Q3 @ 3<!$/ σ(T0) Z����#8ç$#�M d #�E$&$�AGQ�7=Q��!$3$���.(.I�#�%�#m����I<��#Iç)( σ(T0) 4�G)=)8�IP#���#Iç$#�%�#

p̄ =
∫

V
f(T0)ξ(T0, σ)dT0 → max

σ

§ÈÂ:Z�À9Ã�Á�©



J � J L  �ME�:M RY�WX< Y¡�¡8gYS1�T\<\<]����öQ+�WX< �¡_S1�ðjRPH\$��U����WV$�Y���H�B��Q.�TS�]
EZç$3����A=Q#���3$3D4 @ ��#m�¢ç$�AGB!<����*,!$( @ ��!$3$���]�:!<I$C$3$3 σ(T0) *,(9GY(�!$#

p̄ =
∫

V
f(T0)σ(T0)dT0 = σ,

§ÈÂ:Z�À K ��©
%ÔGB� @ �¢ç$��* ξ(T0, σ) #�-�#.*,!)( @ ��!$#�*,!$( @ ��!$3$�]�]��!$I$C$3$3 qΣ 4:�;I�#.��#8ç<��XJE<#,GB�7�.(.�.c=)��!$#�#�E<��3$�6(+=Q>�!$#���ç$�7?;��!$3$�

ν∗(σ(T0))
4$E$#.=$� @ ��!$!$#���!)(LE<�hç$��#��V^7�.(.E$��Z«D(9GY( @ (lE$�hç$��#�%�#W^7�+(�E)(<4dIP#�%ÔGY(U����I<��#Iç������"E$�¢ç)(.���kç¦3$�7��# @ !$3$IP#��V��3$I:c��3<ç$#��b(�!D41�l��# @ !$#�����3���#���E)(SGY(��7�U�k*,(9GY( @ ��Me§ÈÂ:Z�À � À9©A4��7=Q�HGB#��b(+���7=)>�!$#$4�G)=$8!<���k��E<ç)(����HG)=Q3$��#lE<ç)(���3�=Q#tç)(.*,-�3$��!$3:8�3$����# @ !$3<I�#��2!$(¸Â.%�#8ç:8 @ 3$�HÃ23�Â90b#.c

=)#,GB!</5�IÃ94�(2�.(.I<K��n���7=Q#���3<8_§ÈÂ�ZÄÀ � Â�©74�§ÈÂ�ZÄÀ � Ü ©�G)=)8�#�E<��3$�6(9=Q>�!$#�%�#���/5-�#8ç)(
�����"E$�¢ç)(.���kç$/ ç)(�-�# @ ��%�#����7=B(:Z��=)8�*S(9GB( @ 3O#��6(�IP��3$�r���"����&$�AGQ!$��Mj�"#��;!$#�����3i�]��!$I$C$3<X�Î�(�%hç$(�!<KL(�*,(+cE<3<?;�����L��3�GB�

L2 = ξ(T0, σ)− λ2σ.f"�7=Q#���3$��#�E<��3$�6(9=Q>�!$#��7��3�E$#
σ
E<ç$3$��#,GB3<�mI¾ç$(�����!<�����.�
∂ξ

∂σ
= λ2,

§ÍÂ:Z�À K À9©
IP#���#8ç$#��m��#����"���7��!<#k�����A=Q#���3<��� §ÍÂ:ZÄÀ K �b©h#�EZç$�AGB�A=)8$�7�o���A=Q3 @ 3<!<� σ∗(T0) 4���#.c#.�����7���7�b����Xp���:Xe#�E<��3$�6(+=Q>�!$#��r�i&$��?���!$3$X�4B3

λ2
Z

����#��V�7=$� @ (���4QI�#�%ÛGB(;G$=)8�I:(+KLGQ#�%�# T0 4<*,!)( @ ��!<3$� T ∗(T0) �HGB3$!$�7������!$!$#

ξ(T0) = qΣ(T0, T
∗), σ∗(T0) =

1

T ∗
qΣ(T0, T

∗)

���7=Q#���3$�O§ÈÂ:Z�À K ÀS©Û©�E<ç$3$�"�7�O��3PG

∂ξ

∂σ
=

∂

∂T ∗
qΣ(T0, T

∗) :
∂

∂T ∗

[

1

T ∗
qΣ(T0, T

∗)
]

=

T ∗
(

∂qΣ
∂T ∗

)

∂qΣ
∂T ∗

−
qΣ(T0, T

∗)

T ∗

= λ2.

§ÍÂ:Z�À KcJ ©
¤���#O��#�#���!$#�?���!$3$������8:*,/5�b(.���

T ∗
������I<��#Iç$#��

T0
3��"!$#9Km3<���A=Q���

λ2
4$*�!)( @ �Ac!<3$��IP#���#Iç$#�%�#p#�E<ç$�HGB�7=$8$�����q8;3<*����A=Q#���3<8i§ÍÂ:ZÄÀSÃ�Áb©D3�*,(���3$��3<�h#.�����A=Q3 @ 3<!$/ σ 3ç$(���EZç$�AGB�A=Q��!$3<8

f(T0)
����I<��#8ç)(]�����"E$�¢ç)(.���kçO3<����# @ !$3$IP#��$ZP�`��#��N�A=)� @ (��.4PIP#.c%ÔGY(

T0(t) d �7�+(�C$3$#�!$(Iç$!$/5ML�7=)� @ (�M<!$/5M�E<ç$#�C$������4���%�#"ç$(���E<ç<�AGB�A=Q��!$3$�d�"#SKL�7�-�/\��>]3<*,��������!$#�(.E<ç$3$#8ç<3D4 @ ��#]E$#.*,��#.=$8$���]!)(�M<��3L#�E<��3$�6(+=Q>�!<��X�*,(���3<��3$�"#��7��>
T ∗(T0)

Z



�:M;c_M?�g�Y��Q+�WS�]a��\Y����Q¢PH^$�Y¡_\2P���\<]°S"�i���É¶S�±��¢�¢kP���PHS"� J � a

fk�"�"��ç5KUGp�D!53d�.��%\y£�Bz�·.|�vb{Lx\^B¾�®�mb³)vb¼)z�½
T0(t)

³)u
[0, τ ]

³Q|]y�xS²+|_^2Á�z){
mb¶:u�y�{�vPx9·p´Qx9y�{Lx7½)³Qy�{L·.u;¹ºy�x9x9{L·.|�{Ly7{L·�|�³)³Qx

f(T0)
³Q|�y�xS²+|_^2Á�z){

δ
¾±y�x9y�{�u�·.¾

�<½D�°¯�zR��¿_ �{Lx�^Y|¢�L|7³)zQ|
T ∗(T0)

 D³)uH�)².|7³Qx9|5´Qx�mPy£�Yx9·+z�½:}_§ÍÂ:Z�À K �b©A4:§ÈÂ:Z�À K8J ©74�xS´)¾
{�z�}�uh���b³Qx � %\y£�Bz

f(T0)
y�x9²+|ï^2Á�z){

δ
¾±y�x9y7{�u�·h�:½D�°¯�zQ|É �y�x9y_^Y|7²+xS{�xS¶:|�³)³DC6|�·

{LxS¶:vbu��
T0k (k = 1,m)

 Y{Lx5³)uI�)²+|�{LyÛ½�x9´){�z�}]u��2�b³Qx9|S^Y|¡�L|�³)zQ|W B²¡�:½mvPxS{Lx\^YxS¾
�Ax
T ∗(T0)

}�x�Á¦|7{Å´N^Bz)³)z�}]u�{��L²+·.u�`Au+».x9·HC���»+³)u�¶:|�³)z�½F�BzD���L²¢�:½kxS²9³Qx_�z<»
{L|~}]´Q|_^Bu.{�m�^

T0k
�

ï xSvbu+»+u.{L|��2�Py�{L·.x��"Øh-�#.*,!)( @ 3$���"!$#9K���������#o*�!)( @ ��!$3$M2����I<��#8ç)( T0 4�G)=)8I�#���#8ç$/10
min
λ

max
T

L(T0, T, λ)
3<�6������GB��(�-�(.*,#���/10Fç<��?���!$3<8�4 @ �hç$�7* V ∗0 3m!)(+c*,#������J��%�#k�"!<#9K����7����#�� ç)(��7�;��E:=Q��!$3<8µ§ *7GB����>

L = qΣ(T0, T ) + λσ(T0, T )
©AZ

f6�7=)#���3<8n���+(�C$3$#�!$(Iç$!$#�����3
L
E<#

T
E$#�*���#.=)8<Xp���/°ç)(.*�3<��>

T ∗ @ �¢ç$�7* T0, λ 3E$�hç<��M<��3jI��]��!$I$C<3$3
L∗(T0, λ) = q∗Σ(T0, λ)+λσ

∗(T0, λ)
Z � (]�"!$#SK����7����� ç)(��Ac

�;��E:=Q��!<3<8µI�(.K�GB#��r�U3<*GQ���b0�-b(.*�#���/10W*,!$( @ ��!$3$M T ∗ ��#�#��������������������W����#98�]�:!<I$C$3<8
L∗1(T0, λ)

3
L∗2(T0, λ)

��#�#�����������������!$!$#$ZB[§ç<3 @ ���
L∗1(T0, λ) = L∗2(T0, λ)����3:=$�i!$��E<&$�hç$/5��!$#�����3�3�%Û=B(9GBIP#��7��3�]�:!<I$C$3$M

qΣ
3
σ
3�3:0i�"#�!<#���#�!$!$#��7��3

E$#
T0
3
T
^���#���&)(���!<��!$3$��3<�"�����iGB3$��I<ç$�7��!$/d�mIP#8ç$!$3

T0k
3D4D���A=Q3

f(T0)
!$�

��#�GB�hç<Km3<�L�;^���3:0j��# @ I�(+0 δ c���#��7�.(.�.=)8$X��;3:0Y4<��#��"!$#9K���������# V ∗0 3$�"������!:�S=Q�Ac����Xa�"�hç:�3yç)(��7�;��E:=Q��!$3$��!<3$I:(.Io!<���.=Q3<8<���j!)(mI<ç$3<���hç$3$M'#�E<��3$�6(9=Q>�!$#��7��3
3�*,!)( @ ��!<3$� σ Zb"�7=)3

f(T0)
��#�GB�hç:KO3<�

δ
cº��#����+(��.=)8<Xp��3$������# @ I�(+0 T0k ��3�GY( µδ(T0−T0k)3W�'^���3:0U��# @ I:(902�����"E$�hç)(+���Rç)( T 3$�"���7�'GB�b('-�(.*,#���/10¦ç$��?���!$3:8 T1(T0, λ)3

T2(T0, λ)
4)��#OI�#�!$� @ !$(.8 @ (��7��>OE<ç$#�3:*,��#�GB�����b(O^�!<�8ç$#�E$3$3 σ̃ E<ç$3�0b#,GB3:���H8k!)(GB#.=QX��"!<#9K����7���b(

V ∗0
ZB��� @ ����#���§ÈÂ:Z�À9Ã K ©1E$#+=)� @ 3$�

m
∑

k=1

µk[γkσ1(T0k) + (1− γk)σ2(T0k)]= σ̃,

%ÛGQ�
0 ≤ γk ≤ 1

Z
¤���#�&)(.����!$�7����#���/�GB�A=)8$�7�E�=Q#���IP#�����>��

m
cº�"�hç<!$#��µEZç$#��7�8ç)(�!<��������E$�¢ç$�Ac

�"��!$!</10
γk
Z � (+=Q3 @ 3$�)ÂHç)(.���;��E:=Q��!$!$#�%�#<Ã"ç<��?;��!$3<8;%�#���#8ç<3<��#���#��54 @ ��#�E$�¢ç$�7c��� @ ��!$3<��^���#�M�E:=Q#���IP#�����3m�5�HGB3$!$3 @ !$/5� I<��-�#��n��#�����#8ç$#�!)(��"3 [0, 1] !$�\E<������#$Z£2*�!)( @ 3<��!)(�M�GQ�����q8�����E$�¢ç$����� @ ��!$3$�13���#,GB!<3$��3<*iç$��-��hç�I<��-b(<Z9�'��# @ I���^���#�%�#E$�hç<����� @ ��!$3<8������h�"!$#SKO3<���7=Q3 γ 4<I<ç$#��"�]#,GQ!$#�%�#$4Zç)(���!</µ!<�S=QXJ3�=Q3��AGB3<!$3$C$�.ZØ�GB3$!�K��h�"!$#9Km3<���7=Q>

γν
E<ç$3$!$(9G)=Q�7KO3<��3$!<���hç$��(+=)�

(0, 1)
ZQ¤���#�*�!)( @ 3<�94 @ ��#!)(�M�GQ�����q8�+(�I�#���#�E<��3$�6(+=Q>�!<#���ç$��?���!$3<��4)G$=)8�I�#���#8ç$#�%�#������"E$�hç$(.���kç)(Fç)(�-�#+c
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*�#��b(+���7=$8l�OI:(+KLGQ#�M 3<*jE$#,GQ��3$�7�����54rE<&$3lIP#���#�&$/10`E$#.=$� @ (����6(.8`���AGB3<!$3$C<���&$���"��!$3�&)(�-�#��.(§¨�"#��;!<#�����>
N
©\�6(�IP��3$�6(+=)>�!)(<Z2b6�A=Q3��6(�IP��3$�6(+=)>�!)(.8��"#���c

!<#�����>m#.��&$3$C$(.���A=Q>�!)(<4Q#�!)(���#�#.�����7���7�b�������O�"3$!$3$�r���r�j*S(.��&)(.�m^�!$��&$%�3$3D4QE$#�G)c
��#,GB3<�"#�M�3<*���!$��IE<&$��#�-�&)(.*�#��b(.���7=QX�Z

n 6�78;:?<9�62s�@�? í:?R¬�?:à�3 3æä�7IêB62s23�åÇ62p�;<3�="?Zê*)�9�6�78;<3$â Øh-�#.*,!)( @ 3$� @ �7c&<��*
Ti
�����"E$��&)(.���:&<�

i
cºM�E$#�GB��3<�������"/�4

qij(Ti, Tj) d ����E:=Q#���#�ME$#.��#�I��"�7KLGQ�
i
cºMo3

j
c�MoE$#�GB��3<�������6(.�"3D4

ui d �����"E$��&$(.���:&)(�&)(�-�# @ ��%�#j���A=B(iE$&$3'IP#�!<�+(�I<����
i
cºMVE<#,GB��3$�������"#�MD4

qi(Ti, ui) d E$#���#�I�����E:=)#���/Æ�"��K�GQ� i cºMVE<#,GB��3$�������"#�M3kE<&$��#�-�&)(.*�#��b(.���7=Q���54
N d �6#.�;!$#�����>iE$&$��#�-�&$(.*,#���(.���A=)8DZD[]#���#�ID4YE$#����.�:E$(+cX��;3$MU�oI:(.K�GQ��XÓ3<*�E$#�GB��3<�������546-.�,GB���e� @ 3<�+(.��>NE$#.=Q#SKO3:���7=)>�!$/5�5Z���&<#.c�7��#��

Ti qij
�"#�!$#.��#�!$!<#i���"��!<>�?�(��7���H8D4D�;&$#�����#��

Tj d &)(��7���7�+4�E<&$3 Ti = Tj
qij = 0

ZÎb6�A=Q3¦I�#�!:�.(.I<���"��K�GQ�µE<#,GB��3$�������6(��"3J#����7�P�����b�������+4p��#
qij = 0��#9K�GB����������!$!$#<ZB«D(.��3$��3$�"#�����3

qij(Ti, Tj)
-��,GQ���2E$&$�AGQE$#.=B(�%A(.��>L!$��E$&<��&$/5��!<#.c

GQ3$������&$��!$C$3$&<�����"/5�63D4$(�&$(�-�# @ ���p���7=Q#;E$&$��#�-�&$(.*,#���(.���A=)8j��!<�P��&$��!$!$�]#�-�&)(+c��3$�"/5�54)�+(�I @ ��#mE$&$#�3<*,��#�GB�7����#m^�!:��&$#�E$3$3���!<���V&)(.��!$#L!<�S=QX�Z
Ñ;#�&$�6(+=)>�!)(.8NE$#����+(�!$#���I:(�*S(9GB( @ 3`#�6(�I���3$�6(+=Q>�!$#�M �"#��;!$#�����3lE<&$3$�"���
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��3�G
N =

n
∑

i=1

qi(Ti, ui)→ max
ui>0

§ÈÂ:Z�À K8a ©
E$&$3����7=Q#���3<8:0

n
∑

i=1

qi(Ti, ui)

ui
= 0,

§ÈÂ�ZÄÀ K � ©

n
∑

j=1

qij(Tj, Ti) = qi(Ti, ui), i = 1,m.
§ÍÂ:Z�À K Â�©

� &$3<����&$3$Mj§ÈÂ:Z�À KIa ©Y�7=)�AGQ���7��3<*�^�!$��&$%�����3 @ ����I�#�%�#�-�(+=B(�!$��(5&)(�-�# @ ��%�#5���7=Q(�E$&<�7c#�-�&)(+*,#���(.���A=)8DZ<f"�7=Q#���3$��§ÈÂ:Z�À K � ©���/\����I�(����m3<*�^�!<��&<#�E$3$M$!<#�%�#�-b(+=B(�!<�,(;&)(�-�#+c
@ ��%�#����7=Q(<4Q(����7=)#���3$��§ÈÂ:Z�À K Â�© d ^�!$��&<%��7�b3 @ ����I$3$M-b(+=Q(�!$��G)=)8 i cºMiE$#�GB��3$�7���7c�"/�IP#�!$� @ !$#�M���"I�#��7��3DZÇg(.*�#�-�>����

m
E$#�GB��3$��������IP#�!$� @ !$#�M`���"I�#�����3`!)(iGB���mI�(.����%�#�&$3$3D�gE<#,GB��3:c�������"/]4F�����"E$��&)(.���:&$/

Ti
I�#.��#�&$/10N��3$IP��3<&$#��b(�!</Ù§

i = r + 1,m
©A4�3NE$#�GB��3:c

�������"/]4"�����"E$��&)(.���:&$/¥I�#���#�&$/102����#�-�#�GB!$/ 32��/5-�3$&)(�X����q8U!)(�&b8�GQ� �
ui
E$#

���7=Q#���3<8$� �6(.I���3<�r�:�6(
N
§
i = 1, r

©AZ � (.*,#�������3:0�E$#,GQ��3$�7�����6(��"3µ�o��3$I�c
��3$&<#��b(�!$!</5�"3V3U����#�-�#�GB!$/5�"32�����"E<��&)(.���:&)(.�"3DZ�¯]��IP#��"/5�"3WE$��&<���"��!<!$/d�"3
�k*S(9GB( @ �n§ÍÂ:Z�À K8a © Ú�§ÈÂ:Z�À K Â�©]8<�.=)8$X����q8 n �����"E$��&)(.���:& ui I�#�!<�+(�I:�.('&)(.-�# @ ��%�#���A=B(�3

r
����#�-�#,GB!</10������"E$��&)(.���:&

Ti
E$#,GB��3$�7������§

i = 1, r
©7Z

«D(�E<3<?;���l���7=Q#���3<8�G)=)8j#�E:��3$�6(+=)>�!$#�%�#���/5-�#�&$(�^7��3:0jE$��&$���"��!<!$/\0 @ ��&$��*�]�:!<I$C$3$XJÎ�(�%�&$(�!<KL(�*S(9GY( @ 3 §ÍÂ:Z�À K8a © Ú�§ÈÂ�ZÄÀ K Â�©���E$&$�AGQE$#.=Q#SK���!$3$3�!$����/5&$#SK�cGB��!<!$#�����3�&$��?���!$3<8`§
λ0 = 1

©

L =
m
∑

i=1

qi+
n
∑

i=m+1

qi−Λ
m
∑

i=1

qi
ui
−Λ

n
∑

i=m+1

qi
ui

+
m
∑

i=1

λi





n
∑

j=1

qij − qi



 .
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«QGB����>;#���GB�A=Q>�!$#���/5E$3$��(�!$/��7=B(.%7(����"/5��4�0P(�&$(�I<����&$3<*���Xp�;3$�]I�#�!<�+(�I<��/µ��&$�Ac
*,��&$���b(�&$(��"3D4��+(�InI:(�I'���A=Q#���3<8�§ÍÂ:Z�À K Â�©p!)(+=)#9K���!</���#.=Q>�I�#�!)(���3$�������"/_IP#.c
!$� @ !$#�M���"I�#��7��3DZf6�A=Q#���3:8����+(�C$3$#�!)(�&$!$#�����3

L
E$#

ui
G)=)8

i > m
E$&$3<��#,G)8<�mI���&)(���!$��!<3<8$�

∂L

∂ui
=

∂

∂ui

[

qi(Ti, ui)
(

1−
Λ

ui

)]

= 0, i = m+ 1, n.
§ÍÂ:Z�À K Ã�©

Ø���I<�,GB(i�7=Q�HGQ���7�+4 @ ��#j�����6E<��&)(+����&$/aIP#�!<�+(�I<��#����;&$�7*,��&$���b(�&$(��"3n#.����� @ (�X�����7=Q#���3$X
u2i ∂qi/∂ui

ui∂qi/∂ui − qi
= Λ, i = m+ 1, n.

§ÈÂ:Z�À K8K ©



J � K L  �ME�:M RY�WX< Y¡�¡8gYS1�T\<\<]����öQ+�WX< �¡_S1�ðjRPH\$��U����WV$�Y���H�B��Q.�TS�]
Î�������X @ (.����>;^���#�%�#;&)(�����!$�����b(i§¨#�!)(�3$�"������&)(.*��"��&<!$#�����>������"E$��&)(.���:&$/�©!$(.*,#������e´�wQzQ·�|7²+|�³)³Qx_�l{L|±}�´Q|ºwPu�{�m�wBx_�`vPx9³){�u.vb{�u�Z�sr(�I<3$��#�-�&)(.*,#��54���E$&)(+c

���AG)=)3$��#
f�2�`�k&�K G��k!�3��.� ï �<½�´Qxð��mb¶:|�³)z�½�}�u.vPy�z�}]u��2�b³Qx_��}�x_¯�³Qx9y�{�z

´�w)zQ·�|7².|7³)³DC6|p{L|~}]´Q|±wPu.{�m�w2C2vPxS³){�u.vb{�u�´�wB|�x_`qwPu+».x9·.u.{L|��:½ky�x�·.y�|±}�z;wB|H».|±wQ¾
·�mbu7wPu,}�zo²+xð�DÁ�³DC¸`�C"{��ixS²9z)³)u�vPx9·HC �
¯h*����A=Q#���3$M ∂L

∂ui
= 0

3 ∂L

∂Ti
= 0

3$�"�����UG)=)8������"E$��&)(.���:&kIP#�!<�+(�I<�+(mE$&$�Ac
#�-�&)(.*�#��b(.���7=$8��5E$#�GB��3<�������6(��"3O3L����#�-�#�GB!$/10;�����"E$��&$(.���:&O��3$������� I�#�!<� @ !$#�M���"I�#�����3��:&$(���!$��!$3<8

∂

∂ui

[

qi

(

1−
Λ

ui
− λi

)]

= 0, i = 1,m.
§ÈÂ�ZÄÀ K Áb©

∂

∂Ti

[

qi

(

1−
Λ

ui
− λi

)]

+
n
∑

j=1

(λj − λi)
∂qij
∂Ti

= 0, i = 1, r.
§ÈÂ�ZÄÀSÁI�b©

«QGQ����>� @ ����!$#$4 @ ��# qij = −qji
Z Ð !$#SKm3<���A=Q3

λj = 0
G$=)8

j > m
Z�¯]*����A=Q#.c

��3<8�§ÈÂ:Z�À K Áb©gE$#.=$� @ 3$�`E$&$3$���HGB��!<!<�:X������"E$��&)(.���:&<�mIP#�!<�+(�I<�+(���E$#�GB��3<�������"#�MIP#�!$� @ !$#�M����"I�#�����3

u2i ∂qi/∂ui
ui∂qi/∂ui − qi

=
Λ

(1− λi)
, i = 1,m.

§ÈÂ�ZÄÀSÁ:À9©

f"�7=Q#���3$�n§ÈÂ�ZÄÀSÁ:À9©����.8<*,/5��(����nE<&$3$���HGB��!<!<�:XÓ�����"E$��&)(+���:&<�2IP#�!<�+(�I<�+('E$&$��#�-.c
&$(.*,#��b(.���A=)8N�

i
cºMnE$#,GQ��3$�7�����"#�M`�LE$&$3$���HGB��!<!$#�M �����"E$��&)(.���:&$#�M`I�#�!<�+(�I:�.(�

&<��*���&$���b(.&)(��"3
Λ
3N�"!$#9K��7���7=$8$�"3

λi
4�#�E$&$�HGB�7=$8$Xp��3$�"3$�H8`��3$�7�����"#�M`�:&$(��.c

!<��!$3$M`§ÍÂ:Z�À K Â�©A4�§ÍÂ:ZÄÀ,Á8�b©AZ
[]#.=)� @ ��!$!$/5�6���7=)#���3<8�G)=)8 @ (�����!$/10��A=)� @ (�����E$#����+(��.=Q��!$!$#�M�*S(9GB( @ 3���3�=Q>.c!<#W#�-.=)��% @ (�Xp���H8��d�.(�I�4����7=Q3��U��3$�������"� #,GB!$3�&<��*,��&$���b(.&$/]4���#W#�E<��3$�6(+=Q>+c!</5�������"E$��&)(.���:&$/µI�#�!:�.(�I:�.(;!)(90b#,GQ8:��E$#���#�&$�r�S=)�L§ÍÂ:Z�À K8K ©A4�(

Λ
3<*����7=)#���3<8

§ÍÂ:Z�À K � ©A�,���7=)3������"E$��&)(+���:&$/2�����70�E$#�GB��3<�������'IP#�!$� @ !$#�M����"IP#�����3;��3$IP��3$&$#��b(+c!</]4)��#���&)(.��!$��!$3<8-b(9=B(�!$��#��§ÈÂ:Z�À K Â�©1#�E<&$�AGB�A=)8$X��O�����
ui
G)=)8

i = 1, ...,m
4Q(

*�!)( @ 3<��3������d�7=B(.%7(.���"/5�������7=Q#���3$3k§ÍÂ:ZÄÀ K � ©R3�I$&$3:����&$3$3o§ÈÂ:Z�À K8a ©74�I$&$#��"�5���70Y4IP#���#�&$/5�h���.8<*S(.!$/��p&$��*���&$�.�b(�&)(��"3DZ)«D(SGY( @ (:4�I�(�IjE$#�I:(.*,(�!$#�!$3<K��.4:����#,GQ3<���q8I��6(�IP��3$�"3<*,(�C$3<3�"#��;!$#�����3�4Q3<*,�+=Q��I�(����"#�M3<*�&<��*���&$���b(.&$#��$4)E$&$3�*,(9GY(.!$!$#��
E<#���#�I���^�!<��&$#�E$3$3�#���!$3:0�I�E$&$��#�-�&$(.*,#���(.���A=QX�Z
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k )ml�;<629�6�s�78@�3�5¾í:?<@�6�9�o ;<5:p�êB6262/2="5R9�?
�aE$&<�AGBE$#+=Q#9K���!$3$3D4 @ ��#kE$#���#�I$3 qi, qij =Q3<!$��M<!$#k*S(.��3$�q8<�o#.�k&)(.*�!$#�����3�����"E$��&)(+����&

qi = αi(Ti − ui), qij = αij(Tj − Ti),
§ÈÂ:Z�ÀSÁ J ©

%ÛGQ�
αij, αi d I�#�^�����3<C$3$��!:��/�����E�=Q#�E$��&$��!$#��,(<4�*,(9GY( @ (j§ÍÂ:Z�À K8a © Ú�§ÈÂ:Z�À K Â�©gE$&<3:c�"���m��3PG

N =
n
∑

i=1

αi(Ti − ui)→ max
ui>0

,
§ÈÂ:Z�ÀSÁ a ©

E$&$3����7=Q#���3<8:0
n
∑

i=1

αui
Ti
ui

= 1,
%ÔGB�

αui =
αi
n
∑

ν=1
αν
,

§ÈÂ:Z�ÀSÁ � ©

n
∑

j=1

αij(Tj − Ti) = αi(Ti − ui), i = 1,m.
§ÍÂ:Z�ÀSÁbÂ�©

f6�7=)#���3<8��7�.(.C$3$#�!)(.&$!$#��7��3k�]��!$I$C<3$3Î�(�%�&)(�!:K�(�E<��&$��E$3<?��P�b�H8����3PGB�
∂L

∂ui
= 0⇒ u2i (1− λi) = ΛTi, i = 1, n,

§ÍÂ:ZÄÀ,Á Ü ©
%ÛGQ�

λi = 0
G)=)8

i > m
Z

∂L

∂Ti
= 0⇒ αi(1−

Λ

ui
− λi) +

n
∑

j=1

(λj − λi)αij = 0, i = 1, r.
§ÍÂ:ZÄÀ,ÁbÃ�©

[]&$3$���HGB��!$!</5�h�����"E$��&$(.���:&$/�&$(�-�# @ ��%�#����7=Q(;E$&$3jIP#�!<�+(�I<���]��&$�7*,��&$���b(�&$(��"3E$#.=)� @ 3<�UE$#��7=Q��E$#,GB�7�+(�!$#���I<3��i§ÈÂ:Z�À K8K ©6!ZG�X���#�!$#�����IP#�%�#�*S(�IP#�!)(�����E:=Q#�E$��&$�7cGY( @ 3
u2i
Ti

= Λ, i = m+ 1, n.
§ÈÂ:Z�ÀSÁ K ©

sr(�I<3$�Å#�-�&)(.*�#��545#�E:��3$�6(+=)>�!$/5�n�����"E<��&)(.����&)/�I�#�!:�.(.I<�.(W�n&$�7*,��&$���b(�&$(��"3
E$&$#�E<#�&$C$3$#�!)(+=Q>�!</2I<�b(9GB&)(+��!$#��"��I�#�&<!$XW3<*������"E<��&)(.���:&$/U&<��*,��&$���b(.&$#��$4.#��+c
I<�,GY(L���A=)� @ (��hGB���b0�&$�7*,��&<���b(�&$#��O��/1����I�(�Xp�O&$�7*��S=)>9�+(.��/ ¨�À_� J ªÈ4�¨�À a À¢ªÈZ
��=)8�E$#,GQ��3$�7�����

u2i
Ti

=
Λ

(1− λi)
, i = 1,m.

§ÍÂ:ZÄÀ,Á�Áb©
¡½3�7c;Z5R="?�ëD786�78;Z6kå�14?Zå
3�í�A�5cí:5:A�sDä�?<A�6�s¹3öp�A�5:6�/2A�?Zí:62s�?Z;<5cê�å�â � (.M:c

GB���a�6(�IP��3$�6(+=)>�!$#���*�!)( @ ��!$3$��"#���!$#�����3 N∗
r

G)=)8U�7=)� @ (.8�46I�#�%ÔGY(n��3$�������6(
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��#��7��#�3<����#.=Q>�IP#i3<*

n
&$�7*,��&$���b(�&$#��

(m = 0)
3oE<&$��#�-�&)(.*�#��b(.���7=)8�Z�¯h*;��&)(��+c

!<��!$3$Ma§ÍÂ:Z�ÀSÁ K ©;G)=)8�!$>�Xp��#�!$#�����IP#�%�#2����E:=)#�#�-��"��!)(2!)(+0b#�GB3$�Å#�E<��3<��(9=Q>�!$/5�
�����"E$��&)(.���:&$/¦I�#�!<�+(�I<�+(���&$��*���&$�.�b(�&)(��"3DZYØh!$3�&)(���!</

ui =
√
Λ
√

Ti =

n
∑

j=1
αj
√

Tj

αΣ

√

Ti, αΣ =
n
∑

j=1

αj,
§ÍÂ:Z J �8�b©

(��"#���!$#�����>

N∗
r =

n
∑

i=1

αi











Ti −
√

Ti

n
∑

j=1
αj
√

Tj

αΣ











.
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n A�3�="5:A$â Çg(������"#���&<3$����3$�������r��4���#��7��#98:����X�3:* @ ����/5&$�70'&<��*,��&$���b(.&$#��3`����E:=)#���#�M2�6(.?�3$!$/]ZrsR���"E$��&)(.����&$/Å&$��*���&<���b(�&$#��'3lI�#�^�����3$C$3$��!<��/Å����E:c
=)#�E$��&$��!$#��,(L*S(9GB(�!$/�3�&)(.��!$/

T1 = 300
�
, T2 = 700

�
, T3 = 500

�
, T4 = 350

�
,

α1 = 200

���
� , α2 = 100

���
� , α3 = 250

���
� , α4 = 300

���
� .

� (.M�GB���N#�E<��3<��(9=Q>�!$/5�d�����"E$��&)(.���:&$/�IP#�!<�+(�I<�+(�E$#���#�&$�r�S=)��§ÈÂ:Z J �8�b©AZ�[]#.=)�bc
@ 3$�V�A=Q�AG)�:X��;3$��*�!)( @ ��!$3:8

u1 = 352, 78
�
, u2 = 538, 88

�
, u3 = 455, 43

�
, u4 = 381, 04

�
.

Ð (�I���3$�6(+=Q>�!)(.8�"#.�;!$#��7��>$4QI�#.��#�&<��Xe�"#SKO!<#�3:*,�.=)� @ >m3<*]GY(.!$!$#�M��3$�������"/]4&$(���!)(
N∗

r = 7, 38
I)���)4Q(�E$&$3$���AGB��!$!$/5�������"E$��&)(.���:&$/JIP#�!<�+(�I<�+(m#�GB3$!)(.I�#���/

G$=)8������70�&$��*���&$�.�b(�&$#��m3�E$#L���A=Q#���3$X¥§ÈÂ�ZÄÀSÁ K ©1&$(���!$/
Λ = 414, 84

� Z
n ?<@�783�="?Zê*)�9�?Zå ="62149�6�78;5) p�A�5:62/2A�?Zí:62s2?<;<5cê�å 3 62p�;<3�="?Zê*)29�o05

;Z5R="p�5:A�?Z;Zä�A�o p�6c¬�783B78;<5:=�â Çg(������"#���&<3$�¥��3$�7�����r��4d�lI�#.��#�&$#�Mµ�����o�����gc
E<��&)(+����&$/ÖE$#,GQ��3$�7�����a����#�-�#,GB!</§

r = m
©AZ6Ø @ ����3�GB!$#<4 @ ��#nE$&$3 @ 3$�7=Q��&$�Ac*���&<���b(�&$#��<4)-�#.=Q>.?;���W3:=)3&$(���!$#��`GB�.�:�54$3�&)(.*7=Q3 @ (.Xp��3:0b�H8�����"E$��&)(.���:&)(90&<��*���&$���b(.&$#��2�6(�IP��3$�6(+=)>�!)(.8��"#��;!$#�����>2�`^���#�M�*S(SGY( @ �kE$#+=Q#9Km3<���7=Q>�!$(<413!<���"#9K����i-�/\��>��"��!$>�?;�

N∗
r

4�E$#,GQ� @ 3<�+(�!$!<#�MNE<#���#�&$�r�,=Q�§ÍÂ:Z J �<À9©A4B�.(�I'I:(.I�����"E$��&)(.���:&$/¦E$#,GB��3$��������E$#,G)=)��KL(.��#�E<��3$�6(+=Q>�!$#��r����/5-�#�&<��Z
Çg(.*�#�-�>����W*,(9GY( @ �i!)(���&$3E$#,G)*S(9GY( @ 3D�À�Z Ð (�I���3$�"3<*,3<&$#��b(+��>V3<*,�+=Q��I�(����r��Xï�"#��;!<#�����>

N∗
r (σr)

E$&$3µI�#�!<�+(�I<���
E<&$��#�-�&)(.*�#��b(.���7=)8o��&$�7*,��&<���b(�&)(.�"3D4BG)=$8�*S(9GY(.!$!$#�%�#j*�!)( @ ��!$3<8 σr d E$#���#�I:(^�!<��&<#�E$3$3�#.�m&$�7*,��&$���b(�&<#��mI�&)(�-�# @ ���r�j���7=)�

Nr(σr) =
n
∑

i=m+1

qi → max
qi
,

§ÍÂ:Z J � J ©



�:MgfRM$�d�DÖ<S1¡��p�o¡8g7��PRQ�\Y¡���X��F��¡8gA��PI¶9¡S¢:PH\$�B�½Q.�TX< �¡S¢:¡Yl W¡\B�±�f���$� J À�À

E$&$3����7=Q#���3$3
n
∑

i=m+1

qi
ui

= σr.
§ÈÂ:Z J � a ©

J Z Ð (�I���3$�"3<*�3$&$#��b(+��>V3<*,�.=)��I�(����r��Xæ�"#.�;!$#��7��>
N∗

s (σs)
E$&$3�I�#�!:�.(.I<���

E$&$��#�-�&)(.*�#��b(+���7=$8j��E$#�GB��3<�������6(��"3iIP#�!$� @ !$#�MO���"I�#��7��3D4�G)=)8�*S(SGY(�!$!<#�%�#�*,!)(9c
@ ��!<3$3<8 σs E$#���#�I:(L^�!<��&$#�E$3<3�#���E$#,GB��3$��������I�&)(�-�# @ ���r�j���7=)�

Ns(σs) =
m
∑

i=1

qi → max
qi
,

§ÈÂ:Z J � � ©
E$&$3����7=Q#���3$3

m
∑

i=1

qi
ui

= σs,
§ÈÂ:Z J �bÂ�©

3�-b(+=B(.!$��#���/10���#�#.��!$#.?;��!<3<8:0`§ÍÂ:ZÄÀ,ÁbÂ�©7Z
a Z � (.M<��3i�6(�IP��3$�6(+=)>�!<��XJ�7���"�6(�&$!<��XJ�"#���!$#�����>LE$&$3j���A=Q#���3<3�-b(9=B(�!$��(

E$#�^�!<��&$#�E$3$3�G)=)8�&)(�-�# @ ��%�#L���7=Q(mE<&$��#�-�&)(.*�#��b(.���7=)8
N(qi) = N ∗

s (σs) +N ∗
r (σr)→ max /σr + σs = 0,

§ÈÂ�Z J � Ü ©
[]��&<�b(.8;3<*5^���3:0;*S(SGY( @ &)(.�����"#���&$��!)(���/1?;�5E$&$3 σr = 0

Z��`!)(+?;���'�7=)� @ (�����7=Q#���3<8jG)=$8���/5-�#�&)(�#�E<��3$�6(9=Q>�!$/10i�����"E<��&)(.����&�I�#�!:�.(.I<��#�����&$�7*,��&$���b(�&$(+c
�"3'§ÈÂ:Z�À K8K ©A4�§ÍÂ:Z J �8�b©6#����+(�Xp���q8��;��3�=Q��Z$[]#��A=Q�hE<#,GB�7�.(.!$#���I<3N§ÈÂ�ZÄÀ K8K ©6�i§ÈÂ:Z J � a ©
!)(�M�GQ���V���A=Q3 @ 3<!<� Λ

Λ =

n
∑

i=m+1
uν
∂qν
∂uν

n
∑

i=m+1

∂qν
∂uν
− σr

.
§ÈÂ:Z J �bÃ�©

��=)8�!$>�X���#�!$#�����IP#�%�#L����E�=Q#�#�-��"��!)(��]� @ ����#���§ÈÂ�ZÄÀSÁ K ©1E<#.=)� @ 3$�

√
Λ =

n
∑

i=m+1
αi
√
Ti

σr + αrΣ
, αrΣ =

n
∑

i=m+1

αi.
§ÈÂ:Z J � K ©

Ð (�IP��3$�6(+=)>�!)(.8��"#���!$#��7��>$4Q3<*��.=Q��I:(����6(.8E<&$3IP#�!<�+(�I<������&$��*���&$�.�b(�&)(��"3�4

N∗
r (σr) =

n
∑

i=m+1

αi
√

Ti











√

Ti −

n
∑

j=m+1
αj
√

Tj

σr + αrΣ











.
§ÈÂ:Z J ��Á�©

�µ&$#�����#��
σr
^7�+(��"#��;!<#�����>O�"#�!$#���#�!$!$#���#�*,&$(����+(��7�9Z

�1#h�.��#�&$#�M;*S(SGY( @ ����&$��-��������H8L!)(.M<��3�!$�1��#.=Q>�IP#h�����"E$��&$(.���:&$/WI�#�!:�.(�I:��#��
ui
4P!$#�3m����#�-�#�GB!$/5�������"E$��&)(.���:&$/�E$#�GB��3<�������

Ti
G)=)8

i = 1,m
Z��1/5&$(.*,3$�

ui



J À J L  �ME�:M RY�WX< Y¡�¡8gYS1�T\<\<]����öQ+�WX< �¡_S1�ðjRPH\$��U����WV$�Y���H�B��Q.�TS�]
@ ��&$�7* qi 3 Ti 4<E$&$3j���7=Q#���3$3D4 @ ��#LE$#.��#�I$3i����E:=)#���/�*S(SGY(�!$/µ��!<>�Xp��#�!$#�����I�#�M��#�&$�"�m§ÈÂ:Z�ÀSÁ J ©

ui = Ti −
qi
αi

§ÍÂ:Z J À_�b©
3VE$��&$��E$3:?;��� -b(+=Q(�!$��#���/5����#�#���!$#�?;��!$3<8�§ÈÂ�ZÄÀSÁ�Â�©�I:(.I���3<�������r�W=Q3<!$��M$!</10
��&)(.��!$��!$3$M#���!$#���3<���7=Q>�!$#m�����"E$��&)(.���:&�E$#�GB��3$�7�����

Ti i = 1,m

m
∑

j=1

αijTj − Ti
n
∑

j=1

αij = qi −
n
∑

j=m+1

αijTj, i = 1,m.
§ÈÂ�Z J À�À9©

¯�=Q3��L�6(.��&<3 @ !$#�M���#�&$�"�

A(α) · T = C(q),

%ÔGB�

A(α) =

∥

∥

∥

∥

∥

∥

∥

∥

∥

α11 − α̃1 α12 · · · α1m

α21 α22 − α̃2 · · · α2mZZZ ZZZ Z Z Z ZZZ
α1m αm2 · · · αmm − α̃m

∥

∥

∥

∥

∥

∥

∥

∥

∥

,

α̃i =
n
∑

j=1

αij,

Ci(q) = qi −
n
∑

j=m+1

αijTj = qi −Θi.

Øh-�#�*�!)( @ 3<�2^7=Q���"��!<��/��6(.��&$3$C$/ A(α) @ ��&$�7* aij(α) 4<(�^7=)���"��!:��/�#�-�&)(.�.c!<#�M���M��6(.��&<3$C$/
A−1 @ ��&$��* bij(α) 3���/5&)(.*�3$�������"E$��&)(.���:&$/ªE$#�GB��3$�7�����@ ��&$�7*�E<#���#�I<3 qi 3�*S(SGY(�!$!</5�������"E$��&)(.���:&$/J&<��*,��&$���b(.&$#��

T = A−1 · C(q),
Ti(q) = bi,1 (q1 −Θ1) + bi,2 (q2 −Θ2) + ...+ bi,m (qm −Θm) .

§ÍÂ:Z J À J ©

[]&$3�^7��#�� ∂Ti
∂qν

= bi,ν , i = 1, ...m, ν = 1, ...,m.sg��E$��&<>p�"#SKO!<#dE$��&$��M<��3;#��d*,(9GY( @ 3j§ÈÂ�Z J � � ©74b§ÈÂ�Z J ��Â�©74b§ÈÂ:Z�ÀSÁbÂ�©74,#.��!$#���3<���7=Q>.c!<#
ui, Ti

4)I�#�E<��3$�"3<*,(�C$3$#�!$!$#�M*,(9GY( @ ��4)#���!$#���3:���7=Q>�!<#OE$#���#�I�#��L����E:=)#���/ qi
N =

m
∑

i=1

qi → max
qi

E<&$3����A=Q#���3<3 m
∑

i=1

αiqi
αiTi(q)− qi

= σs.
§ÍÂ:Z J À a ©



�:MgfRM$�d�DÖ<S1¡��p�o¡8g7��PRQ�\Y¡���X��F��¡8gA��PI¶9¡S¢:PH\$�B�½Q.�TX< �¡S¢:¡Yl W¡\B�±�f���$� J À a

�1/5E$3<?������]��!$I$C$3$X�Î�(�%�&)(�!<KL(�G$=)8�*S(SGY( @ 3`§ÍÂ:Z J À a ©
L =

m
∑

i=1

qi

(

1−
Λsαi

αiTi(q)− qi

)

.
§ÈÂ:Z J À � ©

f6�7=)#���3$���������+(�C$3$#�!)(�&$!$#�����3�E$#
qj
E<&$3$�"���m��#�&$�r�

∂L

∂qj
= 0⇒

m
∑

i=1

α2
i qiΛsbi,j

(αiTi(q)− qi)2
+1−

α2
jTj(q)Λ

∗
s

(αjTj(q)− qj)2
= 0, j = 1,m.

§ÍÂ:Z J À9Â�©
ÇR�7?;3$�m��3$�7�����r��3<*

m+ 1
��&)(���!$��!$3$M`§ÈÂ:Z J À9Â�©A4�§ÈÂ�Z J ��Â�©1#���!$#���3<���7=Q>�!<#

qi
4

!)(+0b#�GB3$�n#�E<��3<�6(+=Q>�!$/5�5*,!$( @ ��!$3<8 q∗i (σs) 3 Λ(σs) 4b(�*S(+�����N*�!)( @ ��!$3<8 T ∗i (σs) 4
u∗i (σs)

3
N∗

s (σs)
ZD[]&$3k�+(�I�#���&$��?���!$3<3NE$&$(�I<��3 @ ����I$3'�,GB#�-�!$����*,(9GY(.�b(.��>i!$�

σs
4B(

Λ∗s
4$*S(.������E$#m��#�&$�r�,=Q�j§ÈÂ�Z J ��Â�©\&)(���� @ 3<��/5�b(.��>j��#�#����������7�b����Xp�;���;&$�Ac?;��!$3$X�*,!)( @ ��!<3$��E$#.��#�I�(�^�!<��&<#�E$3$3 σs Z����&$�7��>���Mn*S(9GB( @ �;��&$��-������b�q8N!$(�M<��3'�6(�I���3$�6(+=)>�!<��X��7���"�6(�&$!<��X��"#���c!$#��7��>$4�3<*��.=Q��I:(����r�:X3<*�&$��*���&$�.�b(�&$#��l3VE$#�GB��3$�7�����5Z\�1/5E$3:?;�����]�:!<I$C$3$X

Î�(�%�&)(.!<KL(;*S(SGY( @ 3 §ÈÂ�Z J � Ü ©
L = N∗

s (σs) +N ∗
r (σr) + λ(σr + σs).

§ÈÂ:Z J À Ü ©
¯h*]���A=Q#���3:8����+(�C$3<#�!)(�&$!<#�����3�����!$I<C$3$3�Î�(�%�&)(�!<KL(�E$#

σr, σs
E$#.=$� @ (����U��#.c#���!<#�?;��!$3$�

∂N∗
s

∂σs
=
∂N∗

r

∂σr
.

§ÈÂ:Z J À9Ã�©
sg(�IUI:(.IWE$&$#�3<*���#�GB!$/5� ∂N∗

s

∂σs

3 ∂N∗
r

∂σr

&)(.��!$/
Λ∗s(σs)

3
Λ∗r(σr)

��#�#.�����7�.c
��������!$!<#o§g���5Z ¨×Â a ª ©A4)3<*��.=Q��I�(����6(.8�"#���!$#��7��>

N(qi)
�6(�I���3$�6(+=)>�!)(<4)IP#�%ÔGY(

Λ∗r(σ) = Λ∗s(−σ), σ = σr = −σs.
§ÈÂ:Z J À K ©

n A�3�="5:Aiâ Çg(������"#���&<3$�W��3$�7�����r��4$��#��7��#S8<����X�3<*pGB�.�P0j&$�7*,��&$���b(�&<#��$4 @ �Ac��/5&$�A0E$#�GB��3$��������3�E$&<��#�-�&)(.*,#��b(.���A=)8DZB����&:�:I<���:&)(���3$�7�����"/¦E$&$�HGB���+(��.=)��!)(
!)(L&$3<��ZBÂ:Z�À9Ã:Z
Ð (+��&$3$C$(mIP#�^�����3$C$3<��!<��#��m����E:=)#�E$��&<��!)#��,(m3$�"�����m��3�G

{αij} =





















0 800 900 700 400 0
800 0 500 900 0 100
900 500 0 300 200 0
700 900 300 0 0 250
400 0 200 0 0 0
0 100 0 250 0 0





















«�!)( @ ��!$3<8 αij E$&<3 i, j = 1, ..., 4
��#�#������7���������:X��'IP#�^�����3$C$3<��!<�+(����.*S(�3<�"#.c

GB��M<������3<8�E$#�GB��3$�������Ö�"�7KLG)����#�-�#�MD4�*,!$( @ ��!$3<8µE$&<3 i > 4
3:=Q3

j > 4 dI�#�^�����3$C$3$��!<�.(.����*S(�3<�"#,GB��M$������3<8E$#,GQ��3$�7����� 1 &$��*���&$�.�b(�&)(��"3�Z
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1
u

3
u

4
u

2
u

5
u

6
u

1
T

2
T

3
T 4

T

+
T -

T

N

ù�ú:û_ü�¤8ü þ�¯IüoFô@�H����@����x@���
>?���:ú�����>�ú�K
�Wû�H ���·ûTú:û�@���>y�
sg���"E$��&$(.����&$/Ù&$�7*,��&$���b(�&<#��`&)(.��!$/

T+ = 700
�
, T− = 300

� Z � #�^��hc
��3$C<3$��!:��/Å����E:=)#�E$��&<��!$#��,('E<&$32�.*S(�3$�"#�GB��M$������3$3UE$&$��#�-�&)(+*,#���(.���A=)82�jE$#�G)c
��3$�7�����6(��"3�3�&$�7*,��&$���b(�&$(��"3

α1 = 1000, α2 = 1300, α3 = 900, α4 = 800, α5 = 100, α6 = 50.

«�!$( @ ��!$3<8 αi E$&$3 i = 1, ..., 4
��#�#����������7�b�.�:Xp�IP#�^�����3$C$3<��!<�+(�����*S(.3$�"#,GQ��M:c

�7����3<8i�hE$#�GB��3<�������6(.�"3D4)(�E$&$3
i > 4 d I�#�^�����3$C$3$��!<�+(��W�.*S(�3$�"#�GB��M<������3<8 1&<��*���&$���b(.&)(��"3DZ � #�^�����3$C$3$��!<��/J3$�"��Xp�m&)(.*��"��&$!$#�����>O���
+ � Z

�1!)( @ (+=B(h-�/1=Q3�!)(�M�GQ��!$/2*,!)( @ ��!$3:8 Λr(σr)
E$#]��#�&<�"�,=Q��§ÍÂ:Z J � K ©�3

N∗
r (σr)E<#p��#�&$�r�S=)�h§ÈÂ:Z J ��Á�©BG)=)8�*�!)( @ ��!$3<M σr 4,=Q�7KL(.�;3:0��p3<!<����&$�b(+=)� [0, 0.5] Z.«D(.�����&<��?�(9=B(���>���3$�7�����6(�3<*

m
��&)(���!<��!$3$M�§ÍÂ:Z J À9Â�©dG)=)8N��3<I���3<&$#��b(�!<!$#�%�#*�!)( @ �7c!<3<8

Λs

!)(m#���&$�7*,IP�
[400

�
, 600

�
]
3�E$#j��#�&$�r�,=Q��§ÍÂ:Z J �bÂ�©5&)(���� @ 3:��/5�b(+=Q#���>��#�#����������������:X���3$��*,!$( @ ��!$3$� σs Z[]#��7=)�p^���#�%�#;!)(90b#,GB3�=Q#���>�#�E<��3$�6(+=Q>�!$#��

σ
3
Λ
E<#���#�&$�r�,=Q��§ÍÂ:Z J À K ©A4b*�!)(+c

@ ��!$3<8o�����"E$��&$(.���:&NE$#,GQ��3$�7����� Ti E<#���#�&$�r�S=)�§ÈÂ�Z J À J ©p3o�����"E$��&)(.���:&NIP#�!:c�+(�I:�.(�E$&$��#�-�&)(+*,#���(.���A=)8
ui
E<#���#�&$�r�S=Q�m§ÈÂ:Z J À��b©7Z

�o&$�7*��S=)>9�.(+�b��-�/1=)3�E$#.=$� @ ��!$/ �A=Q�AGQ��X��;3$��*�!)( @ ��!$3<8�#�E<��3$�6(9=Q>�!$/10]�����gcE<��&)(+����&�E$#,GB��3$�7�����

T1 = 564, 8
�
, T2 = 540, 2

�
, T3 = 563, 7

�
, T4 = 527

�
ØhE<��3$�6(+=Q>�!$/5�������"E$��&)(.���:&$/JIP#�!<�+(�I<�+(mE<&$��#�-�&)(.*�#��b(.���7=)8

u1 = 557, 8
�
, u2 = 543, 6

�
, u3 = 557, 7

�
,



�:MgfRM$�d�DÖ<S1¡��p�o¡8g7��PRQ�\Y¡���X��F��¡8gA��PI¶9¡S¢:PH\$�B�½Q.�TX< �¡S¢:¡Yl W¡\B�±�f���$� J À9Â

u4 = 536, 3
�
, u5 = 620, 2

�
, u6 = 406

�
.«�!)( @ ��!$3$��3<*,�+=Q��I�(����"#�M��"#.�;!$#��7��3

N∗ = 3.22
I)���

.

« ê�3�å�9�3�5�s�9�ä�;<A�5:9�9�5:î
9�5:62/�A�?<;<3�="6�78;<3¹p�A�5:62/�A�?Zí:62s2?<;<5cê�å Z���#d��3:0
E$#�&LE<&$��#�-�&)(.*,#��b(.���7=Q>�E<&$�AGBE<#.=B(�%A(+=Q�q8���!<�P��&<��!$!$��#�-�&)(.��3$�"/5�5Z�Ø�GB!)(.I�#pG)=)8
!ZG�Xp��#�!$#�����IP#�%�#n����E:=Q#�#�-��"��!)(N!$��I�#���#�&$/5��E<#.=)� @ ��!<!$/5����/\?;�&<��*��S=Q>S�.(.��/��#,0<&$(�!<8$X����q8�3V��#�%ÛGY(:41I�#�%ÔGY( E$&$��#�-�&$(.*,#���(.���A=Q>l!$��#�-�&)(.��3$�5Z5¤����V!$��#�-�&)(+c
��3$�"#�����>V�"#9Km!$#U#,0P(�&)(�I<����&<3<*,#���(.��>�E$&$#�3<*,��#�GB�7����#��Ö^�!:��&$#�E<3$3

σp > 0
�

E$&$��#�-�&)(.*�#��b(+���7=)��Z � (+=Q3 @ 3<�n��!<�P��&$��!$!$��M�!$��#�-�&)(.��3$�"#�����3�E$&$3$���AGB�7�VI���#+c�r��4 @ ��#o��-b(+=B(.!$��#���#��¦��#�#.��!$#�?���!$3<3UE<#k^�!<��&$#�E<3$32&)(�-�# @ ��%�#����7=Q(2§ÈÂ:Z J � a ©�L=Q����#�M @ (.����3�GB#�-b(���3<���q8�!<��#���&$3$C)(.���7=Q>�!$#����7=B(�%A(����"#�� σp 4Y(L*�!)( @ 3<�O���A=Q#.c��3<8�G)=)8mE$&$3$���AGB��!$!$#�MO�����"E<��&)(+����&$/µ3O�6(�IP��3$�6(9=Q>�!$#�MO�"#���!$#��7��3n§ÍÂ:Z J � K ©r3
§ÈÂ:Z J ��Á�©���#S0:&)(�!:8<���q8��h��#�M�&)(.*�!$3$C$��MD4 @ ��#L���"���7��# σr ��^���3:0�&)(�����!$�����b(+0�-.�PcGB������3$%7��&$3$&$#��b(.��>�&)(+*,!$#��7��>

σr− σp
Z Ð #���!$#��7��>

N∗ ��&<#�����#��2��!<�P��&$��!$!$��M!$��#�-�&)(.��3$�"#�����3'E$&$��#�-�&)(.*�#��b(+���7=$8k���"��!$>�?;(��7���H8D4D(mE$&$3$���HGB��!<!)(.8k�����"E$��&)(+c
����&)( I�#�!<�.(.I<�.( �&$��*���&$�.�b(�&)(��"3D4�*,!)( @ 3<�`3V�,(��"3W�����"E$��&$(.���:&$/ÆI�#�!<�.(.I<�+(
ui
&)(.���.���94:#�GB!)(�IP#�#���!$#�?;��!$3<8O^���3�0m�����"E$��&)(.���:&j#����+(�X����q8j!$��3:*,�"��!<!$/5�"3i3

&)(���!</5�"3�I�#�&$!<XeI$�b(SGB&)(.��!$#��r��3<*�#���!$#.?;��!<3$Mk�����"E$��&)(.���:&o��#�#����������������:X�c
�;3:0�&$��*���&$�.�b(�&$#��$Z
Þ 5:?Zê�3�ícä�5:="o05yp�6Dê�å ;<5:="p�5:A�?<;Zä�A>3¸3�v A�?kí:/�3�5:9�3�5
[h������>N�'&)(.�����6(+��&$3$��(����"#�MV��3$�������"���3$I���3$&$#���(�!$/¥!$�i��#.=Q>�IP#'�����"E<�7c

&)(.�.�:&</Æ&$�7*,��&<���b(�&$#��$41!$# 3V�����A0V#����+(+=Q>�!$/10�E$#�GB��3$�7�����5Z1sg(�I$3$�T#�-�&)(.*,#��
3$�"�����2��3$�7�����r��4<��#��7��#S8<����XJ3<*

m
E$#,GQ��3$�7�����UI�#�!$� @ !<#�Mi���"IP#��7��3�3 (n−m)&$��*���&$�.�b(�&$#��<Z � (�M�GB���l���7=Q#���3$�.4$��/�GQ�7=)8<Xp�;����%���!$��&$3$&<�:X���3$�h�����"E<��&)(.���:&:c

!$/5�dE$#.=)8�4+G)=)8LIP#���#�&</10��6(�IP��3$�r���N3<*,�.=)��I�(����"#�M��"#��;!<#�����3mE$#.=Q#SKO3<���7=)��!DZ
¯h*�^�!$��&$%��7�b3 @ ����I$3:0�-b(+=B(.!$��#���§ÈÂ:Z�À K Â�©���/5&)(.*�3$���"#.�;!$#��7��>$4�3<*��.=Q��I�(��Ac�r��XeE$&$3�IP#�!<�+(�I<����E$&$��#�-�&)(+*,#���(.���A=)8k��E$#,GQ��3$�7�����6(.�63kI�#�!$� @ !<#�Mk���"I�#�����3�ZØh!)(L&)(.��!)(

Ns =
m
∑

i=1

n
∑

j=1

qij(Tj, Ti).
§ÈÂ:Z J À,Áb©

[]#���#�I�^�!<��&$#�E$3$3�#���E$#�GB��3$�7������I�E$&<��#�-�&$(.*,#���(.���A=QX

σs =
m
∑

i=1

n
∑

j=1
qij(Tj, Ti)

ui
.
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� ����#�X�# @ ��&$�AGB><4������"E$��&)(.���:&$/VIP#�!<�+(�I<�+( ui #,GB!<#�*,!)( @ !$#]#�E<&$�AGB�A=Q��!</W���7=)#.c��3<8$�"3�����E:=)#���#�%�#m-b(+=B(.!$�,(

qi(Ti, ui) =
n
∑

j=1

qij(Tj, Ti), i = 1, ...,m.
§ÍÂ:Z J8J À9©

f"�7=Q#���3<8!$��#.��&$3<C)(.���7=Q>�!$#����b3������"E$��&$(.���:&
ui, i = 1, ...,m

!$(+=B(�%A(�X�� @ ��&$�7*-�(+=B(�!<��#���/5����#�#.��!$#.?;��!<3<8�§ÈÂ:Z J8J À9©�#�%�&)(.!$3 @ ��!$3<8 !)(��"3$!$3$�6(+=)>�!$/5�m�����"E$�Ac&$(.����&$/�E$#�GB��3$�7�����54�IP#���#�&$/5�p�"#�%��P��-�/\��>�&$��(+=Q3:*,#��b(.!$/�����3$�7�����6�p�dE$&$��#�-.c
&$(.*,#��b(.���A=Q���5ZD�µGY(9=Q>�!$��M<?;����-���GB����E$&$�HGBE$#.=B(.%7(.��>$4 @ ��#i^���3'#�%�&)(�!<3 @ ��!$3<8��/5E$#.=Q!<��!$/]Z
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N

1
T 2

T
3

T
4

T

ù�ú:û_üq¤8ü þ�¶8üqp*@��	NH�@�	r���@���
>?���:ú��q��>�ú�K
�Wû�HN��C ûTú:û�@���>O�
sr(.I$3$�U#�-�&)(.*�#��54<E$&$3���3$IP��3$&<#��b(�!$!<#�M�IP#�!$��3$%���&)(.C$3$3������"E$��&)(.���:&$!$#�%�#

E<#.=)8�*,!$( @ ��!$3<8 Ns

3
σs
�+(�I<K��1��3<I���3<&$#��b(.!$/]ZbØ]E:��3$�6(+=)>�!$/5�\�����"E$��&)(+����&$/

IP#�!<�+(�I<��#����]&$��*���&$�.�b(�&)(��"33�3<*��.=Q��I:(����6(.8�E<&$3�^7��#��W�"#���!$#��7��>$4)!)(+0�#,GQ8:�.c
�q8�4BI�(�I�^���#j-�/1=)#O�ÔGB�7=B(.!$#j��*S(SGY( @ �i§ÍÂ:Z J � J ©A4)E$&$3 σr = −σs Z�ØhE<��3$�6(+=Q>�!)(.8E<&$3$���HGB��!<!)(.8������"E$��&)(+���:&)(mI�#�!<�.(.I<�+(

Λ
��I:(+KLGB/5�W3:*�&<��*,��&$���b(.&$#��$�

Λ =

n
∑

ν=m+1

∂qν
∂uν

uν

σs +
n
∑

ν=m+1

∂qν
∂uν

.
§ÍÂ:Z J8J8J ©

sg(�I]I�(�I]�����"E$��&)(+���:&$/`&$�7*,��&<���b(�&$#��pE$#+=Q#9Km3<���7=Q>�!</]4SE$#.=Q#SKO3:���7=)>�!$/5�iGB#.=)KLc
!<#`-�/\��>l3V*�!)( @ ��!$3$� Λ

Z1Ï]3$�A=Q3<���7=Q>l��§ÈÂ�Z JIJ8J ©�������%ÛGB(`�"��!<>�?;�k!<�,=)8D4�I�(�I
3n����#�&$#����A=B(�%A(����"#���*�!)(��"��!$(.���A=)8DZFsr(.I @ ��#�����"E$��&)(.���:&$/_I�#�!<�.(.I<�.(�L&$�7c*���&<���b(�&)(��"3N3NE<&$3$���HGB��!<!)(.8n�����"E<��&)(.���:&)(-�#+=Q>�?;�L!<�S=$8NE$&$3N��/5E$#.=Q!<��!$3$3
!<��&)(.����!$�7���b(

σs <

∣

∣

∣

∣

∣

∣

n
∑

ν=m+1

∂qν
∂uν

∣

∣

∣

∣

∣

∣

,
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qi(Ti, ui) = ui
∂qi
∂ui











1− ui











σs +
n
∑

ν=m+1

∂qν
∂uν

n
∑

ν=m+1

∂qν
∂uν

uν





















, i = m+ 1, n,
§ÍÂ:Z J8J � ©

&$��?;(.8�I�#���#�&<��X�4S!)(.M�GB���
(n−m)

#�E<��3<�6(+=Q>�!</10������"E$��&)(.���:&
u∗i(i=m+ 1, n)I�#�!:�.(�I:�.(�E$&$��#�-�&)(+*,#��b(+���A=)8��&$��*���&$�.�b(�&)(��"3�Z

Ð (.I���3<�6(+=Q>�!)(+8������"�6(�&$!)(+8L�"#.�;!$#��7��>$4�IP#���#�&<��X��"#9Km!$#h3<*��.=Q� @ >�3<*5��3:c�������"/¦�]*S(SGY(�!$!$/5�"3IP#�^�����3$C<3$��!<�+(��"3����E:=Q#�E$��&$��!$#��,(m3�*,(9GY(�!$!</5�"3������gc
E$��&$(.����&)(��"3�E$#�GB��3$�������54B&)(���!)(

N∗ = Ns +
n
∑

i=m+1

qi(Ti, u
∗
i ).

§ÈÂ:Z J8J Â�©

[h������>n*S(���3$��3<�6#�����>N����E:=)#���#�%�#NE$#���#�I:('#.�n�����"E$��&)(.���:&VIP#�!<�+(�I<��3$&<�:X�c
�;3:0���7='*,(9GY(�!$(O�O��#�&<�6�j§ÍÂ:ZÄÀ,Á J ©AZQsg���"E$��&)(+����&$/�I�#�!<�.(.I<�+(j&)(�-�# @ ��%�#O���7=B(��E$#,GQ��3$�7�����6(��"3�#�GB!$#�*�!)( @ !$#�#�E$&$�HGB�7=$8$Xp���H8�3<*���&)(���!$��!$3:8`§ÈÂ:Z�À K Â�©1I�(�I

ui = Ti −

n
∑

j=1
qij

αi
= Ti −

n
∑

j=1
αij(Tj − Ti)

αi
, i = 1,m.

§ÍÂ:Z JIJ�Ü ©
[]&$3j^���#��2�"#���!$#�����>$4<3<*��.=Q��I:(����6(.8jE$&$3jI�#�!:�.(�I:���]��E$#�GB��3$�������6(��"3D4$&$(���!)(

Ns =
m
∑

i=1

qi(Ti, ui) =
m
∑

i=1

n
∑

j=m+1

αij(Tj − Ti).
§ÈÂ:Z J8J Ã�©

�Ù^���#��Ö��/5&)(.K���!<3$3�#�E:������!$/ ����E:=Q#���/5� E<#���#�I<3��"��K�GQ��E$#�GB��3$�7�����6(.�"3D4
�.(.IUI:(.I2I:(+KLGB/5Ml3<*�!$3:0l�.0b#�GB3<�n�GB��#�M$!<��XÙ�7���"�r�NGB�b(+KLGQ/ �i&)(+*,!$/5�"3
*,!)(.I:(��"3DZ
[]&$#�3:*,��#�GB������#�^�!:��&$#�E$3$3jE$&$3OIP#�!<�+(�I<���h&$(�-�# @ ��%�#����A=B(��pE<#,GB��3$�������6(��"3

σs(α, T ) =
m
∑

i=1

qi(Ti, ui)

ui
=

m
∑

i=1

αi
n
∑

j=1
αij(Tj − Ti)

αiTi −
n
∑

j=1
αij(Tj − Ti)

.

«�!)( @ ��!$3<8 Ns

4Q3
σs
#�E$&$�HGB�7=Q��!$/�E$#m���A=Q#���3:8$�V*S(9GY( @ 3DZ�ØhE<��3$�6(+=Q>�!)(.8�E$&<3:c���AGQ��!$!)(+8������"E$��&)(.���:&)(mIP#�!<�+(�I<�+(m��&<��*,��&$���b(.&)(��"3
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Λ =

n
∑

i=m+1
αiui

n
∑

i=m+1
αi − σs

.
§ÍÂ:Z J8JIK ©

sr(.I$3$�µ#�-�&)(.*�#��54D�"/e�"#9K����µ��/5&$(.*,3<��>�6(�I���3$�6(+=Q>�!:�:X��"#��;!$#�����><4�3<*�c
�+=Q��I�(����r��X�3<*d��3$�7�����"/�4 @ ��&$�7*d*S(SGY(�!$!$/5�\�����"E$��&)(+����&$/�E$#�GB��3<������� 3LIP#�^��hc��3$C<3$��!:��/_����E:=Q#�E<��&$��!$#���(k3n*,(�E$3$��(.��>���7=Q#���3$��4FIP#���#�&$#��r�n#������ @ (����k�"!$#+cK���������#�%���!<��&$3<&<�:Xp�;3:0E$#.=)��M������"E$��&)(.���:&

N∗(T, α) =
m
∑

i=1

n
∑

j=m+1

αij(Tj − Ti)+

+
n
∑

i=1

αi













Ti −
√

Ti

n
∑

j=m+1
αj
√

Tj
(

n
∑

j=m+1
αj

)

− σs(α, T )













≥ 0.

§ÍÂ:Z J8J Áb©

b"�7=Q3�!$��&)(�����!$�7����#�§ÍÂ:Z J8J Áb©6!$�h��/5E$#.=Q!<��!$#<4<��#�G)=)8iE$#�G$GB��&PKL(�!$3:8j*S(SGY(�!:c
!<#�%�#�&$(���E$&<�AGB�A=Q��!$3<8`�����"E$��&)(.���:&l!<�PKO!<#*S(+��&)(+��3<��>o�"#��;!<#�����>o!<�O�"��!$���.4
@ ��� −N∗(T, α)

Z
n A�3�="5:A$â Çg(������"#���&<3$�UE<&$3$�"��&O����&$�"#,GB3<!)(��"3 @ ����I�#�Mi��3$�7�����"/]4<��#��7��#S8:c����Mm3<* J cÍ0LE$#�GB��3$�7�����`�d�����"E$��&)(+���:&)(��"3

T1
4
T2
4b&$�7*,��&$���b(�&$#����d�����"E$��&)(.���Pc

&$(��"3
T3 = 700

4
T4 = 300

3NE$&<��#�-�&$(.*,#��b(.���A=)8DZF[]&$��#�-�&)(.*�#��b(.���7=Q>IP#�!<�+(�I:c
��3$&<���7���E<#,GB��3$�������6(��"3n3o&$��*���&$�.�b(�&)(��"3D4DI�#�^�����3<C$3$��!:��/e����E:=Q#�E<��&$��!$#���(
*,(9GY(.!$/�3�&)(���!</

α1 = 100, α2 = 200, α3 = 50, α4 = 20 α12 = α21 = 50,

α13 = 300, α14 = 100, α23 = 400, α24 = 400.

«D(���3<��3$�"#��7��>Ó�6(�I���3$�6(+=Q>�!<#�M �"#.�;!$#�����3®#.�Ó�����"E$��&)(.���:&®E$#,GQ��3$�7�����
N∗(T1, T2)

G)=$8L!)(+?;��ML��3$�7�����"/�#�E<&$�AGQ�7=Q��!)(���/5&)(.K���!$3$���V§ÈÂ�Z JIJ Áb©74.(]%�&)(�!<3:c
C$(<4�&)(.*7GQ�7=)8<Xp��(+8�GB�b(]E$#,GQ�"!$#9K���������(hGQ3$��I$&<����!$/\0������"E$��&)(.���:&$!$/10mE$#.=)��MD4
��GB#��.=)������#�&P8<���m��&)(���!<��!$3$X

N∗(T1, T2) = 0
Z

� (�&$3$��Z<Â�ZÄÀSÁ�E$#�����&$#���!)(�#�-.=B(.����>;&<�,(+=)3<*������"/\0O�����"E$��&)(.���:&iE$#�GB��3$�������5Z
��!<�P��&$3�^���#�M�#�-+=B(�����3�%�#�&$3:*,#�!<�+(+=)>�!$#�M�?���&$3:0b#���I�#�M�#����"� @ ��!$#�E$#,GQ�"!$#9K��Ac�7����#m%���!$��&<3$&<�:X���3:0E$#+=Q��M������"E<��&)(.����&DZ
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1
T

2
T

650

650600

600

550

550

500

500

450
450
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úI�
����>O�
�����Wû�@����BE����
��cú��	rJL��ú t�@���>O�
�����@�	N�����tI�
��G���C²�[E���cú�������@���G
A��q���F�@�cú tr����H � �

j$?R¬ ?:à�?u62p�;Z3�="?Zê*)29�62ìI6u;<5:A�="6�78;:?<;Z3�A�62s2?<9�3�å
«D(9GY( @ (p����&<�"#����+(.��3$&$#��b(�!$3:8�E$&$�HGB���+(��.=)8<������#�-�#�M @ (��7��!$/\Mm�7=$� @ (�ML*,(9GY(+c

@ 3O#��6(.I���3<�6(+=Q>�!$#�MO�"#���!$#�����3D4:IP#�%ÛGB(���3$�������6(���#,GQ��&bKO3<��#,GQ3$!O&$�7*,��&$���b(�&�ZÏ�(�����>nE$#�GB��3$�7�����aI�#�!<� @ !<#�MU���"I�#�����3W3$�"���7�N��3$I���3$&$#��b(.!$!$/5�������"E$��&)(.���Pc&$/
Ti
4
(i = r + 1, n− 1)

45(l��#����+(���?�3:0b�q8�E$#�GB��3<�������Ö�����"E$��&)(.���:&$/
Ti
4

(i = 1, r)
����#�-�#�GB!$/]Z:[]��&<���"��!<!$/5�"3i��*,(9GY( @ �p8<�.=)8<Xp���q8m�����"E$��&)(+����&$/µI�#�!:c�.(.I<��#��E$&$��#�-�&)(+*,#��b(+���A=)8

ui, (i = 1, n)
3N����#�-�#�GB!$/5�L�����"E$��&)(.���:&$/_E$#�GB��3:c

�������5Z
[]#,GQ#�-�!)(+8�*,(9GY( @ (m��#�*�!$3$I�(����S4Y!)(�E$&$3<�"��&D4BE$&$3�I�#�!�GB3$C$3<#�!$3$&$#��b(�!$3$3 @ (+c����3�E$#��6�7�;��!$3$M��p*AGY(�!$3<3D4.��IP#���#�&$#��k�����"E$��&)(.���:&$/U#��7�+(+=Q>�!$/10�E$#��"�7�;��!$3$M

E$#,G$=Q��KL(.� #�E<��3<�6(+=Q>�!<#��r�W��/5-�#�&:��Z�ÇR��*���&$���b(.&$#��_8$�.=)8<�����H8�#�I<&<�PK�(.Xp�;(.8
��&$�HGY(<ZP�1�A=Q3 @ 3$!$( −N∗ 8$�.=)8<�����H8�#�C$��!$I�#�Mm��!$3<*���G)=)8LE$#���&$��-�!$#�Mm�"#���!$#�����3I�#�!PGB3$C$3$#�!$3$&$#���(�!$3<8�ZYØ�GB!$#�M�3<*�E$#��7�.(.!$#���#�I�^7��#�M�*S(9GB( @ 3�4QI�#�%ÔGY(L����&<��I<���Pc&)(���#��HGB3$!$��!$3<8iE$#�GB��3$�7�����UE<#��7=)�AGB#���(.���A=Q>�!)(+8D4$(���3$I���3$&$#��b(�!)(������"E$��&)(.���Pc
&)(���#.=Q>�I�#��;#�GB!$#�MjC$��!:��&)(+=)>�!$#�M Â.I�(��"��&$�HÃ94<8<�.=)8$�7���q8j*S(9GB( @ (�#�-�(�I:��3$��!<#�M3<*,#+=)8$C$3<3I$&$3$#�%���!<!$/10��3$�7������¨ a À¢ªÈ4�¨�À Ü � ªÈZ
[]#�I�(.K����54 @ ��#;��*S(9GY( @ ��#�E<��3<��(9=Q>�!$#�%�#�����&$�"#��7�.(.��3$&$#��b(.!$3<8D4:���A=Q3m0b#��S8-�/V#,GB!$(�3<*p��3$I���3$&$#���(�!$!$/10������"E$��&$(.���:&j#��S=)3 @ !)(�#��������"E$��&)(.���:&$/�&$�7*,��&:c���b(�&)(:4)���A=Q3 @ 3<!)( N∗ #.��&$3$C$(.���A=Q>�!)(<Z����&<��I<���:&)(i��3<�������"/�4D��#�����#98<����M'3<*�&$�7*,��&$���b(�&$(i�������"E$��&)(.���:&$#�M

T−
3

E$#,GQ��3$�7������I�#�!$� @ !<#�M����"I�#��7��3k�������"E$��&)(.���:&)(.�"3 Ti(i = 1,m)
E$#�I�(.*S(.!)(�!)(

&$3$�.ZbÂ�Z J �:Z.[]#���#�I$3D4.���.8<*,/5��(�Xp��3$�5&<��*,��&$���b(.&L�
i
cºM�E$#�GB��3<�������"#�MD4

qri(T−, Ti)
Z

�13$�������6(pI�#�!:�.(�I:��3$&<�����h��E$&<��#�-�&$(.*,#��b(.���A=Q���549E$#���&<��-.=)8<Xp��3$�o�"#���!$#��7��>
N
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3kE$#,GB(�Xp��3$�a§¨#.��-�3$&$(�Xp��3$����E$#�GB��3<��������©p����E:=Q#���/5�LE$#���#�I$3

qi(i = 1,m)
Z

Ð #��;!$#�����>OE$&$��#�-�&)(+*,#��b(+���7=$8

N =
m
∑

i=1

qi,
§ÍÂ:Z JIa �b©

3i0b#.�98�-�/�G)=)8�#�GB!$#�%�#
i Ti 6= T−

Z
�1#��7�.(���3$�����&<�6#�GB3$!$(��"3 @ ����I$3$��-b(+=Q(�!$��/n��3$�7�����"/�49#�%�&)(�!$3 @ ��!<!$#�M�E:�:!<I:c��3$&$#��V!$(L&$3$�.ZYÂ:Z J �:Z

2
T

1
T

3
T 4

T

4
u

3
u

1
u

2
u

-
u

N

-
T

ù�ú:û_ü�¤8ü ý�û8üqp*@��	NH�@�	N��"ûTú:û�@���>O�s@���
>?�_û�@���@_ú�
�������cú��
¤1!$��&$%��7�b3 @ ����I$3$M�-b(+=B(.!$���

m
∑

i=1

(qri(T−, Ti) + qi) = 0.
§ÈÂ:Z JIa ÀS©

¤1!<��&$#�E$3$M<!$/dM�-b(+=B(.!$����3<�������"/J3�&)(�-�# @ ��%�#L���A=B(�E$&$��#�-�&)(.*�#��b(.���7=$8D�
m
∑

i=1

(

qi + qri
Ti

−
qi
ui

)

+ σ = 0,
§ÈÂ:Z JIacJ ©

%ÔGB�
σ > 0 d E$&<#�3<*,��#,GB�7����#�^�!<��&$#�E$3$3N����3$�7�����"��*,(�� @op �E$#���#�I�#���#�-��"��!$(

qij
4)��#�*,!$3<I:(�X��;3:0�3<*7c�*,(L&)(.*�=)3 @ 3$M������"E$��&$(.���:&�E$#,GB��3$�������5Z¯h*O§ÈÂ:Z JIa �b©74�§ÈÂ:Z JIa ÀS©13$�"�����

N =
m
∑

i=1

qi =
m
∑

i=1

qri(T−, Ti).
§ÈÂ:Z JIa8a ©



�:MgfRM$�d�DÖ<S1¡��p�o¡8g7��PRQ�\Y¡���X��F��¡8gA��PI¶9¡S¢:PH\$�B�½Q.�TX< �¡S¢:¡Yl W¡\B�±�f���$� J8J À

¯h*O§ÈÂ:Z JIacJ ©74<#�-�#�*�!)( @ (.8
m
∑

i=1

qi(ui, Ti)(
1

Ti
−

1

ui
) = σr > 0,

§ÈÂ�Z JIa � ©
E$#.=)� @ 3<�

m
∑

i=1

qri(T−, Ti)

Ti
= −(σr + σ) < 0.

§ÍÂ:Z JHa Â�©
[]#���#�I$3

qri(T−, Ti)
{

> 0
E$&$3

Ti < T−,
< 0

E$&$3
Ti > T−

.
§ÈÂ:Z JIa�Ü ©

[]#�^���#��r��4\���A=Q3µ�l*�!)(��"��!$(.���A=Q�NI�(.K�GB#�%�#l�7=B(.%7(����"#�%�#2��§ÍÂ:Z JHa Â�©L*S(��"��!$3<��>
Ti
!)(

T−
4���#�E$#+=Q#9Km3<���A=Q>�!$/\�O�7=B(�%A(����"/5�O���"��!$>�?�(+���H8�4r(�#.��&$3$C$(.���A=B>�!$/d�

�����7=Q3 @ (.���q8�E$#L�"#,GQ�,=QX��+(�ID4 @ ��#
m
∑

i=1

qri
T−

<
m
∑

i=1

qri
Ti

< −(σr + σ).

Ø���I<�,GB(��A=Q�AGQ�����+4 @ ��#���!<��#�GB!$#�&$#�GB!$#�M���3$�7�����"�p�d#,GB!<3$� &$�7*,��&$���b(�&<#��`�"#���c!$#��7��>�E<&$��#�-�&)(.*�#��b(.���7=)8�4�*S(+��&)( @ 3$�b(.���6(.8o!)(OE$#,G<GB��&bK�(.!$3$�;���+(�C$3<#�!)(�&<!$#�%�#��#��7��#S8$!$3<8�4
Ns = −N > T−(σr + σ) > 0.

§ÍÂ:Z JHa Ã�©
�o��#��3���#.=Q>�IP#d��#���7=$� @ (���4SI�#�%ÔGY(d����� Ti = T−

4
σr = σ = 0

4�*S(.��&)( @ 3$�b(����6(.8�"#��;!<#�����>O&$(���!)(�!<�S=QX�Z
Ïh��#�-�/�E$#.=$� @ 3<��>m���A=Q#���3<8#�E<��3$�6(9=Q>�!$#��7��3�#�-�����M�*S(9GY( @ 3�����&$�"#����.(+�b3:c&$#��b(.!$3<8D4���/5E$3<?;������/5&)(+KL��!$3$��G)=)8N�63<!$3$�6(+=Q>�!$#�MN*S(.��&)( @ 3$�b(����"#�M`�"#���c!$#��7��3����3$�������"���]#,GB!$3<�V&$�7*,��&$���b(�&<#��5ZY[]#+=)� @ 3$�J§¨���5ZF§ÈÂ�Z J8J Áb©Û©

Ns = −N
∗(T, α) = −

m
∑

i=1

αi−(T− − Ti)− α−T−

(

1−
α−

α− − σs(α, T )

)

,
§ÈÂ:Z JIa8K ©

%ÛGQ�

σs(α, T ) =
m
∑

i=1

αi
n
∑

j=1
αij(Tj − Ti)

αiTi −
n
∑

j=1
αij(Tj − Ti)

.
§ÈÂ:Z JIa Á�©

«QGB����>
αi−, α− d I�#�^�����3$C$3$��!<��/����E:=Q#�#�-��"��!)(U�n#�I$&<�PKL(�Xp����M���&$�HGB#�ME$#,GQ��3$�7������3�E$&$��#�-�&)(+*,#��b(+���A=)8DZ
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�1��#�-�#,GB!$/5�d�����"E<��&)(.����&)/

Ti
G$=)8

i = 1, r
!<�PKm!$#���/5-�3<&)(.��>�E<#����A=Q#���3$X

�"3<!$3$�r���6(
Ns

∂Ns

∂Tν
= 0⇒ −ανn =

∂σs
∂Tν

α2
nTn

(αn − σs)2
, ν = 1, r,

∂σs
∂Tν

=
m
∑

i=1

i6=ν

α2
iαiνTi

(αiTi − q̄i − qi−)2
− α2

ν

Tν
n
∑

j=1
ανj + q̄ν + qν−

(ανTν q̄ν − qν−)2
,

§ÍÂ:Z J � �b©

%ÔGB�
q̄i =

m
∑

j=1

αij(Tj − Ti) d �7�:�"�6(�&<!$/5MUE$#.��#�Il#�-��"��!)( i c�MlE<#,GB��3$�������"/¥�
GQ&<��%�3$�"3UE$#,GQ��3$�7�����6(��"3�4�(

qi− = αi−(T− − Ti) d ���i����E:=)#���/5��E<#�����&$3W�#�I$&<�PKL(�Xp����X¥��&$�AG)��ZRsg(�I$3$��#�-�&)(.*�#��54
r
��&)(���!<��!$3$M�§ÈÂ:Z J � ��©74�#�E<&$�AGB�A=)8$X��

#�E<��3$�6(9=Q>�!$/5�O�����"E$��&)(+���:&$/Å����#�-�#�GB!$/10 E$#�GB��3$�7�����5Z"«�!)(.8 3:0Y4R�"/��"#SK����
!$(�M<��3m���7=)3 @ 3$!$/�E$#���#�I�#�� qi 3L�����"E<��&)(.���:&jIP#�!<�+(�I<�+(��d����E:=Q#���#�MO�6(.?�3$!$#�M
ui
Z
n A�3�="5:A$â ÇR(������"#���&$3<��E$&$3$�"��&`*S(SGY( @ 3`����&$�"#����.(+�b3$&$#��b(�!$3:8 G$=)8 ����&:c�"#�GB3$!$(��"3 @ ����I�#�Ml��3$�7�����"/ §¨&$3<��ZrÂ:Z J �b©A4F��#�����#98:�;��M23<* � cÍ0NE$#�GB��3<�������54r#�G)c!<#�%�#O&$�7*,��&$���b(�&$(j�������6E<��&)(+����&$#�M

T− = 300
� 3�E$&$��#�-�&)(.*�#��b(+���7=$8DZYsg���"E$�7c

&$(.����&$/µGB�.�P0�E$#�GB��3$�7��������3$IP��3$&$#��b(�!$/

T3 = 320
�
, T4 = 325

�
.

«�!)( @ ��!$3:8�����&$�"#�GB3$!)(��"3 @ ����I$3:0�IP#�^�����3$C$3<��!<��#��m�.(�I<3$��K���4$I:(.I��E$&$3:c�"��&$� J Z)ÇR��?�3$�m��3<�������r��3<*hGB�.�P0i��&)(.��!$��!<3$M`§ÈÂ:Z J � ��©74<E$#.=)� @ 3<�V�7=Q�HGQ��Xp�;3$�*�!)( @ ��!$3:8#�E<��3$�6(+=Q>�!</10����#�-�#�GB!$/10i�����"E$��&$(.���:&�E$#,GQ��3$�7�����

T1 = 316, 11
�
, T2 = 321, 8

�
.

�1#�#����������7�b����Xp�;3$��3<�W�����"E$��&)(.���:&$/JIP#�!<�+(�I<�+(�E$&$��#�-�&)(.*�#��b(.���7=)8

u1 = 308, 26
�
, u2 = 323, 82

�
, u3 = 325, 65

�
,

u4 = 338, 23
�
, u5 = 231, 57

�
.

Ð 3$!$3$�6(+=)>�!$#��]*,!)( @ ��!<3$���"#���!$#��7��3D4)*S(.��&)( @ 3$�b(����"#�M�����E:=Q#���/5�V!)(���#���#��

Ns = 3, 6
I$���

.



�:M�q:M�µ�P7��PcUcPÑXY¡cQ+�W\<^$�DP+ �¡��hQhPRQ,�b�F¡9¢:PH\$�kÖ J8JIa

ü\ú_rdú ¼½	B�§	��)	Tý������)�
	��)!��hý#Bý&�hý��gÿ���¿���	��hý6ü���	�����(hý*	����Î+
*_ü��Î�]ýÍ �hý��ªü�(�ÿ���ÿ

��^���#�Mo*,(9GY( @ �;!<�PKm!$#j#�C$��!<3<��>���!$3<*���*S(+��&)(.��/e^�!$��&$%�3<3n!)(OE$#�G$GB��&bKL(+c!$3$��*,(9GY(.!$!$#�MmI�#�!$��3$%7��&)(�C$3<3O�����"E<��&)(.����&$!$#�%�#;E$#.=$8DZ:Øh���+(�!<#���3$�"�q8O!)(�!$��M
E$#,GQ&$#�-�!$����3jE$#.=)� @ 3$� G$=)8j!$�������A=Q#���3<8jC$�A=Q����#�#�-�&)(.*�!$#�����3�3$��E$#.=Q>.*,#���(�!$3<8(�I<��3$��!$#�M�3<*,#.=$8$C$3$3�Z

ó 3B7c783�p�?<r�3�å st7Iê�625
3Çr�5cê�5R786�62/2A�?kí:9�6�78;5) ?<@�;<3�s�9�62îÇ3�íR6Dê�å�r�3�3$â
«D(�E$3<?����Ù��&)(���!$��!$3<8J����&$�"#,GQ3$!)(��"3 @ ����I$3:0�-b(9=B(�!$��#��WG)=)8J!$��#�GB!$#�&$#,GB!<#�M��3$�7�����"/�4�I�#�!<�+(�I<��3$&<�:X�����M���&$�7*,��&<���b(�&$#��d4�3V#�-��"��!$3$�b(.Xp����M$�q8��#�I$&<�bc
K���!$3$���VIP#�!$����I<��3<��!$/5�"3�E$#���#�I:(.�"3^�!<��&$%�3$3

hi + P − h0 = 0,
hi
T0
−
h0
T0

+ σ = 0.
§ÈÂ�Z J � À9©

«QGB����>
σ d E$&$#�3<*���#�GB������#n^�!<��&$#�E$3<3D46��!<�P��&$3W��3$�������"/�46( hi 3 h0 d �����gc�6(�&$!$/5�L^�!<�+(+=Q>�E$3<3NE$#���#�I�#��<4DI�#�!$����I<��3$��!$#�E$#��7����E)(�X��;3:0N3'E$#�I<3�GY(�X��;3:0

��3$�7�����r�bZ+[]&$�AGQE$#.=B(.%7(����54 @ ��#d�����"E$��&)(+����&)(p!)(5���6%�&)(�!$3<C)(+0�-.=Q3<*�I:(dI]�����"E<�7c&)(.�.�:&<��&<��*,��&$���b(.&)(L3OGB3<�����P*�3$#�!$!$/5M�#�-��"��!��h!$3$�U#.�����P�������������+ZQ¯]*h���A=Q#.c
��3$M §ÈÂ�Z J � À9©1�A=Q�AG)�����+4 @ ��#�*,(.��&)( @ 3$��(����6(.8�!)(LE$#�G$GB��&PKL(�!$3<�����+(�C$3<#�!)(�&<!$#�%�#��#��7��#S8$!$3<8��3$�������"/J�"#���!$#�����>

P
E<&$#�E$#�&<C$3$#�!)(9=Q>�!)(LE$&$#�3:*,��#�GB��������^�!<��&$#+c

E$3$3
P = σT0.[h������>N�"/Å3$�"�����e�7=Q#�MU3:*,#.=$8$C$3$3�46I�(.K�GB#��j��� @ ��!$3$��IP#���#�&<#�%�#n#�-�#�*,!)(9c

@ 3$� @ ��&$��* x 4:� @ 3<�.(+8D4 @ ��#�^��+(;E$��&$���"��!$!$(.8��"��!:8$�����H8�#��;!<�S=)8mGQ#��HGB3$!$3$C</]ZØh-�#�*,!$( @ 3<��3$!<����!$��3$��!<�:XaE$��&<���"��!<!<�:X�4Y#�E$&<�AGB�A=)8$X�����X�GB��3:Km�P����Xe��3�=)�E$#���#�I:(<4QE<&$#�!$3$I�(�Xp����%�# @ ��&<��*�3<*,#+=)8$C$3$X�4 @ ��&$�7* U ZB¤���#O�"#9K��7�m-�/\��>m�����gcE$��&$(.����&)(<4"GY(.�.=Q��!<3$��4�I�#�!<C$��!<��&)(�C$3:8�32GQ&DZ�[]#���#�I
g
� ��� @ ��!$3$3 x �"#SKm!$#*S(9GB(.��>�����#�&$�"�

g(x) = k0r(U)
dU

dx
.

§ÈÂ:Z J � J ©
[]#�����!$C$3$(+=

µ
��*S(.3$�"#,GQ��M$�7����3<8`�+(�I<K���*S(���3$��3<�o#.�

U
Z � (.E$&$3$�"��&D4F����E:c

=Q#���#�MLE$#�����!$C$3)(9=i������>�#�-�&)(+��!)(.8L���A=Q3 @ 3$!$(������"E$��&)(.���:&$/]4b0:3$�"3 @ ����I<3$MOE$#.c����!$C$3)(+=jE$&<#�E$#�&$C<3$#�!)(9=Q��!�=Q#�%A(�&$3$���r�;I�#�!$C<��!<��&)(�C$3$3m3�E<&DZ������"�6(�&<!$#��dE$#
��#.=$�;3$!$���A=Q#S8LE$&$#�3:*,��#�GB������#�^�!:��&$#�E<3$3m&)(���!$#�3<!<����%�&)(+=$�L#���E$&$#�3:*,���HGB��!$3:8
E$#���#�I:(L!)(�GQ��3<K�������X���3:=$�

F (x) =
dµ

dx
=
dµ

dU

dU

dx
,

σ = k0

1
∫

0

r(U)

(

dµ

dU

)(

dU

dx

)2

dx.
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� ( @ (+=Q>�!$#��]3�I�#�!$� @ !$#��]*,!)( @ ��!<3<83$!<����!$��3$��!$#�M�E$��&$���"��!$!$#�M U0

3
Uk

��3$I:c
��3$&$#��b(�!$/]Z

g

P

)(xU

0
U

k
U

0 1 x
ù�ú:û_ü�¤8ü ý8þ_üqpStr��>y�����û���
�\���\G����cú��0ú
��@����:ûTú����
��C��
��
��>?�����
��C��§û\G����

[]��&$��M�GB����#��OE$��&$���"��!$!$#�M
x
I�E$��&$���"��!$!$#�M

U
4)�����HGQ8#�-�#.*,!)( @ ��!<3<8�G$=)8E<&$#�3<*���#,GQ!$/10

Ux =
dU

dx
, µ

U
=
dµ

dU
.

sg(�I�I:(�I
dx =

dU

Ux

4QE$#.=$� @ 3$��*,(9GY( @ ��#m��/5-�#�&$��#�E<��3$�6(+=Q>�!$#�M*S(.��3$��3<�"#�����3
Ux(U)

σ = k0

U1
∫

U0

r(U)µ
U
(U)UxdU → min

§ÈÂ:Z J ��� ©
E<&$3����A=Q#���3$3

1
∫

0

dx =

Uk
∫

U0

dU

Ux

= 1.
§ÈÂ:Z J � Â�©

¯h*]���A=Q#���3<M����+(�C$3$#�!)(�&$!$#�����3��]��!$I<C$3$3�Î�(�%�&)(�!:K�(�G$=)8�^���#�M�*S(9GB( @ 3�E$# Ux

∂

∂Ux

[

r(U)µ
U
(U)Ux +

λ

Ux

]

= 0

�A=Q�HGQ�����
U∗x(U) =

√
λ

√

r(U)µ
U
(U)

.
§ÍÂ:Z J � Ü ©

��� @ ����#���§ÈÂ�Z J � Â�©
√
λ =

Uk
∫

U0

√

r(U)µ
U
(U)dU.
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[]#,GB�7�.(.�.=)8<8m^7��3O&$��*��S=Q>S�.(.��/��O§ÈÂ:Z J � J ©74�E$#.=)� @ 3$� *,(���3$��3$�"#��7��>;E<#���#�I:(<4P�"3:c!$3$�"3<*�3$&<��Xp�;��%�#�GB3$����3$E$(�C$3$Xa�m�A=Q#��.4B��� @ ����#���E<&$3$!<8:��/10�#�-�#�*�!)( @ ��!$3<M����3�GB�

g∗(U) = k0r(U)U
∗
x(U) = k0







Uk
∫

U0

√

r(U)
( dµ

∂U

)

dU







√

√

√

√

r(U)

dµ/dU
.
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[h������>j3<*,��������!$#i&)(���E$&$�AGQ�7=Q��!$3$�;3$!<����!$��3$��!$#�MoE$��&$���"��!$!<#�M
U
§Ú�����"E$��&)(.���bc

&$/]4�IP#�!$C$��!<��&)(.C$3$3D4"Z�Z�Z ©�E$#O��#.=)��3$!$���7=Q#S8
x
4Y����*,!$( @ ��!$3<8o!)(j%�&)(�!<3$C)(+0 U03

Uk

4�(i�+(�I<K�����(�I<��3 @ ����I$3$M`E$#.��#�I g(x) Z�[]#��A=Q��3$��I:=QX @ ��!$3<8 x E$#.=)� @ 3<�
g(U)

Z
B 7Iê�62s23�5 r�5cê�5k786262/2A�?Zí:9�6�78;<3�?<@�;<3�s�9�62ìI6yp�6�;Z5R9�r�3�?Zê�6�78;:?<;<3�A�62s2?kã

9�3�åts %1y��Qz ·HC"¶�zQy��B|�³)³DC��n´Qx ®6xÛwb}"mY�Y|§ÍÂ:Z J � Ã�©]´QxS{Lx9vI "}]z)³)z�}�z<»+z�wDmc�°¯�zD�
²9zQy�y�z)´$u�¼)zD�

g∗(U)
 �xS{§�Qz)¶:u�|�{LyÛ½�x9{ ®�u.vb{Lz$¶<|�y�vbz'wB|Ôuh�Bz<»�mP|±}�xY�Axo´QxS{LxSvbu

g(U)
 h{Lxu�vb{�zQ·.³Qx9|j´QxS{L|�³)¼)z)uh�Yx9y7{�u�{�z�wBx9·.u.³)zQ|i´Qx�».·�xð�:½B|7{ m+}�|7³D�c��z){��

»+u�{�wPu.{�C2}�x_¯�³Qx9y�{�z �
Ñ�(�I<��3 @ ����I$3�&$�,(+=)3<*������"/dM�E$#���#�I�G)=$8µE:=Q#���I�#�Mµ3<*,#+=)8$C$3<3�E$#��7��#S8$!$��!�UI�(.K�GB#�� ��� @ ��!<3$3D4\G)=$8µC$3:=)3$!�GB&$3 @ ����I�#�M¦3:*,#.=)8<C$3$3�#�!����"��!$>�?;(��7���H8��&$#��7��#��VE:=)#���(9GQ3E$#�����&b0:!$#�����3�C$3:=)3$!�GB&)(�3�E<&DZ
u�@�;<3�s�9�?Zå¸;<5:A�="623�í:62ê�å�r�3�å�â «D(9GY( @ (O3<��E$#.=)>�*,#��b(�!$3<8o(�I<��3$��!<#�Mo3<*,#+c=)8$C<3$3���#�*,!$3<I:(��7�O�mI$&$3<#�%���!$!$#�M���A0:!$3$I���4YIP#�%ÔGY(�!<�PKm!$#m#�-�����E$� @ 3:��>j# @ ��!$>!$3<*�I<��X �����"E<��&)(+����&<�

Tk
����3$I���3$&$#���(�!$!$#�MNI�(��"��&<��4�3NE<&$3NE$#�G$GB��&PKL(�!$3$3

��/5��#�I�#�M������"E$��&)(.���:&$/¦��E:=Q(.*,�"��!$!$/10���3$�7�����6(90�ZB��E$��&$��#��W�A=)� @ (�������E:=Q#+c���'#���-�3$&)(�X���3<*mE$&$#��"�7Km�P��# @ !$/10NI:(��"��&D4���#��.��#�&$#���E$#,GY(.Xp��!<3:0Y4FIP#�&:c&$��I:��3$&<��8µ&)(���E<&$�AGB�A=Q��!$3$�'�����"E$��&)(.���:&��l�7=)#���Z\sR���"E$��&)(.�.�:&:��#�I$&:��K���!$3<8
#�-�#�*�!)( @ 3$� @ ��&<��* T0 Z��=)8J�A=)� @ (.8J����E:=Q#���#�M�3<*�#.=)8$C<3$3D4 U ��#�#����������7�b�������µ�����"E<��&)(+����&$� T Z[h������>�����E:=Q#���#�ME$#���#�I

q = −k0
d

dx
(T n(x)), µ(T ) = −1/T, r(T ) = T n−1, µ

T
= T−2.

Çg(���E<&$�AGB�A=Q��!$3$�p�����"E$��&)(.���:&jE<#���#.=)��3$!$�p�7=Q#S8D4b��#�#������7���7�b����Xp�;�����"3$!$3$�r�bc
�r�mGB3$����3$E$(�C$3$3D4Q��/\����I:(.���j3:*����A=Q#���3:8

T ∗x (T ) =
√
λT

3−n
2 =

n− 1

2

T
3−n

2

T
n−1

2

0 − T
n−1

2

k

.
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��=)8�#�E$&$�AGQ�7=Q��!$3<8
T ∗(x)

3$�"�����W�:&$(���!$��!$3$�
dT ∗

dx
= T ∗x (T ), T (0) = T0.
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� �7��&<��GB!$#���3�GQ����>$4 @ ��#hG)=)8�!$>�X���#�!$#�����I�#�%�#�*S(�IP#�!)(]����E:=)#�E$��&<�AG�( @ 3 (n = 1)E<#.=)� @ 3$�

T ∗(x) = T0e
−rx,

§ÍÂ:Z J � Áb©
%ÔGB�

r = ln(T0/Tk)
4)(L#�C$��!$I�(L�63<!$3$�6(+=Q>�!$#�MjGB3$����3$E)(.C$3$3

σ∗ = k0

(

ln
T0
Tk

)2

.
§ÍÂ:Z J ÂI�b©

�1#�#����������������:Xp��(.8��"3$!$3$�6(+=)>�!$#�MjGQ3$����3$E)(�C<3$3*,(���3<��3$�"#��7��>�����E:=)#���#�%�#
E<#���#�I:(

q
#.�������"E$��&)(.���:&$/J�L��� @ ��!<3$3 x �]� @ �7��#���§ÍÂ:Z J � K ©�&)(���!$(

q∗(T (x)) = k0|n|T
n−1T ∗x (T ) = k0|n|

n− 1

2

T (x)
n+1

2

T
n−1

2

0 − T
n−1

2

k

.
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[]&$3
n = 1

E$#��A=Q��&)(���I$&$/\��3<8V!$��#�E<&$�AGQ�7=Q��!$!$#��7�b3V�V§ÈÂ:Z J Â:ÀS©�E$#.=)� @ 3<�54
@ ��#�#�E<��3<�6(+=Q>�!$/5M ����E:=Q#���#�M`E$#.��#�I'GB#.=$KL��! -�/\��>kE<&$#�E$#�&<C$3$#�!)(9=Q��!l(.-���#.c=)Xp��!<#�M������"E$��&)(.���:&$�d��I:(.K�GB#��k��� @ ��!<3$3DZ+��#�-�3<��>��q8���%�#]E$#�����#98$!<������(]�"#9KLc!<#$4��ÛGQ�7=B(���IP#�^�����3$C$3<��!<������E�=Q#�E$&$#���#,GQ!$#�����3m#�-�&)(.��!$#�E$&$#�E$#�&$C<3$#�!)(+=)>�!$/5�
�����"E$��&)(.���:&$�

k0(T ) = β/T
Z�b"�7=)3

T0
3
Tk
-.=Q3:*,I$3D4���#�#��,=Q3 @ 3$�L#�E<��3$�6(+=Q>+c!<#�M2��#�&$�"/�����E:=Q#���#�%�#'E$#���#�I:(o�'�A=Q#��i#��'IP#�!$���+(�!<��/Ö�6(+=Q#o32^�������I<�n#��

IP#�&$&<��I$C$3<3���#�&$�"/µ����E:=Q#���#�%�#mE$#.��#�I�(�!<��*,!$( @ 3:���7=Q��!DZ

ù�ú:û_ü�¤8ü ý_ý8ü|p*@��	rH�@�	N��©ûTú:û�@���>4û�����ûWûTú����
��Cwv vyx ú���H�@_ú����
��C �0{ � ú�����G
� ~cú
��C
��#.�S=)3 @ 3$�]#���^7��#�%�#�G$=)8j*,(�I�#�!)(�����E:=)#�E$��&<��!$#��,(�Ñ��:&<>���§ n = −1

©�#�E:��3:c
�6(9=Q>�!$/5Mk����E:=Q#���#�M'E$#.��#�I

q∗
!$��*S(���3$��3<��#.�j�����"E<��&)(.���:&</�ZFØh!kE$#�����#98<!$��!
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G)=)8�E$#��7��#S8$!$!$#�%�#UI�#�^�����3<C$3$��!:�.(2����E:=Q#�E$��&$�AGY( @ 3 k0 Zd¤���#W#�*�!)( @ (����94 @ ��#G)=)8�*,(�I�#�!$(L����E:=)#�E$��&$��!$#��,(<4Q��#�#����������������:X�����%�#
n = −1

E)(�����3$��!)(+83<*�#.=)8�c
C$3<8�E$#L�q0b���"��&<3$��ZBÂ:Z JIa 4{z�����&<�"#,GB3$!$(��"3 @ ����I$3�#�E<��3$�6(+=Q>�!)(<Z[]&$3

n > −1
E$&$#�3:*,��#�GB������#n^�!<��&$#�E$3$3W�"#SK����'-�/\��>o�:�"��!$>�?���!$#<46���7=Q3

E$��&<��M<��3UIl(.I<��3$��!$#�Ml3<*�#.=)8<C$3$3D4R&)(���E$#.=Q#SKO3$��E$&<#��"��K��P��# @ !$/5�iI:(.�"��&$/�3��/5-�&)(.��#���-�#�&�����E:=Q#.��/�3:*p^���3:0mI�(��"��&��+(�ID4 @ ��#�-�/V*S(.��3$��3<�"#�����>�����E:=Q#���#�%�#E$#���#�I:(L#��L�����"E$��&)(+���:&$/J��#�#������7���7�b��#��b(+=B(L���A=Q#���3$XÅ§ÈÂ:Z J Â:ÀS©]§¨&<3$��ZBÂ:Z J8J ©AZ
��=Q�HGQ��84¨�Â J ªÈ4�E$#�I:(+K����54�I:(�IP#�%�#;��/53$%�&$/1?�(��"#9Km!$#�#SKO3�GB(.��>;#.��3$��E$#.=Q>+c

*,#���(�!$3<8�(�I<��3$��!$#�M�3<*,#.=$8$C$3$3�E$&$3
n = 1

§
q = k0(T0 − Tk)

©AZ
��3$����3$E)(.C$3<8�L��3$�7�����"����E)(�����3$��!$#�M3:*,#.=)8<C$3$��M�&)(.��!)(

σn = q
(

1

Tk
−

1

T0

)

=
k0(T0 − Tk)

2

T0Tk
= k0

(

T0
Tk

+
Tk
T0
− 2

)

.
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Ø���!$#�?���!$3<�5�"3<!$3$�6(+=Q>�!$#�M�GB3$����3$E)(.C$3$3
σ∗
I
σn
�p�]��!$I$C$3$3

T0/Tk
E$#�I�(.*S(.!$#

!)(d&$3$��Â:Z JHa 4�u�ZS�1/53$%�&</\?������k-�#+=Q>�?���4 @ ����-�#.=Q>�?���#���!$#�?���!$3$�������"E$��&$(.���:&DZ

k
TT

0

nss
*

1

1

à

á

ù�ú:û_üq¤8ü ý�n8ü*Fô@��
��F����cú
�
σ∗/σn

��G
�0û_t���>öû�����ûWûTú����
��CFú�����G
�N~cú��\C � vN� ú���H�@_ú����
��C
û'���
�
��CI�����>?�\��	N@���K��
��C�H ��>?��
��C �0{ �

«�!)( @ 3<���7=Q>�!</5MW��/53$%�&$/\?�GB(����'�����HGB��!$3<�i�PK��i#�GB!$#�MlE$&$#��"�7Km�P��# @ !$#�MI:(��"��&$/��m��# @ I��;��!$��IP#���#�&$#�Mk�����"E$��&$(.���:&$#�M T1 (T0 > T1 > Tk)
Z�¤��.������gc

E$��&$(.����&<��!$���A=Q#9Km!$#d!)(�M<��3�3<*�&<��?;��!$3<8��7=)�AGQ��Xp�;��M�^�I��7��&$���6(9=Q>�!$#�M�*S(SGY( @ 3

σ = k1
(T0 − T1)

2

T0T1
+ k2

(T1 − Tk)
2

T1Tk
→ min

T1,k1,k2

§ÈÂ:Z J Â a ©
E$&$3����7=Q#���3$3

1

k1
+

1

k2
=

1

k0
.

§ÈÂ:Z J Â � ©
b"��&$�7?;��!$3$��# @ ����3�GB!$#L�PK�������3:=)�i��3$�"�"�7��&$3$3�E$#�3<��IP#��"/5�VE$��&$���"��!$!</d�

T ∗1 =
√

T0Tk, k∗1 = k∗2 = 2k0.
§ÈÂ:Z J Â�Â�©



JIJIK L  �ME�:M RY�WX< Y¡�¡8gYS1�T\<\<]����öQ+�WX< �¡_S1�ðjRPH\$��U����WV$�Y���H�B��Q.�TS�]
[]&$#�3<*,��#,GB�7����#�^�!<��&$#�E$3$3j����3$�7�����"�h��#�GB!$#�MmE$&<#��"��K��P��# @ !$#�MOI:(��"��&$#�MmE$&$3�+(�IP#��V��/5-�#�&$�

σ∗1 = 4k0
(
√
T0 −

√
Tk)

2

√
T0Tk

.

Ø���!$#�?���!$3$�
σ∗/σ∗1

E$#�I�(.*S(.!$#i!)(j&$3<��Z�Â�Z JHa 4 `9Z��13�GB!$#<4 @ ��#�(.I<��3$��!)(.8o3<*,#+=)8:cC<3<8o�;#,GB!<#�MoE$&$#��"�7Km�P��# @ !$#�M'I:(.�"��&$#�M'��!<3<KL(�����3:*,-�/\��#�IkGB3<����3<E)(�C$3$3nE<#��&)(���!$��!$3<X��k�"3$!<3$�6(+=Q>�!<#l��#�*��"#9Km!$/5�_E$&$3$�"��&$!$#2�.��&$#��.Z\[�&<3WGY(+=)>�!$��M�c
?����������7=Q3 @ ��!$3<3 @ 3$�A=B(�I:(.�"��&D4�I:(.K�GB/5Mn�7=Q#�MN3<*�#.=)8$C<3$3'GQ�7=Q3<���H8 ����#�#��+c������������3<3k����#�&<�r�S=B(��"3 §ÈÂ:Z J Â�Â�©7Z
Ð #���!$#��7��3k0b#.=Q#�GB3:=Q>�!$/10k�6(.?;3<!G)=)8��q0b���"/���#,GQ!$#�MkE$&<#��"��K��P��# @ !$#�MI�(��"��&$#�M�&)(���!$/T§¨���5Z)��/\?��S©

p1 = 2k0
(
√
T0 −

√
Tk)

2(T0 −
√
T0Tk)

√
T0Tk

, p2 = 2k0
(T0 − Tk)(

√
T0Tk − Tk)

Tk
.

[]&$3�^7��#��
T1
��/5-�&)(�!$(L����#�#������������b��3$3�����/5&)(.K���!$3$���¦§ÈÂ:Z J Â�Â�©AZ

�'E$&$3<���AGB��!$!$/10���/\?���&$��*��S=Q>S�.(.�.(90�!$�"� @ 3<��/5�b(9=B(���>p!$��#�-�&)(.��3<�"#�����>�0b#.c=)#,GB3�=Q>�!$/10'C$3<I:=Q#��<Z�¤��.(�!<��#�-�&$(.��3<�6#�����>$4�I�(�I'E$#�I�(.*S(.!$#�&)(�!<����4����"��!$>.?�(+c
�7���q8;�����"��!$>.?;��!<3$���n�"#���!$#��7��3D4.E$#�^7��#��r��^�I�#�!$#��"3<8�#.�h�����AGB��!$3<8;(�I<��3$��!$#�M
3:*,#.=$8$C$3$3`E$&$3 � @ �����i!$��#�-�&)(.��3$�"#��7��3l��#+=Q>�I�#������A=Q3 @ 3$�b(��7���H8DZ"Ø����"�7��3$���*,(�I:=)X @ ��!$3$��4 @ ��#���&$#�����#���������E$��!$3 n �i*,(�I�#�!$�;����E�=Q#�E$��&$��!$#��,(���/53$%�&$/\?#.�m3<��E$#.=)>�*,#��b(�!$3<8(.I<��3$��!$#�M3<*�#.=)8<C$3$3��#.*,&)(.���+(����9Z
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«D(SGY( @ (;#�-L3:*,�.=Q� @ ��!<3$3�&)(�-�#���/�3<*�!$��&)(���!<#�������!$#�M�����&$�"#,GQ3$!)(��"3 @ ����I�#�M��3$�7�����"/�3�#�-�&)(.��!)(.8L��ML*,(9GY( @ (�#�E$#�G$GB��&PKL(�!$3<3�����3$�7�����"�p!$��&)(���!$#�������!$#�%�#��#��7��#S8$!$3<8 d C$��!:��&)(+=)>�!$/5��o����&$�"#,GB3<!)(��"3$IP��Zr��=)82��3$�������54�!$��&)(���!$#������7c!$/10lE$#k�����"E$��&$(.���:&$��4"E$��&$�.�:XÓ3<*i��E$#��r8$!<�P��/10l*S(9GB( @ §ÚE$&P8<�r��X]©�&$�7?�(�X������E:=Q#���/5�h�6(.?�3$!$/]4<(��.��#�&<��X_§¨#�-�&)(.��!<��X]© d ����E:=)#���/5�h!)(���#���/]Z<¤���3j*,(9GY(+c@ 3j&)(������"#���&<��!$/���%q=�Z$Â:Z���=)8j��3$�������54$!$��&)(���!$#�������!$/10iE<#;��#��7�.(.����4<����#�&<��X*S(9GB( @ �n&$�7?�(�X��o��3$�7�����"/ &)(+*7GB�A=Q��!<3<8D4g3<��E$#.=)>�*���X��;3$�i^�!$��&$%�3$X G)=)8 E<#,G)cGB��&bKL(�!$3<82!$��&)(���!<#�������!$#�%�#N��#����+(��b('�'#���I<&$/\��#�MV3�=Q3U3<*,#.=)3$&$#���(�!$!$#�MU��3:c
�������"��4$(�*,(9GY( @ �m3<*��.=Q� @ ��!$3<8i&)(�-�#���/�&$��?;(�Xp��GB3$���]�P*,3$#�!<!$/5�]�6(.?;3<!$/]Z ���3$�7�����6(��54g!<��&)(���!$#�������!$/5�JE$#���#��7�.(��.��4R#.��!$#��q8<���q8l3n0:3$�"3 @ ����I$3$�j&$�,(.I<��#.c&$/]4)��IP#���#�&</10�^�!$��&$%�3<8�"#9K��7��I:(.I���&)(.��3<��>��q8D4Q�+(�I�3��/�GB�7=$8<��>��H8�Z
�\(��"/5�Ó�b(.Km!$/5�Ö��3�GQ#��Ó�6(�����#�#�-��"��!<!$/10¦��3<�������Ù8$�.=)8<Xp���H8¦��3$�������"/

&)(.*AGB�7=Q��!$3<8�4\#�!<3�# @ ��!$>`&)(.*,!<#�#�-�&$(.*,!$/ÙE<#`����#����r�WIP#�!$����&<��I<�b3$��!<#��r��3$�AcE$#.=Q!<��!$3$X��B�"���"-�&)(�!$!</5��4Y(.-���#�&$-�C$3$#�!$!$#.c�3�(9GB��#�&$-�C<3$#�!$!<#.cÍGB����#�&<-�C$3$#�!$!$/5�
E$&$#�C<������/]4�&$��I:��3$��3$I�(�C$3<8�4FC<��!<��&$3$�]�:%�3$&$#��b(�!$3$�.4���/5E)(�&<I:(<4D���P?�I:(<4���/5�"#.c
&)(.Km3$�b(�!<3$�j32E$&�Z6ØhC$��!<I<�l��!$3<*��l�"3$!$3<��(9=Q>�!$#�M2^�!$��&$%�3<3D46E<#���&$��-�!$#�M G)=)8
&)(.*AGB�7=Q��!$3<8����"����3W��#�%�#`3�=Q3V3$!$#�%�# ��#����+(���(<4�!$�7*S(���3$��3$�"# #�� ��/\-�&)(�!$!<#�%�#
��E$#���#�-b( &$(.*7GB�A=Q��!<3<8VGY(�X��l�"����#,GB/Ù����&$�"#�GB3$!)(��"3<I$3µ#�-�&)(.��3$�"/10�E$&$#�C$���7c
��#��<4F#�GB!)(�IP#�^���3l#�C$��!$I<3`# @ ��!$>�%�&<��-�/]4RE$#�^���#��r�N�b(.Km!$#�E$&$3$-.=)3<*,3<��>o3:0NI&$�,(9=Q>�!$#��7��3V*S(N� @ ��� � @ �7�.( I�#�!<� @ !$#�M�E$&$#�GB#.=)Km3<���7=Q>�!$#�����3�3:=Q3VE$&$#�3:*,��#.cGB3<���7=Q>�!<#�����3�E<&$#�C$������#��$4\�.=)3<8$!$3:8�I�#�^�����3<C$3$��!<��#��l����E�=Q#.c�3��6(�����#�E$��&$�Ac
!$#���( 3�����8:*S(�!$!</10���3:0V3<*��6��!$��!$3$����*S(.��&)(.�9Z � &$#��"���#�%�#$4�� @ ���l!$��#�-�&)(+c
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��3$�"#��7��3µE$#�*���#.=)8<���l���+(���3<��>2*,(9GY( @ 3�#lE<&$�AGB�A=Q>�!$#�MµE<&$#�3<*���#,GQ3<���A=Q>�!$#��7�b3E<&$#�C$������(k3:=Q3 #�!)(�3�=)� @ ?;��M2E$#��A=Q�AGQ#��b(.���7=Q>�!$#��7�b3l&)(.*7GQ�7=Q��!$3<8l�"!$#�%�#�IP#��gcE<#�!$��!<��!$/10���"������MD4QI�#���#�&$/5��E$&$3<�"��!$3<���7=Q>�!$#OI�#�-�&)(.��3$�"/5�VE$&$#�C<�����,(��V!$�
3<�"��Xp�m���"/5�7=B(<Z
Ð ����#,GQ/a����&$�"#�GB3$!)(.�"3$I$3NE$&$3'I�#�!<� @ !$#�����&$���"��!$3nE$#.*,��#.=$8$Xp��&)(.*�-�3<��>E<#�����&$3�#.��!$��#�-�&$(.��3$�"#�����3�!)(�GQ����I:(.����%�#�&$3$3D�<!$��3:*,-��7KO!$/\�]3j3<*�-�/\��# @ !$/5��Z[]��&$��/5���"#9Km!$#k�:�"��!$>�?�3<��>$4"��#.=Q>�I�#'�����7=)3 @ 3$�NIP#�^�����3$C$3$��!<��/ÓE$��&$��!$#��,(3�=Q3n���"��!<>�?;3$�E$&$#�3<*,��#�GB3<���7=Q>�!$#�����>$4F����#�&$/5�LK��L����8:*S(�!$/a�L!$����#�����&<?���!:c

!<#�MO����&$�"#,GB3<!)(��"3 @ ����I�#�M�#�&$%A(�!$3:*S(�C$3<��M�E<&$#�C$�����,(:Z$¯��"��!$!$#;3:0O�A=Q�AGQ���7��3<*�c-���%A(.��>�E$&$3�E$&$#���I<��3$&<#��b(�!$3<3�����+(�!$#���I$3DZ
ØhC$��!<I$3o*S(+��&)(+��^�!$��&$%�3$3n!)(OE$&$#�C$������/e&)(+*7GB�A=Q��!$3:8n��� @ �7��#���!$��3<*,-��7K�c!</10�!$��#�-�&)(+��3$�"/10�E$#�����&$>�!$�5��#+=Q>�IP#�IP#.=Q3 @ ����������!$!$#�#��,=Q3 @ (�Xp���H8O#.��#�-�&)(+c��3$�"/10Y4F!<#�3$�"��Xp�3nI�( @ ����������!<!$#��m#��,=Q3 @ 3$��Z�sg(�ID4D3:*�E$&)(�I:��3$I$3N3<*������7��!$#$4

@ ��#N&)(.*AGB�7=Q��!$3$��-�3$!)(�&$!</10W���"������MD4��nI�#���#�&$/10WIP#�!$C$��!<��&)(�C$3<8V#,GQ!$#�%�#n3<*GQ���b0IP#��"E$#�!$��!<��#��O-.=Q3<*�I:(mI!<�,=QXÖ§¨3$%�#.=QI�(m������#�%�������!)(�©74Q��&$��-.�����j*�!)( @ 3�c���7=Q>�!$/10'*S(.��&)(.�^�!$��&<%�3$3DZRØhC$��!$I:(jK��;*,(.��&)(+�^�!$��&$%�3<3 ��#�-�&)(.��3$�"#���E<&$#.c
C<�������d�7��&$���"3<�b�q8;G)=)8;�.(.I$3:0����"������MmI�!<�S=)X�ZPØhC$��!$I$3L�"3$!$3$�6(+=)>�!$/10;*S(+��&)(.�
^�!$��&$%�3$3NE<&$3'*,(9GY(�!<!$#�M'E$&$#�3:*,��#�GB3<���A=Q>�!<#�����3 E$&$#�C$�����,(<4DI:(�I'E$#�I:(.*,(�!$#OGB(+c
=)���.4F����&$���r8<���H8nG)=)8n�+(�I$3:0N���"������M`IN!$��IP#���#�&$#��r�'*,!$( @ ��!$3$X�4F*,(���3$�q8<�����r�#.�mE<&$#�3<*���#,GQ3<���A=Q>�!$#��7�b3�3�#���I�#�^�����3$C$3$��!<��#��m�6(�����#�E$��&$��!<#��,(<Z

b"�7=Q3l�o��3$�������r�l&)(+*7GB�A=Q��!<3<82E$#����.��E)(��7�NE$#���#�Il���"����3D4"(�3<*j!$���j��/10b#.c
G)8<�NE$#���#�I$3D46&)(+*�=Q3 @ (�Xp��3$���q8�����#�3$�"32*,!)( @ ��!$3:8$�"3W�����"E$��&)(.���:&D4"0<3<�"3 @ �7c��I$3:0�E<#�����!$C$3)(9=Q#���3�E$&DZ�4$��#��"#SKO!<#�%�#���#�&$3<��>�!$�]#L&)(.-�#����.4Q(;#L�"#���!$#��7��3D4
*,(.��&)( @ 3<�b(����"#�M!)(L&)(+*7GB�A=Q��!$3<��Z � 3<K��]E$#�I�(.*S(.!$#$4 @ ��#�����3$�������6(+0Y4B3$��E$#.=Q>.c*���Xp��3:0��"�70P(.!$3 @ ����I<�:Xa3�=Q3^7=Q��I<��&$3 @ ����I<��Xa^�!$��&$%�3$X�4Y��&$#�����#��V*,(.��&)( @ 3:c��(����"#�M`�"#���!$#�����32E$&$#�3<*,��#,GB3<���7=Q>�!$#�����>'��3<�������"/Å�"#�!$#.��#�!$!<#o��#�*,&$(����+(��7�94
(O�i��3<�������6(+0�4�3$��E$#.=)>�*���Xp��3:0'����E:=)#�����4��;&$#��7��#��µE$#���#�I:(O����E:=Q#���/aE<&$#�3<*7c
��#,GB3:���7=)>�!$#��7��>�GQ#�����3$%A(�����!$��I�#���#�&$#�%�#�6(�IP��3$�r���6(<4�(j*,(.�������:�"��!$>�?;(������q8
3:*�c�*,(L&$#��7�.(L!$��#�-�&)(.��3<�"/10E$#.����&<>$Z
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Çg(������"#���&$3<�V��3$�7�����r�i&)(.*AGB�7=Q��!$3<8�E$#���#�I:(����"����3
g0
�h��#��7�.(���#��

x0
4<�����gc

E<��&)(+����&$#�M
T0
3mGY(��.=Q��!$3$���

P0

!)(�GB�b(;E<#���#�I�(��hE)(.&)(��"����&)(��"3
gi
4
xi
4
Ti
4
Pi

(i = 1, 2)
4�E<#�I:(.*,(�!$!:�:X�!)(�&$3$��Z Ü Z�À�Z � �����+(�!$#���IP�hE$#�GB��#�GB3<���q8jE$#.��#�IO����E:=)#.c
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q+
E<&$3k�����"E$��&)(.���:&$�

T+
4�(m#�����#�GB3<���H8oE$#���#�I

q−
E$&$3������"E<��&)(+����&$�

T−
4

(��+(�I<K��]*,(.��&)( @ 3$�b(.�����H8��"�70P(.!$3 @ ����I:(+8�&)(.-�#��+(L���"#��;!<#�����>�X p
Z
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�WûWû�����������\G����cú��
�µ�����+(�!$#���I�(+0�C<��!<��&$3$�]�:%�3$&$#���(�!$3<8�4Y�"���"-�&)(.!$!$#�%�#O&)(.*AGB�7=Q��!$3<8�4��mC$3<I:c

=B(+0L(9GB��#�&$-�C$3$3:c¨GB����#�&$-�C$3<3D4P&$(�-�#��+(�X��;3:0�*S(]� @ �7��3<*��"��!$��!$3<8�GY(��+=Q��!$3:8D4�*S(+c��&)( @ 3$�b(.�����H8���#+=Q>�IP#�&)(.-�#��+(�§¨�"�70P(.!$3 @ ����IP#���&)(.*7GQ�7=Q��!$3$�S©A4P��(.-���#�&<-�C$3$#�!<!$#.cGB����#�&$-�C<3$#�!$!$/�0nE$&$#�C$������(+0Y4�#���!<#��b(�!<!$/10'!)(i3:*,�"��!<��!$3$3n�����"E$��&)(+���:&$/T&)(+c
-�# @ ��%�#p���A=B(<4.�pE$&$#�C$������(+0;&<��I<��3$��3$I:(.C$3$3D4���/5E)(.&$I$3D4+���P?;I$3�3�GB&�Z d ��#+=Q>�I�#����E:=Q#��+(�§Ú����&$�"3 @ ����I�#��h&)(+*7GB�A=Q��!$3<�S©7Z$�W!$��I�#���#�&$/10j�A=)� @ (.8�0 @ 3$�A=Q#;#�����#,GB3�c�"/10�E$#���#�I�#��l�"#9K����l-�/\��>U-�#+=Q>�?��U§¨&)(.��!$#

m
©7Z5¤���#2!$�o��!$�����7�W!$3<I:(�I<3:0

3<*,�"��!$��!<3$MN�jE$&$3$���AGB��!$!$/5�;GB(+=Q���;��/5&)(.K���!$3<8k*,(i3<��I:=)X @ ��!$3$������#�%�#<4 @ ��#3$!�GB��I��
i
-���GB����3<*��"��!<8:��>��q8�!<�dGB#�GB�.�P0Y4<(�GB#

m
Z Ð /�#�%�&)(.!$3 @ 3:=)3$��>�GB�����r8E$#���#�I:(��"3���#.=)>�I�#;G)=)8�E$&$#��7��#���/J&$3$�7��!$I:(�3�E$&$#��"�7Km�P��# @ !$/10��/5I:=B(9GQ#�IDZ# 5:A�="3�à�5R78@�625&A�?ZíI¬�5cê�5:9�3�52â «D(�E$3<?����¥��&)(���!$��!$3:8�����&<�"#,GB3$!$(��"3 @ �7c��I$3�0 -�(+=B(�!<��#��iG$=)8N��3$�7�����"/_����&$�"3 @ ����I�#�%�#k&)(+*7GB�A=Q��!<3<8 (p = 0)

4�� @ 3<�+(.8D4
@ ��#�����I<��#�&$( xi = (xi1, ..., xij , ..., xik), i = 0, 1, 2

4���#�����#98<�3<*
k
I�#��"E$#�!$��!<�94

I:(.K�GY(.83:*;I�#.��#�&$/10�E$&$�HGB���+(��.=)8<������#�-�#�M��"#.=)8$&<!<��X�GB#.=QX
j
cº%�#O��������������(

�
i
c��WE$#.��#�IP��ZQsR��&<�6#�GB3$!$(��"3 @ ����I$3$��-b(+=B(.!$��/���3$�7�����"/JE<&$3$�r�P�O��3�G��
d }�u.{L|±wQz$u��2�b³DC��á`Au��Qu�³Qy

g0x0j − g1x1j − g2x2j = 0, j = 1, ..., k,
§ Ü Z�À9©

k
∑

j=1

xij = 1, i = 0, 1, 2;
§ Ü Z J ©

d E+³Q|ºw��A|�{�z)¶:|�y7vbzD�á`Au��Qu�³Qy

q+ − q− + g0h0 − g1h1 − g2h2 = 0,
§ Ü Z a ©

%ÛGQ�
hi d �"#+=)8$&$!$(.8�^�!<�+(+=Q>�E<3<8 i cº%�#�E$#.��#�I�(<�
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d E+³){�wBxS´)zD�)³DC���`7uh�Bu.³Qy

q+
T+
−
q−
T−

+ g0s0 − g1s1 − g2s2 + σ = 0.
§ Ü Z � ©

¯h*n§ Ü Z�À9©74\§ Ü Z J ©��A=Q�AGQ���7�+4 @ ��# g0 = g1 + g2
Zr¯]��I:=QX @ 3$� g0 3:*�&)(�����!$�7���§ Ü Z a ©74R§ Ü Z � ©74Q�"#9Km!$#mE<��&$��M<��3oIkE<&$3$&)(+�;��!<3<8$���"#.=)8<&$!$/10�^�!<�+(+=Q>�E<3$3

∆h
3

^�!<��&<#�E$3$3
∆s
�

q+ − q− + g1∆h01 + g2∆h02 = 0,
§ Ü Z×Â�©

g2∆s02 + g1∆s01 +
q+
T+
−
q−
T−

+ σ = 0,
§ Ü Z Ü ©

%ÔGB�
∆h0i = h0 − hi, ∆s0i = s0 − si (i = 1, 2)

Z
¯]��I:=)X @ 3$��3<*6��&)(���!<��!$3<8O§ Ü Z×Â�© q− 3�E$#�GB�7�.(���3$��E$#.=)� @ ��!$!$#�����/5&)(.K���!$3$��§ Ü Z Ü ©AZ)[]#.=)� @ 3$�

2
∑

i=1

gi

(

∆s0i −
∆h0i
T−

)

+ q+

(

1

T+
−

1

T−

)

+ σ = 0,

#.��I<��GY(�E$#���#�I�*S(+��&)( @ 3$�b(.���"#�M�����E:=Q#���/JE$&$3�����&$�"3 @ ����I�#���&)(.*AGB�7=)��!$3$3

q+ =
T+

T+ − T−

2
∑

i=1

gi(∆s0iT− −∆h0i) + σ
T+T−
T+ − T−

.
§ Ü Z×Ã�©

[]��&$��#���3<*1�A=B(�%A(����"/10��p�p^���#��o��/5&)(+K���!$3$3�*,(���3<��3<����#.=Q>�IP#�#��pE)(�&)(��"�7��&$#��
�+0b#,GB!</10 3N��/10b#�GB!$/10 E<#���#�I�#��3 E$&<�AGB�7�.(��+=)8$�7�'��#�-�#�M #�-�&)(.��3$�"/5�m*,(.��&$(+c
��/¦����E:=Q#���/��m�HGB3$!$3$C:���&$���"��!$3DZ�b"%�#O�"#SKO!<#mE<&$�AGQ���+(���3<��>jI:(�I&$��*��S=Q>S�.(.�
GQ�7=Q��!$3<8j#�-�&)(+��3$�"#�MO�"#���!$#�����3i&)(.*AGB�7=)��!$3<8j!)( � [p�e#�-�&)(+��3$�"#�Mm����E:=Q#���#�M
�6(+?;3$!$/]Z<����#�&<#��h�7=Q(�%A(����"#���#���&)(+K�(.���;I$3$!$�7��3$I<�jE$&<#�C$�����,(;3j���.8<*S(.!$!<��X¦�
!<��MiGQ3$����3$E)(�C<3$Xe^�!<��&$%�3$3DZ
��=)8U���"������MD4�-+=Q3<*,I<3:0UIW3PGB�,(+=)>�!$/5�T%A(.*,(��a3U3�GB��(+=Q>�!</5�T&)(��7����#�&)(��54

�"#+=)8$&$!</5�;^�!<�+(+=Q>�E$3<3'3�^�!<��&$#�E$3<3
hi
3
si
4B�.0b#,GQ8:�;3$���m��&)(���!<��!$3<82§ Ü Z a ©53

§ Ü Z � ©74$�"#�%��P�O-�/\��>�*,(�E$3$��(�!$/�����#�&<�"�

hi(Ti, Pi, xi) =
k
∑

j=1

xijhj(Ti, Pi),

si(Ti, Pi, xi) =
k
∑

j=1

xij
[

s0j(Ti, Pi)−R lnxij
]

, i = 0, 2,

§ Ü Z K ©
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%ÛGQ�
R d ��!$3<����&$��(+=Q>�!$(.8o%A(.*,#���(.8�E$#�����#98<!$!)(.8�ZD��^7��#����A=)� @ (��;#�-�&)(+��3$�"/5�*S(.��&)(.��/¦����E:=Q#.��/J&)(���!$/

q0+ =
1

ηK

2
∑

i=1

gi
k
∑

j=1

[x0js
0
j(T0, P0)− xijs

0
j(Ti, Pi) −

− R(x0j lnx0j − xij lnxij)]T− + xijhj(Ti, Pi)− x0jhj(T0, P0).
§ Ü Z�Áb©

«QGB����>�3<��E$#.=)>�*,#��b(�!$#i#�-�#.*,!)( @ ��!$3<��G)=)8 � [�� � (.&$!$#i#�-�&)(.��3<�"#�Mo����E:=Q#���#�M�6(.?;3<!$/
η ~ =

T+ − T−
T+

.

f6�A=Q#���3<�O§ Ü Z Ã�©��6#SKm!$#LE$��&$��E<3$�,(.��>mI:(�I

q+ =
1

η ~ (p
0 + σT−),

§ Ü Z�À_�b©

%ÛGQ�
p0 d #�-�&)(.��3<�6(.8��"#.�;!$#��7��>�&)(.*7GQ�7=Q��!$3<8D4P&$(���!)(+8 q0+ � σ d E$&$#�3<*,��#,GB�7����#^�!<��&$#�E$3<3DZ
��=)8]���70�3:=)3�3$!$/10�GB#�E<�P����!$3$Mj§¨E$#��7��#S8$!$�7����#�����E:=Q#����"I�#�������MD4+-�3$!$(�&$!)(+8

���"����>m3jGB&DZ×©\��/5&)(+KL��!$3<8N§ Ü Z�Áb©74�§ Ü Z�À_�b©13���&)(���!$��!$3<�j§ Ü Z Ã�©\�"#�%��P�m-�/\��>mIP#�!:c
I$&$�7��3<*�3)&$#��b(�!$/]4rI�(�I`^���#o�ÛGQ�7=B(�!<#GY(+=Q����G)=)8`�"�A0P(�!$3 @ ����IP#�%�#'&)(+*7GB�A=Q��!$3:83�-�3<!)(�&$!<#�M�&$��I<��3$��3<I:(�C$3$3�Z�b"�7=)3�L��#����+(�����3$�7�����"/¦&)(.*AGB�7=)��!$3:8���I:=QX @ �7c!$/¥�����i������&$#�M$�����b(<463<*,�"��!<8$X��;3$������"E$��&)(.���:&$/Ó3`GY(��.=Q��!$3<8WE<#���#�I�#��nE$#
#���!<#�?;��!$3$X¦I������"E$��&)(+����&$�

T−
3LGY(��+=Q��!$3<X

P
#�I$&:��KL(.Xp�;��Mj��&$�AGB/]4�*,(�3$�Ac

I:=QX @ ��!$3<���_3$����# @ !$3<I�#��N����E:=B(<46��#N�NE$&<3$���AGQ��!$!$/10V��/\?����#�#.��!$#�?���!$3:8:0G)=)8i=QXp-�#�%�#
i
�"#SKO!$#�E$&$3$!<8:��>

Ti = T−, Pi = P
Z$sg#�%ÔGY(

p0 = −RT−
2
∑

i=1

gixij lnxij,

q+ =
1

η ~ [p
0(g, x) + Tσ(g, x, α)].

§ Ü Z�À�À9©
�UE$#��7=Q�HGB!$���l&)(�����!$�7����� @ ��&$��* g, x, α #�-�#.*,!)( @ ��!</�����I<��#�&$(�E$#.��#�IP#��$4b��#��7�.(9c��#��L3�IP#�^�����3$C$3<��!<��#��m����E:=Q#+c13��6(�����#�E$��&$��!$#��,(���#�#.�����7���7�b����!$!$#<Z
sR��&$�"3 @ ����I:(.8l��3$�������6(o&)(.*AGB�7=)��!$3:82E$&$�HGB���+(��.=)8<���n��#�-�#�M`E$&<��#�-�&)(.*,#��b(+c���A=Q>�����E:=)#���#�Mi^�!$��&$%�3<3��;&$(�-�#��.�O&)(+*7GB�A=Q��!$3:8D4$��#��"!$#�%�3:0j#���!$#�?���!$3<8�0iE$#.c

GB#�-�!</5M E$&$��#�-�&$(.*,#���(.���A=QXÅ����E:=)#���#�M ^�!$��&$%�3$3`��"�A0P(�!$3 @ ����I<�:X¥&)(�-�#.����ZF�#��,=Q3 @ 3$�k#�� ����E:=)#���#�M��6(+?;3$!$/Ù!<��#�-�&$(.��3<�6#�����>l� ^���#���E$&$��#�-�&)(+*,#��b(+���7=)�
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����8<*,(�!)(k!$�j��#.=Q>�I�#'�iE$&$#�C<�����,(��"32����E:=Q#�#�-��"��!)(<4r!$#'32�i!$��#�-�&$(.��3$�"#�����>�X
�6(.����#�E$��&<��!$#���(<ZQ����#��7�.(�����E$&$#�3:*,��#�GB�����b(L^�!<��&$#�E$3$3�"#SKO!<#���/�GB�7=Q3:��>m�A=B(+c
%A(����"/5��4Q����8<*,(�!$!</5���]����E:=Q#�#�-��"��!<#��V3����6(.����#�E$��&$��!$#���#��54

σT
3
σM
3�&)(.�7c

���6(.��&<3$�b(.��>�����&$�"3 @ ����I�#��]&)(.*AGB�A=Q��!$3<��I�(�Ij!$��#�-�&)(.��3$�r��X¦����E:=Q#��.�:X¦�6(.?;3:c!:�i��I�#�^�����3<C$3$��!:�.(��"3����E:=)#�#�-��"��!)(
αT
4$��/5&)(�-�(.��/5�b(.Xp����Xe�"#.�;!$#��7��>

p
M

= p0(g, x) + T−σM
(g, x, α

M
).[]#.��#�I�����E:=Q#���/�4BE<#���&$��-.=)8<���"#�M#���%�#�&b8 @ ��%�#m3<����# @ !$3$I�(<4

q+ =
1

η ~ [pM + T−σT (g, x, αM
)].

§ Ü ZÄÀ J ©
n 5cv�?Z9�3�à�5R78@�625áA�?kíI¬�5cêB5:9�3�52â Çg(������"#���&<3$����3$�7�����"��&$(.*7GB�A=Q��!<3<8D4Q3$�7c

E<#.=Q>�*���Xp����X &$(�-�#��.�k���"#���!$#��7��>�X
p
-��7*LE$#�GB��#�GY(j3'#�����#,GB(j����E:=B(

(q+ =
q− = 0)

49E$&<3�^���#��k�.0b#�GB!$/5��3���/10b#,GQ!$/5��E$#���#�I$3�3<�"��Xp��#�GB3$!$(�I�#���/5�6�����"E<�7c
&$(.����&$/

T
3hGY(��.=Q��!$3<8�Z,fh�"!$#SKO3<����&)(���!$��!$3<�h§ Ü Z Ü ©�!)(

T
3���/ @ �����kE<#.=)� @ ��!�c!<#�����/5&$(.K���!$3<��3<*���&)(���!$��!$3<8�^�!$��&$%��7�b3 @ ����IP#�%�#j-b(+=B(�!<�,(�§ Ü Z×Â�©74)�mI�#���#�&$#�����"���7��#;&)(.*�!$#��7��3

q+− q−
��3$%7�:&<3$&<�����LE$#�GB��#�GB3$�6(.8m�"#���!$#�����>

p
Z:[]#.=)� @ 3<�

p = Tσ + g0
2
∑

i=1

εi(T∆s0i −∆h0i),
§ Ü ZÄÀ a ©

%ÔGB�
εi = gi/g0 d GB#.=)8 iÚ�%�#LE$#���#�I:(<Z�µ� @ ����#��e§ Ü Z�Áb©53���#�%�#O��(.I<�+(<4 @ ��#OE$&$3��"�70b(�!$3 @ ����I�#���&)(.*AGB�7=)��!$3<3o3<*�c�"��!$��!<3<8^�!:�.(+=)>�E$3$3

∆h0i
&$(���!$/�!<�S=)X�4QE$#+=)� @ 3$�

p = g0RT





2
∑

i=1

εi
k
∑

j=1

xij lnxij −
k
∑

j=1

x0j lnx0j



+ Tσ = p0 + Tσ.
§ Ü ZÄÀ � ©

[]��&$��#��`�7=Q(�%A(����"#��l��^7��#��Æ��/5&)(.K���!$3$3�E<&$�AGB�7�.(.�.=)8$�7��#�-�&)(+��3$�r��Xè�"#���c
!<#�����>n&)(.*AGB�A=Q��!$3:8

(σ=0)
Z"¤��+('�"#��;!<#�����>

p0
&$(���!)(k&)(.*�!$#��7��3W#�-�&)(.��3$�"#�M

�"#.�;!$#��7��3jE<#.=Q!$#�%�#�&)(.*7GQ�7=Q��!$3<8j3<�q0b#�GB!$#�%�#;E<#���#�I�(
p00= −g0RT

∑

j

x0j lnx0j

3������"�"/¦#�-�&)(.��3$�"/10��"#���!$#��7����M�&$(.*7GB�A=Q��!<3<8���/10b#,GB!</10�E$#���#�I�#��
p0i
4$&)(��+c

!</10
p0i (xi) = −RTεi

k
∑

j=1

xij lnxij, i = 1, 2.
§ Ü Z�À9Â�©

��=)8�I�(.K�GB#�%�#L3<*�I�#��"E$#�!$��!<��#��m��E$&)(����HG)=Q3$��/���&)(���!<��!$3<8�-b(+=B(.!$�,(
2
∑

i=1

εixij = x0j, j = 1, ..., k.
§ Ü Z�À Ü ©
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^dú»º\ú ��ÿ�ý6þ�()	�������	 +Ù()	6þ6ý���	 ()	��2��ÿ��]ÿ�����+
[]&$#��7=Q�HGB3$�54FI:(.I �+=Q3<8$�7��!)(��"3$!$3$�6(9=Q>�!<��XÅ&)(�-�#.���'&)(.*7GQ�7=Q��!$3<8`���"����3

!$��#�-�&)(.��3$�"#�����>$4)����8<*,(�!$!)(+8i�h*,(9GY(�!<!$#�M�E<&$#�3<*���#,GQ3<���A=Q>�!$#����b>�X�E<&$#�C$������(L3
#�%�&$(�!$3 @ ��!$!$/5�"3�I�#�^�����3$C$3$��!<�+(��"3��6(�����#�E$��&$��!<#��,(<Z¡½3�7c;Z5R="?�ë0786�78;<6kå�1 ?ZåÒ3�í A�5cí:5:A�sDä�?<A�? 3�p�6c¬783�78;<5:= @�629�5:à�9�62î
5:="@�6�78;<3iâ Çg(������"#���&$3$�Ö��3$�7�����r��4���#�����#98<����Xæ3<*n&$�7*,��&<���b(�&)(W�o�����"E$��&)(+c
����&$#�M

T0
4B0:3$�"3 @ ����I<3$��E$#.����!<C$3)(+=Q#�� µ0 4YI�#�!$C<��!<��&)(�C$3$��M x0 4�E<#,GB��3$�������"/I�#�!<� @ !$#�M ���"IP#�����3`�L�����"E$��&)(.���:&$#�M T 4�0:3$�"3 @ ����I$3$�"3`E$#�����!<C$3)(+=B(.�"3 µ(t)3�&)(�-�# @ ��%�#L���A=B(���&)(���E$&$�HGB�7=Q��!$!$/d�"3�E)(�&)(.�"����&$(��"3DZ � ( @ (+=Q>�!<#��]*�!)( @ ��!$3<�

µ(0) = µ0
Z � #�!$� @ !$/5��*,!$( @ ��!$3<80:3$�"3 @ ����IP#�%�#iE<#�����!$C$3)(+=Q( µ(τ) 3�I�#.=)3 @ �7c�����b(i�"#.=Q��M
N(τ)

*S(9GB(�!$/]Z�ØhC$��!$3$���"3<!$3$�6(+=Q>�!<��X�&)(.-�#�����4���&<��-���Xp����X��H8
G)=)8LE$��&<����#�GY(���3$�7�����"/�3<*�#�GB!$#�&<#,GB!<#�%�#�!)( @ (9=Q>�!$#�%�#���#��7��#S8$!$3<8��]*S(9GB(�!$!$#��I�#�!<� @ !$#��m��3<*,#�����&$�"3 @ ����I�#��¦E$&$#�C$�������m&)(.*7GQ�7=Q��!$3<8�ZR����#����7=$� @ (���4�I�#�%ÔGY(���"����>h-�3<!)(�&$!$(.8D49������#����+(��h#�E<&$�AGB�A=)8$�7���H8�0<3<�"3 @ ����I$3$�'E$#�����!$C$3$(+=Q#��54+*,(���3:c�H8:�;3$�U#��L�"#.=)8<&$!$#�MOGQ#.=Q3

x
#,GQ!$#�%�#�§¨I:=)X @ ����#�%�#b©1I�#��"E$#�!$��!<�+( µ1 = µ1(x)

4
0:3$�"3 @ ����I$3$M�E$#�����!$C$3$(+=o����#�&$#�%�# µ2 = µ2(1− x)

Z
[]��&<��#�!)( @ (+=Q>�!$#;-���GB���2� @ 3<�.(+��>LE$&$#�GB#.=)Km3<���7=Q>�!<#�����>LE$&$#�C$������(�!$��#�%�&$(+c!$3 @ ��!$!$#�M�Z��Æ^7��#��Ö�7=$� @ (�� �"3<!$3$�6(+=Q>�!$#�Mµ*S(.��&)( @ ��!$!$#�MJ&$(�-�#���� Ar

��#�#��+c
�������������b����#�-�&)(.��3$�"/5M¦E$&$#�C$�����.Zh�1�A=Q3 @ 3$!<��#�-�&)(.��3$�"#�M¦&$(�-�#���/�&)(.*AGB�7=Q�Ac!$3<8

A0
r

���6����3U!)(o3$�Û0b#�GB!$/5��I�#��"E$#�!$��!<��/¥�"#9Km!$#kE$#,GB� @ 3<�+(.��> @ ��&$�7*E$&<3:c&$#��7�N����#�-�#�GB!$#�M2^�!$��&$%�3$3V��3<�������"/�Zg��=$8l0:3$�"3 @ ����I$3:0WE$#.����!<C$3)(+=Q#��$46��3PGY(
µi(T, P, x) = µ1(T, P ) +RT lnxi

4$E$#.=)� @ 3<�

A0
r(x0, x) = −NRT [(x0 lnx0 + (1− x0) ln(1− x0))].

§ Ü Z�À9Ã�©
«D(���3$��3$�"#��7��>�&)(�-�#���/W&)(.*AGB�7=Q��!$3<8m#���IP#�!$C$��!<��&)(�C$3$3O3<�q0b#�GB!$#�M����"����3mE$#�I�(+c
*S(�!$(L!)(L&$3<��Z Ü Z J Z

0

0
r

A

)(0
xA

r

)(
0

0
xA

r

10
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��=)8��7=)� @ (.8�4QIP#�%ÔGY(L���"����>�!$��-�3$!)(�&<!)(.8D4)(��"!$#�%�#�I�#��"E<#�!$��!:��!)(+8D4Q��#�����&:c?���!$!<#O(�!)(+=Q#�%�3 @ !$#mE<#.=)� @ 3$�

A0
r = −NRT

∑

i

(x0i lnx0i − x̄i ln x̄i).
§ Ü ZÄÀ K ©

Ïh��#�-�/�!$(�M<��3j#�C$��!$I<�m��!$3<*��m&)(�-�#.��/�&)(.*AGB�7=Q��!$3<8iE$&<3jI�#�!<� @ !$#��2��&$���"�Ac!<3D4g��#���E$#.=)>�*������"�H8l�����54 @ ��#oE$#���#�I$323 0:3$�"3 @ ����I<3$��E<#�����!$C$3)(9=Q/¥&$(�-�# @ �Ac%�#j���7=B(jE$&$3oIP#�!<�+(�I<���L��&$��*���&$�.�b(�&$#��µ3k�;3$�7��# @ !<3$I�#��µI�#�!$� @ !$#�Mo���"I�#�����3GQ#.=)Km!$/µ�,GB#��.=Q������#�&b8<��>����7=Q#���3<8$�W�"3$!$3$�6(+=)>�!$#�MjGB3$����3$E$(�C$3$3l§Ú���5Z)%Û=�Z J ©AZ
b"�7=Q3�&)(.*,!<#�����3�0:3$�"3 @ ����I$3:0�E$#.����!<C$3)(+=Q#��p�"#�%7���p-�/\��>���/5&)(.K���!$/ @ ��&<��*E<#���#�I$3

∆µi = ϕ(gi)
§
i ∈ {1, 2}

©74���#�GB#�E$#.=)!$3<���A=Q>�!</d�j*S(.��&)(.��/Å^�!<��&$%�3$3D4
����8<*,(�!$!</5����!<��#�-�&)(.��3<�"#�����>�X�4B3<�"��Xp�m��3�G

∆A =

τ
∫

0

∑

i

giϕi(gi)dt→ min .
§ Ü Z�ÀSÁb©

¤���#�� I$&$3<����&$3$M��"#SKO!$#'�"3$!$3<�"3<*,3$&<#��b(.��> E$#
g1 ≥ 0

3
g2 ≥ 0

��� @ ����#��*,(9GY(.!$!$#�M�E$&$#�3:*,��#�GB3<���7=Q>�!<#�����3
τ
∫

0

gidt = Ni, i = 1, 2, ...
§ Ü Z J �b©

� (.M�GB��!<!$#���&<��?;��!$3$��E$#�*���#.=$8$���mE<#.=)� @ 3<��>O#�C$��!$I<� ∆A ��!$3<*���Z����&:�:I<���:&)(;*S(9GY( @ 3n§ Ü ZÄÀ,Áb©74�§ Ü Z J �b©6�+(�IP#��b(<4 @ ��#�#�!)(�&)(���E)(9GB(������H8�!)(�E$#�G)c*,(9GY( @ 3���3�GY(
τ
∫

0

giϕi(gi)dt→ min
gi

/ τ
∫

0

gidt = N̂i, i = 1, 2, ...,m,
§ Ü Z J ÀS©

%ÔGB�
N̂1 = N(0)x1(0)

4
N̂2 = N(0)(1− x1(0))

ZB¤���3*S(9GB( @ 3�8<�.=)8$X����q8�����&$�HG)c!<��!$!$/\�63�*S(9GB( @ (.�63�!<�7=Q3$!<��M$!$#�%�#iE$&<#�%�&)(.�"�"3$&$#��b(.!$3<8 (
� [

)
ZB¯h0�&$��?���!$3:8

g∗i (t)
d I<����# @ !$#.c�E$#��7��#98<!$!$/5���]��!$I$C<3$3o��&<���"��!<3D4YE$&$3$!$3<�6(�Xp��3$�;!$��-�#+=Q���GQ���b0 -b(+*,#���/10n*,!)( @ ��!<3$MDZg[�&<3`^7��#��J����I<��#�& g∗ = (g∗1, g

∗
2, ...)

&$�7?;��!<3$M23$�Ac
0�#,GB!$#�Mo*S(9GB( @ 3U§ Ü Z�ÀSÁb©A4r§ Ü Z J �b©A4 @ 3$�A=Q#i���7=)#���3$M'�iIP#���#�&<#�M'&)(���!$# m 4��"#9K��7�E<&$3$!$3$�6(+��>m!$��-�#.=Q���

(m+ 1)
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Li = giϕi(gi)− λigi
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d2Li

dg2i
= 2

dϕi

dgi
+
d2ϕi

dg2i
gi > 0.
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gi = αi∆µi
4 ©AZ)sR#�%ÔGY(

∆µi =
gi
αi
, i = 1, 2.
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L =
m
∑

i=1

gi

(

gi
αi

+ λi

)

.

Øh!)(j��/5E<��I:=B(i��!$3<*�E$#
gi
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L
E$#

gi
ZQØ]!<3�E$#�����#98<!$!$/¦3�&)(.��!$/

g∗i = N
xi(0)

τ
,

(L�"3$!<3$�6(+=Q>�!$(.8�!$��#�-�&)(+��3$�6(.8�&)(�-�#��+(L&)(.*AGB�7=Q��!$3<8

Amin = A0 +∆Amin = A0 +
N2

τ

m
∑

i=1

x2i (0)

αi
,
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%ÛGQ��#�-�&$(.��3$�6(+8�&)(�-�#��.(�&)(.*7GQ�7=Q��!$3<8
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µpi0 = µi0(x0)−∆µi0, µpi1 = µi(xi) + ∆µi1.
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τ
4)E$#+=)� @ 3$�

p =
∑

i

[

gi(µi(xi)− µi0(x0)) + g2i

(

1

αi0
+

1

αi1

)]

.
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µi(xi)− µi0(x0) = RT ln
xi
xi0

.
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� (�M�GB��� #�E<��3<�6(+=Q>�!$/5Mm*S(.I�#�!m3:*,�"��!<��!$3<8O����I<��#�&)(�IP#�!$C$��!<��&)(.C$3$M
x(t)

�
�"#+=)8$&$!</10jGB#+=)8:0�3:*����A=Q#���3$M

d

dt
(Nxi) =

dN

dt
xi +N

dxi
dt

= gi =
x̄iN̄

τ
, i = 1, 2, . . . .

dN

dt
=
∑

i

gi =
N̄

τ
→ N(t) =

N̄t

τ
.
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p =
RTN̄

τ

∑

i

x̄i ln
x̄i
x0i

+
N̄2

τ 2
∑

i

x̄2i
ᾱi
,
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%ÔGB�

ᾱi =
αi0αi1

αi0 + αi1
d ^�I$��3$�b(9=Q��!<��!$/5MlI�#�^�����3<C$3$��!:�o�6(�����#�E<��&$��!$#���(�G)=$8

i
cº%�#LI�#��"E$#�!$��!<�+(<Z
tkz$³)z�}�uh���b³)u,½;wPuI`+xS{�upwPu9»+²+|��B|�³)z�½�·�³Q|�x_`qwPu�{�z�}�xq}�´�wBxS¼Q|�y�y�|�»+u.²9u�³)³Qx_�

´�wQxS².xð�DÁ�z){L|£���b³Qx9y7{�z
τ

Amin
r = pτ = RTN̄

∑

i

x̄i ln
x̄i
x̄0i

+
N̄2

τ

∑

i

x̄2i /αi.
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�N��#��'�A=)� @ (��.4�I�#�%ÔGY(�E$#�GB��3$�������n�1I�#�!<� @ !$#�M����"IP#�����>�X�!$����IP#.=Q>�IP#]3�G)=$8I�(.K�GB#�M
ν
c�Mm3<*p!$3:0L*S(9GY(.!O����I<��#�&jIP#�!$� @ !$/10OI�#�!$C$��!<��&)(.C$3$M x̄ν ����#����+(��.=)8�cX��;3$�"3

x̄νi
3jIP#.=Q3 @ ��������#��"#.=Q��M N̄ν

4:&$(�-�#��+(�&$(.*7GB�A=Q��!$3<8i&)(���!$(��7���"�"�
ArνE<#

ν
�

Amin
r = RT

∑

ν

N̄ν

∑

i

x̄νi ln
x̄νi
x̄0i

+
∑

ν

N̄2
ν

τν

∑

i

x̄2νi
ανi

.
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x0
4 @ 3<�7=Q#��V�"#.=Q��M����"����3 N0

4B(
��#��7��#98<!$3$�m��I�#�!<C$��E$&$#�C$�����,( @ 3$�7=)#����"#.=Q��M N̄j(j = 1...,m)

��I�(.K�GB#�M'3<*
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E$#,GQ��3$�7������3�����I:��#�&)(.�"3��"#.=)8<&$!$/10�IP#�!$C$��!<��&$(�C$3$M
x̄j
ZQ[]&$3^7��#��2GB#.=)Km!$/

-�/\��>���/5E$#.=)!$��!$/����7=Q#���3<8�6(+����&$3)(+=Q>�!$#�%�#m-b(9=B(�!$��(
m
∑

j=1

N̄j = N0,
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m
∑

j=1

N̄jx̄ji = N0x0i, i = 1, 2, . . .

1
x

1
N

i
N

i
x

mx

mN

0
N

0
x

g

1
g

i
g

mg

ù�ú:û_ü�8üon8üqp*@��	NH�@�	r��§ûðúRû\@���>O�s��������\G����cú
�I�
���RûTú:û�@���>O�sHN���
��K��
��C���>OHN�_û�@_ú����
m

�
���kûðúRû\@���>
� (�IL3���/\?;�.4PE$��&<��#�!)( @ (+=Q>�!$#�!)(�M�GQ��� &)(.-�#�����&)(+*7GB�A=Q��!<3<8O��#�-�&)(+��3$�"#��E$&$#�C<�������

A0
r
@ ��&$��*�3<*��"��!$��!$3$������#�-�#,GQ!$#�M�^�!$��&<%�3$3���3$�������"/��

A0
r(x0, x̄) = RT





m
∑

j=1

Nj

∑

i

x̄ji ln x̄ji −N0

∑

i

x0i lnx0i



 =

= A0
r0(x0, N0)−

m
∑

j=1

A0
rj(x̄j, Nj).
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αij
Z
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1
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2
x x1

0
x

0
r
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0
xxxA

r

0
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>y���I�������@�����������\G����cú��FûðúRû\@���>O� û'HN����~
����@����~cú
��C
x0

�����
����
���RûTú:û�@���>O�
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gij =
N̄jx̄ij
τ

, i = 1, 2, . . . , j = 1, . . . ,m,
§ Ü Z a8a ©

∆µij =
gij
αij

, j = 0, 1, 2, . . . ,m.
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x0, x̄j��#�#�����������������!$!$#$4�(mI�#.=)3 @ ��������#j�"#.=Q��M Nj(t)
I�(.KLGQ#�%�#m3<*�I�#��6E<#�!$��!<��#��j3<*7c

�"��!<8$�7���q8�=)3$!$��M<!$#$ZB[]&$3�^7��#��V�"#���!$#��7��>
p
E$#��7��#S8$!$!$(�3�&)(���!$(

p =
RT

τ

m
∑

j=1

N̄j

∑

i

x̄ij ln
x̄ij
xi0

+
1

τ 2

m
∑

j=1

N2
j

∑

i

x̄2ij/ᾱij.
§ Ü Z a Â�©

Ð 3$!$3<�6(+=Q>�!)(+8 &)(�-�#��+(&)(.*AGB�A=Q��!$3:8l���"����3`�mI�#�!$C$��!<��&)(.C$3$��M
x0
!)(iGQ���

E<#,GB��3$�������"/J�]*S(SGY(�!$!</5�"3�IP#�!$C$��!<��&$(�C$3<8<�"3
x̄i
*,(L��&$���r8

τ
&$(���!)(

Ar = RTN0

m
∑

j=1

γj
∑

i

x̄ij ln
xij
xi0

+
N2

0

τ

m
∑

j=1

γ2j
∑

i

x̄2ij/ᾱij,
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%ÔGB�
γj = N̄j/N0, ᾱij =

αijαi0
αi0 + αij

Z
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��#�Mo&)(.*AGB�7=)��!$3<8
A0
r

���"����3
N
�"#.=)��Mo�;IP#�!$C$��!<��&$(�C$3$��M

x0
!)(OE$#,GQ��3$�7�����"/]4
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xj
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τ
3�I�#�^�����3:c

C$3$��!<��#��i�6(�����#�E$��&$��!<#��,(
ᾱij
���A=Q3 @ 3<!)( Ar

�"#�!$#.��#�!<!$#j���"��!<>�?�(��7���H8D4�����&<�7c
�r8$��>�I

A0
r

Z
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τ
Z
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C$3$M

n < m
ZQØ]-�#�*,!$( @ 3$� @ ��&$�7*

βj =
∑

i

x̄2ij
ᾱij

, µj =
∑

i

x̄ij ln
x̄ij
xi0

,
-��,GB���aE$&<�AGBE$#+=B(�%A(.��>n*S(SGY(�!$!$/5�"3UI�#�!$C<��!<��&)(�C$3$3

x̄j
E$#��7=Q��&)(.*AGB�7=)��!$3<8�4�(

*,!)( @ 3<�94 βj 3 µj Z � (�MPGB���546I:(.I$3$�a���A=Q#���3:8$��GB#.=$KO!$/Å�,GB#��.=Q�7����#�&b8<��>nGB#.c=Q3
γj
#��i#�-.�;��%�# @ 3<�7=B(j�"#.=Q��M�4 @ ��#�-�/e&$(�-�#��+( Ar

-�/1=B(j�"3$!$3<�6(+=Q>�!)(:Z Ð /
E$&$3:0b#�GB3$�VI�^�IP����&<���6(+=Q>�!<#�M*S(SGY( @ �

Ar = RTN0

m
∑

j=1

γjµj +
N2

0

τ

m
∑

j=1

γ2jβj → min
γj

§ Ü Z a Ã�©
E$&<3����A=Q#���3<8�0Y4Q��/\����I:(.Xp�;3:03<*O§ Ü Z a À9©

∑

j

γj = 1, γj ≥ 0,
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∑

j

γj
x̄ji
x0i

= 1, i = 1, . . . , n− 1.
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c�MO��#����+(��.=)8<Xp����Mi����I:��#�&)(�IP#�!$C<��!<��&)(�C$3$Mi������%ÔGY(���/1c

E$#.=Q!<��!$#$Z
b"�7=)3�IP#.=Q3 @ ��������#]#.��-�#�&<#�� m -�#.=Q>�?���&)(.*,�"��&$!$#��7��3�����I<��#�&$(�I�#�!$C<��!<��&)(+cC$3$M
n
4$��#m�7�������7�b�������j����#�-�#�GY(���/5-�#�&$(

γ
Z

ÇR�7?;��!<3$��^7��#�M�*,(9GY( @ 3���3<��E$#.=)>�*,#��b(�!$3$���V�]�:!<I$C$3$3�Î�(�%�&$(�!<KL(

L = Ar(γ) + λ0
∑

j

γj +
n−1
∑

i=1

λi
∑

j

γj
x̄ji
x0i

E$&$3$��#,GB3<�mI���&)(.��!$��!<3<8$�2G)=)8���/5-�#�&$(L#�E<��3$�6(+=Q>�!$/10�*,!)( @ ��!$3<M γj

γj =

(

λ0 +
n−1
∑

i=1
λi

x̄ij
x0i
−RTN0µj

)

τ

2N2
0βj

, j = 1, . . . ,m.
§ Ü Z � ��©
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��=)8;&)(�� @ �7�.(]�"!$#SKm3<���A=Q��M�Î�(�%�&)(�!<KL( λi(i = 0, ..., n−1)
3$�"�����n��3$�������r�

n
=Q3<!$��M$!</10���&)(���!$��!<3$MD45E$#+=)� @ (����"/10�E$#��7=)�oE$#,GB�7�+(�!$#���I<3 γj �`���7=Q#���3<8§ Ü Z a8K ©

n−1
∑

ν=0

λνϕiν =
2N2

τ
= RTN0Φν , ν = 0, . . . , n− 1.

§ Ü Z � ÀS©
«QGQ����>

ϕiν =
m
∑

j=1

x̄jix̄jν
x0ix0νβj

, Φν =
m
∑

j=1

µjx̄jν
βjx0ν

,

E<&$3 @ ���UG$=)8 ν = 0
��^7��3:0���/5&)(+K���!$3<8�0

x̄jν = x0ν
Z

Çg(������"#���&$3$� @ (��7��!$/\Mk�7=)� @ (�M�&$(.*7GQ�7=Q��!$3<8�-�3$!)(�&<!$#�M���"����3�!)( @ 3$�7��/5�IP#��"E$#�!$��!<��/ *S(k��&<���r8
τ
Zg�T^���#����7=)� @ (.� N1 = x0N0, N2 = (1 − x0)N0

4
%ÔGB�

x0 d �"#.=$8$&$!)(+8'GQ#.=)8NI:=QX @ ����#�%�#kIP#��"E$#�!$��!<�+(<4 x̄22 = 1
ZF[�#+=)� @ 3$�JE<#��#�&$�r�S=Q�m§ Ü Z a Ã�©

Ar = −RTN0(x0 ln x0+(1−x0) ln(1−x0))+
N2

0

τ

(

x20
ᾱ11

+
(1− x0)

2

ᾱ22

)

.
§ Ü Z � J ©

�1/5&)(+KL��!$3$�o§ Ü Z � J ©�E<&$�AGQ���.(.�.=)8$�7�'��#�-�#�M`#�C$��!<I<�N!$��#�-�&)(.��3<�"#�Ml&$(�-�#���/
&$(.*7GQ�7=Q��!$3<8��"!$#�%�#�IP#��"E$#�!$��!<��!<#�M����"����3�!$(

m @ (��7����M���*,(9GY(�!$!</5�"3���#����+(+c��(��"3D4.�,GQ#��.=Q�7����#�&P8$X��;3$�"3����A=Q#���3<8<�N�6(.����&$3$(+=Q>�!<#�%�#�-b(9=B(�!$��(�§ Ü Z a À9©7Z�[]��&:c
��#����7=B(�%A(����"#��;�O^���#�����/5&)(.K���!$3$3kE$&$�HGB���+(��.=)8<������#�-�#�Mk#�-�&$(.��3$�r��XT&$(�-�#.c
�.�2&$(.*7GB�A=Q��!<3<8W���"����3D4r0P(�&$(�I<����&$3<*���Xp�;��M$�H8V����I<��#�&$#��aIP#�!$C$��!<��&)(�C$3$M

x0
4

!$(����"����3l�jIP#�!$C$��!<��&$(�C$3<8<�"3
x̄j
Zg����#�&$#��j�7=B(.%7(����"#��j����8<*,(�!$#k�O!$��#�-�&)(.��3:c

�"#�����>�XaE$&<#�C$�����,(O&)(.*AGB�7=)��!$3:8DZ�Øh!$#�� @ 3<��/d��(����mG)=Q3<���7=Q>�!<#�����>iE$&$#�C$�����,(O3IP#�^�����3$C<3$��!<��/J�6(�����#�#�-��"��!)(:Z

0

AD

0

r
A

r
A

x1
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�
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� (+=Q3 @ 3$������#�&$#�%�#O�7=B(�%A(����"#�%�#j#���#�-���!$!$#j�7�P�;���7�b����!$!)#iE$&$3k&$(.*7GQ�7=Q��!$3$3���"������MD4���I�#.��#�&$/10�I�#�!<C$��!<��&)(�C$3:8J#�GB!$#�%�#V3<*NI�#��"E$#�!$��!<��#��V# @ ��!<>V�6(+=B(
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§¨-��HGB!$/10`���"������MQ©7ZF��=)8 -�3$!)(�&<!$/10`���"������MU#�-�&)(.��3$�6(.8`&)(�-�#��.(�&)(+*7GB�A=Q��!$3:8
����&$���"3<���H8mI�!<�S=QX�4PIP#�%ÔGY(�I�#�!$C$��!<��&)(.C$3<8OI�=QX @ ����#�%�#�IP#��"E$#�!$��!<�+(�-.=Q3<*�I:(�I!<�S=QX�3�=Q3��HGB3$!$3$C<��Zb� &$��(+=Q>�!</10;K���E$&$#�C$�����,(+0;&)(�-�#.�.(�&)(+*7GB�A=Q��!$3:8L-��HGB!$/10
���"������MN�"#9K�����-�/\��>�# @ ��!<>���7=Q3$I�(<Z�[]&$3$�"��&$#����"#�%��P��7=)�PKm3<��>E$&<#�C$������/&)(.*AGB�7=Q��!$3<8�3:*,#���#�E$#��<4�IP#�%ÛGB( &<�,(+=Q>�!)(.8V&)(�-�#��+(N&)(.*7GQ�7=Q��!$3<8�E$&<����#��q0b#�GB3<�
#�-�&)(+��3$�r��X¥���#���!$3 ��/5�q8 @ &)(.*y¨�Ã K ªÈZF����#�&$#��O�A=B(�%A(����"#��O�`§ Ü Z � À9©h!$�m����&<�7c�"3<���q8I!:�S=QX�4QI�#�%ÔGY(LI�#�!<C$��!<��&)(�C$3:8�#,GB!<#�%�#�3<*�I�#��"E<#�!$��!:��#��m# @ ��!$>��6(+=B(<Z� (�&$3<��Z Ü Z×Â:ZPE<��!$I<��3<&$#��2E$#�I�(.*S(�!<#$4�I�(�Im*S(���3$��3:���A=B(�%A(����"#��

∆A
#���I�#�!<C$��!:c

��&)(.C$3$3I:=QX @ ����#�%�#mIP#��"E$#�!$��!<�+(���3$�Û0b#,GQ!$#�M���"����3DZØhC$��!$I:( § Ü Z � J ©hE$#.*,��#+=)8$�7�����+(���3<��>k3N&$��?;(.��>*S(9GB( @ 3D4�IP#���#�&</5�O!$�A=Q>�*�8&$��?�3<��>�L3$��E<#.=Q>�*�#��b(�!<3$����#�C<��!$I$3
A0
r

^���#�MN&)(�-�#.��/a��I:=B(.������#�-�&)(.��3$�"/10
E$&$#�C<������#��$Z � !$3$�¦#.��!$#���3<���q8 *S(9GY( @ (�#��/5-�#�&$�m#�E<��3$�6(9=Q>�!$#�M E$#��7=Q�HGB#��b(9c���A=Q>�!$#��7��3n&)(.*AGB�7=Q��!$3<8'�"!$#�%�#�I�#��"E<#�!$��!:��!$#�Mn���"����3'E$&$3o���;�"!$#�%�#�I$&)(.��!$#��
GB�7=)��!$3$3�!$(\GQ�b(dE$#.��#�I�(<Z.«QGQ����>��b(.Km!)(\3$�"��!$!<#p!$��#�-�&)(.��3$�6(.8���#����+(��.=$8$Xp�;(.8
*S(.��&)(.�94Q�+(�II:(�I�#�-�&)(+��3$�6(.8�&)(�-�#��+(�!$��*,(���3$��3<�O#�����#�%�#<4Q�mI�(�IP#�ME$#��7=Q�HGB#.c
�b(.���7=Q>�!<#�����3��"/¥&)(.*7GQ�7=)8<���T���"����>$46#�!)(o*,(���3$��3<�N��#.=)>�I�#N#��N3<�q0b#�GB!$#�%�# 3
I�#�!<� @ !$#�%�#m��#����+(���#��$ZB¤��+(L*S(9GY( @ (L&$(������"#���&$��!)(m�L�7=Q�HGQ��Xp�;����E)(�&)(.%�&)(����.Z

è u+»+²+|£�Y|7³)zQ|j´Qx9{LxSvPx9· � [�&<#�C$������/�&)(.*AGB�7=Q��!$3<8l��-�#.=Q>.?;3$!$�7�����j�7=$� @ (����!$��E<&$��&$/5��!$/�Z � (��.0b#,Gl���70:!$#.=)#�%�3 @ ����I�#�%�#'(.E$E)(�&)(+�.(E$#�������E)(.���oE$#���#�I`3$�Ac0b#,GB!<#�Mk���"����3
g0
����#����+(���#��

x0
4B!)(m��/10b#�GB��3$�"������E$#���#�I$3

gj
����#��7�.(���(��"3

xj (j = 1, ...,m)
Z<f6�7=)#���3<8��6(.����&<3)(+=Q>�!<#�%�#m-b(9=B(�!$��(§ Ü Z a ÀS©1E$&$3$�r�P�m��#�&$�r�

∑

i

xij = 1,
m
∑

j=1

gj = g0,
m
∑

j=1

gjxij = g0xi0,

i = 1, . . . n, j = 1, . . .m.

§ Ü Z � a ©

�1/5&)(.*�3$�o�"#.�;!$#�����>
p
�p!$��E$&$��&</5��!$#��oE$&$#�C$�������1&)(.*AGB�7=)��!$3:8 @ ��&$�7*\E$#.��#�I<3D4� @ �98�4 @ ��#
g0 = N0/τ, gj = Nj/τ.

[]#.=)� @ 3$�2G$=)8 m ��/10b#,GQ!$/10E<#���#�I�#��

p = RTg0
m
∑

j=1

γj
∑

i

xij ln
xij
xi0

+ g20

m
∑

j=1

γ2j
∑

i

x2ij
αij

= p0 +∆p,
§ Ü Z ��� ©

%ÛGQ�
αij d IP#�^�����3$C<3$��!<���6(.����#�E$��&<��!$#���(�E$&<3m3<*��.=Q� @ ��!$3<3j3:*p3<�q0b#�GB!$#�Mm���"�7c��3
i
cº%�#LI�#��"E$#�!$��!<�.(��

j
c�M�E$#���#�ID�

xj d ����I:��#�&I�#�!$C$��!:��&)(�C<3$M j c�%�#�E<#���#�I�(<�
γj = gj/g0 d GB#.=)8 j cº%�#LE$#���#�I:(:Z



J ��� L  �M}\cM
OyPP����¡�¡IgYS1�W\<\Z]����H�B��Q.�TS�]

n 6�7IêB5I¬ 6�s2?<;Z5:ê*)29�625�A�?ZíI¬ 5cêB5:9�3�5á="9�6�ìH62@�62="p�629�5R9�;<9�o�v>7c="5R785:î
� (�E$&)(�I:��3$IP�\&)(.*AGB�7=)��!$3$�\�"!<#�%�#�I�#��"E$#�!$��!<��!$/10;���"������M @ (��7��#h&<�,(+=)3<*����7��c�q8LI:(�IL�"!$#�%�#�I$&)(+��!$#��d&)(.*7GQ�7=Q��!$3$�p���"������Mm!)(pGB�b(]E$#���#�I:(:Zbsr(.ID4�E$&$3�E$#.=)!$#��

&$(.*7GQ�7=Q��!$3$3����"����>m3<*���&$�70�I�#��"E<#�!$��!:��#��m&)(.*AGB�A=)8$�7���H8���!)( @ (9=B(�!$(�GB�b(LE<#.c��#�I�(<4�����#�&<#�MN3:*mIP#���#�&$/10N!<����#,GB��&PKm3<�#�GB!$#�%�#�3<*�I�#��"E$#�!$��!<��#��$4F(j*S(+�����
�.��#�&<#�M�E<#���#�Ii��!$#���>�GB�A=Q3<���q8�!)(�GB�b(�I�#��"E<#�!$��!:�.(:Z � (.Ij�PK�����E$#��"3<!)(+=Q#���>$4
#�-�&)(.��3$�6(.8�&)(�-�#��.(L§Ú��#�#������7����������Xp��(.8��"#��;!<#�����>

p0
©R!$�\*,(���3<��3<��#.�]��#�%�#$4��

I�(�IP#��2E$#�&P8�GQI��h#�&<%7(.!$3<*����7���H8�&$(.*7GQ�7=Q��!$3$��4<�.(.I�I�(�I
p0
#�E$&$�HGB�7=$8$�����q8���#.=Q>.c

IP#o&)(.�q0b#�GY(��"3l3l��#��7�.(.�b(��"32E$#.��#�IP#��o!)(k�+0b#,GB�j3l��/10b#�GB�i�Û0b���"/Å�kC$�A=Q#��5Z
� ��#�-�&)(+��3$�6(.8LK��5�"#��;!$#�����>

∆p
�m§ Ü Z ��� ©R*,(���3$��3<��#.����#�%�#���I�(�I�#�� E<#�&P8PGBI��

E<&$#�3$�Û0b#,GQ3<�;��/�GB�A=Q��!$3$��IP#��"E$#�!$��!<��#���3mE$#.*,��#.=$8$������/5-�&$(.��>�^���#���E$#�&P8PGB#�IDZ
Çg(������"#���&$3$�����"����>�3<*���&$�70oI�#��"E<#�!$��!:��#����;I�#�!<C$��!<��&)(�C$3<��M

x0 = (x01,
x02, x03)

3'&)(��Û0b#,GB#��
g0
4DIP#���#�&$/5MN�"#SKO!$#iE<&$3$!<8:��>�*S(i�AGB3<!$3$C<��Z�fhE$#�&P8�GQ#.c

@ 3$�J�.0b#�GQ8<�;3<�j�����"����>k���������7���b(kE$#���3:*,3 @ ����IP#��r� ����#�M$��������4g3<��E$#+=Q>�*����Ac�"#��r�]G)=$8;&)(+*7GB�A=Q��!$3:8§ÚE$&$#���#�GB3$�"#�����>h�"���"-�&$(�!$/]4+�����"E$��&)(+���:&)(]I$3<E$��!$3:8�3
E<&DZ ©AZ:sg#�%ÔGY(���#�*��"#9Km!$/WGB��(��b(�&<3)(�!<�+(;&$(.*7GQ�7=Q��!$3<8����"����3��)(�©���!)( @ (9=B(�#���GB�7c=$8$Xp�OE$��&$��/5MkIP#��"E$#�!$��!<�94B*,(.������&)(.*7GQ�7=)8<Xp�j����#�&<#�M�3��&<����3$MD�Y-P©5E$��&$��/5�
��/�GB�7=$8$Xp����&$�7��3$M�I�#��"E$#�!$��!:�94Q*,(.�����UGQ�7=)8:�OE<��&$��/5M3�����#�&$#�M�Z
� #�^�����3$C$3<��!<��/��6(�����#�E$��&$��!$#��,(O*S(.��3$�q8<�j#��j������E$��!$3'&)(.*7=Q3 @ 3<8k�"�7KLGQ�E<��&$��/5�23O����#�&$/5�l3O����#�&$/5�l3m��&<����>�3<�UIP#��"E$#�!<��!<�+(��"3j3j#.�;IP#�!$�7��&<��I$C$3$3

(.E$E)(�&$(.��#��<Z1Øh-�#�*�!)( @ 3$�T3:0UI:(�I α12

3
α23

Z � (�M�GB���T!$��#�-�&)(.��3$�"/5��*,(.��&$(+c
��/��"#���!$#��7��3�G)=$8�GB���b0k��(�&$3)(.!<��#��<4YE$&$�AGQE$#.=B(�%A(.8k&)(.*AGB�7=Q��!$3$��!)(OI�(.KLGQ#�M
�7�+(9GB3$3E$#.=Q!$/5�5Z
� (oE$��&$��#�MU���+(9GB3$3WE$&<3

g0 = 1
3UE<#.=Q!$#��e&)(.*7GQ�7=Q��!$3$3V�'�b(�&$3$(�!<���(b©

�.��#�&<#�M�3W��&$�7��3$M�IP#��"E$#�!$��!<�l� @ 3<�+(���� #�GB!$3$�_��������������#�����&$(��q0b#�GB#��_!$(��/10b#,GB�
x02+x03 = 1−x01

Z � ��#�-�&)(.��3$�"/5�d*S(+��&)(+��/�����#�#������������b��3$3O��§ Ü Z ��� ©

∆pa1 =
x201
α12

+
(1− x01)

2

α12

=
2x201 + 1− 2x01

α12

.
§ Ü Z � Â�©

[]&$3mE$#.=Q!<#��`&)(.*AGB�7=)��!$3$3j����#�&<#�%�#�E$#.��#�I�(�!)(]GQ�b(�E$#���#�I:(<4P3:0m&)(.�q0b#�GB/�&)(��+c
!</

g22 = x02, g23 = x03,

(�!$��#�-�&)(.��3$�"/5��*,(.��&)(+��/¦�"#��;!$#�����3

∆pa2 =
1

α23

(x202 + x203).
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�����"�6(�&$!$/5��!$��#�-�&$(.��3$�"/5��*S(.��&)(.��/J�"#���!$#�����3

∆pa =
2x201 − 2x01 + 1

α12

+
x202 + x203
α23

.

���b(�&<3)(�!<����-P©1��#�����&<?���!$!$#O(�!)(+=)#�%�3 @ !$#�E$#.=)� @ 3$�

∆pb =
2x203 − 2x03 + 1

α23

+
x201 + x202
α12

.

� (�M�GB���V&)(+*,!$#��7��>m^���3:0�*S(.��&)(.�
∆pab = ∆pa −∆pb.

§ Ü Z � Ü ©
b"�7=Q3

∆pab > 0
4$��#m�b(.&$3)(�!<��&)(.*AGB�A=Q��!$3:8�-P©1E$&$�HGBE$# @ ��3<���7=Q>�!$����ZÇg(�� @ ����/�E$#�I:(+*,/5�b(.Xp�94 @ ��#�E$&$3�-.=)3<*,I<3:0;GB&:�:%dI;GB&:�:%7�LI�#�^�����3$C$3$��!<�+(+0�6(�����#�-��"��!)(

α12

3
α23

#��,GQ�7=)8:��>L�;E<��&$�.�:X¦# @ ��&$�HGB>�!<�PKm!$#���#.�LIP#��"E$#�!$��!<�94I�#�!<C$��!<��&)(�C$3:8;I�#.��#�&$#�%�#p�p3<�q0b#�GB!$#�M����"����3;-�#.=Q>�?���4+(dE$&$3�-.=Q3<*�I$3:0�!$( @ (9=Q>.c!$/10�IP#�!$C$��!<��&$(�C$3<8�0OE<��&$��#�%�#�3���&$����>���%�#�I�#��"E$#�!$��!<��#���#.�,GB�A=)8<��>���E$��&$����X
# @ ��&$�AGB>���#��S4PG)=)8jIP#���#�&$#�%�#;-�#.=)>�?;��IP#�^�����3$C$3<��!<�L�6(.����#�E$��&<��!$#���(<Z<£�!$(+=Q#.c%�3 @ !$/5�]&)(�� @ ����/��"#9Km!$#�E$&$#������7��3�3j����#��54:�7=)� @ (.��4<I�#�%ÔGY(�I�#�^�����3<C$3$��!:��/�6(�����#�E$��&$��!$#��,(N!)('E$��&$��#�MW3W����#�&$#�MW�7����E$��!$3V*S(.��3$�q8<�N#��N��#��7�.(.�b(n���"����3DZ
��^7��#����7=$� @ (����m��/5&)(.K���!<3$3�G)=)8 ∆pa

-.�,GQ�P�j��3$%���&$3<&$#��b(+��>j���"������#�GB�.�P0
@ ����/5&$��I�#�^�����3<C$3$��!:�.(m�6(.����#�E$��&<��!$#���(<Z
n A�5I¬�5cê�)29�?ZåÇp�A�6�3�í:s26:¬ 3�;Z5:ê*)29�6�78;5) ;<5:A�="3�à�5R7c@�3�v>783�7c;Z5R=
A�?kí8¬ 5cêB5:9�3�å
«�!)( @ 3<���A=Q>�!)(+8 @ (�����>2E$&<#�C$������#��2&)(.*AGB�7=)��!$3<8�3$��E$#.=Q>.*����7�lG$=)8���#�*7GY(9c!$3<8�&)(+*,!$#��7��3�0:3$�"3 @ ����I$3:0kE$#�����!$C$3)(9=Q#��j�"��K�GQ��&)(.-�# @ 3<�V���7=)#���3�3$�7��# @ c!$3$I�(��"32§ÊGB��3:Km�P����Mo��3:=Q/��6(�����#�E<��&$��!$#���(b©�����E:=Q#�����XT^�!$��&$%�3$X�ZD[]&$3k^7��#��

&)(�-�# @ ���5���7=Q#�!)(.%�&$���b(��7���q8OE$&$3�I�#�!<�.(.I<���p�d#�GB!$3$�N3$�7��# @ !<3$I�#��`3�#S0P=B(.K�GY(+c�����H8�E$&$3�IP#�!<�+(�I<�����hGB&<��%�3<�5Z��µ&)(.*7GQ�7=Q� Ü ZÄÀ�E$#�I�(.*S(�!<#$4 @ ��#O3:*���&)(���!<��!$3$M����&$�"#,GB3<!)(��"3 @ ����I$3:0-b(+=B(.!$��#��L��/\����I�(����94 @ ��#m��3$�������r������&$�"3 @ ����I�#�%�#m&)(.*7cGB�7=)��!$3<8��"#9Km!$#�E$&$�HGB���+(���3<��>�I:(.I���#��AGB3<!$��!$3<�dE$&$��#�-�&)(+*,#���(.���A=)8�����E:=Q#.��/W�
&)(�-�#.����4$��/5&)(�-�(.��/5��(�Xp����%�#��"#���!$#�����>

p
4<E<#���&<��-.=)8<Xp����%�#m#.�L%�#�&P8 @ ��%�#L&$�Ac*,��&$���b(�&$(]����E�=Q#���#�MmE<#���#�I

g+
3L#���GY(�X��;��%�#�E$#���#�I

g−
0b#+=Q#,GQ!$#��r�;&$��*���&$�.�b(+c

&<��4�3L��3$�������r�L�"�70P(.!$3 @ ����IP#�%�#�&)(+*7GB�A=Q��!<3<8D4bE$#���&<��-.=$8$Xp���:Xµ^7�����"#���!$#�����>$Z[]&$3m^7��#�� ��#��S=)3 @ 3$�p#�������E:=Q#���#�MO�6(.?�3$!$/�!$��#�-�&$(.��3$�"#�����>�E$&$#�C$�����,(�!:��KLc!$#;� @ 3<��/5�b(.��>�!$����#+=Q>�I�#�!)(;�7�.(SGB3<8:0j����E:=Q#�#�-��"��!)(LE<&$��#�-�&)(.*�#��b(.���7=)8��h3$�Ac��# @ !$3$I:(.�"3D4Q!$#L3��LE$&$#�C$���������6(�����#�E$��&$��!$#��,(<4QIP#�%ÔGY(L�"#���!$#�����> p ��&)(.��3<���H8!)(L&)(+*7GB�A=Q��!<3$����*,(9GY(.!$!$#�M�3$!<����!$��3$��!$#��7�b>�X�Z
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� (�IjE$#�I�(.*S(.!$#��;%Û=�Z)Â�4:��#�*��"#9Km!$#��7��3iE<&$��#�-�&)(.*,#��b(�!$3:8j����E:=Q#.��/��;&$(�-�#.c
�.�o#�%�&)(�!$3 @ ��!$/a3'��/5&)(�-�(.��/5��(����6(.8'�"#���!$#�����>3<�"�������6(�I���3$�6(+=Q>�!<#���*�!)(+c
@ ��!$3$�.4Q&)(���!$#��

pmax = ᾱ(
√
T+ −

√
T−)

2,
§ Ü Z � Ã�©

%ÔGB�
ᾱ d ^�I$��3$��(+=Q��!:��!$/5M�I�#�^�����3$C<3$��!:�m����E�=Q#�E$��&$�AGY( @ 3D4Q&)(���!$/\M

α =
α+α−
α+ + α−

, α =
α+α−

(
√
α+ +

√
α−)

2

§ Ü Z � K ©

E<&$3�E$#�����#S8$!<!$#���3E$&$3�E<#�# @ ��&$�AGB!<#���IP#�!<�+(�I<����&)(�-�# @ ��%�#m���7=B(m��3$�7��# @ !<3:cI�(��"3���#�#������������b����!$!$#$Z
«D(���3<��3$�"#��7��>�*,(.��&$( @ 3<�b(����"#�Mj�"#���!$#��7��3j#���E$&$#�3:*,��#�GB3<���A=Q>�!<#�����3i!$��#�-.c&$(.��3$�"/10E$&$#�C$������#��O&$(.*7GB�A=Q��!<3<8k�"#�!<#���#�!<!)(�§¨���5ZQ��/5&)(.K���!<3$�O§ Ü Z ��� ©Ô©7ZBØ��+c

I:�,GY(��A=Q�AG)�����+4 @ ��#�E$&$�HGB�7=Q>�!$#�MmE$&$#�3<*,��#,GB3<���7=Q>�!$#�����3m����&$�"3 @ ����I$3:0mE<&$#�C$���7c��#���&$(.*7GQ�7=Q��!$3<8���#�#��������������������h�6(�IP��3$�6(+=)>�!$#���#�*��"#9Km!)(.8]�"#���!$#��7��>pE$&$��#�-.c
&$(.*,#��b(.���A=)8�����E:=Q#���/���&)(.-�#�����Z��;(+=Q>�!<��M<?����������7=)3 @ ��!$3$��&)(��Û0b#�GY(�����E:=Q#���/
g+
��#.=Q>�I�#L���6��!$>�?;(����OE$&$#�3<*,��#,GB3<���7=Q>�!$#�����>OE$&$#�C$�����,(<Z
��=)8;E$&<��#�-�&$(.*,#��b(.���A=)8;����E�=Q#��+( d &)(�-�#.�.(�3;!$>�Xp��#�!$#�����IP#�%�#h*S(.I�#�!$(�����E:c=)#�E$��&$�AGY( @ 3�3$�"�����l§Ú���5Z,%Û=�Z×Â�©Y*S(.��3$��3$�"#�����>p�"3<!$3$�6(+=Q>�!$#.cºE<#���&$��-.=)8<���"#�M�����E:c=)#���/�#����"#��;!<#�����3

q+(p) =
p

η(p)
=

2p
(

p
ᾱT+

+ ηk
)

+

√

(

p
ᾱT+

+ ηk
)2
− 4p

ᾱT+

.
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«QGQ����>
ηk =

T+ − T−
T+

d � [p� � (�&$!<#$4 T+ 3 T− d �����"E$��&)(.���:&$/�%�#�&P8 @ ��%�#�30�#.=Q#,GQ!$#�%�#�3$����# @ !$3<I�#��$4 α d ^�I<��3$�b(+=)��!<��!$/5MkI�#�^�����3$C$3$��!<�m����E�=Q#�E$��&$�AGY(+c@ 3DZ ØhC$��!<I<���"3$!$3$�6(+=)>�!$#�%�#m&)(��Û0b#�GY(L����E:=Q#���/
q+
�L*,(���3$��3$�"#��7��3�#��mE<&$#�3<*7c

��#,GB3:���7=)>�!$#��7��3
g0
G)=)8`��3$�������"/ ����&$�"3 @ ����I�#�%�#'&)(+*7GB�A=Q��!$3:82�"#SKO!<#�E$#+=)�bc

@ 3<��>$4FE<#,GB�7�.(.��3$�����/5&)(.K���!$3$�k§ Ü Z � Áb©h���"���7��# p E$&)(��.�:X @ (�����>k&$(�����!$�����b(§ Ü Z ��� ©7ZP[]#.=)� @ ��!<!)(.8O*,(���3<��3$�"#��7��>;��E$&$(����AG$=Q3$�b(�G$=)8 0 ≤ p ≤ pmax

4:(��A=Q�AGQ#.c
��(.���A=Q>�!$#<4PG)=)8

0 ≤ g0 ≤ g0max

Z<[]&$3i^7��#��2E$&$#�3<*���#�GB3<���A=Q>�!$#����b>L!$��GQ#.=)Km!)(
E<&$����/\?�(.��>m��(.I���3$�6(+=Q>�!<#���#�*,�"#SKm!$#�MDZ
Ïh��#�-�/l!)(�M<��3;��(.I���3$�6(+=Q>�!<#���#�*,�"#SKO!:�:XUE$&$#�3<*,��#,GB3<���7=Q>�!$#�����>]��3<�������"/

����&$�"3 @ ����I�#�%�#�&)(.*AGB�A=Q��!$3:8D4PE$#,GB�7�.(.��3$� ����#�&<�r�S=)��§ Ü Z ��� ©R���"���7��# p E<&)(�����X@ (�����>L��/5&)(+K���!$3<8'§ Ü Z � Ã�©A4:%ÔGB� ᾱ *,(���3<��3<�L#��;��3<E)(�E$&$��#�-�&)(+*,#���(.���A=)8D4$3i#�-�#.c*�!)( @ 3$�
B = RT

∑

j

γj
∑

i

xij ln
xij
xi0

, D =
∑

j

γ2j
∑

i

x2ij
αij

.
§ Ü Z ÂI��©
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[]#.=)� @ 3$�

pmax = ᾱ
(

√

T+ −
√

T−

)2

= Bg0max +Dg20max,

#���I:�,GY(;G)=)8�E<&$�AGQ�7=Q>�!<#�M�E$&<#�3<*���#,GB3:���7=)>�!$#��7�b3�3$�"�����

g0max =
−B +

√

B2 + 4ᾱD(
√
T+ −

√
T−)2

2D

§ Ü Z Â�À9©

Ñ;#�&$�r�,=Q/ § Ü Z ÂI��©741§ Ü Z Â:ÀS©�E$#�*,��#.=)8$X��o#�C$��!$3<��>'E$&$�HGB�7=)>�!<��XÙE<&$#�3<*���#,GQ3:c
���A=Q>�!$#��7��>���3<�������"/�����&$�"3 @ ����IP#�%�#�&)(+*7GB�A=Q��!$3:8¦�W�A=)� @ (���4�IP#�%ÔGY(U*,(�IP#�!$/����E:=Q#�#�-��"��!)(��"��K�GQ��&)(�-�# @ 3$�����7=)#��'3;3<����# @ !$3$I�(��"3LE<#,GY( @ 3;3�#���-�#�&)(�����E:c=Q#���/¦!$>�X���#�!$#�����I$3<��4BE$#.��#�I<3��6(�����#�E<��&$��!$#���(OE<&$#�E$#�&$C$3$#�!$(+=Q>�!$/�&)(.*�!$#�����3
0:3$�"3 @ ����I$3:0;E<#�����!$C$3)(+=)#��$4�(�3$�Û0b#�GB!)(.8����"����>�3�E$&$#�GQ��I<��/2&)(.*AGB�7=)��!$3<8;3$�"�AcXp�m#�GB3$!$(�I�#��.�:XJ�����"E$��&)(.���:&<�

T
Z

n A�3�="5:Aiâ � (�MPGB���n�"3$!$3$�6(9=Q>�!$/5�5*,(.��&)(+��/V����E:=)#���/UG)=$8LE$&$#�C<������(]����&�c
�"3 @ ����I�#�%�#�&)(.*7GQ�7=Q��!$3<8`%A(.*,#��$4�!)(�E<&$3$�"��&�4F�"#�!$#�^7�.(�!<#.=B(��"3<!$#���#�MN# @ 3$�7��I$3�4�kIP#���#�&<#�Ml#�GB3$!`3<*jI�#��6E<#�!$��!<��#��o%A(.*�#���#�M`���"����32E<#�%q=)#���(��7���q8`0b#.=Q#�GB!$/5�
&)(��7����#�&<#��54$(�*,(.�����WE<&$3�!$(�%�&<���b(�!<3$3�&)(��7����#�&)(���/�GB�7=)8<�����H8DZQ�1�"����>LE$#��7���bc
E)(��7���h�����"E$��&$(.���:&$#�M

T � a ÂI� � 4<IP#�!$C$��!<��&$(�C$3$��MI:=QX @ ����#�%�#LI�#��6E<#�!$��!<�.(
x � �<4×Âj�"#.=)>
+$§¨�"#+=Q>i���"����3Q©A4�&)(��Û0b#,G`���"����3

g0 � ÂO�"#.=Q>
+.�.ZDsR���"E$��&)(.�.�:&</E$#,GQ��#,GB(�����E:=Q#���/¥E$&<32!)(�%�&<�����i32#,0P=B(.K�GB��!<3$32&)(��7����#�&)(o&)(���!</ ��#�#.�����7�.c
��������!$!<#

Th � � �8� � 4 Tc � a �8� � 4r(kI�#�^�����3<C$3$��!<��/Å����E�=Q#�E$��&$�AGY( @ 3 α+

� J I$I�(+=£+<§¨�
·
� ©\3

α− � � I$I�(+=£+$§Ú� · � ©AZ � #�!$C$��!<��&)(.C$3$3lI:=QX @ ����#�%�#kIP#��gcE$#�!$��!<�+(��;��/10b#�GB!$/10jE$#���#�I:(+0Y4<#,GQ3$!i3:*]I�#.��#�&$/10j��#�#������7���7�b��������%7(+*���4<E$&$#.c
?;�HGQ?;���"� @ ��&$��*�0b#+=Q#,GQ!$/5Mo&)(��7����#�&D4�(m����#�&$#�M d %7(+*���4Y��/\?;�HGQ?;���r��E$#��7=)�!)(�%�&$���b(:�

x1 � �<4×Á:� x2 � �<4ÄÀ��YI�#�^�����3<C$3$��!:��/a�6(�����#�E<��&$��!$#���(�E$#iI�(.K�GB#��r�3<*I�#��"E<#�!$��!:�jG)=)8o������M'E$#�����&b0:!$#��7��3NIP#�!<�+(�I<�+(���0b#.=)#,GB!$/5�µ3'%�#�&P8 @ 3$�µ&)(��Ac����#�&$#��
α1 � �<4´�bÃ��"#.=Q> 2 +$§¨I$%�� · �,©74 α2 � �<4 � a �"#.=Q> 2 +$§ÚI$%�� · �S©A4������"E$��&)(.���:&$/��/10b#�GB!$/10�E$#���#�I�#���-.=)3<*,I<3I

T
Z

sg(�I;I:(.I�&)(�������#�&LC<3$&$I<�,=Q3$&<�����+4bE<#�# @ ��&$�AGB!<#�#S0P=B(.K�GY(.8<��>h3�!)(�%�&$���b(.8$��>$4��#�E$&<��#�-�&$(.*,#��b(.���A=Q>�����E:=)#���/a�i&)(�-�#.���k&$(.*7GB�A=Q��!<3<8'8$�.=$8$�����H8'E$&<��#�-�&)(.*,#+c
�b(.���7=Q��������#���&$�HGB#���# @ ��!$!$/5�"3oE)(�&)(.�"����&$(��"3k3��%�#mE$&$�AGQ�7=Q>�!$(.8k�"#.�;!$#��7��>#�E$&$�HGB�7=$8$�����H8���/5&)(+K���!$3$���J§ Ü Z � K ©

pmax =
2× 4

(
√
2 + 2)2

(√
400−

√
300

)2
= 4, 95

I<I:(+=
� .
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sd&$��-.�����r��Xa�"#.�;!$#��7��>O!)(�M�GQ����E$#m��#�&$�r�,=Q�j§ Ü Z ��� ©74)&)(.��� @ 3<�.(.�jE$&$�HGB�b(+c&<3<���A=Q>�!$#m#���GB�7=Q>�!$/5���7=Q(�%7(.���"/5��^7��#�%�#m��/5&)(+KL��!$3<8��

p0 = RTg0
m
∑

j=1

γj
∑

i

xij ln
xij
xi0

= 549

I$%��
1 =

549

427
= 1, 29

I$I:(9=
� ,

%ÔGB� � J Ã�I$%��ø++I$I:(9= d �"�A0P(�!$3 @ ����I$3$Mn^�I$��3$�b(+=Q��!<�i����E:=Q#���/�Z Ð 3$!$3<��(9=Q>�!$/5�!<��#�-�&)(.��3<�"/5�;*,(.��&)(.��/�&)(�-�#���/�G)=)8���3<�������"/�4�E$#�G @ 3$!<8<Xp����M$�q8k�:&$(���!$��!$3:c8<��Øh!<*S(.%���&)(<4Q#�E$&$�AGQ�7=)8<Xp���q8���/5&)(+KL��!$3$���J§ Ü Z ��� ©7�

∆p = g20

m
∑

j=1

γ2j
∑

i

x2ij
αij

= p0 +∆p =
244

427
= 0, 57

I<I:(+=
� .

sg(�I$3<��#�-�&)(.*�#��54
p = p0 +∆p = 1, 86

I$I:(9=£+ 1 < pmax

ZY«D(.��&)(+��/J&)(�-�#.��/J!$(
&$(.*7GQ�7=Q��!$3$��!<��E$&$����/\?;(�Xp�O�6(�I���3$�6(+=Q>�!<#m��#.*,�"#SKO!$/10iE$&$3iGB(�!$!$/10�IP#�^��hc
��3$C<3$��!:�.(+0k�6(.����#�E$��&$��!$#���(<Z � (�M�GQ����#�C<��!$I<�iG$=)8kE<#���#�I:(m����E:=Q#.��/�4�E$#�GB��#.c
GQ3$�"#�%�#�I����7�.(.!$#���IP��ZB[]#���#�&$�r�,=Q�O§ Ü Z � Áb©74<E$#.=)� @ 3<� q+ = 7, 75

I$I�(+=£++��Z
f @ ���n��E$��C$3<��3<I$3U#�&$%A(�!$3<*,(�C$3$32E$&$#�C<������#��'E$#�*,��#.=)8$�7�o����# @ !$3:��>N#�C$��!:cI<3l3:0 E$&$�HGB�7=Q>�!$/102��#�*,�"#SKO!$#�������MD4gI�(�I`^���#o�ÔGB�7=B(.!$#o!$3<K��LG)=)8`E$&$#�C$�����,(

&<��I<��3$��3$I:(.C$3$3DZ

^dúËÊdú ýÇ��ÿ�	 �"!���	�+Ù()	6þ6ý��	 +Ù�)������+��ªý6þ �"	6ü���!
(�ÿ�	�������%�ÿ��ý6ü���� þ�����	(��hý���(�ÿ�������kæ���°	�¿����

[]&$#�C$������/Ù&$��I<��3<��3<I:(�C$3<3 d !)(�3$-�#+=Q���&)(.��E$&<#�����&)(�!$��!$!$/5�kE$&$#�C$������/&$(.*7GQ�7=Q��!$3<8nKm3�GBI<3:0o���"������M�ZF� @ (��7��!$#�����3D4�#�!$3'3$��E$#.=)>�*���Xp���q8oG)=)8'E$#+=)�bc
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�1��#�GQ8�#�-�#.*,!)( @ ��!$3<� ε G)=$8jGB#.=Q3�#���-�#�&)(:4)3$�"�����
g
D
= εg

F
, g

B
= (1− ε)g

F
.

��� @ �7��#��������AGB��!$!$#�%�#i#�-�#�*�!)( @ ��!$3<8�4�3<��I:=QX @ 3$� q− 3<*�§ Ü Z×Â�Â�© Ú�§ Ü Z Â�Ã�©74QE$#+=)�bc@ 3$�l3<*h^���3:0O���7=Q#���3$Mi����8<*�>�*S(.��&)(.�;����E:=Q#���/���E$&$#�3<*,��#,GB�7����#��U^�!<��&$#�E$3$3����#�&$�"�
q+ =

g
F
T
B

T
B
− T

D

[

(s
F
T
D
− h

F
)− ε(s

D
T
D
− h

D
)−

−(1− ε)(s
B
T
D
− h

B
)
]

+ σ
T
B
T
D

T
B
− T

D

= q0+ + σ
T
B
T
D

T
B
− T

D

.
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[]��&$��#��5�7=B(.%7(����"#��
q0+
E$&<�AGB�7�.(��+=)8$�7�;��#�-�#�M�*S(+��&)(.��/�����E�=Q#���/�E$&$3L���7=)#���3$3D4

@ ��#�E$&$#�C$�������6(�����#�#�-��"��!)(��LI�#+=Q#�!$!$�]E$&$#�����I:(.���O#�-�&)(.��3$�"#�§ÚI�#�^�����3<C$3$��!:��6(.����#�E$��&<��!$#���(m��I�#.=)>���%�#,GB!<#m���7=)3$IQ©

q0+ =
g
F
T
B

T
B
− T

D

[

T
D
(s

F
− εs

D
− (1− ε)s

B
)− h

F
+ εh

D
+ (1− ε)h

B

]

.
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Øh!$#�*,(���3$��3<����#.=Q>�IP#�#���E)(.&)(��"����&$#����.0b#�GB!$/10�3���/10�#,GB!$/10�E$#���#�I�#��$Z)[]#,G$c
@ ��&$I$!<���54 @ ��#;�"#.=$8$&$!$/5��^�!<�+(+=Q>�E$3<3i3j^�!<��&<#�E$3$3j*S(.��3$�q8<�;#��������"E<��&)(.����&�3��#��7�.(���#�����I<��-��.4DGB���]=)��%��6(.��#�&<��4R����# @ I��m����#,GY(�E<3<�.(.!$3<8 3N#��iGY(��.=)��!$3<8�4IP#���#�&$#���E<&$3$!<8:��#j#,GB3<!)(�I�#���/5�5ZY����#�&$#����A=B(�%A(����"#����o§ Ü Z×Â K ©5��#�#��������������������
GQ3$����3$E)(.��3$��!$/5��E$#.����&P8$�V#���!$��#�-�&)(.��3$�"#��7��3�E$&$#�C<������(�&$��I<��3$��3$I:(.C$3$3DZ
�\(.Km!$/5�`3<����# @ !$3$IP#��2!$��#�-�&)(+��3$�"#��7��3j8$�+=)8$�7���q8jE$&$#�C$����������E:=)#�E$��&$�AGY(+c

@ 3jE$&$3jE$#�GB��#�GB��3O#�����#�GB�p����E:=Q#���/�Z$Ïh��#�-�/���%�#�� @ ���7��>$4<!<�PKO!<#;�"#�GB3$��3$C$3:c&<#��b(.��>L��&)(���!$��!$3$��^�!:��&$#�E<3$M$!$#�%�#O-b(+=B(.!$�,(<Z
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� |ºwB|�³Qx9yh{LxS¶�vbz·�·.xS²+u�{L|�´:�Bx9·�xY�Ax�´QxS{Lx9vbu � []&$3�*S(�E<3$��3O����&<�6#�GB3$!$(��"3:c
@ ����I$3:0`-b(+=B(�!<��#���E$#k���������7������4r^�!$��&$%�3$323l^�!<��&<#�E$3$3�§ Ü Z Â�Â�©»Ú�§ Ü Z Â�Ã�©]�kE$��&:c��/10NGB���b023<*�!<3:02��3$%7�:&<3$&<��Xp�N��#.=)>�I�#n���7=Q3 @ 3$!$/¥�.0b#�GB!$/1023U��/10b#�GB!$/10E$#���#�I�#���3 3:0N��#����+(���/]4F*,!)( @ ��!$3$�j3$!:����!<��3$��!$#�M2E<��&$���"��!$!$#�M2����# @ IP�O����#.cGY(O&$#.=)3o!$��3$%�&)(.���9Z���-b(9=B(�!$���;E<#i^�!<��&<#�E$3$3'^���#i!$���+(�ID�YE$#���#�Io^�!<��&$#�E$3<3D4
����8:*S(�!<!$/5Mn������E:=)#���/5��E$#.��#�IP#��54�*S(���3<��3<��#��i�����"E<��&)(.����&$/_�j��# @ I:(+0o��%�#����#�GY(3 ��/5��#�GY(<ZgØ�GB!)(.I�#��k&b8�GB�m�7=)� @ (����o^7�.(�����"E<��&)(.����&)(o!$�m*,(9GY(�!$(<4R(�,(��6(N#�E$&$�HGB�7=$8$�����H8������"E$��&)(.���:&$#�M���# ��!:����&$��!<!$��M���# @ IP�k��3$�7�����"/Æ3�E$#.c��#�IP#�������E:=)#���/]Z � (.E$&$3$�"��&D4r�kI�#.=)#�!$!$�j&$��I:��3$��3$I�(�C$3$32*S(9GB(�!$!$/5M2��#����+(��
I<��-�#���#�%�#nE<&$#,G)�:I:�.(n#�E$&$�HGB�7=$8$���N�����"E$��&)(.���:&<�U�'I<��-���46(k����E�=Q#���#�MWE$#���#�I
E$#,GQ��#,GQ3<���q8O��I<��- @ ��&$�7*p����E�=Q#�#�-��6��!$!$3<ID4bG)=$8mIP#���#�&<#�%�#�3<*������7����!jIP#�^�����3:cC$3$��!<�m����E:=Q#�E$&$#���#�GB!$#�����3DZ
Øh-�#�*�!)( @ 3$�J��3<I���3<&$#��b(�!<!<��X¥�����"E$��&)(.���:&<� ��!<�P��&<3l��3$�7�����6/ @ ��&$�7* Ti 4���7=)3 @ 3$!<�iE$#���#�I�(�����E:=Q#���/ @ ��&$�7* q 4<�����"E$��&)(.���:&<������# @ I�������#�GY( @ ��&<��* Te Z¬ �,GB����E$&$�AGQE$#.=B(.%7(.��>$4 @ ��#m*S(���3$��3$�"#�����> q(Ti, Te) 3<*������7��!)(:ZD[]&$#�3:*,��#�GB������#^�!<��&$#�E$3<3�!)(�� @ (��7��IP��#.� Te GB# Ti &$(���!$#

σ(Ti, Te) = q(Ti, Te)

(

1

Ti
−

1

Te

)

.

sr(�I<3$��#�-�&)(.*�#��54S�"/`�"#SKL���E$��&$��!$���7�b3���# @ I<������#�GY(5����E:=Q#���#�%�#�E<#���#�I�(�� Ti 4GB#�-b(.��3$����^�!<��&$#�E$3$M<!$/dM-b(+=B(.!$�]�A=B(�%A(����"#��
σ(Ti, Te)

Z$[]&$3�^���#��W��!$��?�!$X�X
�����"E$��&)(+����&<��"#SKO!$#L��/5&$(.*,3:��> @ ��&$��* q 3 Ti 3<*����7=Q#���3<8 q(Ti, Te) = q

4$�+(�I
@ ��#iE$&$#�3<*���#�GB������#�^�!<��&$#�E$3<3D4YGB#�-�(��.=Q��!$!$#��;Io^�!<��&$#�E$3$M$!$#��"�k-b(+=B(�!<����E$&<3
Â.3<*��"��!$��!$3$3�Ãm��# @ I<3�����#,GB(<4$-���GB���m�]�:!<I$C$3$��M�#�� q 3 Ti Zsg(�I�I�(�I�E$&$#�3<*,��#,GB�7����#h^�!<��&<#�E$3$3�*S(p� @ ��������E:=Q#�E<��&$��!$#���(h�"#�!$#.��#�!$!<#p*S(+c��3$��3<�L#�������E�=Q#���#�%�#LE$#.��#�I�(<4:��#�!$3<K����"/�E$��&<��#�!)( @ (+=Q>�!$#�!)(.M�GB���2���A=Q#���3<8G)=)8��6(.����#�E$��&<��!$#���(2�`I�#+=Q#�!$!$�.41I�#���#�&$/5�o�"3$!$3$�"3:*,3$&<��Xp�UE$#���#�I$3�����E:=Q#+c
��/]4�3k�PK���G)=$8o^7��3:0k�"3$!$3$�6(+=)>�!$/10kE$#���#�I�#��i#�C<��!$3$����!$3<*���E$&$#�3<*,��#�GB�7����#
^�!<��&$#�E$3<3�E$&$3E<#,GB��#,GB�]����E:=)#���/J�LI<��-m3���/5��#,GQ������3<*]GQ���h=Q��%��6(.��#�&)(<Z
[]&$3lGB#�E:������!$3<3�#n-.=Q3<*�#�����3�&)(��7����#�&$#��NIV3PGB�,(9=Q>�!$/5�T�"#.=)8$&<!$/5�^�!:c

�.(9=Q>�E$3<8�3�^�!:��&$#�E<3<8�E<&$3$�r�P�O��#�&$�r�

h(T, P, x) =
2
∑

j=1

xjhj(T, P ),
§ Ü Z Ü �b©

s(T, P, x) =
2
∑

j=1

xj(S
0
j (T, P )−R lnxj),

§ Ü Z Ü À9©
G)=)8L#�E$&$�HGB�7=Q��!$!$#��7�b3

j = 1
��#�#����������7�b��������=)��%�IP#.=Q�7��� @ ���r��4�( j = 2 d ��/5��#.cI�#�I<3$E<8<�����r�oIP#��"E$#�!$��!<�+(��5Z�[]&$3$&<#�����/a^���3:0'���7=)3 @ 3$!n�;3<*,�"��!$��!$3<���������gc
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E<��&)(+����&$/J#�E<&$�AGB�A=)8$X����H8 @ ��&$�7*�����E�=Q#����"IP#�����3�������������� Cpj

I�(�I

∆hj = hj(T2, P )− hj(T1, P ) =

T2
∫

T1

Cpj(T )dT,
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∆s0j = s0j(T2, P )− s
0
j(T1, P ) =

T2
∫

T1

Cpj(T )

T
dT.
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�'GY(+=)>�!$��M:?;���549G)=)8;E<&$#�����#���/W-��,GB���'3$��E<#.=Q>�*�#��b(.��>]^�������I<��3$��!$/5�5����E:c
=)#����"IP#�����3D4BE$&$�HGBE$#.=Q(�%A(.83:0�!<��*S(���3$�q8<�;3$�"3#��

T
ZQ[]&$3�^���#��

C+
pj

3
C−pj

d^�������I<��3$��!$/5�6����E:=Q#����"I�#��7�b3��d3<!<����&$�b(+=B(90������"E$��&)(.���:&
(T

F
, T

B
)
3
(T

D
, T

F
)G$=)8U��I$&$��E:=)8$X��;��M�3W3<� @ ��&$E$/5�b(.Xp�;��M�����I<C$3$M�IP#.=Q#�!<!$/]Z�� ^7��#��T�A=)� @ (��

∆hj
E$&$#�E$#�&$C$3<#�!)(+=Q>�!)(�&)(.*�!$#��7��3�����"E<��&)(+����&D4�(

∆s0j
Úm=Q#�%A(�&$3$���r��3:0�#��.c

!<#�?;��!$3<8DZ
�U� @ �7��#��µ§ Ü Z Ü �b©74Q§ Ü Z Ü À9©g3O�������AGB��!$3$��� C+

p

3
C−p
��/5&)(.K���!<3$�;§ Ü Z×Â K ©FG)=$8

*,(.��&)(.�;����E:=Q#���/µ�"#9K��7�;-�/\��>�E<��&$��E$3$��(�!$#�§¨��/5I:=Q(9GBI$3j#�E<����I:(�����©�����#�&$�"�

q+ =
prTB

T
B
− T

D

,
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%ÔGB�
pr d �"#.�;!$#��7��>$4�*S(+��&)( @ 3$�b(.���6(.8�!)(]&)(.*AGB�7=)��!$3$�.4�§ÚE$#���#�I�&)(�-�#���/V&$(.*7GB�Ac=)��!$3<8)©74YI�#.��#�&)(+8k��I:=Q(9GB/5�b(.�����q8'3<*���&<�70k��#��7�.(.�.=)8<Xp�;3�0

(pr = p0 + ∆p0 +
pσ)
�
d #�-�&$(.��3$�"#�M��"#��;!$#�����3�&)(.*AGB�A=Q��!$3:8��L3<*�#�����&$�"3 @ ����IP#���E$&$#�C$��������E$&$3

T = T
D

p0 = g
F
RT

D

2
∑

j=1

[

εxjD lnxjD + (1− ε)xjB ln xjB − xjF lnxjF
]

;
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d �7=Q(�%7(.���"#�%�#$4P� @ 3<��/5��(�Xp�;��%�#;3<*,�"��!$��!$3<�������"E$��&)(+����&$/µE$#���/5��#�����I�#+c=)#�!$!$/]4
∆p0 = g

F

2
∑

j=1

[

(1− ε)xjBC
+
pj

(

T
B
− T

F
− T

D
ln
T
B

T
F

)

−

−εxjDC
−
pj

(

T
F
− T

D
− T

D
ln
T
F

T
D

)]

;
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d �7=B(.%7(.���"#�%�#$4<� @ 3:��/5�b(�X��;��%�#�!$��#�-�&)(+��3$�"#��7��>LE$&$#�C$������(L�6(.����#�E$��&<��!$#.c��(<4
pσ = σ(g

F
)T

D
.
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p0
3
∆p0

*S(���3<�H8:�j��#+=Q>�I�#j#��j����#�M$�7���$4Y��#����+(���#��j3�*,(���3$�q8<��3:0k#��j!$3�0�����gc
E$��&$(.����&`E$#���#�I�#���!$(��.0b#�GB��3N��/10b#,GQ�m3NE$&$#�E<#�&$C$3$#�!)(+=Q>�!</

g
F

4�(
pσ d #��#�&$%A(�!$3<*,(�C$3<3iE$&$#�C$������(;��I�#.=)#�!$!$�.4:I�#�^�����3$C$3$��!<��#���3j3<!<����!$��3$��!<#�����3�E$&$#.c

C$������#��O�6(�����#�#�-��"��!)(:Z�Øh!$#$4QI�(�I�E$&)(.��3:=Q#<4BE$&<#�E$#�&$C<3$#�!)(9=Q>�!$#OI$��(9GB&)(+����E$#.c
��#�I�(���/5&$>�8

g
F

Z
Øh-�&)(+��3$�"/5M � [p�-�3$!)(�&<!$#�M2&$��I<��3<��3<I:(�C<3$3D46E$#�!$3$�6(����"/5MUI:(�Il#���!$#+c

?;��!$3$��E$&$#�3<*,��#�GB3<���7=Q>�!$#�����3nI�#+=Q#�!$!$/
g
F

Ik*,(.��&)(+�.(.�µ����E:=)#���/
q+
4Y�"#SKL�7�

-�/\��>L=Q��%�I�#m!)(�M�GB��!�3<*���#�#���!$#�?;��!$3$M2§ Ü Z Ü � ©»Ú�§ Ü Z Ü�Ü ©74<�mIP#���#�&$/10
pσ
E$&<3$&)(��.c

!$3$�b(.Xp�hI;!<�S=QX�ZbØh!�*S(���3$��3<�h��#.=Q>�IP#h#��hE)(�&)(.�"����&<#��]��!$��?�!$3:0;E$#���#�I�#��h3;!$�
3<*,�"��!<8$�7���H8O�dE$&$#�3<*���#�GB3<���A=Q>�!$#����b>�X�Z���#.=)8�#.��-�#�&$(

ε
*,(���3$��3<��#�����#��7�.(.��#��$�

ε =
x
F
− x

B

x
D
− x

B

.
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n ?<@�783�="?Zê�)29�?ZåÇ="6�149�6�78;5)4A�?ZíI¬ 5:ê�5:9�3�åÇ3¸="3�9�3�="?Zê*)29�625
p�A�623�í:s26c¬78;<s26 ô:9�;<A�62p�3�3Çsu@�6DêB629�9�5yA�5:@�;<3�õ
3�@�?<r�3�3
Çg(������"#���&$3$�����.8<*,>O�"#.�;!$#��7��3k&)(.*7GQ�7=Q��!$3<8k��!)(�%�&:��*�I�#�MkI�#+=Q#�!$!$/¦3���#.c

���+(��b(.�63W��!<��?;!<3:0WE$#���#�I�#��$Zg��=)8`GB�.�P0U��#����+(��+=)8$X��;3:0
pr
46('3$�"��!<!$#oG)=)8

p0
3
∆p0
4"�+(�I:(.8W���.8<*,>N#�E$&$�HGB�A=Q��!)( &)(.����!$�7���b(.�"3�§ Ü Z Ü Â�©74�§ Ü Z Ü�Ü ©AZ � ��#�-�&$(+c

��3$�"/5�o*,(.��&)(.��/ª�"#��;!$#�����3
pσ
*,(���3$�q8<�2#.�2E$&<#�3<*,��#,GB�7���b(l^�!:��&$#�E<3$3D4 @ ���#�!$#��"��!$>�?���E$&$3*,(9GY(�!<!$#�ME$&$#�3<*���#,GQ3<���A=Q>�!$#����b3

g
F

E$#m��/5&<>�X�4Q�������"��!$>.c
?;��E$#.��&$��-.=)8$���6(.8�"#��;!$#�����>$4Y(�*�!)( @ 3<�94B3��"#�!$#.��#�!$!<#m��!<��M����8<*,(�!$!$/5��!)(&)(�-�# @ ���e� @ (.����I��*,(.��&$(.��/Ö����E:=Q#.��/ q+

Z6[�#�^���#��r�2!)(�M�GB���a�+(�IP#���&)(���E$&$�7c
GB�7=)��!$3$�oE<#���#�I:( ��(.����#�E$��&<��!$#���(lE$# ��/5��#����oIP#.=Q#�!<!$/]46G)=$8�I�#���#�&$#�%�#lE$&<3
*S(9GB(�!$!$#�MoE<&$#�3<*���#,GQ3<���A=Q>�!$#����b3n3k��#��7�.(.�b(+0kE$#���#�I�#��jE$&$#�3:*,��#�GB������#�^�!<��&$#+c
E$3$3

σ
#�I�(.*S(+=)#���>�-�/��"3<!$3$�6(+=Q>�!$/5�5Z

sg(�IjI:(.Ii3$!<����!$��3$��!$#�����>��6(�����#�E$��&$��!$#���(L�;I:(.K�GB#��l��� @ ��!$3$3i*S(���3<��3<�L#��&)(�-�# @ ��M�3�&)(���!$#�������!$#�M�I�#�!<C$��!<��&)(�C$3$3�49��#��dI�( @ ����������3$��I�#��"#�M�-��,GB���#�E$&$�AcGB�7=$8<��>�&)(���E$&$�AGQ�7=Q��!$3$�1I�#�!$C<��!<��&)(�C$3$M;E$#���/5��#����1I�#.=)#�!$!$/]4+IP#���#�&$#����p����#�X
# @ ��&$�AGB>L*S(���3$��3<�m#�����#�&$�"/�&)(�-�# @ ��Mi=Q3<!$3$3 y(x) Z¬ ��GB���n3$��E$#+=Q>�*�#��b(.��>�G)=)8�I�#�!$C$��!<��&)(.C$3$3L=Q��%�IP#.=Q�7��� @ ��%�#��hKm3�GBI�#�����!$#��3E)(�&<#���#��WE$#���#�I:(90���&)(9GB3<C$3$#�!$!</5�;#�-�#�*,!$( @ ��!$3<8 x 3 y §¨�"#.=)8<&$!$/5�hGB#.=Q3)©74��#�%ÔGY(]I�#�!$C$��!:��&)(�C<3$3m��/5��#�I�#�I$3$E<8<����%�#�IP#��"E$#�!<��!<�+(�&)(.��!$/

(1−x)
3
(1−y)��#�#.�����7����������!$!$#<Z$����3<K��P��(.8���3:=Q(��6(�����#�E$��&$��!$#��,(�#�E$&$�HGB�7=)8<�����q8�&)(.*7=Q3 @ 3:c����&)(�-�# @ ��MI�#�!$C<��!<��&)(�C$3$3 y 3�&$(���!$#�������!<#�M y0(x) ZY[]#��7=Q�HGB!<8<8�3$�"�����j��3�G

y0(x) =
αx

1 + (α− 1)x
,
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%ÔGB�
α > 1 d IP#�^�����3$C$3<��!<�O#.��!$#���3<���7=Q>�!$#�M�=Q�7��� @ ������3DZ�;(.K���N��#��_�7=)� @ (.��41IP#�%ÔGY(N����E:=)#�����E<#,GB��#,GQ8:�`3�#�����#�GQ8<�`E$# ��/5��#����IP#.=Q#�!$!$/]4:&)(��Û0b#,G�E)(�&)(

V
B

3<*hI<��-b(�&)(.����!j&)(��Û0b#�GQ�OE)(.&)(
V
D

4�I�#�!PGB��!$��3$&<��X�c
����%�#��q8���GB���h=Q��%��6(.��#�&$��ZB�1�.8<*S(.!$#�^���#L�h�����54 @ ��#L����3:=)�j^�I$��3$�"#+=)8$&$!<#�����3�6(.����#�E$��&<��!$#���(���I:(.K�GB#�M @ (.����3iI�#+=Q#�!$!</�&)(.*�!$#�����>L�"�7K�GQ�m&)(��Û0b#�GY(��"3iE$(+c&$(i3oKO3�GQI�#��7��3nE$#��7��#S8$!$!)(�3'&)(.��!)(i�i����&�0:!$��M @ (�����3 g

D

4�(i��!<3<KO!<��M
g
B

Z
sg(�I @ ��#

V
B
= V

D
− g

D
+ g

F
− g

B
.

�����"�6(UE<#��7=Q�HGB!$3:0���&$�A0��7=Q(�%7(.���"/10��2E$&)(���#�M @ (�����3�^7��#�%�#V&)(.����!<������(W���3:=)�e§ Ü Z×Â�Â�©O&)(���!$(U!<�,=QX�4�3
V
B

= V
D

= V
Zd�1���AG)8��"#.=)8<&$!<��X®����E:=)#����

E$(�&$#�#�-�&)(.*�#��b(�!<3<8��dI:�:-��
β
B

4,�"#SKO!$#\*,(�E$3$��(.��>�&)(��Û0b#,G;E)(�&$(dI�(�I
V = q+/βB

Z
� #�!$C$��!<��&$(�C$3$3O3$�Û0b#,GB!$#�MO���"����3O3�E$&$#�GQ��I<��#���&)(.*7GQ�7=Q��!$3<8m*S(SGY(�!$/]4b*�!)(+c

@ 3<�o#�E$&<�AGB�A=Q��!)(k3`��&<�AGB!<8:8l3$!:����!<��3$��!$#��7�b>'�6(.����#�E$��&<��!$#���(oI�(�I`�]��!$I$C$3<8
g
F

Z+�;��M$�7����3<���7=Q>�!$#$4�#�-.�;3$M�E$#���#�IL=Q��%�I�#.=)����� @ ��%�#�IP#��"E$#�!<��!<�+( g 4bE$��&$��?��AG)c?���%�#m3<*�Km3�GBIP#��7��3�LE)(.&�E$#L������M���/5��#�����I�#.=)#�!$!$/]4)&$(�����!�&)(.*,!<#�����3��"�7K�c
G)�OE$#���#�I�#��`=Q��%�I�#+=Q����� @ ��%�#�I�#��"E<#�!$��!:�.(��;E)(�&$�.4<3$��E)(.&$��!<!$#��W�;I<��-��.4 V x

B

4
32E$#.��#�IP#���=Q��%�IP#.=Q���.� @ ��%�#N�'E)(�&$�.4"IP#�!�GB��!$��3$&<��Xp�;���"�H8W��GB���h=Q��%��6(.��#�&<��4
V x

D

Z$sr(�I @ ��#

g =

H
∫

0

g(y, y0)dl = V (x
D
− x

B
) =

q+
β
B

(x
D
− x

B
).
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x0(y)

4g&$(���!$#�������!<#�M2E)(.&<� ��#��7�.(.�b(
y
4R3:=Q3 @ �Ac&<��*�&)(.*�=)3 @ 3$���"��K�GQ�I�#�!$C<��!<��&)(�C$3<��M'=Q��%�IP#.=Q�7��� @ ��%�# y �iE$(�&$#���#�Mo��(.*��;3IP#�!$C<��!<��&)(�C$3$��M

y0(x)
&)(.��!$#�������!<#�MkKm3�GBIP#�����3'��#����+(���(

x
Z�¯T��#��i3GQ&<��%�#�M

��E$#���#�-;^�I$��3$��(+=Q��!:��!$/µ����3PGQ��#,GB!$#.*,!)( @ !$#�MO*,(���3$��3$�"#��7��3��"�7KLG)�m&$(�-�# @ 3$�"33i&)(���!$#�������!$/5�"3�I�#�!<C$��!<��&)(�C$3:8$�"3DZ � 3<K��h�"/µE$#.=)>�*������"�H8�����#�&$/5�WE$#�G)0b#.c
GQ#��5Z
� (�M�GB�����.(�I:�:XÆ��#�&$�r�l&$(�-�# @ ��Ml=Q3$!<3$3 y(x) 4RG)=$8UIP#���#�&<#�MWE<&$#�3<*���#,G$c�7����#2^�!<��&$#�E$3$3

σ
�"3$!$3$�6(9=Q>�!$#lE$&$3����A=Q#���3$3e§ Ü Z ÃI��©7Z1�ÖI:(.K�GB#������ @ ��!<3$3E<&$#�3<*���#,GQ������#�^�!<��&$#�E<3$3`&)(.��!$#�#���!<#�?;��!$3$XÅE$&$#�3<*����HGB��!$3:8`E<#���#�I�(��6(�����#.c

E<��&$��!$#���(�!)(�GB��3<K��P����X���3:=)�iI������"E$��&)(.���:&$���;GB(�!$!$#��W��� @ ��!<3$3DZ<�;��3<Km�bc����Ml��3:=)#�Ml�6(�����#�E$��&$��!<#��,(k8<�.=)8<�����q8l&)(.*�!$#��7��>k0:3$�"3 @ ����I$3:02E<#�����!$C$3)(9=Q#��G$=)8�&)(�-�# @ ��M�3�&)(.��!$#�������!<#�MIP#�!$C$��!<��&$(�C$3$3���E)(.&$#���#�M���(.*,�.ZB«D(9GY( @ (�E$&$3:c�"�7�m��#�&$�r�
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σ =

H
∫

0

1

T (l)
{g1(y, y

0)[µ1(T, y
0)− µ1(T, y)]+

+g2(1− y, 1− y
0)[µ2(T, 1− y)− µ2(T, 1− y

0)]} dl,
§ Ü Z×Ã:À9©

%ÛGQ�
gi
3
µi d E$#���#�I$3�6(�����#�#�-��"��!)(L3i0:3$�"3 @ ����I<3$��E$#.����!<C$3)(+=Q/¦I�#��"E$#�!$��!:c��#��<Z � (.KLGQ/5M�3<*]0:3$�"3 @ ����I$3�0�E<#�����!$C$3)(+=)#��m&)(�����!

µi(T, p, xi) = µi0(p, T ) +RT ln xi, i = 1, 2,
§ Ü Z×Ã J ©

%ÛGQ�
R d �:!<3$����&$�,(+=)>�!)(.8N%A(.*,#��b(.8nE<#�����#98<!$!)(.8�ZFÇg(.*�!$#��7��3n0<3<�"3 @ ����I$3:0NE$#.c����!$C$3)(+=)#��m3$�"��X��O��3PG

µ1(T, y
0)− µ1(T, y) = RT ln

y0

y
,

µ2(T, 1− y)− µ2(T, 1− y
0) = RT ln

1− y

1− y03���/5&)(.K���!$3$�m§ Ü Z×Ã:À9©�E$��&<��E$3<?�����I�(�I

σ = R

H
∫

0

g(y, y0) ln
y0(1− y)

y(1− y0)
dl.
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«QGB����>L� @ ����!<#m���7=)#���3$��^�I$��3$�"#.=$8$&$!$#�����3�6(�����#�#�-��"��!)(

g(y, y0) = −g(1− y, 1− y0).

[]#���#�I;&)(.*AGB�7=)8<���"#�M����"����3
g
F

E<#,GY(.�����q8�E$&$3������"E$��&)(.���:&$�5I$3$E$��!$3<8��p��#
��� @ ��!$3<��I�#+=Q#�!$!$/]4Y��#����+(��j�]=)��%��"/��OI�#���#�&$#���#�GB3$!)(�IP#��O����#��7�+(���#���^���#�%�#E$#���#�I:(<4\E$#�^���#��r��E$&$#�3:*,��#�GB������#U^�!<��&$#�E$3$3µ*,(l� @ �7�W���"�7?;��!<3<8��2��� @ ��!$3$3
l
F

&)(���!<#l!<�,=QX�Z\sg(�I$3$�_#�-�&$(.*,#��54�E$&<#�3<*,��#,GB�7����#2^�!:��&$#�E<3$3µ#�E$&$�HGB�7=$8$�����H8
��#�&$�"#�Mµ&)(���!$#�������!$#�M�3�&)(�-�# @ ��M�=Q3<!$3$M�3�!$�'*S(���3$��3<�V#��U�����"E$��&$(.���:&$/
T (l)
Z
� #�!$C<��!<��&)(�C$3<8

x
=Q��%�I�#.=)����� @ ��%�#�I�#��"E$#�!$��!<�+(��]E)(�&<�5�"#�!$#���#�!$!$#]&)(��7�����E$#���/5��#����jI�#.=)#�!$!$/]4g(
y0(x)

4F������#�XÅ# @ ��&$�HGB>$4R�"#�!$#���#�!$!$#�*,(���3$��3<�o#�� x Z[]#�^���#��r�k�"#9Km!$#jE$&$#������7��3'*S(��"��!<�kE$��&<���"��!<!$#�MD4�E$&$3<!<8$���iI�( @ ���������L!$��*,(+c��3$��3$�"#�M�E$��&$���"��!$!<#�M
y0
Z)[]&$3:0b#,GQ3$�VI�*S(9GB( @ �

σ = R

y0(H)
∫

y0(0)

g(y, y0) ln
y0(1− y)

y(1− y0)
dy0 → min

y(y0)
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E<&$3����A=Q#���3$3

g =

y0(H)
∫

y0(0)

g(y, y0)dy0 =
q+(xD

− x
B
)

β
B

.
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��=)8�-�#.=)>�?;3$!<������(V&$�,(9=Q>�!$/10µ*S(�IP#�!$#��V�6(�����#�E$��&$��!$#���(V*,(9GY( @ (¦§ Ü Z×Ã � ©74§ Ü Z×Ã�Â�©5��/5E:�:I�=B(j��!$3<*�E$#
y
4B3�����&<��?;��!$3$�;��#�#.�����7�������������i���7=Q#���3$Xa�7�.(�C<3$#.c

!$(�&$!$#�����3�]�:!<I$C$3$3�Î�(�%�&$(�!<KL(

L = g(y, y0)

(

ln
y0(1− y)

y(1− y0)
− γ∗

)

,

%ÔGB�
γ∗ = const d �"!$#SKO3:���7=)>kÎ�(.%�&)(�!:K�(:4FI�#���#�&$/5M2�.0b#�GB3<�o�o#�E<��3$�6(9=Q>.c!:�:XV*,(���3$��3$�"#��7��>

y(y0, γ∗) d z)²+|Ôuh���b³Dmc�nwPuI`+xS¶Rmc�¦�Bz)³)zD�54.3;#�E$&$�HGB�7=)8<�����q8
!$(�%�&:��*�I�#�MI�#+=Q#�!$!$/

g
F

Z
«D(�E$3:?;�������7=Q#���3$�6�"3$!$3$�6(9=Q>�!$#�MhGB3<����3<E)(�C$3$3��6(.����#�E$��&<��!$#���(��5I�#.=)#�!$!$�

-�3$!)(�&<!$#�M�&$��I:��3$��3$I�(�C$3$3l§Ú���A=Q#���3<�����+(�C$3$#�!)(�&$!$#�����3�E$#
y
�]�:!<I$C$3$3

L
©

ln
y0(1− y)

y(1− y0)
−

g(y, y0)

∂g/∂y(1− y)y
= γ∗.
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½)³)³Qx�·HC�wPu�Á¦|7³)zQ|É �y�{Lx7½2¯L|�|;·Ñ�B|�·�x_�'¶:u�y�{�zjwbu�·�|7³Qy�{L·+u'§ Ü Z×Ã Ü ©7ZQ[]#�����#����r�
��3<*�3 @ ����IP#��r����"/5�A=)�^7��#O��/5&$(.K���!$3<��E$&$�HGB�7�.(��+=)8$�7�i��#�-�#�ME$&$#�3:*,��#�GB������#^�!<��&<#�E$3$3�4D#���!$������!$!$#���IkE$#���#�I<���6(�����#�E<��&$��!$#���(i�O��#���3:=Q3k3$!$#������ @ ��!<3$3IP#.=Q#�!$!$/_§Ú��GB�7=)>�!$#���E$&<#�3<*,��#,GB�7����#m^�!<��&$#�E$3$3Q©AZ
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g(y, y0) = k(y0 − y)
§ Ü Z Ã�Ã�©

���7=Q#���3$�O§ Ü Z×Ã Ü ©�E$&$3$�"�7�O��#�&$�r�j&)(�����!$�����b(

ln
y0(1− y)

y(1− y0)
+

y0 − y

y(1− y)
= γ∗.
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y
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C$3$#�!$(+=Q��!mGB��3:Km�P�;��M���3:=Q�.4<�9ZÒ��Z<&)(.*�!$#��7��3j0<3<�"3 @ ����I$3:0�E<#�����!$C$3)(9=Q#��$4<��#�#��+c�������������:Xp�;3:0&)(�-�# @ ��M3�&$(���!$#�������!$#�M�I�#�!<C$��!<��&)(�C$3:8$�5Z
g(y, y0) = k ln

y0(1− y)

y(1− y0)
.

§ Ü Z Ã.Áb©
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y0(1− y)

y(1− y0)
= 1�2 354Y6 = exp

(γ∗

2

)

= γ, g(y, y0) = k ln γ,
§ Ü Z K ��©

#���I:�,GY(
y(y0) =

y0

γ − (γ − 1)y0
.

§ Ü Z K À9©
��=)8;*S(.��3$��3$�"#�����3

y0(x)
�]��#�&<�"��§ Ü Z Ü Áb©FE$#.=$� @ 3$�N�1��# @ !$#��7��>�XVGB#]IP#�!$�7�.(.!:c��/

γ
�:&$(���!$��!$3$�j3�GB�,(9=Q>�!$#�Ml&)(�-�# @ ��MN=Q3<!$3$3l�kIP#.=Q#�!$!$�j-�3$!)(�&<!$#�M`&$��I:��3:c��3$I:(�C<3$3

y(x) =
αx

γ + (α− γ)x
.

§ Ü Z K8J ©
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y(x) > x
4$��#�G)=)8�E)(�&)(��"�7��&)(

γ
��E$&)(����AG)=)3$��#m!$��&)(�����!$�7����#

1 < γ < α.
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q+
Zbsg(�ID4.G$=)8�*,(���3$��3$�"#�����3'§ Ü Z K À9©

3$�"�����
g =

y0(H)
∫

y0(0)

g(y(y0), y0)dy0 = k[y0(H)− y0(0)] ln γ.
§ Ü Z K � ©
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§ Ü Z×Ã K ©5G$=)8n&<�,(+=Q>�!$#�MnIP#.=Q#�!$!$/e�LI:����# @ !<#.cÈ=Q3<!$��M$!<#�MN��#�&$�"#�M'&)(.-�# @ ��Mo=Q3�c!$3$3�3jG)=)8�IP#.=Q#�!<!$/���3�GB��(+=Q>�!<#�M&)(.-�# @ ��Mi=Q3$!$3$��MDZ�1���AGB���N^�������I<��3<��!$/5MmIP#�^�����3$C$3<��!<�

K
�6(�����#�E$��&$��!$#���(<4b#���!$������!$!$/5MmI

�AGB3<!$3$C$����/5��#���/�IP#.=Q#�!<!$/T4)�.(.I�#�M @ ��# k[y0(H)− y0(0)] = KH
ZB[]#.=)� @ 3$�G)=)8�#�E$&$�AGQ�7=Q��!$3<8

γ
���A=Q#���3<�

KH ln γ =
q+(xD

− x
B
)

β
B

.
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σgmin = RKH(y0(H)− y0(0))(ln γ)2 = R
q2+(xD

− x
B
)2

β2
B
KH

.
§ Ü Z K�Ü ©

��3$����3<E)(.��3<��!$/5��E$#.����&<3n�"#���!$#��7��3n&)(.*AGB�A=Q��!$3:8D4���#�#����������������:X���3$�L�"3$!$3:c
�6(9=Q>�!$#�MjGB3$����3$E$(�C$3$3

p∗σ = T
D
σgmin.

§ Ü Z K Ã�©
sr(.I$3$��#�-�&)(.*,#��54)G)=$8o#�E$&$�AGQ�7=Q��!$3<8'���.8<*,3kE$&$#�3<*���#�GB3<���A=Q>�!$#����b3'I�#.=Q#�!:c

!</����"3$!$3$�6(9=Q>�!$/5�"3�*,(.��&)(+�.(��"3�����E:=Q#���/¦E$#.=)� @ (.���W�:&$(���!$��!$3$�

pr(q+, gF ) = p0(g
F
) + ∆p0(g

F
) + p∗σ(q+) = q+

T
B
− T

D

T
B

.
§ Ü Z K8K ©

�n^7��#����:&$(���!$��!$3$3
p0(q+, gF )

4
∆p0(q+, gF )

3
p∗σ(q+)

#�E<&$�AGB�A=Q��!</2&)(�����!$�����b(+c
�"3�§ Ü Z Ü Â�©745§ Ü Z Ü�Ü ©�3�§ Ü Z K Ã�©74g�'IP#���#�&$/10

ε
3<�"�����n��3�GJ§ÍÁ<Z�À_� Ü ©AZr[]#.=)� @ ��!$!)(.8*,(���3<��3$�"#��7��>�� @ 3<��/5��(�����!$��#�-�&)(.��3<�"#�����>�E$&$#�C$����� � �6(�����#�E$��&$��!<#��,(:4���E$&$�HG)cE<#.=Q#SKL��!$3$3D4 @ ��#UE$#��A=Q�AGB!<3$M�#�&<%7(�!<3<*,#��b(�!µ!)(�3:=)� @ ?�3$�Ö#�-�&$(.*,#��Å�o��# @ I$3*�&$��!$3<8�"3$!$3<�"3<*S(�C<3$3�!$��#�-�&$(.��3$�"/10�E$#�����&$><Z

Ø�GB!$3$�J3:*j��E$#���#�-�#���E$#.=)� @ ��!$3<8l!:��Km!$#�M ��#�&$�"/_&$(�-�# @ ��MN=)3$!$3$3 y(x)8<�.=)8<�����q8�&$(���E$&<�AGB�A=Q��!$3$�kE$#���#�I�#��N����E:=Q#.��/ÆE$#N��/5��#����kIP#.=Q#�!<!$/]Z\Ñ;#�&<�6(
3PGB�,(9=Q>�!$#�M�&)(�-�# @ ��Mj=Q3$!$3<3�I�#�������!<!$#L��I:(.*�/5�b(��7�m!)(;��#<4)I�I:(.I�#�M�#�&<%7(.!$3<*S(9cC<3$3kE$&<#�C$�����,(O�7=Q�HGQ�������7��&$���"3<��>��H8�4�E$#�GB��#,G)8�3�#�����#,GQ8����E:=)#�����3<*;E<&$#��"�7c
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«D(���3$��3$�"#�����>
q∗+(gF )

�"#SK�����-�/\��>�*S(.E$3$��(�!)(��L��#�&$�"�
−Aq2+ +Bq+ = Cg∗

F
,

§ Ü Z K Áb©
%ÛGQ�

A = T
D
R
(x

D
− x

B
)2

β2
B
KH

, B =
T
B
− T

D

T
B

,
§ Ü Z×ÁI�b©

C =
2
∑

j=1

{

εxjD

[

RT
D
lnxjD − C

−
pj(TF

− T
D
− T

D
ln
T
F

T
D

)

]

+

+(1− ε)xjB

[

RT
D
lnxjB − C

+
pj(TB

− T
F
− T

D
ln
T
B

T
F

)

]

− xjF lnxjF

}

.
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q∗+ =
B

2A
,
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F

=
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.
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«D(���3<��3$�"#��7��>
g∗
F
= F (q+)

#�E$&$�HGB�A=)8$�7��#�-.=B(.����>�&$�,(9=Q3<*������"#�����3 -�3$!$(�&:c
!<#�Mo&$��I<��3<��3<I:(�C$3<3D4�I�#.��#�&$(.8o!)(+0�#,GB3<���H8'!<3<K��;^7��#�M�=Q3$!$3$3�Z��13PGN^���#�M'#�-.c
=Q(�����3LE<#�I:(.*,(�!;!)(�&<3$��Z Ü Z×Á:Z+sr(��k!)(.!$������!)(hE$&b8$�6(.8�4.��#�#����������������:Xp��(.8;*S(.��3:c
��3$�"#��7��3`�"��K�GQ�nE<&$#�3<*���#,GQ3<���A=Q>�!$#��7�b>�X¥3N*S(+��&)(+�.(��"3 ����E:=Q#���/ �I�#.=Q#�!$!$�
��#���IP#.=Q>���%�#�GB!$#�-�#.=Q>�?�3$� I�#�^�����3<C$3$��!:��#��l�6(�����#�E<��&$��!$#���(i§ðÂ+#�-�&)(.��3$�"#�M�Ã
IP#.=Q#�!$!$�S©AZBsr(.!$%���!$����%q=B(

α
E$&<�AGB�7�.(��+=)8$�7����#�-�#�M�����&$�"3 @ ����I$3$M � [p���+(�I�#�MIP#.=Q#�!$!$/]ZrÌ�#�&$3<*�#�!<�+(+=Q>�!$#�M`?���&$3:0b#���IP#�M2��/�GB�A=Q��!$/TGB#�-b(.��# @ !</5�O*,(.��&$(.��/����E:=)#���/]4Y����8:*S(�!$!</5����!$��#�-�&)(+��3$�"#��7��>�Xa�6(.����#�#�-��"��!)(<Z)f @ ���j!<��#�-�&)(.��3<�"#.c�7��3L3;����E:=Q#.c�3��6(�����#�#�-��"��!)(h�7�PK�(.����%�&)(�!$3$C</W#�-+=B(�����3L&$��(+=Q3<*������"#��7�b3�§¨��#.c

#.�����7���7�b����Xp��(.8I$&$3$�b(+8�E$#�I:(.*,(�!)(L!)(�&$3$��Z Ü Z�Á�E<��!$I<��3<&$#���©7Z
Çg(�-�# @ 3$Mo� @ (.����#�InI$&$3$��#�M g∗

F
(q+)

=Q�7KO3<�j=)�������L�����6(�I���3$�r���6(<Z�f����7=)3:c
@ ��!$3$��E<#,GB��#�GY(m����E:=Q#���/Ó§¨-�#+=Q>�?;� @ ��� q∗+ ©pE$&<3$��#,GQ3<��Ik���"��!$>�?���!$3$X�E<&$#.c3:*,��#�GB3<���7=Q>�!<#�����3kIP#.=Q#�!$!$/����A=Q�AGQ������3$��&<#����+(�!$��#�-�&)(+��3$�"/10�E$#�����&$>$Z
¯]��E$#+=Q>�*���8k#�C$��!$I<��G$=)8k�6(�IP��3$�6(+=)>�!$#�MkE$&$#�3:*,��#�GB3<���7=Q>�!<#�����3nIP#.=Q#�!<!$/

-�3$!)(�&<!$#�M2&$��I<��3$��3$I:(.C$3$3J§ Ü Z�Á a ©74R�6#SKm!$#oE$#��7��&$#�3<��>n*S(.��3$��3$�"#�����>N�6(�IP��3:c
�6(9=Q>�!$#�M�E$&$#�3:*,��#�GB3<���7=Q>�!<#�����3�IP#.=Q#�!<!$/
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F

(x
F
)
#�����#��7�.(���(d3$�Û0b#,GQ!$#�M����"�Ac

��3D4�E$&<3jE<#���#�I��p����E:=)#���/]4<��#�#����������7�b�.�:Xp�;���2^���#�Mj�6(�IP��3$�6(9=Q>�!$#�MOE<&$#�3<*���#.c
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���"����3D4)�+(�II�(�I
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!$���+0b#,GB3:�m�
A
3
B
Z

�Ç�hÿ����hÿ�ý6þ�()	����)�ý6ü�������(�ý�¿hÿ�ü�ü�	À�gÿ��Î�]ý��hÿ�(�ÿ��hý6ü�	
Øh�7�.(.!$#���3$�"�q8NE$#,GQ&$#�-�!<����!)(i� @ �����m!$��#�-�&)(.��3$�"#��7��3`E$&$#�C<�����,(�����E:=Q#�E$�7c&$��!<#��,(<ZF[]#,GB��#,G`E$#���#�I:(�����E:=Q#���/

q+
3N#�����#�GlE$#���#�I:(

q−
��#�E$&<#���#SKLGY(.�����H8

E$&$#�3:*,��#�GB������#��o^�!:��&$#�E<3$3D4�#�-�#�*�!)( @ 3<�k��%�# @ ��&$��* σq 3�#�C$��!$3$�k^��������7=Q3 @ 3$!<���!$3:*��jE<&$3j���7=Q#���3$3D4 @ ��#�*,(9GY(.!$/ q+ 3 q− = q+− gF (hF
− h

D
ε− h

B
(1− ε))

4
(j�.(.I<K��

T
B

4
T
D

4
T
F

Z�[]#�GB��#�GN����E:=Q#���/_I'���"����3N&$��(+=Q3<*��������H8N�OGB3)(�E$(.*,#�!<�
3<*,�"��!$��!<3<8����������"E$��&$(.���:&

T
B
≥ T

CM
> T

F

4Q(L#.����#�Gk����E:=)#���/J��GB3)(�E$(.*,#�!<�
T
F
≥ T

CM
≥ T

D

Z
� (�M�GQ���e*,(���3$��3$�"#��7��> E<&$#�3<*���#,GB�7����(N^�!:��&$#�E<3$3V#��NE<#���#�I�('����E:=Q#.��/

q
4

E$#,GQ��#,GQ3$�"#�M¦§¨3:=)3V#�����#,GB3<�"#�MQ©�IW���"����3��������"E$��&$(.���:&$#�M
T
CM

46E<&$3W���A=Q#.c
��3$3D4 @ ��#������"E<��&)(.����&)(3$�7��# @ !$3$I:( Ti 4DE$#���#�I q 3o�����"E<��&)(.���:&)(����6����3 TCM����8:*S(�!</�I:(�I

qi = αi(Ti − TCM
).

§ Ü Z�Á � ©
E$&$3�E$#,GQ��#,GB�h����E�=Q#���/J3

qe = αe(TCM
− Ti)

§ Ü Z×Á�Â�©
E$&$3�#�����#,GB�]����E:=Q#���/�Z
[]&$3�E$#�GB��#�GB�

σqi = qi
(

1

T
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−
1
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)

.
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�1/5&)(.*�3$�
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@ ��&<��* qi 3 T
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4$E$#.=)� @ 3<�

σqi =
q2i

αiT 2
CM

+ qiTCM

.
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σqe = qe
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1

Ti
−

1

T
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)

,
§ Ü Z×Á K ©

E$#.=)� @ 3<�
σqe =

q2e
αeT 2

CM
− qeTCM

.
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��#�I$3<�e�����"E$��&)(+����&)(�� d T
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F
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σqimin =

q2+
α+T 2

B
+ q+TB

,
§ Ü Z�À_�8�b©

σqemin =
q2−

α−T 2
F
− q−TF

.
§ Ü Z�À_�<À9©
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ù�ú:û_ü�8ü þ_þ_ü|pSt���>y��@���
>?���:úL����	r�Wú
�����
��E��M~cú�H Gq����������\G����cú��IE��������
� @ 3:�.(����54 @ ��#

T+ > T−, T̃+ > T̃−, µ+ > µ−.

�1��3�GQ�O��#�%�#$4 @ ��#�3<����# @ !$3$I$3�����E:=Q#���/¦3i���������7���b(L#�-.=Q(9GY(�X��L-�����I�#�!$� @ c!$#�M����"I�#��7��>�X�4PE)(Iç)(��"�7�8ç$/
T, µ

4.0P(Iç)(.I<���¢ç$3<*��:Xp�;3$�p3:0L��#�����#98$!<3$��4P��#��8ç$�Ac
�"��!$3�!$��3<*,�"��!<8$X����q8DZ�Çg(.-�# @ �������7=Q#hC<3$I:=Q3 @ ����I$3L3:*,�"��!:8$���]����#�����#�����#98<!$3$��4E$#�# @ �hç$�HGB!$#�IP#�!<�+(�I<��3<ç<��8m�5I�(.K�GB/5�n3:*d3$����# @ !$3<I�#��$4�E$#.=)� @ (.8�E<ç$3L^���#��N#��%�#8ç:8 @ ��%�#�3$����# @ !$3$I�(�!<��IP#���#8ç<#���I�#.=)3 @ ��������#�����E:=Q#.��/ q+ 4b#.��3$����# @ !$3<I:(����7c�;��������(��g0<3<�"3 @ ����I$3$��E$#�����!$C$3)(9=Q#�� µ− d !$��IP#���#8ç<#���IP#.=Q3 @ ���7����#p��������������(
n−
3;#.�,GY(.�b(.8�0b#+=Q#,GB!<#��r��3<����# @ !$3$I<��IP#.=Q3 @ ��������#h����E:=Q#���/ q− 4.(p3$�7��# @ !<3$I<����������7���b(m�h0:3$�"3 @ ����I$3$��E<#�����!$C$3)(9=Q#�� µ+ d I�#.=Q3 @ ���7����#m���������7���b( n+ Z«D(�E<3<?;���W���¢ç$�"#,GB3<!)(��"3 @ ����I$3$��-b(9=B(�!$��/���3$�������"/��G)=)8�^�!$�hç<%�3$3

q+ − q− = 0⇒ q+ = q− = q;
§ Ü ZÄÀ_� � ©

G)=)8������;��������(
n+ − n− = 0⇒ n+ = n− = n;

§ Ü Z�À_��Â�©
G)=)8�^�!<�8ç<#�E$3$3

(

1

T+
−

1

T−

)

q −

(

µ−

T̃−
−
µ+

T̃+

)

+ σ = 0,
§ Ü ZÄÀ_� Ü ©

%ÛGQ�
σ d E<ç$#�3:*,��#�GB������#m^�!:�8ç$#�E<3$3�����3$�������"��Z[]&$3$�"���n�hI:( @ ��������� � [p�����hç$�"#�GB3$���]�P*,3$#�!<!$#�%�#�C$3<I:=B(]#.��!$#.?;��!<3$�dE$#.c��#�I�(h���������7���b(<4�#���GY(���(����"#�%�#"ç)(�-�# @ 3$�o���7=Q#��54�I�E$#.��#�I<������E:=Q#.��/�4�#���#�-�&)(�!:c!$#�M��i%�#�&b8 @ ��%�#m3$�7��# @ !$3$I:(:�

η =
n

q
.
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¯h*��Rç)(.��!$��!$3<8-b(9=B(�!$��(L^�!<�8ç$#�E$3$3�!)(�MPGB���

η =
n

q
=

(

1

T−
−

1

T+

)/(

µ+

T̃+
−
µ−

T̃+

)

− σ

/

q

(

µ+

T̃+
−
µ−

T̃−

)

.
§ Ü Z�À_�bÃ�©

Øh-Iç)(.��3<�6(.8`#�C$��!$I:( � [p�ª���¢ç$�"#,GQ3$�����P*,3$#�!$!$#�%�#'C<3$I:=B(l§
σ → 0

©�E$&$3$�"�7�
��#�&$�r�

η0 =

(

1

T−
−

1

T+

)/(

µ+

T̃+
−
µ−

T̃−

)

.
§ Ü Z�À_� K ©

n A�5I¬�5cê*)�9�o05 s262í:="6Rø�9�6�78;Z3 ?</�7862A�/2r�3�629�9�6<ã ¬ 5R786�A�/2r�3�629�9�6�ìI6
r�3�@�ê�?�â Çg(�� @ ����!)(.8��Û0b���6(LE<ç<#�C$�����,(L#�GB!$#�IP#��"E$#�!<��!<��!$#�M(�-���#Iç$-�C$3<3:cÍGB����#8ç�c-�C$3$3�E<ç$3$���AGB��!)(�!)(0ç$3<��Z Ü ZÄÀ J Z

ù�ú:û_ü�8ü þÉý8üqpStr��>y�M���_û���
��~cú
�����
�����q�Wû������~cú
�����
��E��M~cú�H Gq�§û�~cú��H�	�G
� ~cú
��C���_û���
������@��
Çg(��7����#8çµ(�-���#8ç$-���!<�+(lC$3<ç$I:�S=Q3<ç<�����WE$#`*S(.�"I$!<�P��#��r��IP#�!<�.�kç:��45I�#�!<�.(.I:c

��3<ç<��8V��# @ 3<��(����"/5�_%A(.*�#��546!)(���/\��(+8$��> EZç$3V^7��#��_(.-���#8ç<-���3<��#��a3 ç$��%��7c!<�hç$3<ç:��8µ� GB����#8ç<-��hç$�.4d#.�,GY(.�b(.8�E$#�%Û=Q#�����!$!$/5M�%A(.*'�2E)(Hç$#�%A(.*,#�����X ���"����>
§¨[�ÌR�\©7Z��;(+=Q���p[�ÌR�UE$#�GY(��7���q8j��I�#�!PGB��!$��(.��#8çD4:%ÔGB��E)(Iç$/���#,GB/VI�#�!�GB��!<��3<ç:�Pc
X����q8D4Q3���%7(.*�#���#�M��(.*���#��7�+(������H8�E$# @ ��3 @ 3<����/\Myç)(���E<ç$�AGQ�7=)8<���"/dM�I�#��"E$#+c!<��!<�9Zbsg��E�=Q#��+(�E$#�GB��#,GQ3<���q8m��GQ����#Iç$-��hç<���dE)(Iç<#�%A(.*,#���#�M����"����>�X�3�E$�¢ç$�AGY(.���.c
�q80ç)(�������#8ç<����#���!<#���!$#��nE<�P�����`I�#�!PGB��!$��(�C$3$3 @ (��7��3mE)(Hç)(<Zb�2#�-.�;���N�A=)� @ (����GB����#8ç<-��hç$��E<ç$#�3$�Û0b#,GB3<�OI�(�I���/�GQ�7=Q��!$3$��3<*�ç)(.������#8ç)(LE$#�%Û=Q#��;(����"#�%�#mIP#��gc
E<#�!$��!<�.(:4��+(�Io3kE$#�%Û=Q#�����!$3<�0ç)(.������#8ç$#���E)(Hç$#��j��#,GB/]Z ¬ ��GB����� @ 3<�+(.��>$4 @ ��#����E:=)#��.(:4���!$#���3$�6(.8E<ç$3kIP#�!�GB��!$��(�C$3$3D4B8$�.=$8$�����H8 @ (�����>�Xa#�-�����%�#O����E:=Q#���#.c%�#`E$#���#�I:( #��l[�ÌR�¥IÇç)(��7����#Iç<��Z5Ø @ 3<�;(����"/5M�%7(.*k�l(.-���#Iç$-��hç<�k3�[�ÌF�Ö�GQ����#8ç$-��¢ç$��-.�,GB���V!$(.*,/5��(.��>zY�7��# @ !$3$I�(��"3DZ�1#��7��#98<!$3$�ç)(�������#8ç)(5E<ç$3�#,GQ!$#�I�#��"E$#�!$��!<��!<#�M�(�-���#8ç$-�C$3$3��"#9Km!$#\#S0P(Iç$(�I:c
���hç$3:*,#���(.��>��A=Q�AG)�:X��;3$�"3nE<�hç$���"��!$!$/5�"3D�D^�!<�8ç<#�E$3$��M

S
4B��!<�P�8ç<��!$!$��M'^�!<�hç:c

%�3$��M
E
3�IP#�!$C$��!<�8ç)(.C$3$��M ç)(���EZç$�AGB�A=)8$���"#�%�#�IP#��"E$#�!$��!<�+(

x
Z+�1IP#8ç$#��7��3�3<*��"�7c

!<��!$3<8�^7��3:0�E<�hç$���"��!$!</\0�����8<*,(�!$/ ��E$#.��#�IP#������E�=Q#���/
q
4SE$#���#�I�#������7�;�������b(
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n
4Q�����"E$�hç)(+���kç$#�M

T
4)0<3<�63 @ ����I$3$�µE$#�����!$C<3)(+=Q#�� µ ç$(�������#8ç)(O�A=Q�AGQ��X��;3$�"3

��#�#.��!$#�?���!$3:8$�"3D�
Ṡ =

q

T
−
µn

T
,

§ Ü Z�À_��Á�©

Ė = q,
§ Ü ZÄÀ�À��b©

ẋ = βn.
§ Ü ZÄÀ�À�À9©

«QGB����>iE<ç$#�3:*,��#�GB!)(.8k-��hç<�����q8'E$#i�Iç$���"��!$3'E<ç$��-�/5�b(�!<3<8'^A=Q���"��!<�.(�ç)(��7����#8ç$(
���Û0b���"���

β d IP#�^�����3$C<3$��!<��E<ç<#�E$#8ç$C<3$#�!)(+=)>�!$#��7��3DZ�[�&<3�*,(�E$3$��3m��&)(.��!$��!<3<8§ Ü Z�À�À�ÀS©�E$&$�HGBE$#.=Q(�%A(������q8D4 @ ��#��6(����,(j&)(���E<&$�AGQ�7=)8<���"#�%�#�IP#��"E$#�!<��!<�+(i*�!)( @ 3:c���A=Q>�!$#��"��!$>�?;���6(�����/�&)(��7����#�&)(<4$3�3<*,�"��!$��!$3<����E<#��7=Q�HGB!$��M�"#9Km!$#�E$&<��!$�Ac
-�&$� @ >$Z��=)8i���"������MD4$-.=Q3<*�I$3:0iIi3�GB��(+=Q>�!$/5�U&)(��7����#�&$(��54:0:3$�"3 @ ����I$3$ME$#.����!<C$3:c(+=�3$�"�����m��3�G

µ = µ0(T, P ) +RT ln x,
§ Ü Z�À�À J ©

%ÛGQ�
µ0(T, P ) d �7�.(.!�GY(Iç:��!$/dM�0:3$�"3 @ ����I$3$M�E$#�����!$C<3)(+= @ 3$�7��#�%�#pI�#��"E<#�!$��!:�.(:�

P d GY(��+=Q��!$3<��!)(���/\�;��!<!$#�%�#OE)(Hç)(LIP#��"E$#�!$��!<�+(<Z[]#���#�I$3 ����E:=)#���/
q
3 ���7�;���7���b(

n
4�I�#���#8ç$/5�"3l#�-��"��!$3<�b(�X����q8`# @ 3<�;(��7c�"/5M %7(.*m3`[�ÌF�e�Fç)(��7����#Iç$#��¦�k(.-���#Iç$-��hç<�m3'GB����#8ç$-��hç$�.4R��#�-��;���J�A=)� @ (��3<*,�"��!<8$X����q8LI:(�I;��#h�Iç$���"��!$3D4.�+(�I�3;E<ç<3�E$�¢ç$�70b#�GB�°ç)(.������#8ç)(h3:*d(�-���#8ç<-��hç)(p�

GB����#8ç$-��¢ç3#�-8ç)(.��!$#$ZQ�1-+=Q3<*,3¾ç)(���!$#�������3<8�*S(�IP#�!$/]4)#�E<ç$�HGB�A=)8$X��;3$��E$#���#�I$3
����E:=Q#���/J3��������������b(<4Q��#�#.�����7����������Xp�j��#�#���!$#.?;��!<3<8$��Øh!<*,(�%��¢ç)(

q = λn

(

1

T
−

1

Tn

)

+ αn

(

µn
Tn
−
µ

T

)

,
§ Ü Z�À�À a ©

n = αn

(

1

T
−

1

Tn

)

+ kn

(

µn
Tn
−
µ

T

)

,
§ Ü Z�À�À � ©

%ÛGQ�
Tn, µn d �����"E$�¢ç)(.���kç)(�3�0:3$�"3 @ ����I<3$M�E$#�����!$C$3)(9= ç)(.��E<ç$�HGB�7=$8$���"#�%�#

I�#��"E<#�!$��!:�.(i�j3$����# @ !$3$IP��� T, µ d �����"E$�hç)(+���kç)(�3�0:3$�"3 @ ����I$3$MnE$#�����!$C<3)(+=ç)(���E<ç$�AGQ�7=)8<���"#�%�#NIP#��"E$#�!<��!<�+('�yç)(�������#8ç$�.�
kn d IP#�^�����3$C<3$��!<�n�6(�����#�E<�7cç$�AGB( @ 3D� λn d I�#�^�����3$C$3$��!<������E�=Q#�E$�¢ç$�AGY( @ 3D� αn d IP#�^�����3$C<3$��!<�����hç$�"#.cGB3$���]�P*,3$3DZ � 3<K������X1GQ�W3<!�GB��IP��#��

a
-��,GB����#����"� @ (+��>lE$��&<���"��!$!$/5��4\#��+c!$#��q8<��3$���q8�Iµ(�-���#�&$-���&<��45(l3$!�GB��I���#��
d d IVGB����#�&$-���&<��Z1��=$8µ(�-���#8ç$-��¢ç)(

Tn = Ta, µn = µa
��G)=$8LGB����#8ç$-��hç)(

Tn = Td, µn = µd
�P����!$#��"��!$#.=)#�%�3 @ ����I$3$�I�#�^�����3$C$3$��!<��/

kn, αn, λn
G)=)8(�-���#8ç<-��hç)(�3jGB����#8ç$-��¢ç)(·ç)(.*7=Q3 @ !</]Z�1��3�GQ�L��#�%�#<4 @ ��#�E)(Iç)(.�"���Iç$/���#�����#S8$!$3:8�ç)(.������#8ç)( S 4 E 3 x E$�hç$3<#,GB3 @ �7c��I$3�3<*,�"��!<8$X����H8�4$G)=$8�!$3:0���E<&)(����HG)=Q3$��/����7=Q#���3<8�C$3$I:=)3 @ !$#��7��3

S(0) = S(τ), E(0) = E(τ), x(0) = x(τ),
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%ÔGB�
τ d �8ç$���r82C$3$I�=B(<Z��_� @ �7��#��e*S(���3$��3<�"#�������MJ§ Ü ZÄÀ���Áb©»ÚY§ Ü Z�À�À�ÀS©����7=Q#���3<8C<3$I:=Q3 @ !$#��7��3k�"#SKO!<#LE<ç$�HGB���+(���3:�b>O�L�7=)�AGQ��Xp�;������3�GQ���

τ
∫

0

(

q

T
−
µn

T

)

dt = 0,

τ
∫

0

q dt = 0,

τ
∫

0

n dt = 0.

Øh-�#�*,!)( @ (.8 @ ��&<��#�Mn#�E$�hç$(�C$3$XT���hç$�HGB!$��!$3<8N!)(i3<!<���¢ç$�b(+=)� (0, τ) 4D^���3n���A=Q#.c��3<8��"#9Km!$#�*,(�E$3$��(.��>mI:(.I
(

q

T

)

−

(

µn

T

)

= 0, q = 0, n = 0.

£�-���#8ç$-�C$3$#�!$!<#.cÍGB����#Iç$-�C$3$#�!$!$/5M�C$3<I:=§¨£5� Å ©��p�+(�IP#�M;E$#����+(�!$#���I��1E<ç$�HG)c
�7�+(��.=)8<���o��#�-�#�M @ (��7��!$/5Ml�7=)� @ (.M`���¢ç$�"#,GQ3$���]��*�3$#�!$!$#�%�#$4gE<ç$3`^7��#�� T+ ∼
Td
4
T− ∼ Ta

4
µ+ ∼ µa

4
µ− ∼ µd

Zg[]#�^���#��r� 3<*j��#8ç$�r�S=)/ª§ Ü Z�À_� K ©]�7=)�AGQ���7�
#�C$��!<I:(�G)=)8 � [p��£5� Å �LI:=B(.������#�-�&)(.��3$�"/10�E$&$#�C$������#��

η0 =
|n|

|q|
=
(

1

Ta
−

1

Td

)/(

µd
Td
−
µa
Ta

)

=
∆u1
∆u2

.
§ Ü Z�À�À9Â�©

��!$��#�-Iç)(.��3$�"/10E<ç<#�C$�����,(+0
η =
|n|

|q|
=

∆u1
∆u2

−
σ

q∆u2
,

§ Ü Z�À�À Ü ©
%ÔGB�������HGB��!$/�#�-�#�*,!)( @ ��!<3<8jG)=)8jGB��3<K�����3:0���3:=

∆u1 =
1

Ta
−

1

Td
, ∆u2 =

µd
Td
−
µa
Ta
.

���7=Q3 @ 3$!<� ∆u1
!$(.*,/5��(�Xp�o{L|7´:�Yx9·HCF}]4�(

∆u2 d vPxS³)¼Q|�³){�^Bu.¼)zQx9³)³<CR} ³)u�¾
´Qx\^Yxq}]Z
¯h*N��/°ç)(.K���!$3<8T§ Ü ZÄÀ�À9Â�©O�7=Q�HGQ�����+4 @ ��#V�"3$!<3$�6(+=Q>�!$#��NIP#.=Q3 @ ���7����#V����E:c=)#���/]4"!$��#�-S0b#�GB3$�"#��OG)=)82��/�GB�A=Q��!<3<8W3<*�%A(.*S('#�GB!$#�%�#n�"#+=)82���7�;���7���b(nE<ç$3

*,(9GY(.!$!$/10�E)(Hç)(��"���Iç)(+0�3$�7��# @ !$3$I�#��$4Q#�E<ç$�HGB�7=$8$�����q8���/°ç)(+K���!$3$���
Q0 =

Taµa − Tdµd
Td − Ta

,
§ Ü Z�À�À9Ã�©

%ÔGB�
Q0

d *,(.�8ç$(.��/�����E�=Q#���/¦��#�-Iç)(.��3<�"#��VEZç$#�C$��������Z¤1������I<��3$��!$#��7�b>m3$��E$#.=Q>.*,#��b(.!$3<8�����E:=)#���/¦��£5� Å �"#SKO!$#�#,0P(Iç)(�I:���hç<3:c
*�#��b(+��>m���¢ç$�"3 @ ����I$3$� � [�� d #���!$#�?;��!$3$���æç)(.-�#���/]4YE<#��8ç$��-�!$#�M�G)=)8�#�-8ç)(+c
��3$�"#�%�#Ñç)(.*AGB�7=Q��!$3<8i�"#+=)8LGQ���b0<IP#��"E$#�!$��!<��!$#�Mi���"����3�4<IOIP#.=Q3 @ ���������m����E:=Q#.c��/]4P*S(.�Iç)( @ 3$�b(����"#�M�G)=$8m�+(�IP#�%�#�K�� ç)(.*AGB�7=Q��!$3<8j��£d� Å Z:b6�A=Q3m� @ ������>$4 @ ��##�-8ç)(.��3$�6(.8¾ç$(�-�#��+(0ç)(+*7GB�A=Q��!$3:8��"#.=)8�%A(.*S(:4)E$#��7����E)(�X��;��%�#O�m(�-���#8ç<-��hçD4

A0 = −TaR[ya ln ya + (1− ya) ln(1− ya)],
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��#L���¢ç$�"3 @ ����I$3$M � [p�
η =

A0

Q0

= R
(

1−
Ta
Td

)

ya ln ya + (1− ya) ln(1− ya)

µa/Ta − µd/Td
,

§ Ü Z�À�À K ©

%ÛGQ�
ya d IP#�!$C$��!<�8ç)(.C$3<8�#���GB�A=)8$���"#�%�#hI�#��"E$#�!$��!<�+(���# @ 3:��(����"#��o%A(.*,�]§Ú�h(�-+c��#�&<-���&$�,©7Z<��=)8OGB����#�&$-���&)(�I�#�!$C<��!<��&)(�C$3$Xe#���GB�7=$8$���"#�%�#OIP#��"E$#�!<��!<�+(m��%A(.*��

#�-�#�*�!)( @ 3$�WI:(.I yd Z� ^Y|7².|£���b³)u,½�´N^YxSz<».·�xS²9z){L|��2�b³Qx9y�{�� � ï�� Z1[�#�GµE<ç$#�3<*,��#�GB3<���7=Q>�!$#�����>�X
£d� Å -���GB��� E$#�!$3$�6(+��>�I�#.=)3 @ ���7����#�I�#��"E$#�!$��!<�+(<4�#���#�-8ç)(.!$!$#�%�#�3<*�ç)(��7����#8ç$(*S(��8ç$���r8n��%�#E<ç$��-�/5�b(�!<3<8N�jGB����#8ç$-��¢ç$��Zg«D(SGY( @ (�����#,GB3<���q8 In���¢ç$�AGQ!$��!$!$#�M*S(9GB( @ �]���7=)#���!$#�M�#�E<��3$�"3<*S(.C$3$3���3�GB(

|n| → max
§ Ü ZÄÀ�À,Áb©

E<ç$3����7=Q#���3<8:0
q = 0, n = 0,

(

q

T

)

−

(

nµ

T

)

= 0.
§ Ü ZÄÀ J �b©

«D(9GB( @ (m#jE<ç$�AGQ�7=Q>�!<#�M'E<ç$#�3:*,��#�GB3<���7=Q>�!<#�����3V§ Ü Z�À�ÀSÁ�©74g§ Ü ZÄÀ J �b©d3$�"���7��!)(+c%q=$8�GB!<��X¥%���#��"���Iç$3 @ ����I<�:XÖ3$!<���¢ç$E<ç$���.(�C<3$X�Zr¯h*,#�-8ç$(.*,3$�¦��#�GB!$#�M I�#�#8ç�GB3:c!)(.��!$#�M��3$�������"�
σ, n, q

4)��I�#Iç$#�����>m3<*,�"��!$��!$3:8�^�!<�8ç$#�E$3$3�ç)(.������#8ç)(
σ(n, q)

3
|n|
Zb��=)8O^���#�%�#���/°ç)(+*,3$�

σ @ �¢ç$��*]E$#���#�I$3 n, q 3jE)(Iç)(.�"���8ç</�3<����# @ !$3$IP#�� Tn3
µn
4�IP#���#Iç$/5�d!$�\3<*��"��!<8<Xp���H8��p0b#,GB�\E<ç$#�C<������(<ZP�`� @ �7��#���§ Ü Z�À�À a ©�3�§ Ü Z�À�À � ©��/°ç)(.K���!$3$�m§ Ü Z�À_��Á�©1�"#SKO!<#LE$�hç<��E$3<�,(.��>O�L��3�GB�

Ṡ =
q2

λ̃n
−
n2

k̃n
− nqα̃n + qu1n − nu2n,

§ Ü Z�À J ÀS©
%ÛGQ�

λ̃n = λn −
α2
n

kn
, k̃n = kn −

α2
n

λn
,

α̃n =
2αn

knλn − α2
n

, u1n =
1

Tn
, u2n =

µn
Tn
.

� (
ç$3$�.Z Ü Z�À a 3<*�#�-8ç)(+KL��!)(�*S(���3<��3$�"#��7��>
Ṡ = σ(q, n)

4REZç$3 @ ��� q ≤ 0
3

n ≥ 0
��#�#������7���7�b����Xp�nE<ç$#�C<�����7�l(�-���#8ç$-�C<3$3l�jE$(Iç)(��"�7�8ç)(.�"3

λ̃a
4
k̃a
4
α̃a
4
u1a

u2a
4�(

q > 0
3
n < 0

��#�#������7���������:X���E<ç$#�C$��������GB����#8ç$-�C<3$3o��E)(Iç)(��"�7�8ç)(.�"3
λ̃d
4
k̃d
4
α̃d
4
u1d
4
u2d
Z

�'#�-.�;����7=)� @ (��6����&<�AGB!$��!$!)(.8�*,(9GY( @ (d!$�7=Q3<!$��M<!$#�%�#�E$&<#�%�&)(.�"�"3$&$#��b(.!$3<8§ Ü Z�À�ÀSÁ�©74R§ Ü ZÄÀ J �b©5����&$���r8k���A=Q#���3:8$�"32§¨���5ZYE<&$3:=Q#SKL��!$3$�;[�Z a ©d3$�"����� @ �7��/°ç$�-b(.*�#���/5�j��# @ I$3DZ � �7�8ç<��GB!$#NE$#�I:(.*,(.��>$4 @ ��#n3<*��"��!$��!$3$��E)(Iç)(.�"���Iç$#��n3$�7��# @ c!$3$IP#���������#Iç$#�!<�������A=Q3 @ ��!$3<8 Td 4 ya 3O������#8ç$#�!:���:�"��!$>�?���!$3<8 Ta 4 yd ���HGB���
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ù�ú:û_ü�8ü þ�n8ü��N����>?��@�cú�K
�Wû�H����0ú G�G
J'û�@����~cú��I�����q��Kcú��M>y��HIûTú
>O	N>?���
��ú��������:ú�@��\G
A����_û�@_ú ���_û���
��~cú
�������������Wû���
��~:ú
��������E��B~cú�H Gq�
I�ç$#��7���jEZç$�AGB�A=Q>�!$#�M����7=Q3 @ 3$!$/µ#���-�3Zç)(����"#�%�#�E$#���#�I:( n Z<[]#�^7��#��r� ç$�7?;��!$3$�*,(9GY( @ 3�!$��3<*,�"��!$3<���H8�4B���7=Q3����A=Q#���3:8�L��#Iç$�"�§ç)(�����!$�7���

Td = Tmax
d , ya = ymax

a Ta = Tmin
a , yd = ymin

d ,

*,(��"��!$3<��>m!$�hç$(�����!$�����b(��"3
Td ≤ Tmax

d , ya ≤ ymax
a , Ta ≥ Tmin

a , yd ≥ ymin
d ,

§ Ü Z�À J8J ©
� @ 3<�+(.8`E)(Iç$(��"���Iç$/�3$����# @ !$3$IP#�� Td 4 ya 4 Ta 4 yd E<�hç$���"��!$!</d�"3D4g#�%¢ç)(�!$3 @ ��!:c!</5�"3i*,!$( @ ��!$3<8$�"3 Tmax

d

4
ymax
a

4
Tmin
a

4
ymin
d

Z � �¢ç)(�����!$�7���b(�§ Ü ZÄÀ J8J ©6��/�GB�7=$8$Xp�
��E<ç$#��7�8ç)(.!$��������I�#�#Iç�GB3$!)(+�

σ
4
n
4
q
#�-.=Q(�����3

Ã
3
D̃
4Q#�%hç$(�!$3 @ ��!$!$/5�����¢ç<��3:cI�(+=Q>�!$/5�"3OE:=)#���IP#����S8$�"3

(σ, q)
4
(σ, n)

3mE$#����¢ç:0:!$#��7�98<�"3
A
3
D
4b#�E<ç$�HGB�7=$8$�7c

�"/5�"3L�Rç)(���!$��!$3$����§ Ü Z�À J ÀS©7ZPØh-+=B(�����3
Ã
3
D̃
��/5E<��I:=Q/]4:(]C$�7=)���b(.8��]��!$I$C$3<8

|n|
=Q3$!$��M$!)(�!)(]I:(+KLGB#�ML3<*�!$3:0Y4b�7=)�AGB#���(.���A=Q>�!$#<4 @ 3$�7=Q#�-b(+*,#���/10;��# @ ��Im����#.cGQ3<���q8mI;GB�����5Zbsg(�I$3$�n#�-Iç)(.*,#��54�*S(9GY( @ (���#�����#�3<���]��#��54 @ ��#�-�/W�.(�I���/5-8ç$(.��>��# @ I<� 1

4�E<ç$3$!)(SG)=Q��KL(+����XÖE<#����hç�0<!<#�����3
A
4F3N��# @ I<� 2

4FE<ç<3$!)(9G)=)��KL(.���:X
E<#����¢ç:0:!$#�����3

D
4 @ ��#�-�/¦��#��AGB3$!:8$Xp�;(.8�3�0i=Q3$!<3<8E<ç$#,0b#,GQ3:=B( @ �hç<��*�!)( @ (+=Q#IP#�#8çPGB3$!)(.�S4D(L=Q3$!<3<8D4Y��#��HGB3$!<8<Xp��(+8k��# @ I$3 3

3
4
��I�#�#Iç�GB3$!)(+�.(��"3

n
3
−n��#�#�����������������!$!$#$4QI:(�I��"#SKO!<#L��/\?���E$�hç<������I:(+=Q(m#���>

|n|
Z

��=)8hGB���b0�-b(.*,#���/10���# @ ��I�*,(9GY( @ (�§ Ü ZÄÀ�ÀSÁb©74P§ Ü ZÄÀ J �b©��6� @ ����#��k*S(.��3$��3<�"#�����3§ Ü Z�À J À9©��"#9K��7��-�/\��>L*S(�E<3$�,(�!$(�����3�GB�
γa|na|+ γd|nd| → max

na,nd,qa,qd,γa,γd

§ Ü Z�À JIa ©
EZç$3����A=Q#���3<8:0

∑

ν∈{a,d}
γν

(

q2ν
λ̃ν

+
n2ν
k̃ν
− nνqνα̃ν + qνu1ν − nνu2ν

)

= 0,



\cMdcRMo��g���¡7��gY^<�Y¡Y\<\Y¡2���g����¡7��gY^$�Y¡Y\Z\<]°l�^$�<V:  J Ã a

γana + γdnd = 0, γaqa + γdqd = 0,

γa + γd = 1, na ≥ 0, nd ≤ 0, qa ≤ 0, qd ≥ 0, γa ≥ 0, γd ≥ 0,
§ Ü Z�À J � ©

%ÛGQ��������#���/5��IP#�^�����3$C<3$��!<��/
γa
3
γd
��#�#����������������:Xp��GQ#.=Q�L#�-�����%�#��8ç$���"�Ac

!$3C$3$I:=Q(<4Q����� @ ��!$3$��I�#.��#8ç$#�M�ç)(.������#8ç����7����E)(��7�i��I�#�!<�.(.I<�j��3$����# @ !$3$IP#���k(�-���#8ç$-��hç$�m3'GB����#8ç$-��hç$�O��#�#������7���7�b����!$!$#<Z"«D(9GB( @ ( § Ü ZÄÀ JIa ©74�§ Ü ZÄÀ J � ©]E:�������E<ç$��#�-8ç)(.*�#��b(.!$3$M�����#,GQ3<���q8�IiE$#�3$��I<�O^�I��7�8ç$���r�:�6(L����!$I<C$3$3OGB���b0iE$�¢ç$���"��!:c
!$/10 d nd

3
qd
�

I=

nd

(

q2d
λ̃d

+
n2d
k̃d
− ndqdα̃d − qd∆u1 − nd∆u2

)

λ̃d−λ̃a

λ̃dλ̃a
q2d+

k̃d−k̃a

k̃dk̃a
n2d−ndqd(α̃d−α̃a)qd∆u1+nd∆u2

→max .
§ Ü ZÄÀ J Â�©

�l#�-.�;���N�A=)� @ (��5*S(SGY( @ (�§ Ü Z�À J Â�©R�"#SK�����-�/\��>�&$�7?;��!$( @ 3$�A=Q��!$!<#$Z:Øh�7�.(.�.c?;3$���H8¦!$��3<*,��������!$/5�l3$�Û0b#�GB!$#�M�*S(SGY( @ 3_§ Ü ZÄÀ JHa ©74�§ Ü Z�À J � ©iE$#��A=Q�AGQ#��b(.���7=Q>�!<##�E<ç$�HGB�7=$8$Xp���H8 @ �hç$�7*O#�E<��3<�6(+=Q>�!$/5��*,!$( @ ��!$3<8 n∗d 3 q∗d E$#�A=Q�AG)�:X��;3$�¦*S(+c��3$��3$�"#����S8$�5�

γ∗d = −
I(n∗d, q

∗
d)

n∗d
, n∗a =

I(n∗d, q
∗
d)

γ∗a
, γ∗a = 1− γ∗d , q∗a = −

γ∗dq
∗
d

γ∗a
.

�1#�#������������b�.�:Xp�;3$M�E<ç$�HGB�7=)>�!$#�M�E<ç$#�3<*,��#,GB3<���7=Q>�!$#�����3�I�#�^�����3$C$3$��!<�µ^��]c
����I<��3$��!$#��7��3�£d� Å #�E<ç$�HGB�A=Q3<���H8I:(�I

η∗n = −
n∗d
q∗d
.

§ Ü Z�À J�Ü ©

��=)8¦�7=)� @ (.8 ç)(�����!$�����b(���(�-���#8ç$-��hç$�`3�GB����#8ç$-��¢ç$�2��#�#������������b�.�:Xp�;3:0
I�#�^�����3$C$3$��!<��#��2�`�:&$(���!$��!$3<8�0�����E:=)#.c��6(�����#�#�-��"��!)(:4��9Z��.Z

λa = λd = λ̃
4

ka = kd = k̃
4
αa = αd = α̃

4$*,(9GY( @ (§ Ü Z�À J Â�©1E<ç<3$�"���m��3�G

I =
k̃q2dnd + λ̃n3d − λ̃k̃α̃n

2
dqd

λ̃k̃(qd∆u1 + nd∆u2)
− nd → max

3�3$�"���7�j(�!$(+=Q3<��3 @ ����I�#��½ç$�7?;��!$3$�

n∗d = −
k̃λ̃∆u21

4(α̃λ̃k̃∆u1/2 + k̃∆u2 +
√
B)

,
§ Ü Z�À J Ã�©

q∗d =
λ̃

4
∆u1

k̃∆u2 +
√
B

α̃λ̃k̃∆u1/2 + k̃∆u2 +
√
B
,

§ Ü Z�À JIK ©
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%ÔGB�
B = k̃2∆u

2
2 + λ̃k̃∆u21 + λ̃k̃2α̃∆u1∆u2.

¯]��E$#+=Q>�*���8���#�#���!$#.?;��!<3<8e§ Ü ZÄÀ J Ã�©74p§ Ü Z�À JHK ©746�"#9Km!$# #�E<ç$�AGQ�7=Q3<��>2#����+(��.c
?�3$���q8�E)(Hç)(��"���Iç$/�2#�E<��3$�6(+=Q>�!$#��Ùç$��Km3$�"����GB#.=Q3�G$=Q3<���A=Q>�!$#�����3¦C<3$I:=B(
IP#�!<�+(�I<�+( ç$(�������#8ç)('�N(�-���#�&$-���&$��3`GB����#�&$-���&$�

γ∗a = γ∗d = 0, 5
�"E$#���#�IWE$�Ac

ç<�hç)(.��E<ç$�HGB�7=)8<���"#�%�#n���������7���b('3<*�3$�7��# @ !$3$I:('�'(�-���#8ç$-��¢ç n∗a = −n∗d
�R����E:c

=)#���#�MkE$#.��#�Io��(.-���#8ç<-��hç<�
q∗a = −q∗d

�Y�6(�I���3$�6(+=Q>�!<��X_E<ç$#�3:*,��#�GB3<���7=Q>�!<#�����>
nmax = |n

∗
d|/2.� #�^�����3$C$3<��!<��^�������I<��3<��!$#��7�b3D4b��#�#����������7�b����Xp�;3$MmE<ç$�HGB�7=)>�!$#�M�EZç$#�3<*7c

��#,GB3:���7=)>�!$#��7��3D4
ηnmax

�"#SKO!$#���/°ç)(.*�3<��> @ �¢ç$��*jI�#�^�����3$C$3$��!<�o^�������I:��3$�+c!<#�����3�#�-8ç)(.��3$�"#�%�#�£5� Å
η0
§Ú���5ZF§ Ü Z�À�À9Â�©Ô©7�

ηnmax =
η0

1 +
√

1 + (λ̃/k)η20 + α̃λ̃η0
.

§ Ü Z�À J Áb©

«D(���3<��3$�"#��7��>
ηnmax

3jE$&$�HGB�7=)>�!$#�MiE$&$#�3<*,��#,GB3<���7=Q>�!$#�����3�#��;IP#�^�����3$C$3�c
��!<�+(�����E:=Q#�#�-��"��!)(

λ̃
3$�"��X���0P(Iç)(�I:���hç�4$E<#�I:(+*S(�!$!</5Mi!)(½ç$3$��Z Ü ZÄÀ � Z<Ø���!<#�?;�Ac

!<3$�
η0/ηnmax

E$#�I:(.*�/5�b(��7�94$��#���I�#+=Q>�IP#Ñç)(.*h�"��!<>�?;������E:=Q#.��/�!<�PKm!$#�*,(.�8ç$(+c
��3<��>���#�-8ç$(.��3<�6#��lE<ç$#�C<�������]E<#;�¢ç)(���!<��!$3$X���C$3$I�=Q#��54:3$�"��Xp��3$�UEZç$�AGB�A=Q>.c
!:�:XÓE<ç$#�3:*,��#�GB3<���7=Q>�!<#�����>$Z�Ø����"�7��3$�54 @ ��#nE$#�GB#�-�!$#��i#���!$#�?���!$3<� η0/ηnmaxG$=)8�����E:=Q#���#�Me�6(.?;3$!</ §Ú���5Z]%Û=�Z�Â�©��Zç$�"��!<8<�����H8a��*,(���3$��3$�"#��7��3a#��µ#��.c
!<#�?;��!$3<8µ�����"E$�¢ç)(.���kç�3$�7��# @ !$3$I�#��V#��µÀW§¨E<ç<3 T−/T+ → 0

©�GQ# �<4×Âµ§ÚE<ç$3
T−/T+ → 1

©\3��"��!<>�?;�½�<4×Â;-�/\��>�!$���"#9K����9ZQ«QGB����>�^���#�!$�]�.(�I�Z

ù�ú:û_ü�8ü þ��:üq<5���_úRûðú�>?�_û\@�A±>y��HIûTú
>y��G
A�����C���
��ú��������:ú�@��\G
A����_û�@_ú���_û���
��~:ú
�����
�������Éû���
��~cú
���
�
��E��B~cú�H Gq�
nmax

úxHN��D,��� ú�~cú
����@��D,���º��H�@_ú����
�_û�@_ú
ηnmax

��@MHN��D,���°ú�~cú
����@���@���� G�������>?�����
λ



\cMdcRMo��g���¡7��gY^<�Y¡Y\<\Y¡2���g����¡7��gY^$�Y¡Y\Z\<]°l�^$�<V:  J Ã�Â

� ^Y|7².|£���b³)u,½½E¢®�®6|�vb{�zQ·+³Qx9y�{�� � ï�� y"»+u�²9u�³)³Qx_��´N^YxSz<».·�xS²9z){L|��2�b³Qx9y�{��c� �
� ç$3<���¢ç$3$M�#�E:��3$�6(+=)>�!$#��7��3���^7��#�M�*,(9GY( @ ��3<�"�����m��3�G2§ Ü ZÄÀ�À9Ã�©

η =
|n|

|q|
→ max

E<ç$3����7=Q#���3$3�*S(SGY(�!$!<#�MEZç$#�3<*���#,GQ3<���A=Q>�!$#����b3
|n| = n0.

�1�7=)3 @ 3$!)( n0 E$#�G @ 3$!:8$�����H8!$�hç)(.����!<�����.�
n0 < nmax,

%ÛGQ�
nmax

d ç$�7?;��!$3$��*S(9GB( @ 3�#��6(.I���3$�6(+=Q>�!<#�MEZç$#�3<*���#,GQ3<���A=Q>�!$#����b3DZ«D(�E<3<?;���V*,(9GY( @ ��#�EZç$�AGB�A=Q>�!$#���I�#�^�����3$C$3$��!<����^�������I<��3$��!$#��7��3k£d� ÅE<ç$3i*S(SGY(�!$!$#�M�EZç$#�3<*���#,GQ3<���A=Q>�!$#����b3I�(�Ii���¢ç$�AGB!<��!$!<�:X�*,(9GY( @ �j!$�7=)3$!$��M<!$#.c%�#�E$&<#�%�&$(��"�"3$&$#���(�!$3<8��
|q| → min

µ,T

§ Ü Z�À a ��©
E<ç$3����7=Q#���3<8:0

(

q

T

)

−

(

µn

T

)

= 0, q = 0, n = 0, |n| = n0.
§ Ü Z�À a ÀS©

��=)8���� ç<��?;��!$3<8oE$�¢ç$��M�GQ���µ#��jE<�hç$���"��!$!</\0
µ
3
T
I�!$#���/5����(Iç$>�3<ç:���7c

�"/5��E$�¢ç$���"��!$!$/5�
q
3
n
ZY[§ç<3o^7��#��µ��I�#8ç<#�����>�3:*,�"��!<��!$3<8o^�!<�Iç$#�E$3<3n-.�,GB�7�

#�E<ç$�HGB�7=$8<��>��H8���/°ç)(+KL��!$3$���Æ§ Ü ZÄÀ J À9©A463U���7=Q#���3$��C<3$I:=Q3 @ !$#�����3�3<*,�"��!$��!$3:8^�!<�Iç$#�E$3<3�ç)(�������#8ç$(L*S(.E$3<?;�7���H8��L��3�GQ�
(

q2

λ̃n

)

+

(

n2

k̃n

)

− (nqα̃n) + (u1q)− (u2n) = 0.

�'#�-��������7=$� @ (���*S(SGY( @ (�§ Ü ZÄÀ a �b©74P§ Ü Z�À a À9©��"#SK�����3$�"����>�E<8:��>p-b(.*�#���/10]��#+c
@ ��I�4<#,GB!$(�I�#�(�!)(9=Q#�%�3 @ !$#�ç)(.���7��K�GB��!$3<8$�54<E<ç$3$���AGB��!$!$/5�W&)(.!$����G)=)8O*S(SGY( @ 3#m�6(�I���3$�6(+=Q>�!$#�M�E<&$#�3<*���#,GB3:���A=Q>�!$#��7�b3D4Y�"#9Km!$#�E$#�I�(.*S(+��>$4 @ ��#LGB#��7�+(.��# @ !$#
ç)(������"#��Iç$����>�GQ����-b(+*,#���/5����# @ I$3DZB�µ^7��#��V�7=)� @ (���*S(9GY( @ (LE<ç$��#�-8ç)(.*��������H8�I��3�GQ�

γa|qa|+ γd|qd| → min
na,nd,qa,qd,γa,γdE<ç$3����7=Q#���3<8:0

γa

(

q2a
λ̃a

+
n2a
k̃a
− naqaα̃a + u1aqa − u2ana

)

+

+ γd

(

q2d
λ̃d

+
n2d
k̃d
− ndqdα̃d + u1dqd − u2dnd

)

= 0,
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γaqa + γdqd = 0, γana + γdnd = 0, γa|na|+ γd|nd| = n0,

γa + γd = 1, γa ≥ 0, γd ≥ 0, na ≥ 0, nd ≤ 0, qa ≤ 0, qd ≥ 0.§ Ü Z�À acJ ©
ÇR��?���!$3$�dE$#��7�.(.�.=Q��!<!$#�ML*,(9GY( @ 3L����#,GB3:���q8�E$#��7=Q�5E<#��7=Q�HGB#���(.���A=Q>�!$#�%�#�3$�7cI�=QX @ ��!$3<8iE$��&$���"��!$!$/10�3<*����7=)#���3$Mn§ Ü ZÄÀ acJ ©6IjE$#�3<��I<�O�"3<!$3$�r���6(;����!$I<C$3$3#�GB!$#�M�E$�hç$���"��!$!<#�M

F (γd) =
λ̂(γd)

2

{

Λ(γd)∆u1 −
α̂(γd)n0

2
−

−

[(

Λ(γd)∆u1−
α̂(γd)n0

2

)

−
n0

λ̂(γd)

(

n0

k̂(γd)
+2Λ(γd)∆u2

)]
1

2
}

→min,
§ Ü Z�À a8a ©

%ÔGB�
λ̂(γd) =

λ̃aλ̃d

λ̃a(1− γd) + λ̃dγd
, k̂(γd) =

k̃ak̃d

k̃a(1− γd) + k̃dγd
,

α̂(γd) = α̃a(1− γd) + α̃dγd, Λ(γd) = (1− γd)γd, 0 ≤ γd ≤ 1.
�a#�-��������A=)� @ (��jE<ç<3l3<*������7��!$/102E$(Iç)(��"�7�8ç)(90l3<����# @ !$3$IP#�� µa 4 µd 4 Ta 4

Td
4bI�#�^�����3$C$3$��!<�.(90

λa
4
λd
4
ka
4
kd
4
αd
4
αa
3
na
*S(9GY( @ (�ç<��?�(.�����q8 @ 3$�A=Q��!<!$#$ZÏ]�¢ç$��*�E<#.=)� @ ��!<!$#��·ç<��?;��!$3$� F ∗ = F (γ∗d)

3
γ∗d
#�E<ç$�HGB�7=)8<Xp���H8N#��7�.(.��?;3$���q8

E$(Iç)(��"�7�8ç$/¦#�E<��3$�6(9=Q>�!$#�%�#mC$3<I:=B(<�

γ∗a = 1− γ∗d , qa = −
F ∗

1− γ∗d
, qd =

F ∗

γ∗d
, na = −

n0
2(1− γ∗d)

.

�J�A=)� @ (��·ç$(�����!<������(�����!<#��"��!$#+=Q#�%�3 @ ����I$3:0NIP#�^�����3$C$3<��!<��#�� λ 4 k 4 α ��(�-.c��#8ç$-��hç$��3jGQ����#Iç$-��hç<��*,(9GY( @ (L3$�"���7�j(�!$(+=Q3<��3 @ ����I�#��½ç$�7?;��!$3$�

−qa = qd =
λ̃

4
[(∆u1 − 2α̃n0)−

√

(∆u1 − 2α̃n0)2 −
8n0

k̃λ̃
(2n0 + k̃∆u2) ],

na = −nd = n0, γa = γd = 0, 5.

[]&$�HGB�A=Q>�!$/5M�IP#�^�����3$C$3<��!<�O^�������I<��3<��!$#��7�b3�£5� Å �L^���#��V�7=)� @ (.�

η∗n=
4n0

λ̃

[

∆u1−2α̃n0

√

(∆u1−2α̃n0)2−
8n0

k̃λ̃

(

2n0+k̃∆u2
)

]−1

.
§ Ü Z�À a � ©
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^dú/ü\ú ý ��* �hÿ��hÿ�����ÿ ()	6þ6ý��Ï *À��	6ü�üYý6ý�þ�ÿ����)Ïu�
ü��hü��gÿ��
	 ��úº¬���kùkæ%'����ý���)Ïlÿ �
	Í&���)Ï

�\(��"#�E$&<#�3<*,��#.=Q>�!<#�����/5&)(���!$3$�b(.!$3$��E)(�&)(.�"����&<#��`����&$�"#�GB3$!)(.�"3 @ ����I$3:0��3$�7�����546��/\*�/5�b(��7�n&$#����'3:0`^�!<��&$#�E$3<3W3lE$#�����&$XÙE<#�����!$C$3)(+=)>�!$#�MU&)(.-�#���/h4
I�#���#�&<��XT�"#9Km!$#O-�/1=)#i-�/�3<*��.=Q� @ >i3<*;^���3:0o��3$�������5ZDsr(.I$3$��E<#�����&$3'��#.*,!$3:cI:(�X���!$����#+=Q>�I�#�E$&$3O��/5&)(.��!$3$�b(.!$3$3m�����"E$��&)(.���:&D4:!$#�3mE$&$3O��/5&)(���!$3<�b(�!$3$3
I�#�!<C$��!<��&)(�C$3<M%7(+*,#���3iKm3�GQI�#��7����M�ZQ��I:( @ ���7������E$&<3$�"��&)(��"#9Km!$#;E$&<3$�����7��3E$#�����&$3�����#�-�#,GQ!$#�M�^�!$��&$%�3<3D4Y����8<*,(�!$!$/5����#m���"�7?;��!$3$������#,GkE$&<����!</10�&$��I��
��#.=)��!$/5�"32��#,GY(.�63 �"3$&$#���#�%�#�#�I���(�!)(<Z � 3:KL�m&)(������"#.��&$��!$/Å!$��IP#���#�&$/5�j*S(+c
GY( @ 33:*,�.=Q� @ ��!$3<8�&$(�-�#���/�����3$�������6(+0Y4B!$��#�GB!$#�&$#,GB!</10E<#���#��7�+(�����ZÇR�7?;��!<3$�]^7��3:0m*S(9GB( @ *S(���3$��3<�;#�����#�%�#$4�&)(�-�#��+(��7��=)3O���7��&$#�M$���b��#���#����"�7c��>�X�%7(+*,#���3:=Q3nKO3PGBI�#��7����MD4��+(�I I�(�IN^7��##�-�����#98:���A=Q>�������#�#�E$&<�AGB�A=)8$�7�k��3�G
0:3$�"3 @ ����I$3:0nE$#.����!<C$3)(+=Q#��IP#��"E$#�!<��!<��#��$4�(O*,!$( @ 3<�S4�GQ��3<K�����3$�L��3:=Q/eE$&$#.cC$�����,(<Z���=)8�%A(.*,#��<4S-.=Q3:*,I$3:0�E<#�����#�3$������#�M$�7����(���I�3PGB�,(+=)>�!$/5�54,0:3$�"3 @ ����I$3$ME$#�����!$C$3$(+=

i
c�%�#LI�#��"E$#�!$��!:�.(
¨ ��� ª�&)(�����!

µi(T, Pi) = µi0(T ) +RT lnPi, i = 1, . . . , k,

%ÛGQ�
Pi d E)(.&$C$3)(9=Q>�!$#��"GY(��.=)��!$3$� i c�%�#�IP#��"E$#�!<��!<�+(<Z�[]&$�AGBE<#.=B(�%A(.8�4 @ ��#h#���!<#.c?;��!$3$�LE)(.&$C$3)(+=)>�!$#�%�#OGY(.�.=Q��!<3<8'Io#�-������r��&)(���!$#j�"#.=)8$&<!$#�MGB#.=Q�

xi
IP#��gc

E$#�!$��!<�+(m�L���"����3D4
Pi = Pxi = P

Ni

N
, i = 1, . . . , k,

E$��&<��E$3<?�������/5&)(.K���!<3$�hG$=)8i0:3$�"3 @ ����IP#�%�#OE$#.����!$C$3)(+=Q(m�L��#�&$�"�

µi(T, P, xi) = µi1(T, P ) +RT lnxi, i = 1, . . . , k,
§ Ü Z�À a Â�©

%ÛGQ�
µi1(T, P ) = µi0(T ) +RT lnP

Z
��=)8OKm3�GBI�#�������Mj0:3$�"3 @ ����I$3$M�E$#�����!<C$3)(+=E$&$3$!$3<�6(�Xp�L�;��#�&$�"�L§ Ü ZÄÀ a Â�©74#,GB!$(�I�#�*S(���3$��3$�"#�����>

µi1(T, P )
3<�6�����'3$!$#�Ml��3PGFZ"¤���#'����8:*S(�!<#o�O�����54 @ ��#0:3$�"3 @ ����I$3$M�E$#.����!<C$3)(+= µi(T, P, xi) 46E<&$�AGB�7�.(.�.=)8$�7�`��#�-�#�M ¨ ��� ªd�"#.=)8$&<!<��X^�!$��&$%�3<X Ì�3<-�-���(

i
Ú�%�#�IP#��"E$#�!<��!<�+(<4�(���%�#µE$&<#�3<*,��#,GB!$(.8�E$#VGY(��.=)��!$3$X Ú

�"#.=)8<&$!$/5Mm#�-�>����n^���#�%�#�IP#��"E$#�!$��!<�+(
vi
Zb�2#��,=Q3 @ 3$��#���%A(.*S(��"#.=$8$&$!$/5M�#�-IGDc����KO3PGBI�#��7��3nE<&)(�I<��3 @ ����I$3 !$�;*,(���3$��3<��#��OGY(��.=)��!$3<8'3'# @ ��!$>��6(+=)#�3<*��"�7c!<8$�7���q8�]�����"E<��&)(.����&$#�MDZBsg(�I�I:(�I

∂µi
∂P

=
∂µi1
∂P

= vi,
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��#
µi(T, P, xi) = µi1(T ) + viP +RT lnxi, i = 1, . . . , k.

§ Ü Z�À a�Ü ©
�;(+=Q���jE$&$3<!<8<��#$4 @ ��#oE$&$#�C$������/Å3:*,#�����&$�"3 @ ����I$3$��3`�����"E$��&)(.���:&$/Å�����70E<#,GB��3$�������_#,GQ3$!)(�IP#���/]Z6[]��&$� @ 3$�7=)��!$!$/d����/\?;��*,(9GY( @ 3W&)(������"#.��&$��!$/¥G)=$8%A(.*�#���/10`���"������MD4"(*,(.�����¦G)=)8`&)(�������#�&<#��$Zr�aE$#��A=Q�HGB!$�����7=)� @ (.�mG)=)8`IP#�!:cI<&$����!$#��7�b3j3$���7=Q�HGB#���(�!$/���#�*,�"#SKO!$#�����3yÂ.��#+=Q����/10m�6(.?;3<!�Ã94P3$��E$#+=Q>�*���X��;3:0

&$(�������#�&$/�E$#��b(.&$��!<!$#�M���#.=)3�L��#,GB�.Z

n A�5I¬ 5cê�)29�o·5ys26Dí:="6kø�9�6�78;<3 ="5:="/�A�?<9�9�o�v>783B78;<5:= ¬Bê�å
ì�?Zí:626�/2A�?Zí:9�o�vÇ78="5R785:î
.0r�5:9�@�?�¬Bê�å ="?<@�783�="?Zê*)�9�62î�A�?</262;<oÙs
A�5cí:5:A�s2ä�?<A�9�6�=&p�A�62r�5R7c7852â

[h���7��>2��3$�7�����6(l��#��7��#�3<�U3<*o&$�7*,��&$���b(�&)(µ§¨3$�7��# @ !$3$I:(l-�����I�#�!<� @ !$#�Mµ���"I�#��Ac��3Q©]�L�����"E$��&$(.���:&$#�M
T
4YGY(.�.=Q��!$3$���

P 0 3'0:3$�"3 @ ����I$3$�JE$#.����!<C$3)(+=Q#�� µ0 3&$(�-�# @ ��%�#k���7=Q('�j��#�MlK��O�����"E$��&)(+����&$#�MD46#�-IG����"#�� V > 0
3`0:3$�"3 @ ����I$3$�E<#�����!$C$3)(9=Q#��

µ
Z

«D(9GY(.!$#�!)( @ (+=Q>�!<#��d��#�����#98<!$3$��&)(�-�# @ ��%�#����7=Q(O§¨��!:����&$��!<!<8<8m^�!$��&$%�3:8D4P^�!:c��&$#�E$3:8D4���#����+(���3L#�-IG�����©
E(0), S(0), N(0), V (0)

Z�[���&$� @ 3$�7=)��!$!$/d�dE$��&$���"��!:c!</5�����.8<*S(.!$/�GB&<��%���GB&<��%�#��W�:&$(���!$��!$3$������#��7��#S8$!$3<8
E(0) = E(S(0), N(0), V (0)).

«D(SGY(�!)(NE$&<#,GB#+=)KO3:���7=)>�!$#��7��>2E$&<#�C$�����,(
τ
3�^�!<��&$#�E$3<8

S(τ)
Z1���:�"�6(.&$!$/5M

#�-IG����U3$�7��# @ !<3$I:(m3�&$(�-�# @ ��%�#L���7=B(�!$��3<*,�"��!$��!DZ�l*S(9GB( @ �d#��6(�IP��3$�6(+=)>�!$#�M�&)(�-�#����d��&$��-��������H8LGB#��7��3 @ >��"3$!<3$�r���6(���!<�P�.c&<��!$!$��M'^�!$��&$%�3$3'��3$�7�����"/a�O�"#��"��!<�
τ
4 @ ��#i��#�#����������7�b���������6(�IP��3$�r���r��3<*�c�+=Q� @ ��!$!$#�M�^�!$��&<%�3$3D�

A = ∆E = [E(0)− E(τ) + E0(0)− E0(τ)]→ max .
§ Ü ZÄÀ a Ã�©

sr(.I�I:(�IE$&<3$&$#��7�j^�!<��&$#�E$3$3k&)(�-�# @ ��%�#����A=B(m3������"E$��&)(+���:&)(m*S(SGY(�!$/]4)��#E<&$3$&$#��7�j��%�#m��!<�P��&$��!<!)��Mk^�!$��&<%�3$3
∆E = T∆S

��3$I���3$&$#���(�!3�*S(9GB( @ (�����#.cGQ3<���q8I��6(�I���3$�"3<*,(�C$3$3

∆E0 = E0(0)− E0(τ) = −

τ
∫

0

µ0g(µ0, µ)dt→ max
µ(t)

,
§ Ü Z�À a8K ©

E<&$3����A=Q#���3$3
τ
∫

0

µ(t)g(µ0, µ)dt = T∆S.
§ Ü ZÄÀ a Áb©
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¤��+(�*,(9GY( @ (�E$&$�AGQ���+(��.=)8<������#�-�#�MJ����&<�AGB!$��!$!<�:X *,(9GY( @ �J!$�A=Q3$!$��M$!$#�%�#E$&$#�%�&)(��"�"3$&<#��b(�!$3:8m§¨���5Z,E<&$3:=Q#SK���!$3$�6[�Z a ©AZSØhE<��3$�6(9=Q>�!$#��"&$��?���!$3$�����
µ∗(t)3:=Q3mE$#��7��#98<!$!$#���#���&$���"��!$3O3:=Q3mI<����# @ !$#.c�E$#�����#98<!$!$#$4�E$&<3$!$3$�6(.8m!$����IP#.=Q>�IP#-b(.*�#���/10�*,!)( @ ��!<3$MD4<IP#.=Q3 @ ��������#�I�#���#�&$/10j!<��E$&$����/\?�(��7�LI�#.=)3 @ ���7���b(����A=Q#.c��3$M���3�GY(L§ Ü Z�À a Á�©R-�#.=Q����4 @ ���N!$(]�HGB3$!$3$C:��ZP�l!$(.?;���N�7=)� @ (.�5�.(.I$3:0�*�!)( @ ��!$3<M!$�\-�#.=Q����GB���b0;3�#�!$3�#�E<&$�AGB�A=Q��!</W��&<��-�#��b(�!$3$���54�!)(+=Q#SK���!$!</5�n!)(��]�:!<I$C$3$X

Î�(�%�&)(.!<KL(;*S(SGY( @ 3 § Ü ZÄÀ aIK ©74�§ Ü ZÄÀ a Áb©

L =
{

g(µ0, µ)(µ0 − λµ) + λ
T∆S

τ

}

→ min
µ

max
λ

.
§ Ü Z�À � ��©

b"�7=Q3�]��!$I$C$3<8�Î�(�%�&)(.!<KL(
L
��/5E<��I:=B(���!$3:*�E<#

µ
4<�9Z)��Z)���7=Q3

d2g

dµ2
> 2λ

dg

dµ
,

��#�-b(.*�#���#��h*�!)( @ ��!$3$���AGB3<!$��������!$!$#$Z� (�M�G)8 3<*'§ Ü ZÄÀ � �b©]#,GB!<#k3:=)3nGB�b(-b(.*�#���/10n*,!$( @ ��!$3<8 µ∗ 4F!<�PKO!$#�!)(.M<��3
N∗(t)

3<*���&)(���!$��!$3:8
dN

dt
= g(µ0, µ), N(0)− %q; .

¤���3W�]��!$I$C$3<32=Q3$-�#o=Q3<!$��M$!</Å=Q3<-�#'I<����# @ !$#.cÍ=Q3$!$��M$!$/]Z��_E$��&$��#��e�A=)� @ (��3:0m!)(.I:=Q#�!O&)(.����!
g(µ0, µ∗)

4P��#�����#�&$#�� d &)(�����! g(µ0, µ∗1) !)(�#���&$�7*,I�� [0, γτ ]3
g(µ0, µ∗2)

!$(L#��7�.(��.?;���6�q8#���&$�7*,IP��Z�«�!)( @ ��!$3$� γ !)(90b#,GQ8:�m3<*����7=)#���3<8

γµ∗1g(µ
0, µ∗1) + (1− γ)µ∗2g(µ

0, µ∗2) = T∆S/τ.

Ð #SKO!<#�E$#�I:(.*,(.��><4 @ ��#mE<#m���"/5�7=)�i*S(9GY( @ 3 λ > 0
4Q(

dg/dµ < 0
4$�+(�I @ ��#G)=)8U-�#.=)>�?;3<!$�����b(N&$��(+=Q>�!$/10U*,(���3<��3$�"#��7����M

g(µ)
���A=Q#���3<���/5E:�:I�=Q#��7��3

L��/5E$#.=)!$��!$#<4
µ∗
E$#�����#98$!<!$#m3��"#9K��7��-�/\��>m!)(�M�GQ��!$#�3<*����7=Q#���3<8

µg(µ0, µ) =
T∆S

τ
,

§ Ü Z�À � ÀS©

N∗(τ) = N0 + g(µ0, µ∗)τ, ∆E0 = µ0g(µ0, µ∗)τ.[]#��7=Q�6E$#�GB���+(�!$#���I$3�^���3:0���/5&)(.K���!<3$M���§ Ü Z�À a Ã�©�E$#.=$� @ 3$�k3<��I�#��"#��6*�!)( @ ��!$3<�
A∗
Z
[h������>

g(µ0, µ) = α(µ0)(µ0 − µ)
4)�]��!$I$C<3<8�Î�(�%�&)(�!<KL(�E<&$3$�"���m��3�G

L = α(µ0)(µ0 − µ)(µ0 − λµ) + λ
T∆S

τ
.
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Øh!)(k��/5E<��I:=Q(n��!$3<*�E$#
µ
3`GQ#�����3$%A(����N�"3$!$3$�r���6('�'�HGB3$!$�7������!$!$#�MU��# @ I��

µ∗ = µ0/2λ
Z)[]#L���A=Q#���3<X¥§ Ü Z�À � À9©13$�"�����

α(µ0)(µ0 − µ∗)µ∗ =
T∆S

τ
,

#.��I<��GY(

µ∗ = µ0/2 +

√

µ02/4−
T∆S

τα(µ0)
, g∗ = α(µ0)(µ0/2−

√

µ02/4−
T∆S

τα(µ0)
).

§ Ü Z�À � J ©
ó 3�õ�õ¹ä�í:3�629�9�6o��="5cv�?<9�3�à�5k78@�3�î r�3�@�ê ="?<@�783�="?Zê*)29�62î ="6�149�6<ã

78;Z3iâ Çg(������"#���&$3$�kC$3$I�=;3<*,�+=Q� @ ��!$3<8�&)(�-�#.��/ �d��3$�7�����"��4+��#��7��#98:�;��M;3:*�&$(�-�#.c
@ ��%�#;���7=B(;3LGB���b0O&$�7*,��&$���b(�&$#�����&)(+*,!$/5�"3O0:3$�"3 @ ����I$3$�"3�E$#�����!$C$3$(+=B(��"3D4<�#�GB!$#��U3<*]I�#���#�&$/10j0:3$�"3 @ ����I$3$ME$#.����!<C$3)(+=�I:=QX @ ����#�%�#LI�#��"E$#�!$��!<�+(L&)(�����!
µ+
4"(k��GB&<��%�#��

µ−
§ÊG)=)82#�E$&$�AGQ�7=Q��!$!$#��7�b3

µ+ > µ−
©7Zr[]&$#�C$������C$3$I:=)3 @ �Ac��I$3$MD4$�+(�I @ ��#mE<&$3$&$#��7��/¦^�!<��&$#�E$3$3D4Q��!<�P��&$��!$!$��M^�!$��&$%�3$33��6(�����/�I:=QX @ �7c��#�%�#�IP#��"E$#�!$��!<�+(;&)(�-�# @ ��%�#����A=B(�*,(�C$3<I:=�&$(���!$/�!<�,=QX�Z:sg���"E$��&$(.����&$/µ�����70E<#,GB��3$��������#,GB3$!$(�I�#���/]Z

� x9xS¶:|±wB|7²+³DC��NvPx9³){�u.vb{ªy;zQy�{LxS¶�³)z)vbuS}]z � Çg(.�����"#.��&$3$�µ�A=)� @ (�MD4�IP#�%ÔGY(&$(�-�# @ �������7=)#�E$#�# @ ��&$�AGB!<#�IP#�!<�+(�I<��3$&<�b���m�hE$��&$��/5�U3��.��#�&$/5�U&$�7*,��&<���b(�&)(9c�"3�4�C$3$I:=Q3 @ ����I$3�3<*��"��!<8:8j����#�3jE)(.&)(��"����&)(���#���&<���"��!<3DZ$Øh-�#�*,!$( @ 3<� τ E<&$#.cGQ#.=)Km3<���A=Q>�!$#�����>�C$3$I:=B(:4
µ0(t) d 0:3$�"3 @ ����I$3<MiE$#�����!$C<3)(+=�3$�7��# @ !$3$I:(:4:E$&<3:c!<3$�6(�Xp��3$M *,!$( @ ��!$3<8 µ+ 3 µ− ZR[]#��7�+(�!$#���I�(�*S(SGY( @ 3`#E$#+=)� @ ��!<3$3l�6(�IP��3:c�6(9=Q>�!$#�M�&)(�-�#���/

A
*S(�*S(SGY(�!$!<#�����&$���r8

τ
E$&<3$�"���m��3�G

A = E0(0)− E0(τ) =

τ
∫

0

µg(µ0, µ)dt→ max
µ0,µ

§ Ü Z�À � a ©

E<&$3'���A=Q#���3<8�0'!$��3<*,�"��!$!$#��7�b3NI�#.=)3 @ ���7���b(����������7���b(�&)(�-�# @ ��%�#i���A=B( § ���7=Q#+c��3<8:0iC$3$I:=)3 @ !$#��7��3Q©
∆N =

τ
∫

0

g(µ0, µ)dt = 0.
§ Ü ZÄÀ ��� ©

��=)8i&)(.� @ �7�.(L-�(.*,#���/10O*,!)( @ ��!<3$M µ 3 µ0 �;*S(SGY( @ �L§ Ü Z�À � a ©74D§ Ü ZÄÀ ��� ©6*,(�E$3:c?����`����!$I<C$3$X�Î�(.%�&)(�!:K�(�3mE$#���&<��-������2���p�6(�IP��3$�r���6(�E$#
µ0
4
µ
3m�"3$!$3$�r�bc

�6(�E$#
λ
�

L = {g(µ0, µ)(µ− λ)} → max
µ0,µ

min
λ
.

� #+=Q3 @ ��������#]-b(.*,#���/10�*�!)( @ ��!$3<M µ0 &)(���!$#dGB�.�:�54+#,GB!$#�3<*\!$3:0���#�#��������������������
µ0 = µ+

4,GQ&<��%�#��
µ0 = µ−

Z,��=)8�����&<#�%�#h��/5E<��I:=)#�M;E$#
µ
����!$I<C$3$3�Î�(.%�&)(.!<KL(
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L
-b(+*,#���/5��*�!)( @ ��!$3:8 µ ��GB#��.=Q�7����#�&P8<Xp�m���7=)#���3<8<�

∂L

∂µ
=
∂g

∂µ
(µ− λ) + g(µ0, µ) = 0

3:=Q3
g(µ0, µ)

µ− λ
= −

∂g(µ0, µ)

∂µ
.

� #�&$��!<>�^���#�%�#���&)(���!<��!$3<8;G$=)8
µ0 = µ−

#�-�#�*,!$( @ 3<� µ1 4b(pG$=)8 µ0 = µ+
@ ��&$��*

µ2
Z)sg(�I�I�(�I���-�(.*,#���/10i��# @ I:(+0 L �6(�IP��3$�6(9=Q>�!)(:4$��#

L(µ+, µ1, λ) = L(µ−, µ2, λ),
§ Ü ZÄÀ � Â�©

@ ��#�3�#�E$&$�HGB�7=$8$���O���A=Q3 @ 3<!<� λ Z� #�!$I<&$����3<*,3$&<������E<#.=)� @ ��!$!$/5��*S(���3<��3$�"#��7��3�G$=)8

g(µ0, µ) = α(µ0)(µ0 − µ).

¯h*����7=Q#���3<8 § Ü Z�À � Â�©13$�"�����

µ1 =
µ+ + λ

2
, µ2 =

µ− + λ

2
.

§ Ü Z�À � Ü ©
[]#,GB�7�.(.�.=)8<8

µ1
3
µ2
�W�]��!$I$C<3$X

L
45!)(.M�GB���¥���'*S(���3$��3<�"#�����>�#.�

λ
G)=)8

I:(.K�GB#�%�#L3<*�-b(.*�#���/10�&<��?;��!$3$M

L+ = L(µ+, µ1, λ) =
α+

4
(µ+ − λ)

2, L− = L(µ−, µ2, λ) =
α−
4
(µ− − λ)

2.

Ð 3$!$3<�"���VE$#
λ
3<*��6(�I���3$�r���6(

L
E$#

µ0, µ
GQ#�����3$%A(������H8D4QI�#�%ÛGY(

L+ = L− ⇒ λ∗ =

√
α+µ+ +

√
α−µ−

√
α+ +

√
α−

.
§ Ü Z�À � Ã�©

��#.=Q3���&$���"��!$3�IP#�!<�+(�I<�+(U&)(�-�# @ ��%�#2���7=B(2�'&$�7*,��&$���b(�&$(��"3�#�E$&$�HGB�7=)8<Xp���H8��&$��-�#��b(.!$3$����§ Ü ZÄÀ ��� ©13�&$(���!$/

γ+ =
α−
√
α+

α−
√
α+ + α+

√
α−

, γ− =
α+
√
α−

α−
√
α+ + α+

√
α−

.

Ð (.I���3<�6(+=Q>�!)(+8�&)(�-�#.�.(�*,(L��&$���"8
τ

A∗(τ) = τ [γ+µ1α+(µ+ − µ1) + γ−µ2α−(µ2 − µ−)],
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%ÔGB�
µ1
3
µ2
!)(+0b#�GQ8<��3<*m§ Ü ZÄÀ � Ü ©�E<#��7=Q�]E$#,GB�7�+(�!$#���I<3��^���#���/5&)(.K���!<3$�]*�!)(+c

@ ��!$3<8 λ 3<*O§ Ü Z�À � Ã�©7Z Ð (�I���3$�6(+=Q>�!)(.8��"#���!$#��7��>m&)(���!$(

A∗(τ)

τ
= [γ+µ1α+(µ+ − µ1) + γ−µ2α−(µ2 − µ−)].

� |�´�wQ|±w2C6·+³DC��'vPxS³){�u�vb{Óy�zQy�{LxS¶�³)z)vbuS}]z � ������E:=Q#���/10��6(.?�3$!)(+0���#�*7c
�"#.K���!�I�(�I�E$#�# @ ��&$�HGB!$/5M¦�.(.I¦3¦E$#�����#S8$!$!</5MJI�#�!<�+(�I:��&)(�-�# @ ��%�#V���7=B(V�3<����# @ !$3$I�(��"3�§Ú����&$-�3$!)(b©AZ\�ÅE$#��A=Q�AGB!<�����7=)� @ (���E)(�&)(.�"����&</Æ&)(�-�# @ ��%�# ���7c=Q(�&$(���E$&<�AGB�A=Q��!$/]4<E$&$#�C$��������!$���`�"#SKO!$#�� @ 3<�+(.��>;-.=Q3<*�I$3$�`IO#�-�&$(.��3$�"#��r��4���7=)3'&)(���E$&$�AGQ�7=Q��!$!$#����b>�E)(�&)(.�"����&<#���#����P�;�������.=)8<���b�H8o*,(j� @ ����I�#�!<����I<��3$�.c!<#�%�#jE$#���#�I:(:Z�£�!)(9=Q#�%�3 @ !$#i��GB3$���]�P*,3$#�!<!$/10'�6(+?;3$!)(90�4���#.*,�"#9K���!k!$��E$&$�7c&</5��!$/5MI�#�!<�.(.I<�O��3$�7��# @ !$3$I:(.�"3DZ«D(9GY( @ (µ#µ�6(�I���3$�6(+=Q>�!<#�Ma�"#���!$#��7��3T��^���#����7=$� @ (��VE$&<3$�"���¦��#�&$�r�*,(9GY( @ 3�!$�7=Q3<!$��M$!<#�%�#OE<&$#�%�&$(��"�"3$&$#���(�!$3<8

p = [g1(µ+, µ1)µ1 − g2(µ2, µ−)µ2]→ max
µ1,µ2E<&$3����A=Q#���3$3

g1(µ+, µ1)− g2(µ2, µ−) = 0.
§ Ü Z�À � K ©

f"�7=Q#���3$��#�E<��3$�6(9=Q>�!$#��7��3�^7��#�M�*S(SGY( @ 3E$&<3$��#�GB3<�mI���#�#.��!$#.?;��!<3$X

µ1 − µ2 =
g2(µ2, µ−)

∂g2/∂µ2
−
g1(µ+, µ1)

∂g1/∂µ1
,

§ Ü Z�À � Áb©

IP#���#�&$#������"���7������&$(�����!$������#��J§ Ü Z�À � K ©1#�E<&$�AGB�A=)8$�7�O3$��IP#��"/5��E$��&<���"��!<!$/d��Z
[h������>

g1
3
g2
E$&$#�E$#�&$C$3$#�!$(+=Q>�!$/�&)(+*,!$#�����3�0<3<�"3 @ ����I$3:0E$#�����!$C<3)(+=Q#��

g1 = α1(µ+ − µ1), g2 = α2(µ2 − µ−).

ÇR(�����!<������#o§ Ü Z�À � Áb©�E$��&<��E$3:?;�����L��#�&$�"�

µ1 − µ2 = (µ2 − µ−) + (µ+ − µ1)

3�=Q3
µ1 − µ2 =

µ+ − µ−
2

.
§ Ü Z�À9ÂI�b©

¯h*����7=Q#���3<8
g1 = g2

3$�"�����

α1µ1 + α2µ2 = α1µ+ + α2µ−.
§ Ü Z�À9Â:À9©
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ÇR��?���!$3$����&)(���!<��!$3<Ml§ Ü ZÄÀSÂI�b©74�§ Ü ZÄÀ9Â�À9©13<�"�����m��3�G

µ∗2 =
1

2(α1 + α2)
[µ+α1 + µ−(α1 + 2α2)],

µ∗1 =
1

2(α1 + α2)
[µ+(α2 + 2α1) + µ−α2].

�1#�#������������b�.�:Xp�;�����.(.I�#��r�i��/5-�#�&<�j*,!$( @ ��!$3$���6(�I���3$�6(+=Q>�!<#�M��"#��;!$#�����3

pmax =
α

4
(µ+ − µ−)

2,

%ÛGQ��^�I<��3$�b(+=)��!<��!$/5MkIP#�^�����3$C$3<��!<�O�6(�����#�E$��&$��!$#���(

α =
α1α2

α1 + α2

.

n 5R="/2A�?<9�9�o05ö783�78;<5:="o-¬Bê�å ø�3�¬ @�3�v>7c="5R785:î
Çg(������"#���&<3$����3$�������r� §Ú&$3$��Z Ü ZÄÀSÂ�©13:*hGB���b0iKm3�GBIP#�������M#�GB3$!)(.I�#���#�Mi�����gc

E$��&$(.����&$/]46&)(.*AGB�7=)��!$!$/10UE$#.=$�:E<&$#���#�GQ8<����MU�"���"-�&)(.!$#�MDZ6Ø�GB!$(o3<*iKm3�GBI�#+c
������M�E$&$�HGB���+(��.=)8<���j��#�-�#�M @ 3$�7��/5Mk&)(.������#�&$3<���7=Q>$4Y(L��#��.��#�&$#�M&)(��7����#�&<��!$#!$��IP#���#�&$#������7�;��������#;�p�"#.=$8$&$!$#�MOI�#�!$C$��!:��&)(�C<3$��M

C
Z Ð ���"-�&)(�!$(�E$&$#�E<����I:(9c

������#.=Q>�I�#�&)(.������#�&$3<���7=Q>$Z:Çg(���!<#�������3$��!)(��7����E)(��7�;��#�%ÔGY(<4PIP#�%ÛGB(]0:3$�"3 @ ����I$3$�E$#�����!$C$3$(+=Q/]4B��/ @ 3$�7=Q��!$!$/5��E<#���#�&$�r�S=)�O§ Ü ZÄÀ a�Ü ©74<#,GB3<!)(�IP#���/]4$�9ZÒ��ZQIP#�%ÔGY(

v0P0 − vrPr = −RT ln x0.

«QGB����>`3<!�GB��IP�á�N#���!<#���3<���H8�I @ 3<����#��r�V&)(��7����#�&<3<���7=QX�4\3$!PGB��IP� r d I&)(��7����#�&:��4
x0 d �"#.=)8$&<!)(.8�GB#.=)8�&)(.������#�&$3<���7=)8J�W&)(��7����#�&$��ZhØh-�#.*,!)( @ 3$�&)(.*�!$#�����>LGB(��.=Q��!$3$ME$#�#�-�������#�&$#�!$/¦�"���"-�&)(�!$/ @ ��&$�7* π 3�� @ �����d4 @ ��#mE$&<3��&)(.��!$3<���7=Q>�!<#N�6(+=Q/102IP#�!$C$��!<��&)(.C$3<8:0U�"#.=)8<&$!$/5��#�-IG����"/

v0
3
vr
&)(���!</

GB&<��%�GQ&<��%���Z � &$#��"�m��#�%�#$4R#�-�#�*�!)( @ 3<� x1
�"#+=)8$&$!:�:X�GB#+=QX¥&)(.������#�&$��!$!$#�%�#

���������7���b(<Z�b"�7=Q3^7�.(����7=Q3 @ 3$!)(��6(+=Q(<4<��# ln x0 = ln(1− x1) ≈ −x1
Z)sR#�%ÛGB(

π = RT
x1
v0

= RTC,
§ Ü ZÄÀSÂ J ©

%ÛGQ�
π d #����"#���3 @ ����I�#���GY(��.=Q��!$3$�.� C d IP#�!$C<��!<��&)(�C$3<8�&)(��7����#�&$��!<!$#�%�#]���7�;�Ac

�����b(<4 [ �"#.=)>���
3

] �
T d �����6E<��&)(+����&)(<� R d �:!<3$����&<�,(+=Q>�!)(.8�%A(.*�#��b(.8�E<#�����#98$!<!)(.8DZ
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C

0
C

1
C

0
g

,
1

g n

îâàííûéêîíöåíòðèð

íàñîñ

ðàñòâîð

ðàñòâîð

ïðèðàñòâîð
äàâëåíèèâûñîêîì

ûéðàçáàâëåíí

ìåìáðàíà

íèçêîìïðèâîäà
äàâëåíèè

òóðáèíà

p

0
P

2
P

ù�ú:û_üq8ü þ�¤8üqp*@��	rH�@�	N���>?��>?��������
��C ûTú:û�@���>O�
f�&)(���!$��!$3<��§ Ü Z�À9Â J ©F!)(.*�/5�b(�X��]�:&$(���!$��!$3$���N�\(�!<�+c±Ì�#�����(�G)=$8�#����"#.��3 @ ����IP#.c%�#;GY(��+=Q��!$3:8DZ
��I:(��"��&$��46&$(���E$#+=Q#9K���!$!$#�MUE$#o=Q���.�:XÆ�7��#�&$#�!<�U�"���"-�&)(�!</]46!)(+0b#�GB3<���H8

@ 3$����/5M'&)(��7����#�&$3<���A=Q>��]GY(��+=Q��!$3<����#�I<&<�PKL(�Xp����Mk��&$�HGB/]4�&)(���!$/5� P0

ZY[]#
E<&)(�����XÅ�7��#�&$#�!<�N�"���"-�&)(�!</_�I:(��"��&$�m#�-�>����"#��

V
3$�"�������H8`#�-�!<#��.=)8<���"/5M

&$(�������#�&D4<IP#�!$C$��!<��&$(�C$3<8�&)(��7����#�&$��!<!$#�%�#L���7�;�������b(��;IP#���#�&$#�� d C
Zb�;(��.=Q�Ac

!<3$�;�O^���#�MoI:(��"��&$�;#�-�#�*,!)( @ 3$� @ ��&$��* P2

Z�Çg(.������#�&o-��,GQ����� @ 3<�.(+��>�3�GB��(+=Q>.c!</5�5ZB����#�����#98<!$3$3�&$(���!$#�������3<8D4)IP#�%ÔGY(LE$#���#�I @ ��&$��*�E$&)(��.�:X�I:(.�"��&<�i&)(�����!!:�S=QX�4��i!<��Mo�����+(�!)(.�.=Q3$��(������H8kGB(��.=Q��!$3$��4DE$&<����#��q0b#�GQ8<�����
P0

!)(j���A=Q3 @ 3<!<�#����"#���3 @ � 1 I�#�%�#jGY(��.=)��!$3<8 π ZD���7=Q3 @ 3$!)(i#����"#���3 @ ����I�#�%�#jGY(��.=)��!$3<8o���.8<*S(.!)(��I�#�!$C<��!<��&)(�C$3$��M'�OI:(��"��&$�;3������"E$��&)(.���:&$#�Mo��&)(.��!$��!<3$���µ�\(�!<�+c±Ì:#�����(:ZY�
���7=Q#���3<8:0Y4FIP#�%ÔGY(�&)(.������#�& ��I�(��"��&<�m#�-�!$#��.=)8<�����H8�4�GY(��.=)��!$3$�

P2 < P0 + π
4

@ ��#;��/\*�/5�b(��7��E$#���#�Ij&)(��7����#�&$3<���A=)8 g0 @ ��&$��*hE$#.=)��E$&$#���#,G)8<����X¦�"���"-�&)(�!:��ZØh-�/ @ !$#�E$&$3$!<3$�6(�Xp�5GB3$���]�P*,3$#�!<!$/5M�E$#���#�I�E$&$#�E<#�&$C$3$#�!)(+=Q>�!$/5�k&$(.*,!$#�����3��(.I<��3 @ ����IP#�%�#O3�&$(���!$#�������!$#�%�#;GB(��.=Q��!$3<8
g0 = α(P0 + π − P2) = α(π −∆P ),

§ Ü Z�À9Â a ©
%ÔGB�

∆P = P2 − P0

Z
[h������>

n d �"#���!$#��7��>l!)(���#��,(:4�E$#,GB(�Xp����%�#2IP#�!$C$��!<��&<3$&$#��b(�!<!$/5Mµ&$(��7c����#�&��
g1 d &)(.�q0b#�Go^���#�%�#m&)(.������#�&)(<4Q( C1

d ��%�#�I�#�!$C$��!:��&)(�C<3<8����"#.=$8:0�!$(�HGB3$!$3<C<��#�-IG����6(:Z)[]&$��!<��-�&<��%A(.8 � [��_!)(���#��,(<4$E$#.=)� @ 3$�
n = ∆Pg1,«D(�� @ �7�OE$#�GBE$3<��I$3 @ ��&$��*��"���"-�&)(�!<�i#�-IG����W&)(.������#�&)(L�����A=Q3 @ 3$�b(��7���H8�3�4E<&$#�M�GQ8 @ ��&$�7*��.��&$-�3$!<��4B#�!�#.�,GB(����m�"#��;!$#�����> N 4)&$(���!<��X

N = (g1 + g0)∆P.
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N0 = N − n = g0∆P = α(π −∆P )∆P, η =
N0

g1
=
α(π −∆P )∆P

g1
.

«QGB����>h��I:( @ ���7����� � [p��E$&<3$!<8<�+(h#���GY( @ (�&)(�-�#.��/2!$(�À1��� 3 IP#�!$C<��!<��&$3$&$#.c�b(�!$!<#�%�#�&)(��7����#�&)( d Â+��#�E:=Q3$�b(kÃGB3$���]�P*,3$#�!$!$#�Ml�6(+?;3$!$/]ZBb"�7=Q3`!$�m� @ 3:c��/5�b(+��>n����8<*�>'�"�7KLGQ�
π
3
∆P
4R��#'�"#���!$#��7��>kGB#�����3<%7(.���N�6(�I$��3$�r���6('E<&$3

∆P = π/2
4)3���������&b0:!$3<M�E$&$�HGB�7=k&)(�����!

N0 = α
π2

4
=
α

4
(CRT )2.

sg(�I�I:(�I
C < C1

4)���A=Q3 @ 3<!)(��"#���!$#�����3*S(.���AGQ#��"#��"��!<>�?;�.4 @ ���

N∗
0 =

α

4
(C1RT )

2,
§ Ü Z�À9Â � ©

@ ��#;GY(��7�m#�C$��!$I<��������&�0��jG$=)8��6(�IP��3$�6(+=)>�!$#�M��"#���!$#�����3DZØhC$��!$I<�m§ Ü ZÄÀSÂ � ©��"#SKO!<#5�P��# @ !<3<��>$4+���7=Q3�� @ ���7��>$4 @ ��# g0,∆P 3 C ����8:*S(�!$/GB&<��%5�6GB&<��%�#��'���7=Q#���3$����§ Ü Z�À9Â a ©�3���&)(���!$��!$3$���N�6(.����&$3$(+=Q>�!$#�%�#�-�(+=B(�!$��(�E$#
&)(��7����#�&<��!$!$#��r��IP#��"E$#�!<��!<�.�

(g1 + g0)C = g1C1.
§ Ü Z�À9Â�Â�©

�1/5&)(.*�3$�
C
3

∆P @ ��&$�7* g0 3<*'���7=Q#���3$MT§ Ü Z�À9Â a ©74 § Ü Z�À9Â�Â�©m3µE$#,GB�7�.(.��3$�¥���/5&)(.K���!$3<8jG$=)8
N0

3
η

C =
g1C1

g1 + g0
, ∆P = CRT −

g0
α
,

§ Ü Z�À9Â Ü ©

N0 = g0∆P =
RTC1g1g0
g1 + g0

−
g20
α
.

§ Ü Z�À9Â�Ã�©

η =
α(π −∆P )∆P

g1
=
RTC1g0
g1 + g0

−
g20
αg1

§ Ü Z�À9Â K ©
sR# @ I$3J�6(�I���3$�r���6(�E$# g0 G)=$8���/5E<��I:=Q/10�������&b0J�]��!$I$C$3<MÖ§ Ü ZÄÀ9Â�Ã�©3§ Ü Z�À9Â K ©���#���E$(9GY(�X��94)E$#�^7��#��r�mG)=)8�!)(+0b#SKLGQ��!$3<8�#�E<��3$�6(+=Q>�!$#�%�#L*�!)( @ ��!$3<8 g∗0��#���E$#.=Q>�*������"�q8�#,GB!$#�M�3:*��]��!$I$C$3$M�4Q(;3<�"��!$!$#���/5&)(.K���!$3$���`G)=$8

N0

Z�f6�7=Q#+c
��3$���6(�IP��3$�r���6(LE$#

g0
E$&$3$��#�GB3<�mI�&)(.����!$�7���.�

ϕ(g0) = g0(g1 + g0)
2 =

αRTg21C1

2
.

§ Ü Z�À9Â�Á�©
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[]��&$��E<3<?;���V��&)(���!$��!$3<�j§ Ü ZÄÀSÂ�Áb©�����#�&$�"�
g30
g21

+ 2
g20
g1

+ g0 =
αRTC1

2

§ Ü Z�À Ü �b©
3�#�-�#.*,!)( @ 3$�TG$=)8�I$&$(.��IP#�����3�E$&)(��.�:X @ (�����>U^7��#�%�#2��&)(���!$��!$3:8 M 45(`��%�#&<��?;��!$3$�

g∗0
Z.Ø @ ����3�GQ!$#$4 @ ��#�#�!$#��,GQ#��.=Q�7����#�&b8$�7�]!$��&)(�����!$�7���b(�� 0 < g0 < M.[]��&$��#��6E$&$3$-.=)3<K���!$3<��I�&$�7?;��!$3$XV�"#SK�����-�/\��>p!)(�M�GQ��!$#p�"����#,GB#��0b#�&�G¾¨ J8J ªÈ�

g̃0 =
M

M2/g21 + 2M1/g1 + 1
.

§ Ü Z�À Ü À9©
����3:=)�i��/5E<��I:=Q#�����3���!$3<*]=Q����#�M @ (.����3&)(.����!$�7���b(�§ Ü Z�À Ü �b© g̃0 < g∗0

Z
b"�7=Q3n&)(.*7=Q3 @ 3$���"�7KLG)� M 3

g̃0
���7=Q3$IP#$4���#�&$��?���!$3$���"#SKO!$#O����# @ !<3<��>E<#���#�&$�r�S=)��I:(.�,(.���7=Q>�!$/10

g10 = g̃0 +

(

M −
g̃30
g21
− 2

g̃20
g1
− g̃0

)(

3g̃20
g21

+
4g̃0
g1

+ 1

)

.
§ Ü Z�À ÜcJ ©

[]#�E$&)(���I�(p������%ÔGY(�E$#.=Q#SKO3:���A=Q>�!)(<4.(
g10 > g∗0

Z.[]#,GQ���+(�!$#���I�(�&$�7?;��!$3<8��p���7=)#.c
��3$�§ Ü Z�À9Â�Áb©pE<#�*,��#+=)8$�7�#�C$��!$3:��>���# @ !$#�����>E$&<3$-.=Q3<K���!$3<8�ZDf6�7=)#���3$�§ Ü Z�À9Â�Áb©�+(�I<3$�l#�-�&)(+*,#��`#�E$&$�HGB�7=)8<����G)=)8O��/5-�&)(�!<!$/10m*,!$( @ ��!$3$M g1 3 C1

4
g∗0
4:(����7=)#.c

��3<8N§ Ü Z�À9Â Ü ©
C∗
3
∆P ∗

Z
Ø����"�7��3$�54 @ ��#�E$&$�HGBE$#.=Q#SK���!$3<�p#�-�3�GB��(+=Q>�!<#�����3j&)(��7����#�&)(�����#,GQ3<��#�%�&)(+c!<3 @ ��!<3$��!$(�*,!)( @ ��!$3$��IP#�!$C<��!<��&)(�C$3$3�&)(�-�# @ ��%�#�&)(��7����#�&$(

C = C1
g1

g1 + g0
.

Øh!)(h!$��GB#.=$KO!)(h-�/\��>��A=Q3<?;IP#��N-�#.=Q>.?;#�MD4�3$!)( @ �d�"#+=Q��I<�,=Q/V&)(��7����#�&$��!<!$#�%�#��������������(��*,(�3$�"#�GB��M$�7���.�:Xp��GB&<��%���GB&<��%�#��¦3'*,(���3$��3$�"#��7��>`§ Ü Z�À9Â J ©�!)(.&<�bc
?;(��7���q8DZ
¡½6Dê�5Rs2?Zå�¬�3�õ�õ¹ä�í:3�629�9�?Zå©="?5�43�9�?u7¾p�6262à�5:A�5I¬ 9�o0=Ò@�6�9�;:?<@�;<62=
A�?</262à�5:ìH6�;<5cêB?47¾3�78;<62à�9�3�@�?<="3
�2&)(.�����6#.��&$��!$!$#�MO��E$&$�HGB/�GQ�P�����`&)(+*7GB�A=Q���q0b���"�5GQ3$���]��*�3$#�!$!<#�Mm�6(.?;3:c

!</�&)(�-�# @ �������7=Q#;E$&$�HGB�7�.(��+=)8:=Q#;��#�-�#�MO#���I$&$/\����XJ��3$�������r��4<&$(�-�#��+(�X�����X¦��7�+(�C$3$#�!$(�&$!$#��µ&$�7KO3$�"�;�;E$#�����#S8$!<!$/5��I�#�!:�.(.I<��#��µ��GQ�����r8o3$����# @ !$3<I:(��"3DZØ��W#,GQ!$#�%�#U3<*N!$3:0µE$#��7����E)(+=�IP#�!$C$��!<��&<3$&$#��b(�!<!$/5MJ&$(�������#�&D4d#��lGB&<��%�#�%�#
&$(�������#�&$3:���7=Q>$Z
� (k&$3$�.Z Ü Z�À Ü 3:*,#�-�&$(.K���!)(k�7��&<��I<���:&)(�GB3$���]�P*,3$#�!$!$#�MU�6(+?;3$!$/]4r�oI�#+c

��#�&$#�Mi&)(.-�# @ ���p���A=Q#�E$#�# @ ��&$�AGB!<#�I�#�!<�.(.I<��3<&<�b���L��I:(+KLGB/5�`3<*h3$�7��# @ !$3$I�#��$4
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n
©p3'��!$3:K�(.�����q8nE$&<3n-�#+=Q>�?;���T§Ú��/5&)(�-�(.��/1c

�b(��7���q8�"#���!$#�����>
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«D(�E<3<?;���e-�(+=B(�!$��#���/5�j��#�#.��!$#�?���!$3:8lG$=)8l^���#�MU�Û0b���"/Å323$���7=Q�HGQ�����a���

E$&$�HGB�7=Q>�!$/5�L��#�*,�"#SKO!<#�����3DZ�[]&$3k^���#����6/JE$&$��!$��-�&<��%A(�����*S(.��&)(.�+(��"3'^�!$��&:c
%�3$3'!)(i��#�*7GB(�!$3$�LE$#.��#�I�(�IP#�!$C$��!<��&$(.�.( @ ��&$��*�!$3<Km!$XpX_I:(.�"��&<�k3'� @ 3<�.(.���I�#�!<C$��!<��&)(�C$3<X®&)(��7����#�&$��!$!<#�%�#U���7�;���7���b(2�lE$#���#�I��

g2
&)(���!$#�M��HGB3$!$3$C<��4�(

GY(��.=)��!$3$��#�I$&<�PKL(�X��;��M��&$�AGQ/¦&)(���!</5�
P0

Z
Ð #.�;!$#��7��>m�6(.?;3$!</

N0 = N − n = (g1 + g0)∆P21 − g1∆P21 = g0∆P21,%ÛGQ�
∆P21 = P2 − P1.�NI�( @ ���������\E$#�I�(.*S(+���7=$8;^�������I<��3$��!$#�����3LE$&<3$�"���o#���!$#�?;��!$3$�\�"#���!$#�����3

N0

I�&)(��Û0b#,GQ�
g2
&$(�������#�&b8$���"#�%�#m���7�;�������b(

η =
N0

g2
=
g0
g2
∆P21.

� 3$!$����3$I:(��6(�����#�E$��&$��!<#��,(�#�E$&$�HGB�7=$8$�����H8���#�#���!$#.?;��!$3<8$�"3
g0 = α1(P0 + π − P2) = α1(π −∆P20) =

= α2[(P1 + π2)− (P0 + π1)] = α2(∆π21 +∆P10).
§ Ü Z�À ÜIa ©
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«QGQ����>
∆P20 = P2−P0, ∆π21 = π2−π1, ∆P10 = P1−P0

ZPÇg(�����!$�7����#i§ Ü Z�À Ü8a ©
��#�#��������������������k���7=Q#���3$XÅE$#�����#S8$!<�����b(�6(�����/T&)(�-�# @ ��%�#���7=B(�����+(�C$3$#�!)(�&:c!<#��W&$�7KO3$�"�.Z
� (o&$3$�.Z Ü ZÄÀSÃkE$#�I�(.*S(�!2C$3$I:=V&)(�-�# @ ��%�#'���A=B(kGB3<�����P*�3$#�!$!$#�MW�6(.?;3$!</]ZÐ #��;!$#�����>

n
&)(.��!)(hE:=Q#��;(9GB3LE$&P8<�"#���%�#.=Q>�!$3$I:(

P2dCP1

4��"#��;!<#�����>
N
E�=Q#.c

�;(9GB3
P2abP1

Z Ð #.�;!$#�����>��6(.?;3$!</
N0

&)(.��!)(OE:=Q#��;(9GB3o*,(.?���&$3:0b#��b(�!<!$#�%�#
E<&P8$�"#.�:%�#.=Q>�!$3$I:(
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0
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P20
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���±�������K
��E��M@��\Gq���:úL����	r�Wú
�����
��C>y��F�ú����
� (�M�GB���ÆE$&<�AGB�A=Q>�!<��X �"#���!$#�����>�GQ3$���]��*�3$#�!$!<#�M��6(+?;3$!$/®-��7*l� @ �7�.(����8<*�3n�"��K�GQ�k#����"#���3 @ ����I$3$�"3'GY(��+=Q��!$3:8$�"3n��I�(��"��&$(+0'3n&)(.�q0b#�GY(��"3DZY��=)8^7��#�%�#m&$��?�3$�W*S(9GY( @ �j���7=)#���!$#�M�#�E<��3$�"3<*S(.C$3$3

N0 = (P2 − P1)g0 → max
P1,P2E<&$3����A=Q#���3<8:0

α1(P0 + π − P2) = α2(P1 − P0 + π2 − π1) = g0.
§ Ü Z�À Ü � ©

¯h*O§ Ü Z�À Ü � ©
P1 =

g0
α2

+ P0 + π1 − π2, P2 = P0 + π −
g0
α1

.

�����AGQ���V^�I<��3$�b(+=)��!<��!$/5MkIP#�^�����3$C$3<��!<�OE$&<#���#�GB3$�"#��7��3�"���"-�&$(�!
α =

α1α2

α1 + α23�*,(�E$3<?����
P2 − P1 = π − π1 + π2 −

g0
α
.

sR#�%ÔGY(
N0 = g0

(

π − π1 + π2 −
g0
α

)

= g0

(

π +∆π21 −
g0
α

)

→ max
g0

.
§ Ü Z�À Ü Â�©



\cM��:M�� P:g�¡cQ¢P�¢·S$Pb����¡�¡8gYS1�T\<\<]Øjo�H�B��Q.�TS$PYj JIK Á

Ð (�IP��3$�r����^7��#�%�#m��/5&)(.K���!$3<8�4)&)(���!$/5M

N∗
0 =

α(π − π1 + π2)
2

4
=
α(π +∆π21)

2

4
,GB#��7��3$%A(��7�b�H8E$&$3

g∗0 =
α(π − π1 + π2)

2
=
α(π +∆π21)

2
.

f @ �����54 @ ��#L#����"#���3 @ ����I<3$�hGY(��.=Q��!$3<8���I�(��"��&)(90i���.8<*S(.!$/��]IP#�!$C<��!<��&)(+cC$3<8<�63�*S(�IP#�!$#��µ�\(�!<�+c±Ì�#�����(o§ Ü Z�À9Â J ©74Y(OE$#��7=Q�HGB!$3$�.4D�j����#�Xa# @ ��&$�HGB>$4����.8:c*S(�!</���&)(��Û0b#,GY(.�"3
g1, g2

3
g0
4<�.(.I @ ��#

π = CRT = C1
g1RT

g1 + g0
,

∆π21 = (C2 − C1)RT =

(

g2C20 + g0C1

g2 + g0
− C1

)

RT.

��� @ ����#��V^���3:0���#�#���!<#�?;��!$3$M���/5&)(.K���!<3$�m§ Ü ZÄÀ Ü Â�©"G$=)8��"#��;!$#�����3�6(+?;3$!$/E$&$3$�"�7�O��#�&$�r�

N0 = g0

[

RT

(

C1g1
g1 + g0

+
g2C20 + g0C1

g2 + g0
− C1

)

−
g0
α

]

=

= g0

[

RT

(

g2C20 + g0C1

g2 + g0
−

C1g0
g1 + g0

)

−
g0
α

]

→ max
g0
,

§ Ü Z�À Ü�Ü ©
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η

η =
g0
g2

[

RT

(

g2C20 + g0C1

g2 + g0
−

C1g0
g1 + g0

)

−
g0
α

]

→ max
g0

.
§ Ü Z�À Ü Ã�©

sg# @ I$3O�6(�IP��3$�r���6(�E$# g0 G$=)8LGB���b0OI$&$3<����&$3<���§Ô§ Ü Z�À Ü�Ü ©"3o§ Ü Z�À Ü Ã�©Û©"��#���E)(9GB(+cXp�9Z<[]#�^7��#��r��G)=$8j!)(90b#9K�GB��!<3<8j#�E:��3$�6(+=)>�!$#�%�#;*�!)( @ ��!$3:8 g∗0 ��#���E$#.=Q>.*������"�H8#,GB!<#�M'3:*�GB���b0k����!$I<C$��MDZ�f6�7=)#���3<8o���+(�C$3<#�!)(�&$!<#�����3
N0

E$#
g0
E$&<3$��#�GQ8<��I

��#�#.��!$#�?���!$3<XJG)=)8�#�E:��3$�6(+=)>�!$#�%�#mE$#���#�I:(

g∗0 =
αRT

2

[(

g22C20 + 2g0g2C1 + g20C1

(g2 + g0)2

)

− C1
g0(g0 + 2g1)

(g1 + g0)2

]

.
§ Ü Z�À Ü8K ©

ÇR��?���!$3$�
g∗0(g1, g2, C1)

��&)(.��!$��!<3<8_§ Ü ZÄÀ ÜIK ©jE$#��7=Q�nE$#,GB�7�+(�!$#���I<3¦�
N0

3
η#�E$&$�HGB�7=$8$���L�6(�IP��3$�6(+=)>�!$/5�h�"#��;!$#�����>

N∗
0 (g1, g2, C1)

3 � [p�
η∗(g1, g2, C1)

Z
f6�7=)#���3$�;!$��#���&$3<C)(.���7=Q>�!$#����b3

N∗
0

3
η∗
!)(�I:=Q(9GB/5�b(.����#�%�&)(�!$3 @ ��!$3<8o!)(j��#.*�c�"#9Km!$/5�L*�!)( @ ��!$3<8 g1, g2, C1

Z�sr(�I�4D�:���7=Q3 @ ��!$3<� g1, g2 3 ��!$3<K���!<3$� C1

�����Ac
=Q3 @ 3<�b(���� N∗

0

Z
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[]#�I:(+*S(.���7=Q3NGB3$���]�P*,3<#�!$!$/10l�6(+?;3$!`&)(����.�P�nE$&<#�E$#�&<C$3$#�!)(9=Q>�!$#kIP#�^��hc
��3$C<3$��!:���nE$&$#���#,GB3$�"#�����3N�"���"-�&)(�!$/]4�E<#�^���#��r�'�"#9Km!$#�#9Km3�GY(+��>������A=Q3 @ �Ac!<3<8�3:0;��#�*��"#9Km!$#��7����M�E$&$3�����#�����&<?;��!$���b��#��b(�!$3<3��"���"-�&)(.!DZbØ�GB!)(�IP#]!<�PKO!$#
� @ ������>O3���#<4 @ ��#m����#�M$�����b(m�"���"-�&)(�!!<�����+(�C<3$#�!)(�&<!$/�4B#�!$3��b0��,GQ?�(.Xp���H8�*,(� @ �7�'!$��#,GB!<#�&$#,GQ!$#��7��32IP#�!$C$��!<��&)(.C$3$M2�k&$(�������#�&$�.4g^�������I<�.(kE<#.=)8$&<3<*S(�C<3$33�E<&DZ

^dúe^dú û2þ �)	�ü�����(�ÿ�	 �)����%�ÿ��ý6ü������°���
����ÿ�ü�������(hÿ�	����Rý�(hý*
��#�����3<Km3$�6(.8'�O0<3<�"3 @ ����I�#��¦&<�,(�I<��#�&$�L������E$��!$>E<&$����&$(.�;��!$3<8n*,(���3<��3<�#.�LE$&$#,GQ#.=)Km3<���A=Q>�!$#�����33�I$3<!$����3$I$3E$&$#�C<������(<4$���A=Q#���3$M���%�#�E$&<#����HGB��!$3:8�3

��#�*,�"#SKO!<#�������M��E$&)(.�.=Q��!$3<8DZ Ð �7��#�GB/J����&<�6#�GB3$!$(��"3$I$3kE$&$3�IP#�!$� @ !$#�����&$�7c�"��!$3�§¨s � �5©]E$#.*,��#.=$8$Xp�k��/\8$��!<3<��>o�+=Q3<8$!<3$�OI:(+KLGB#�%�#3<*j^7��3:0`��(.I<��#�&<#��
3mE$#��7��&$#�3<��>;#�-.=B(.����>�&$�,(+=)3<*������"#�����3O0:3$�"3 @ ����I�#�%�#;&$�,(.I<��#�&$(<4:#�-����7=)#��.=Q��!:c!:�:XJ����&$�"#,GQ3$!)(��"3 @ ����I$3$�"3k��(�I:��#�&)(.�"3DZ[]��&$��#�!)( @ (+=Q>�!<#2&)(.�����6#.��&$3<�¥��3$�7�����"��45��#�GB��&bKL(.����X &<�,(�I:��#�&µ���"��?;�Ac!<3<8D4$*S(.����� d ��&:�:- @ (.��/5Mk&$�,(.I<��#�&���/\������!$��!$3<8�Z�[]&$3^7��#���E$&$�HGBE$#.=Q#SKm3$�54@ ��#���IP#�&$#��7��>&<�,(�I$C<3$3NE$#�G @ 3$!:8$�����H8n*,(�I�#�!:�GB��M$�������:X���3:0n�6(����.4�(i���"����3&<�,(�%�3$&<��Xp�;3:0`���7�;���7���o-.=Q3<*�I$3lI 3�GB��(+=Q>�!$/5��&)(��7����#�&)(��54F�+(�I @ ��#0<3<�"3:c
@ ����I$3$M�E<#�����!$C$3)(+= i cº%�#�IP#��"E$#�!$��!<�+(�3$�"���7�O��#�&$�r�á¨ ��� ª

µi = µi0(T, P ) +RT ln xi,
§ Ü Z�À Ü Áb©

%ÔGB�
xi d �"#.=)8$&<!)(.8�GB#+=)8 i cº%�#UI�#��"E<#�!$��!:�.(U���"����3D4 R d ��!$3$����&$��(+=Q>�!$(.8%A(.*�#��b(.8OE<#�����#98$!<!)(.8D4

T, P d (�-���#.=QX���!)(+8j�����"E$��&)(.���:&)(;3�GY(��.=Q��!$3$�����"����3DZ

.�/2ê�?D78;5) A�5:?Zê�3�ícä�5:="6�78;<3©¬ ê�å>p�5:A�3�6c¬�3�à�5R78@�62ìH6¦A�5:?<@�;<62A�?
78="5
�45:9�3�å

# 5RA�="6:¬ 3�9�?<="3�à�5R78@�3�5©/2?ZêB?Z9B78o¹â Çg(������"#���&$3$�JE$��&$3$#�GB3 @ ����I$3$MlE<&$#.cC<�����i��0<3<�"3 @ ����I�#���&$��(�I<��#�&$�i���"��?���!$3<8�4rE$&$#.����I�(�Xp��3$MUE<&$3lE$#��7��#S8$!$!<#�M�����"E$��&)(.���:&$�i-��7*j����E:=Q#�#�-��"��!$(o�O#�I<&<�PK�(.Xp�;��Ml��&$�HGB#�MDZ"�1�"����>oE$&<�AGB�7�.(��+c
=$8$���W��#�-�#�Mµ#,GB!$#���(+*,!$/5M�&)(��7����#�&D4d-.=Q3<*�I$3$M�Iµ��#�����&<?���!$!$#V3�GB��(+=Q>�!<#��r��Z
[]#��7=Q�HGB!$����#.*,!)( @ (��7�94 @ ��#i0:3$�"3 @ ����I$3$�mE<#�����!$C$3)(9=Q/T�"#�%��P�-�/\��>�!)(�MPGB��!$/E<#���#�&$�r�S=)�O§ Ü ZÄÀ Ü Áb©7Z
�����A0<3$#��"���b&$3 @ ����I�#����:&$(���!$��!$3$��&$�,(.I$C$3$33$�"�����O��3�G

j
∑

i=1

αiRi

k1

→
←
k2

m
∑

i=j+1

αiRi,
§ Ü Z�À9ÃI�b©
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%ÛGQ��I�#�^�����3$C$3$��!<��/
αi < 0

G)=$8
i ≤ j

3
αi > 0

G$=)8
i > j

�
k1
3
k2 dI�#�!<���+(�!<��/���IP#�&$#�������MOE$&b8$�"#�ML3�#�-�&)(.��!<#�M�&$�,(.I$C$3$MDZ��1I�#�&$#��7��>�&$��(�I$C$3<3
W#�E$&$�HGB�7=$8$�����H8*S(.I�#�!<#��lGB��M<�����.�:Xp�;3:0�6(����

W (x, T ) = k1(T )
j
∏

i=1

x−αii −k2(T )
m
∏

i=j+1

xαii = W1(x, T )−W2(x, T ).
§ Ü ZÄÀSÃ:À9©

«D(�E<3<?;���¸��&)(.��!$��!<3<8Å����&$�"#,GB3<!)(��"3 @ ����I$3:0Ö-b(9=B(�!$��#��e^7��#�M¥��3$�7�����"/]�Ð (.����&$3)(9=Q>�!$/5�o-�(+=B(�!<��/ÓE$#
i
cº�r�2I�#��"E<#�!$��!:���V3VE$# #�-������r�WIP#.=Q3 @ ����������"#.=Q��M

dNi

dt
=
d(Nxi)

dt
= αiW (x, T ), i = 1, ...,m,

§ Ü ZÄÀ9Ã J ©

dN

dt
=W (x, T )

n
∑

i=1

αi = W (x, T )αΣ, N(0) = N0, Ni(0) = Ni0.
§ Ü Z�À9Ã a ©

¤1!$��&<%�����3 @ ����I$3$M�-b(+=B(�!<�
d

dt

m
∑

i=1

Nihi = 0.
§ Ü ZÄÀ9Ã � ©

¤1!<��&<#�E$3$M$!$/5M�-b(+=B(�!<�
d

dt

m
∑

i=1

Nisi − σ = 0,
§ Ü ZÄÀ9Ã�Â�©

%ÛGQ�
hi
3
si d �"#.=)8$&<!$/5�m^�!:�.(+=)>�E$3<8 3N^�!<��&$#�E$3:8 i c�%�#IP#��"E$#�!$��!<�+(<4R( σ dE$&$#�3:*,��#�GB������#m^�!<��&$#�E$3<3���0b#�GB��&<�,(�I$C<3$3DZ

�1#���E$#.=)>�*������"�H8�������#�-�����#98:���7=)>�������#��54 @ ��#50:3$�"3 @ ����I$3$M�E$#�����!$C<3)(+=�§Ú�"#.c=)8$&<!)(.8L^�!$��&$%�3<8mÌ�3$-�-��,(b©R&)(�����!L&)(.*�!$#��7��3m^�!<�+(+=Q>�E$3<3
h
3LE$&$#�3:*,���HGB��!$3:8

Ts

µ = h− Ts.
§ Ü ZÄÀSÃ Ü ©

fh�"!$#SKO3<����&)(.��!$��!<3$��^�!<��&$#�E$3<M$!$#�%�#N-b(+=B(.!$�,(U§ Ü Z�À9Ã�Â�©�!)(
T
32��/ @ �����T3<*��&)(���!$��!$3<8^�!$��&$%��7�b3 @ ����I�#�%�#O-b(+=Q(�!$�,(�§ Ü Z�À9Ã � ©7Z$[]#.=)� @ 3$�V�]� @ �7��#��J§ Ü Z�À9Ã Ü ©

d

dt

m
∑

i=1

Niµi + Tσ = 0.
§ Ü ZÄÀSÃ�Ã�©

�µ�����AGB��!$3$�����7����E<��!$3kE<&$����&$(.�;��!$3<8
ζ

xi(ζ) =
Ni

N
=
Ni0 + αiζ

N0 + αΣζ
.

§ Ü Z�À9Ã K ©

[]#,GB�7�.(.��3$���n§ Ü Z�À9Ã�Ã�©
µi(xi)

����#�&$�"��§ Ü ZÄÀ Ü Áb©74BE$#��7=)��GQ3$������&$��!<C$3$&$#��b(�!$3<8
��§ Ü ZÄÀSÃ�Ã�©�E$#.=)� @ 3$�

σ =
W (x, T, P )A(x, T, P )

T
,

§ Ü Z�À9Ã�Á�©
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%ÔGB�
A(x, T ) = −

m
∑

i=1

αiµi(T, P, xi) d 0:3$�"3 @ ����I�#�����&$#�GB������#m&$�,(.I$C$3$3DZ��=)8j��IP#�&$#��7��3�&$��(�I$C$3$3i�;��#�&$�"��§ Ü Z�À9Ã:À9©63m0:3$�"3 @ ����I$3:0iE$#�����!$C$3)(9=Q#��L���#�&$�"�m§ Ü Z�À Ü Áb©
A = RT ln

W1(x, T, P )

W2(x, T, P )
= RT ln

W +W2

W2

.
§ Ü Z�À K �b©

������#�XÆ# @ ��&$�HGB>$46������E$��!$>`E$&<����&)(+�;��!$3<8V����8:*S(�!$(n��#n��IP#�&$#��7��>�Xª&<�,(�I$C<3$3��&)(.��!$��!$3$���
dζ

dt
= W (x, P, T ), ζ(0) = 0.

§ Ü Z�À K ÀS©

j?R¬ ?:à�?u6u="3�9�3�="?kê�)29�6�î ¬�3�7c783�p�?<r�3�3
[]#���&$��-.�����`�"3$!<3$�r����(�E$&$3$&<#����+(�^�!<��&<#�E$3$3O��3$�������"/�4PI�#���#�&$/5Mm�5� @ ����#��§ Ü Z�À9Ã�Áb©�3 § Ü Z�À K ��©1&)(.����!

∆S =

τ
∫

0

σ(t)dt = R

τ
∫

0

W ln
W +W2(x, T, P )

W2(x, T, P )
dt→ min,

§ Ü ZÄÀ K8J ©

E<&$3�*,(9GY(�!<!$#�M�������E$��!<3kE$&<����&)(+�;��!<3<8
ζτ = ζ

τ
∫

0

Wdt = ζ,
§ Ü ZÄÀ KIa ©

(i�+(�I<K���E$&$3n���7=)#���3<8�0�§ Ü ZÄÀSÃ K ©74D#�E<&$�AGB�A=)8$X��;3:0 ����I<��#�&
x(ζ)

4�3n���7=)#���3<8�0
§ Ü Z�À K À9©AZ:�VI�( @ ���������h��E$&)(.�.=Q��!<3<8i�"#9K��7�;��/5-�&)(.!)(���IP#�&$#��7��>�&$��(�I$C$3$3 W (t)

Z
¤���#��7��������������!$!$#i��E$&$#��;(�����*,(9GY( @ ��4��+(�IoI:(.Io#��7�.(�X����q8n��!$�;E$&<�AGB�A=Q#���E<#.c�7�+(�!$#���I<3���E$#���#�-�/]46��E$#��"#���>�XÆI�#���#�&$/10W�"#SKO!$#'3<*,�"��!<8<��>

W
§Ú3<*,�"��!<8<8

!$( @ (9=Q>�!$/5Mm��#��7�+(��$4P����#,G)8�I�#�!$����I<��3$��!<��X�E$#,GQE$3<��I:�������`3:=Q3m3$!$/\�`I�#��"E$#+c!<��!<��#��W��/5&$>�8
(i < j)

4<3:*,�"��!<��!<8:8OGY(��.=Q��!$3$�h3iE$&DZ×©7Z<sg(�IjI:(.IiC$�7=)>L��#�����#�3<�
�LE<#.=)� @ ��!$3$3#�C$��!<I$3E<&$�AGB�A=Q>�!</10��#.*,�"#9Km!$#��7����M�&$�,(�I:��#�&)(:4)��#��"/�E$&$��!$�7c-�&$��%A(����������54 @ ��#j��#��i3:=Q3o3$!<#�Mo��E$#���#�-j��E$&)(.�.=Q��!$3<8D4�!)(�E<&$3$�"��&�4�E$#�GBE$3:�bI�(&<�,(�%���!<�+(��"3D4Y3<*,�"��!$3<�j��&)(.��!$��!<3<8k-�(+=B(�!$��#��$ZYØ����"����3<�54 @ ��#jIP#�!$C$��!<��&$(�C$3$3
x(ζ)

�+0b#,GQ8:�l�`*,(9GY( @ � @ ��&$��*'�]��!$I<C$3$X W2

4�I�#.��#�&)(+8�*S(.��3$��3<�2#��
xi
G)=$8

i > j
Z
fhE<&$#�����3<��>�&$�7?;��!<3$��*S(9GY( @ 3o�"#9Km!$#$4B��#���E$#.=Q>�*�#��b(.��?;3$��>j�����54 @ ��#��7���AcE<��!$>OE<&$����&$(.�;��!$3<8k�m#�E<��3$�6(+=Q>�!$#���E$&$#�C<���������"#�!$#���#�!$!)(mE<#

t
4 @ ��#jE<#�*,��#.c=$8$�������"���7��#

t
3$��E<#.=Q>�*�#��b(.��>

ζ
��I�( @ ����������!$�7*S(.��3$��3<�"#�ME$��&$���"��!$!<#�MDZ�6GB�A=B(���*,(��"��!<�
dt =

dζ

W

§ Ü Z�À K � ©
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3���/5&)(.*�3$��3<*�&)(�����!$�����b(�§ Ü Z�À9Ã K ©
x @ ��&<��* ζ 4)E$#+=)� @ 3$�

∆S = R

ζ
∫

0

ln
W +W2(ζ, T, P )

W2(ζ, T, P )
dζ → min

§ Ü ZÄÀ K Â�©

E$&$3����7=Q#���3$3
ζ
∫

0

dζ

W
= τ.

§ Ü ZÄÀ K�Ü ©
Ñ��:!<I$C$3<8'Î�(�%�&)(�!<KL(O^���#�M'*,(9GY( @ 3'�;� @ �7��#��µ��#�%�#$4 @ ��#���!$3<����&$��(+=Q>�!$(.8n%A(+c*,#���(.8�E$#��7��#S8$!$!)(+8

R
!$���.=Q3:8$����!)(����7=)#���3<8�#�E<��3$�6(+=Q>�!$#�����3D4B3$�"�����m��3�G

L = ln
W +W2(ζ, T, P )

W2(ζ, T, P )
+

λ

W
.

sd&$��-�#��b(�!$3$�]�������+(�C<3$#�!)(�&<!$#�����3�E$#
W
E$&$3$��#,GB3<�mI����A=Q#���3<X

∂L

∂W
= 0→

W 2

W +W2(ζ, T, P )
=

W 2

W1(ζ, T, P )
= λ = 1�2 354Y6 ∀ζ, § Ü ZÄÀ K Ã�©

&Yy£�Yx9·+zQ|�}]z)³)z�}]u��2�b³QxY�L²9zQy�y7z)´)u�¼)z)zL´�wQz;»+u�²9u.³)³Qx_�my7{L|�´Q|7³)zL´�wB|�·AwPuH¯L|�¾
³)z�½

ζ
z©®6z)vPy7z�wBx9·.u.³)³Qx_�U´�wBxS²+xð�2Á�z){L|��2�b³Qx9y�{�z

τ
z<».xS{L|±w�}�z)¶:|�y7vPxY�7x�´�wBxS¾

¼Q|�y�yÔu2·`´Q|±wQzQxS²9z)¶:|�y7vPxH}ÆwB|~u�vb{LxÛwB|kz)²+|Ôu��2�b³QxY�Ax ´Q|ºwB|~}�|¢��zQ·+u�³)z�½�y�x9y�{LxSz){
·�{Lxq}� 5¶:{Lx_`YC�²¢�:½á���°`+xY�Axm}�xq}�|7³){�u·AwQ|~}�|�³)z ´QxS²+²+|ºwDÁ�zQ·.u�{���´Qx+y7{Lx7½Q³)¾
³DCF}exS{�³Qx_�L|7³)zQ|�vP·+u�²qwPu�{�u�x_`Y¯L|¢�y7vPxqwQx+y7{�z�wB|~u�vb¼)z)z�v�y�vPxÛwBx9y�{�z�´�w:½�}�x_�
wB|Ôu.vb¼)z)z)Z
¯h*O§ Ü ZÄÀ K Ã�©�E$#.=)� @ 3$�V#�E:��3$�6(+=)>�!<��Xe��I�#�&$#�����>m&$�,(�I<C$3$3

W ∗(ζ, T, P ) =
λ

2
±

√

λ2

4
+ λW2(ζ, T, P ).

§ Ü Z�À K8K ©
[]#O��3<*,3 @ ����I�#��r�����"/5�7=$��E$&$#�C<������( W ∗ > 0

4B3k�k§ Ü Z�À K8K ©5�"#9Km!$#m#��7�.(.��3<��>
E$��&<�AGoI�#�&$!<���W��#.=Q>�IP#�*�!)(�I�E:=QXp��Z
�1�A=Q3 @ 3<!<� λ !)(90b#,GQ8:�mE$#L���A=Q#���3<X¥§ Ü ZÄÀ K�Ü ©7�

ζ
∫

0

dζ

λ
2
+
√

λ2

4
+ λW2(ζ, T, P )

= τ.
§ Ü ZÄÀ K Áb©

n A�3�="5:A Z.Çg(.�����"#.��&$3$�'&$��(�I$C$3$X�4.��I�#.��#�&$#�M;&)(��Û0b#,G)�������H8�3�#�-�&$(.*����7���q8
E$#�#�GB!$#��r�j���������������

α1A
k1

→
←
k2

α2B,
%ÔGB�

α1 < 0, α2 > 0.
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�1IP#�&$#�����>m&$��(�I$C$3<3
W =W1 −W2 = k1x

−α1

1 − k2x
α2

2 ,
§ Ü Z�ÀSÁ8�b©

�+(�I @ ��#
N1(t) = N10 − α1ζ(t), N2(t) = N20 + α2ζ(t).

§ Ü Z�ÀSÁ:À9©
�1IP#�&$#�����>m#�-�&)(.��!<#�M&<�,(�I$C<3$3�]� @ ����#���§ÈÃ�Z Ü Â�©

W2(ζ) = k2

(

N20 + α2ζ

N10 +N20 + (α2 − α1)ζ

)

.
§ Ü Z�ÀSÁ J ©

[]&$3<&$#��7�O^�!<��&<#�E$3$3��L��#�#.�����7��������3$3��m§ Ü ZÄÀ K Â�©

∆S = R

ζ
∫

0

ln
(

W

W2

+ 1
)

dζ → min
W

.
§ Ü Z�ÀSÁ a ©

ØhE<��3$�6(+=Q>�!)(.8���IP#�&$#��7��>m&$��(�I$C$3$3�]��# @ !$#�����>�XJGB#�IP#�!$�7�.(.!<��/ λ &)(���!)(

W ∗ =
λ

2
+

√

λ2

4
+ λW2.

§ Ü Z�ÀSÁ � ©
«�!$( @ ��!$3$� λ #�E$&$�HGB�A=)8$�7�o��&<��-�#���(�!$3$�m*,(9GY(�!$!<#�M`E$&<#,GB#+=)KO3:���7=)>�!$#��7��32E<&$#.cC<�����,(

ζ
∫

0

dζ

1
2
λ+

√

λ2

4
+ λW2

= τ.
§ Ü Z�ÀSÁbÂ�©

��/5-���&<���
N10 = N20 =

1

2
, α1 = 2, α2 = 1, k2 = 1, ζ =

1

2
, τ = 1

3�E<��&$��E$3<?;����§ Ü ZÄÀSÁ�Â�©1�L��#�&$�"�
0,5
∫

0

dζ

λ2 +

√

λ2 + 4λ
(

0.5+ζ
1−ζ

)

= 0.5.
§ Ü Z�ÀSÁ Ü ©

[]#��7=Q�]*S(.�"��!$/�E$��&<���"��!<!$#�%�#
t =

√

√

√

√λ2 + 4λ

(

0.5 + ζ

1− ζ

)

E<#.=)� @ 3$� √
λ2+8λ
∫

√
λ2+2λ

λtdt

(t+ λ)(t2 − λ2 + 4λ)2
=

1

24
.

§ Ü Z�ÀSÁbÃ�©

� (.M�GQ8�3$!<����%�&)(9=W§ Ü Z�ÀSÁbÃ�©�E$#���#�&$�r�,=Q��Øh�7��&$#�%�&)(9GB��I�#�%�#$4B��/ @ 3$�7=)3$�

λ∗ = 0, 23.
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[]#��7=Q��E$#�GB���+(�!$#���I$3
λ∗
�o§ Ü Z�ÀSÁ � ©A4BE$#�GB/5!<����%�&)(+=Q>�!$#�����/5&)(.K���!$3$�;�o§ Ü Z�ÀSÁ a ©

-��,GB�7�m*,(���3<������>m��#.=Q>�IP#m#.�
ζ
Z)�1/ @ 3$�A=)8<8^7��#.�O3$!<����%�&)(+=�4BE<#.=)� @ 3$�
∆S∗min = 0.24.[]&$#,GB�A=B(��h(�!$(+=Q#�%�3 @ !$/5�1��/ @ 3$�A=Q��!<3<8�G)=)8�GB&:�:%�3:0 τ 4+E<#.=)� @ 3$�k*S(���3$��3<�6#�����>

∆S∗(τ)
4YE$#�I�(.*S(.!$!<��X_!)(O&$3$�.Z Ü Z�À K 4Y��/\?;��IP#���#�&$#�M�=Q�7KO3<�i#�-+=B(��7��>i&$��(+=Q3:c

*������"#�����3W&$��(�I<��#�&)(<Z"Ì�&$(�!$3$C$�i^���#�MU#�-.=B(.����32��#�#.�����7������������� �6(�IP��3$�6(9=Q>�!$#
GB#��7��3<Km3$�6(.8��7����E<��!$>�E$&$����&)(+�;��!<3<8JE<&$3�*,(9GY(�!<!$#�M�E$&$#,GQ#.=)Km3<���A=Q>�!$#�����3
E$&$#�C<������(<ZRÏh��#�-�/T!)(.M<��3 ^��.�N������E$��!$>oE<&$����&)(.�;��!$3<8�4R!<�PKO!$#��I�#�&<#�����>k&$�Ac
(�I$C$3<3D4$!)(.M�GB��!<!<��X�E$#;���7=Q#���3$X § Ü Z�À K8K ©74:E$#�GB���+(���3<��>��;��&)(���!<��!$3<�m§ Ü Z�À K ÀS©7Z

]ìèí[t

*

min
SD

0 5 10 15 20

3.0

15.0

ù�ú:û_üq8ü þ�¶8ü�<=���_ú:ûTú
>?�_û�@�A�>�ú��cú
>y��G
A��
��E��B��cú�
�_û�@���D���@�
���cúcú���tIú
>�ú�K
�Wû�HN��>
����H�@���
�º��@M��
������G
�"ú�@��\G
A����_û�@_ú���
��~
�WûWû��
[]&$#�3:*,��#�GB3<���7=Q>�!<#�����>UE<&$#�C$������(2E<&$3�*S(9GB(�!$!$#�M��7����E$��!$3µE$&$����&)(.����!$3:8

#�-�&)(+��!$#jE$&$#�E$#�&$C<3$#�!)(+=)>�!)(
τ
Z�b"�7=Q3oE$&<3$&$#��7��^�!<��&$#�E$3$3'�j&<�,(+=Q>�!$#���&$�,(.I:c

��#�&<��4F!)(.M�GB��!$!$/5M`E$#�I�#.=)3 @ ���������n3N��#��7�+(����nE$&<#,GQ��I<��#�����"#��"��!<��/ t = 03
t = τ

4�=Q��Km3<�o�7�P�;�����b����!$!$#'��/\?;�j%�&)(�!$3<C$/]4g^���#o%�#���#�&$3<�o#���#�*��"#9Km!$#.c
����3N�:���7=Q3 @ ��!$3:8`E$&<#�3<*,��#,GB3:���7=)>�!$#�����3 *S(�� @ ����E$&$3$-.=)3<K���!$3:8NIn���A=Q#���3<8<��"3$!$3$�6(9=Q>�!$#�MUGB3$����3$E$(�C$3$3e§ Ü ZÄÀ K Ã�©AZ1Ø���I�=Q#�!$��!$3$��=Q����#�M @ (��7��3�&)(�����!$�����b(§ Ü Z�À K Ã�©�#��iI�#�!<���+(�!<��/aE<#�I:(+*,/5�b(.���94BG)=)8oI:(.I$3:0k�"#��"��!:��#�����&$���"��!$3'&$��Km3$�
&$�,(.I<��#�&$(;GY(+=Q��I#��L����&$�"#,GQ3$!)(��"3 @ ����I$3k#�E<��3$�6(9=Q>�!$#�%�#$Z
# A�ä�/2à�?<;Zo·îÇA�5R?Z@�;<62A¸s2o0;<5R789�5R9�3�å
Çg(������"#���&$3$� E$&<#�C$�����d�h��&<��- @ (.��#�� &$��(�I<��#�&$�.4b���"����>��]I�#���#�&$#��n#�GB!$#�&<#,G)c!)(O�iI�(.K�GB#������ @ ��!$3$3�4�!$#j3<*��"��!<8<��������#�Mk��#��7�.(.��3������"E<��&)(.����&<�o#��i��� @ �Ac!$3<8�I���� @ ��!$3<X�Z��1I�#�&$#��7��>�&$��(�I$C$3<3 W ��GB#��.=Q�7����#�&P8$�7��&)(.����!<�����.��§ Ü ZÄÀ9Ã�À9©74.(

�����70:3$#��"����&$3 @ ����I�#�����#�#.��!$#�?���!$3<�mI�#��"E$#�!$��!<��#�� d ���7=Q#���3$Xª§ Ü ZÄÀ9ÃH�b©7Z � #�!:c���+(�!<��/���I�#�&<#�������M�E$&b8$�"#�MO3j#�-�&)(.��!<#�Mj&$��(�I$C$3$MO*S(���3<�H8:��#��������"E<��&)(.���:&$/]�
ki = ki0e

− Ei
RT , i = 1, 2.

§ Ü ZÄÀ,Á K ©
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%ÔGB�
Ei

d ^�!<��&$%�3<8k(.I<��3$��(�C$3$3 i c�M�&$��(�I$C<3$3DZ¯h*���&)(���!$��!$3<Mm����&<�"#,GB3$!$(��"3 @ ����I$3:0m-b(+=B(�!<��#��hG)=$8m^7=)���"��!<�.(�&$!$#�%�#;#�-IGDc���6(L���"����3����� @ ��!$3$3 l E$#.=)� @ 3$�5��6(+����&<3)(+=Q>�!$/5M�-b(+=B(.!$�
d(Nxi)

dl
= αiW (x, P, T ),

dN

dl
= αΣW (x, P, T ),

N(0), Ni(0)− %|; , i = 1, ..., n;

§ Ü Z�ÀSÁ�Áb©

^�!$��&$%��7�b3 @ ����I$3$M�-b(+=B(.!$�
d(Nh)

dl
= q(T, T0), h(0) = h0;

§ Ü Z J �8�b©
^�!<��&<#�E$3$M<!$/dM�-b(+=B(.!$�

d(Ns)

dl
=
q(T, T0)

T0
+ σ, s(0) = s0,

§ Ü Z J �<À9©
%ÔGB�

σ d E<&$#�3<*���#,GQ������#L^�!<��&<#�E$3$3i*,(�� @ �7�;0:3$�"3 @ ����IP#�M�&$�,(.I$C$3$3i3O����E:=Q#�E<�7c&<��!$#��,(<Z
�1/5&)(+*,3$�a3:*���#�#���!<#�?;��!$3<8¦§ Ü Z�À9Ã Ü ©��"#.=)8<&$!<��XÙ^�!:��&$#�E<3$X

s @ ��&$��* h 30:3$�"3 @ ����I$3$��E$#�����!$C$3$(+=Q/¦3�E$#��A=Q��E$#�GB�7�.(�!<#���I$3�§ Ü Z J �8��©74 § Ü Z J �<ÀS©�E$#+=)� @ 3$�E<&$#�3<*���#,GQ������#m^�!<��&$#�E$3$3��L��#�&$�"�

σ = W (x, P, T )
A(x, P, T )

T
+ q(T0, T )

(

1

T
−

1

T0

)

,
§ Ü Z J � J ©

%ÔGB�
q d E<#���#�I�E$#�GB��#,GQ3$�"#�M�����E:=Q#.��/J#���3$�7��# @ !$3$I�(m�]�����"E$��&$(.���:&$#�M T0 � Ad 0:3$�"3 @ ����IP#�����&<#,GB�7����#m&$��(�I$C$3<3DZ[]&$#�3<*���#,GQ������#^�!<��&<#�E$3$3N��&$�,(�I:��#�&<�m!$(+0b#,GQ3$��3$!<����%�&$3$&$#���(�!$3$���

σ
E<#

G$=Q3$!$��&<�,(�I<��#�&)(<4�E$&$3n^���#��¦3<!<����%�&)(+=l#���E$&<#�3<*,��#,GB�7���b(�^�!<��&$#�E$3$3N*S(�� @ �������E:=)#�E$��&$��!$#��,(m#�E$&$�AGQ�7=)8<�����H8%q=Q(���!$/5�W#�-�&)(.*�#��U��&$�HGB!$3$�W*,!)( @ ��!<3$���V�����gcE<��&)(+����&$/U3;�6(+=Q#�*S(���3<��3<�]#.�h���1E<&$#���3:=)8�4.E$#�^���#��r��-.�,GB���'3$��I:(.��>h���A=Q#���3:8D4
E<&$3OI�#.��#�&$/10m�"3$!$3$�6(9=Q>�!$#�E$&$#�3<*���#�GB������#;^�!<��&$#�E$3$3

σ
*,(�� @ ����0:3$�"3 @ ����IP#�M&<�,(�I<C$3$3D4�!$��#�-�&$(.��3$�"#�����>`K�������E:=Q#�#�-��"��!$(`�"#SKm!$#NE$#�GB� @ 3<�.(+��>NG)=)8V!$(�M:cGQ��!$!$#�%�#m&<��?;��!$3<8��

σ =

L
∫

0

W (x, P, T )
A(x, P, T )

T
dl → min .

§ Ü Z J � a ©

��=QXp-�#������ @ ��!$3$3 l I�#�!$C$��!:��&)(�C<3<8 i cº%�#OI�#��"E$#�!$��!<�.(O���.8<*S(.!)(m��#O������E$��!$>�XE<&$����&)(.�;��!$3<8I:(�I
xi(ζ) =

N(0)xi0 + αiζ

N(0) + αΣζ
,

§ Ü Z J � � ©
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%ÛGQ�
N(0) d #�-.�;����IP#.=Q3 @ ���7����# �"#.=)��MD4"E$#��7����E)(�X��;3:0V�n&$��(�I<��#�&D4 ζ(l) d*S(���3$��3$�"#�����>;������E$��!$3�E<&$����&$(.�;��!$3<8i#.��G$=Q3$!$/�&$�,(�I:��#�&)(:4:E$#�G @ 3$!<8<Xp�;(.8$�q8��&)(���!$��!$3$X

dζ

dl
=
W (x, T, P )

υ
, ζ(0) = 0,

§ Ü Z J �bÂ�©
%ÛGQ�

υ d ��I�#�&<#�����>LGQ��3<K���!<3<8����"����3�Z�1/5&$(.*,3$�54�I:(�IO3O��/1?;��4P0:3$�"3 @ ����I�#��h��&$#,GB�7����#;&$��(�I$C<3$3 @ ��&$�7*]��I�#�&$#�����3E$&P8<�"#�M�3�#�-�&$(.��!$#�M&<�,(�I$C<3$3D�
A(x, T, P ) = RT ln

W1(x, T, P )

W2(x, T, P )
.

§ Ü Z J � Ü ©

�;(��.=Q��!$3$�
P
4�G)=Q3<!<��(�E$E)(�&$(.�.(

L
3���I�#�&<#�����>�GB��3<K���!$3<8�&$�,(.I$C$3$#�!<!$#�M;���"����3

υ
-.�,GB���V� @ 3<�+(.��>m*S(9GB(�!$!$/5�"3DZ«D(9GB( @ (�#�E$&$�HGB�7=)>�!$/10j��#�*,�"#SKm!$#����S8:0m&$��(�I<��#�&)(���^���#��2�A=)� @ (��h����#�GB3<�.c�H8nIN#�E$&$�HGB�7=)��!$3$XÅ�+(�IP#�%�#�*S(�IP#�!)(�3:*,�"��!<��!$3:8 �����"E$��&$(.���:&$/

T (l)
&$��(�I$C$3�c

#�!$!$#�M����"����3D4+G$=)8�I�#.��#�&<#�%�#
σ
GB#�����3<%7(.�����"3<!$3$�r���6(]E$&<3�*,(9GY(�!<!$#�M�������E$��!$3

E$&$����&)(.����!$3<8
ζ(L) = ζ

Z
«D(�E<3<?;���V^��.��*,(9GY( @ ��4QE$��&$��MPGQ8#��m(�&$%����"��!<�.( l I ζ �

dl = dζ
υ

W (ζ, T, P )
= dζ

υ

W1(ζ, T, P )−W2(ζ, T, P )
.

[]#.=)� @ 3$�
σ = υ

ζ
∫

0

R ln
W1(ζ, T, P )

W2(ζ, T, P )
dζ → min

T (ζ)

§ Ü Z J �bÃ�©
E$&$3����7=Q#���3$3

υ

ζ
∫

0

dζ

W1(ζ, T, P )−W2(ζ, T, P )
= L.

§ Ü Z J � K ©

«QGB����>�������!$I<C$3<8:0
Wν(x, T, P ) (ν = 1, 2)

E$��&$���"��!$!$/5�
xi
��/5&)(.K���!$/ @ ��&$��*

ζ
E$#���#�&$�r�,=Q�O§ Ü Z J � � ©7Z
«D(�E<3<?;���_���7=Q#���3$��#�E<��3<�6(+=Q>�!$#�����3�*,(9GY( @ 3�§ Ü Z J ��Ã�©74�§ Ü Z J � K ©;I:(�IW���A=Q#.c��3$�����+(�C$3$#�!$(�&$!$#�����3kE$#

T
��������!$I<C$3$3Î�(�%�&$(�!<KL(

F
4)#�-�#�*,!$( @ (+8 @ (��7��!<��XE$&$#�3:*,��#�GB!<��X

Wν

E<#
T
I�(�I

WνT , (ν = 1, 2)

F = R ln
W1

W2

+
λ

W1 −W2

,

dF

dT
= 0⇒ R

(

W1T

W1

−
W2T

W2

)

(W1 −W2)
2

W1T −W2T

= 1�2 354Y6 § Ü Z J ��Á�©



J Á K L  �M}\cM
OyPP����¡�¡IgYS1�W\<\Z]����H�B��Q.�TS�]

=)3$-�#���GB&<��%�#�M��#�&$�"���

(W1 −W2)

∂

∂T
(lnW1 − lnW2)

∂

∂T
ln(W1 −W2)

= 1�2 354Y6 . § Ü Z J À_�b©

°<u�vbz�}¸x_`qwPu+».xq}� ·mPy��Bx9·.zQ|~} }�z)³)z�}]u��2�b³Qx_��²+zQy�y�z)´)u.¼)z)z¦´.wBxS¼Q|�y�y~u��)z�}]z)¾
¶:|�y�vPxY�AxW´�wB|�·AwPuH¯L|�³)z�½e·V{�w2mc`9¶�u�{Lxq}�wB|Ôu.vb{LxÛwB|'½Q·h�:½Q|�{LyÛ½e{�u�vPx_��·�C�`+xqw
´�wQx¡®"z:�:½�{L|±}�´Q|ºwPu�{�m�wDCT´Qxk²¡�Qz)³Q|�wB|~u�vb{LxÛwPu� �²¡�<½�vPxS{LxÛwBxY�Axn·�C�wPuHÁ�|�³)zQ|W 
y7{Lx7½2¯L|�|;·½�Y|�·�x_�o¶:u�y�{�zOwPu�·�|7³Qy�{L·+uo§ Ü Z J À_��©74 ´Qx9y�{Lx7½)³)³Qx �
� (�E$&$3<�"��&D4)G$=)8�#,GB!<#����+(9GB3<M$!$#�Mo&$��(�I$C$3<3D4Y�OI�#.��#�&$#�Mk��I�#�&$#��7��3

W1,W2E<&P8$�"#�M�3�#�-�&)(+��!$#�M�&$��(�I$C$3<M�3<�"��Xp�m��3PG
W1 = K1(T )x

−α1

1 , W2 = K2(T )x
α2

2 ,

%ÔGB�
Ki(T ) = Ki0 exp(−Ei/RT ), i = 1, 2,���7=Q#���3$�O§ Ü Z J À_��©1E$&<3$�"���m��#�&$�r�
[ayγx−α1
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y(T ) = K20e
−E2/RT , γ =

E1

E2

, a =
K10

K20

.
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R(lnK20 − ln y(ζ, λ))
.
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!)( @ (+=)>�!$#��r�O��#�����#98<!$3$X���#�#�����������������������# @ I�(À�4)(;I�#�!$� @ !<#��r�j��# @ I:( J 4:�.(.I:(.8�4 @ ��#LE$&$3�#�-��"��!<���]#�I$&<�PK���!$3$���54)E$&$3<��#,G)8:c��3$�µ3<*���# @ I$3UÀ��j��# @ I<� J 4�E$&$3'E<#�����#98$!<!$#��µ*�!)( @ ��!$3<3 r I:(.E$3<�+(+=Q3<*,(�C$3<8¤"£����"��!<>�?�(.�����H8

(dU < 0)
Zkb"�7=)3i-�/��"#9Km!$#�-�/1=)#;E<#�E)(��7��>;���.��K�����# @ I<�E<&$3

dU = 0
4)��#i¤6£e�"#�%�-�/¦#�&$%7(.!$3<*�#��b(.��>jC<3$I:=Q3 @ ����I<3$MoE$&$#�C$�����.4YE$&$3�IP#.c��#�&$#��'��%�#h��#��7��#98<!$3$�\�"��!<8:=Q#���>h-�/`#�����# @ I$3jÀ1I���# @ IP� J �+GB#+=Q>p��&$(���I<��#�&$3$3�

dU = 0
4�(i��#�*���&)(.�;(+=Q#���>�-�/�3<*L��# @ I$3 J �i��# @ I<�lÀL�LE<#�����#98<!$!$/5��*,!)(+c

@ ��!$3$��� r 3oE$&<3$&$#��7��#��µI:(�E<3<�.(9=Q3<*,(�C$3$3 (dU > 0)
Z�[]#�����#�&P8:8��.(.I�#�MoC$3$I�=�4

#�!N�"#�%�-�/T�#�-�&)(.��3$�"#��¦#�-��"��!$��E$#���/5��3<��>�����#�X I�(�E$3<�+(+=)3<*S(�C<3$X¥!)(i=QX�c
-.�:XJ���A=Q3 @ 3<!<��4 @ ��#L!$����#.*,�"#SKO!$#<Z<sr(�I @ ��#�^���3���&<3E$��&$���6��!$!$/5��*,(���3<��3$�"/3
γ d ����!$I<C$3<8 Y 3 r ZFsr(.I$3$�¦#�-�&$(.*,#��54�E$&$3$&<#���� dU E$#.=)!$#�%�#�I:(.E$3<�+(+=B(8<�.=)8<�����q8'E$��(�����#���#�Mo��#�&$�"#�MGB���b0oE$��&$���"��!$!$/10�4�I�#���#�&)(.8o������%ÛGB(�3<�"�����
3<!<����%�&$3$&<�:X���3$M��"!$#SKO3<���7=)>$Z
� (�E$#��"!<3$�54 @ ��#�´2®�u8®�®6x+·.x_� ®�xÛwb}�x_�J!)(+*,/5�b(.Xp� GB3$������&$��!$C$3)(+=)>�!<��X

��#�&$�r��E<��&$��#�%�#�E$#�&P8�GQI:(<4b�9Z��.Z������"�r��E$&$#�3:*,���HGB��!<3$Mi�]��!$I$C$3$Mj!<����I�#.=Q>�I$3:0
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E$��&<���"��!<!$/\0!$(�GB3$������&$��!$C$3$(+=Q/J^7��3�0E$��&$���"��!$!$/10�4
K =

n
∑

i=1

Fi(x) dxi.

b"�7=Q3
n = 2

3�����!$I<C$3$3
Fi
GB3$������&<��!$C$3<&<�b���"/5��4+��#�������%ÔGY(�!$(�M�GB�7���q8D4+�+(�I�#�M

3$!<����%�&<3)&<��Xp�;3$M��"!$#SKO3:���7=)>
f(x)

4 @ ��# dS = f(x)K
8<�.=)8$�7���q8µE$#+=Q!$/5�

GB3$������&$��!$C$3)(9=Q#��546�SZ6��Z
S
*,(���3$��3<� #��

x
46( ∮

dS = 0
Z Ð !$#SKm3<���A=Q>

f(x)#�-�/ @ !<#�!$���AGB3$!<��������!$!$/dMDZ[]&$�7KLGB� @ ���V!$(�M<��33$!:����%�&$3$&<�:Xp�;3$M��"!$#9Km3<���7=Q> p0 4$�P��# @ !$3$�V*,(���3$��3:c�"#�����>
γ
#��

Y
3
r
Z���=)8N^7��#�%�#k&)(������"#.��&$3$�J��3$�7�����r�b4R��#�����#98<����XÖ3<*LGQ���b0

¤6£�4g�lIP#���#�&$/10
(r1 = r2 = r)

Z � (�E$3:�.(9=Q3<*S(.C$3<8
U
4rE<��&$���"��!$!$(.8

Y
32*S(9c

E)(���/J-b(.*�3$��!<#�%�#O&$������&$�,(LG)=)8���3$�������"/e(SG$GB3<��3$��!$/]4B�+(�I @ ��# U = U1 + U2

4
Y = Y1 + Y2

ZFsr(�I @ ��#o3 Q = Q1 + Q2

Zg�1#�#������������b����!$!$#
γ(Y1 + Y2, r) =

∂Q

∂r
= γ1(Y1, r)+ γ2(Y2, r)

Z:¯h*�^���#�%�#;&)(�����!$�7���b(��7=)�AGQ���7�+4 @ ��# @ (�����!$/5�hE$&$#.c
3<*,��#,GB!$/\�

γ1(Y1, r)
E$#

Y1
3
γ2(Y2, r)

E$#
Y2
&)(.��!$/¥GB&:�:%�GB&<��%7��3�&)(���!</

E$&$#�3:*,��#�GB!$#�M
γ
E$#

Y
4<�9Z)��Z)^���3�E<&$#�3<*���#,GQ!$/5���"#�%��P��*S(���3$���7��>���#.=Q>�I�#�#��

r
4

!$#m!$��#��
Y
ZY¤���#j#.*,!)( @ (��7�94 @ ��#O�]�:!<I$C$3<8 γ 8<�.=)8<�����q8k(���3$!$!$#�M��]��!$I$C$3<��M

Y
3�3$�"���7�O��3PG

γ(Y, r) = G(r)Y + l(r).
§ÈÃ�Z � ©

��=)8�E<&$3$&$#��7�.(�I:(.E$3<�+(+=Q3<*,(�C$3$3�E$#+=)� @ 3$�V��/5&)(+KL��!$3$�
dU = dY + (G(r)Y + l(r)) dr.

¯]!<����%�&<3$&<�:Xp�;3$�o�"!$#9Km3<���A=Q���k�"#9K��7�p-�/\��>d=QX�-b(+8��]��!$I$C$3:8
p0
4S�+(�I:(+8D4

@ ��# dS = p0dU = p0dY + p0(G(r)Y + l(r))dr d E$#.=)!$/5M�GQ3$������&$��!$C$3)(+=�Zsr(�IkI�(�Io�i^7��#��µ�A=)� @ (������"�7?�(�!<!)(.8'E$&$#�3<*,��#,GB!)(+8o�]�:!<I$C$3$3 S !$��*S(���3$��3<�#���E$#�&P8PGBI:(hGB3$������&<��!$C$3<&$#��b(.!$3<8D4P��#��]��!$I$C<3<8
p0
GB#+=)KO!$(��,GQ#��.=Q�7����#�&P8<��>

���7=Q#���3$X
∂p0
∂r

=
∂[p0(G(r)Y + l(r))]

∂Y
.

§ÈÃ:Z×Â�©
¬ ��GB���¥3$��I:(.��>

p0
I:(�Iµ�]��!$I$C$3<X

r
4\��#�%ÛGB(2���7=Q#���3$�V§ÈÃ�Z Â�©mE$&$3$��#�GB3<�WI

��&)(���!$��!$3$X
∂p0
∂r

= p0G(r),
§ÈÃ�Z Ü ©

#�E$&$�HGB�7=$8$Xp�����r��*,(���3$��3$�"#��7��>
p0(r)

4$I�#���#�&)(+8�!)(�&b8�GQ�j�
r
�"#SK����L�7=)�PKm3<��>

#�C$��!$I�#�M�-b(.*�3$��!<#�%�#�&$���7��&$�,(m3��+(�I�K��]I�(�I�3
r
*S(���3$��3:�O#��

M
3
N
Z

sg(�I$3$�l#�-�&)(.*,#��54�y¢mc¯L|�y�{L·�m�|7{Å³Q|�vPxS{LxÛwPuS½y®mb³)vb¼)zP½¹E9vPy�{L|7³Qy�zQ·+³DC���´Q|7¾
wB|~}�|�³)³DC��

S(N,M)
4�{�u.vbuS½Z �¶�{Lx�|�|�²9z2®�®�|ºwB|7³)¼)z)u��Nz�}�|�|7{Ù·.z)²

dS = p0(N,M)dU = p0(N,M)

[

dM +
∑

i

pi(N,M)dNi

]

.
§ÈÃ:Z×Ã�©
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�2#�-�&)(.��3<�"#��54b�SZP��Zb#����P�;�������.=)8<���"#��lE<#�C$��!)(.�54P��#���E)(9GY(.Xp�;3<�`�d#�C$��!$I:(��"3
&<���7�:&<��#��$4+C$3$I:=)�1#�-��"��!)(��pE<&$#��7��&)(�!<�������

N,M
49�]�:!<I$C$3<8

S
!$��3<*,�"��!<8$�7���H8�4

�+(�I�I:(�I
∮

dS = 0.
§ÈÃ:Z K ©

ØhC$��!<I$3&$���7��&$��#��O�"#�%7���m-�/\��>m��/5&)(+K���!$/ @ ��&$�7*��]��!$I$C<3$X S
�

p0 =
∂S

∂M
, pi =

∂S

∂Ni

/

∂S

∂M
, i = 1, 2, ...

§ÈÃ�Z×Áb©

[]&$3n^7��#���#�C$��!$I�(�-�(.*,3<��!$#�%�#&<������&$��(
p0
4�E<#.=Q#9Km3<���7=Q>�!)(jG$=)8n�����70'^�I�#�!$#.c

�"3 @ ����I$3:0n(�%���!<��#��$4�( pi �"#�%��P��-�/1��>�3'#���&$3$C)(+���7=Q>�!$/d�"3D4����A=Q3 i c�Mo&$���7�:&<���&$��-.�����+4�!$(�E$&$3$�"��&D4+�P��3�=Q3<*S(�C<3$3L3:=Q3�*S(+��&)(.�h!)(d0:&)(�!$��!$3$�.Z�sr(.I$3$�k#�-�&)(.*�#��54
@ ��&$�7*m����!$I<C$3$X -.=Q(�%�#���#��7��#98<!$3<8n3$!<����!$��3$��!</d�m3n^�I��7����!$��3$��!</d�mE$��&$���"��!:c!</5����&)(���!$#�������3$3���.8<*S(.!$/�GB&<��%���GB&<��%�#��54QE$#�^7��#��r������3<!$#�%ÔGY(�!)(+*,/5�b(.Xp�
y7{�w2mbvb{�m�wQ³Qx_�)Z
� (+=Q3 @ !$/5�mGB��!$>�%�32E<&$�AGB�7�.(.�.=)8$X��N��#�-�#�Ml#�GB3$!l3<*i&$������&$��#��n�O*,(�E)(���#��

Nj

4�#�C$��!$I:(�I�#���#�&$#�%�#
pj = 1/p0

Z:�V3<*�#.=Q3<&$#��b(�!<!$#�Mj��3<�������"�]3<*h!<����I�#.=Q>�I$3:0
¤"£�4DI�#.��#�&</5��3$��E$#.=Q>.*���Xp�#,GQ3$!'3o��#���K���GB��!$��Km!$/5Mn&$������&$��3'�"#�%7�P�E<#.c
I:�:E$(.��>L3jE$&$#,GB(��b(.��>�GB&<��%pGQ&<��%��O*,(�GB��!<>�%�3�-�(.*,3<��!$/5M�&$������&$�m§Ú���P�;�������������
��(+=QX���!$/5M�#�-��"��!)©74,�����+(�!)(��+=Q3$�b(��7���H8;&$(���!$#�������3$��49�pIP#���#�&$#��k#�C$��!$I<3�-b(.*�3$�7c
!<#�%�#j&$���7��&$�,(i#,GB3<!)(�IP#���/]Z�b6�A=Q3'&$(���!$#�������3<��E<#mGQ��!$>�%A(��������+(�!)(.�.=Q3$��(������q8
%�#�&)(+*7GB#;-�/5����&$����4 @ ���2&)(���!<#�������3$�hE$#�GQ&<��%�3$�U��3PGY(��l&$���7��&$��#��<4<��#;���+(�I�#�M��3$�7�����"�k§ wPu�·.³Qx9·�|�y�³Qx_�l´Qx�`Au+»+zQy7³QxH}"mOwB|�y¢m�wBy¡mQ©h#�C$��!$I<�

p0
�"#SKO!$#i� @ 3<�+(.��>#�GB3$!$(�I�#���#�MG)=)8o�����A0Y4�IP#�!<�+(�I<��3$&<�:Xp�;3:0kGQ&<��%L��GB&<��%�#���¤6£�4D3<��E$#+=Q>�*���Xdc

��3:0�#�GB!$3�3�����K��pGB��!$>�%�3DZ
[]&$3$���HGB��!<!$#��j��/\?���GB#�I:(.*,(.���A=Q>��7����#o���P�;�����b��#��b(�!$3:8l�]��!$I$C$3$3l-+=B(�%�#+c

��#��7��#98<!$3<8
S(N,M)

4rI�(�I2�7=Q�HGB������3$��!$����#.*,�"#9Km!$#�����3U3:*,�.=)� @ ��!$3<8WE<&$3$-�/1c=)3`#����#�&$%�#��.=Q3`�m#,GB!$3<��¤6£�4RE$#��.��#�&b8$���k#�-����:X =)#�%�3<I<�oGB#�I�(.*S(+���7=)>������b(
�7�P�;�����b��#��b(�!$3:8�^�!:��&$#�E<3$3��l����&$�"#�GB3$!)(.�"3$I���Z�[]&$3$�"��!$3<���7=Q>�!$#WIµ�"3<I$&$#.c
^�I�#�!$#��"3$IP��G)=)8i�7=)� @ (+8���I:(+=)8<&$!$#�%�#�&<���7�:&<�,(�#�!$#�GB(�!$#;ÎmZ�¯�Z$ÇR#�*,#�!$#�^�&<#��W�E<&$3:=Q#SK���!$3$3�I�#�-�*�#�&<�ö¨ a ªÍZ
�a�"3$I$&<#�^�IP#�!$#��"3<I�� @ (��7��#�0P(.&)(�I<����&$3:*��:Xp�nE$&<�AGBE$# @ ����!$3<8l^�IP#�!$#��"3 @ �7c��I�#�%�#U(�%���!:�.(lI$&$3$��/5�"3e§¨E<#�����&�0:!$#��7�98<�"3Q©j-���*�&)(.*7=Q3 @ 3:8DZ � (.K�GY(.8V3<*o!$3:0��/�GB�7=$8$�����"!$#9K���������#V#,GQ3$!)(�IP#���#WE$&<�AGBE$# @ ��3<���7=Q>�!$/10�*S(.E)(���#��V&$������&$��#��$Z[]#+=)� @ ��!$3<�o¤6£dcº#��e!$��IP#���#�&$#�%�#`IP#.=Q3 @ ���7���b(N-b(.*�3$��!$#�%�#N3:=Q3W3$!$#�%�#N&$���7�:&�c��(i-���*L3<*��"��!$��!$3<8'*S(.E)(���#���#����+(+=Q>�!$/�0'E$��&$����#,GQ3<����%�#���#�����#98<!$3$�L!)(j-�#.=)���

��/5��#�I:�:X�I<&$3$����X�-���*,&$(.*�=Q3 @ 3<8D4:#�!$#��7�.(.!$#���3:���H8jE$&$�HGBE$# @ ��3<���7=Q>�!$����Z$�W&$(+c-�#����á¨ À�À_��ª1�7������������#���(�!$3$�
S
-�/1=Q#GB#�I:(.*,(�!$#$4R3<�q0b#�GQ8l3<*�(�IP��3$#��"/Å�13�=$=B(
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¨�À Ü ÃYªÈ4�3$��E$#.=Q>�*���Xp�;��MµE$#�!<8<��3$�oE$&$�HGBE$# @ ����!$3<8�^�IP#�!$#��"3 @ ����IP#�%�#W(.%���!:�.(<�h·´�wBx9y�{�wPu.³Qy�{L·.|�y�x+y7{Lx7½Q³)zD�
X = (N,M)

��� ³Q|dy¢mc¯L|�y7{L·HmP|7{e{�u�vPx_�m´Qx9y��B|�¾
²+x+·+u�{L|£���b³Qx9y�{�z'y�x9y�{Lx7½)³)zD�

X1, X2, ..., Xm

 �¶�{Lx
Xi

´�wB|7²9´Qx9²9¶�{�z){L|��2�b³Q|�|W 
¶<|±}

Xi−1
²¡�:½

i = 2, ...,m
 �uhvPx9³Q|7¶�³Qx+|1z�³)u.¶:uh���b³Qx9|5y�x+y7{Lx7½Q³)z�½Oy�x9·.´)u�²9uH�5{  

X1 = Xm
�

[]&$3�#�-��"��!$�5&<������&$��(��"3��"��K�GQ��¤6£UGB#.=)Km!$/2��#�-.=QX�GY(.��>��H8¹mPy£�Yx9·+z�½i².x_`9¾
wBx9·�xð�2�b³Qx+y7{�z)4Q*,(�I:=)X @ (�X��;3$���H8k�L��#��54 @ ��#m!$3#,GB!)(L3<*��]��!$I$C$3$M�-.=Q(�%�#���#.c����#98$!<3<8

Sν
!$�'���"��!$>.?�(��7���H8�§¨3<��I:=QX @ ��!<3$� d (�����#�C<3$3$&$#���(�!$!$/5M�#�-��"��!�4-.=B(�%�#�����#�&$3<���7=Q>�!$#�����>P©7Zgf6�A=Q#���3<8nGB#�-�&$#���#.=Q>�!<#�����3 GQ�7=B(�X��'!$����#.*,�"#9Km!$/5�

E$&P8<�"#�M2#�-��"��!2#�GB!$3$����3�GB#���&$���7��&$�,(<4"���A=Q3U��%�#'#�C$��!<I$32�`IP#�!<�+(�I<��3$&<�:X�c
�;3:0�GQ&<��%;�]GB&<��%�#���¤6£e#,GB!<#�%�#m*,!$(�I:(<ZBsg(�I�#�M�#�-��"��!����+(�!$#���3<���q8o��#�*��"#9KLc
!$/5�N=Q3<?;>�E$&<3O!)(+=Q3 @ 3$3jE<#���&$�HGB!$3$I�(<4:#�-.=B(9GY(.Xp�;��%�#������l3:=Q3O3<!$/5�l��3PGB#��&$���7��&$�,(<Z

b"�7=)3n�]�:!<I$C$3<8'-.=B(�%�#���#�����#98$!<3<8n3<*��"��&b8$�7���H8n��!$(�C$3$#�!$(+=Q>�!<#�M'�b(+=)Xp���.4
��#2���A=Q3 @ 3$!$( p0 0P(�&)(.I<����&$3<*������VC$��!$!$#��7��>lG$=)8�¤6£�-�(.*,3$��!$#�%�#U&<������&$��(U33$�"���7��&)(.*��"��&$!$#�����>·¨ �AGB3<!$3$C$/U!)(�C$3<#�!)(+=Q>�!$#�M;�b(+=QX���/º+.�HGB3$!$3$C$/W-b(+*,3$��!$#�%�#
&$���7��&$�,(HªÍZgØhC$��!$I�(

p0
-�(.*,3$��!$#�%�#&$���7�:&<�,(��E$&$#�C$������(+0N#�-��"��!)(�^�IP#�!$#��"3 @ �7c��I$3<�n(�%���!<��#��kGB��!$��%\!)(���(+=QX���!$#��o&$/5!$I��\3$%�&)(��7�]�.��K���&$#.=Q>$4 @ ��#]3;#�C$��!$I:(

pi
E$&<3#�-��"��!$��&$������&$��#��

Ni

Z
ØhE$3$��(�!$3$��^�IP#�!$#��"3 @ ����I$3:0N��3$�7�����J�7�.(.!$#���3<���H8 ��#�&$�6(9=Q>�!$#�-+=Q3<*,I<3$�¦I��#�#.��!$#�?���!$3:8$������&$�"#,GQ3$!)(��"3$I<3D4"���7=Q32����������3 Â.^�IP#�!$#��"3 @ ����I<�:XÓ�����"E$��&)(+c����&<��Ã
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N
3
M
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S(N,M) = p0(M,N)

(

∑

i

pi(M,N)Ni +M

)

.
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p(N,M)
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S(N,M)→ max

/(

∑

i

piNi +M

)

= U,
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%ÔGB�����7=Q3 @ 3$!)( U ��3<I���3$&$#��b(.!)(<ZÑ��:!<I$C$3<8�Î�(�%�&)(�!<KL(;*,(9GY( @ 3`§ÍÃ:Z�À�À9©

L = S(N,M)− p0

(

∑

i

piNi +M

)

,

%ÔGB�
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L
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M
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N
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S
��*S(SGY( @ �;§ÈÃ�ZÄÀ�ÀS©"E$&$�HGBE$#.=B(.%7(.Xp��GB�b(+KLGB/V!$��E<&$��&$/5��!$#�GB3$�hc����&$��!<C$3$&<�����"#�M�4F�"#�!$#���#�!$!$#���#�*,&$(����+(�X��;��MNE$#�I:(+KLGB#��r��3<*m(�&<%����"��!<��#��$4

�7��&$#�%�#m��/5E<��I:=Q#�M�������&b0i3�&)(.��!$#�M�!<�,=QX��L!)( @ (+=Q��IP#�#�&�GB3$!)(.�SZ2b6� @ (�����!$/5�E<&$#�3<*���#,GQ!$/5������&$���r8:���H8I�-�����IP#�!$� @ !$#�����3D4QI�#�%ÛGB(L��#�#.�����7���7�b����Xp��(.8E$��&$�7c�"��!$!)(.8m�7��&<���"3<���H8jIm!<�,=QX�Z � (.Im�7=)�AGB�7����3$��^���3:0OE<&$�AGBE<#.=Q#SKL��!$3$MO&$�7?;��!$3$�
*,(9GY( @ 3�§ÈÃ�ZÄÀ�ÀS©��HGB3$!$�7������!$!$#�3�E$#.=Q#SKO3:���7=)>�!$#$4.( pi E$(9GY(��7�]��&$#�����#�� Ni

Z.[]&$3
�+(�IP#��¦#�E$3$��(�!$3$3l¤"£ E$#,GB#�-���!n����&$�"#�GB3$!)(.�63 @ ����I�#�MlE<#,GB��3$�������"�OI�#�!<� @ !$#�M���"I�#�����3�Z
Ø����"�7��3$�54 @ ��#h��#�-.�;���k�7=)� @ (.��4.I�#�%ÔGY(p��3$�7�����6(h!$�1&$(���!$#�������!)(pE$#�-b(.*�3$�7c!<#��r�i&<������&$�7��4B�]��!$I$C<3<8-+=B(�%�#���#��7��#S8$!$3<8���3<�������"/J!$��&$(���!)(��7�:�"�"������!$I�c
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3�3�0�����"�6(O3<�6�����j���"/5�A=kG)=$8���3$�7�����"/��OC$�A=Q#��������7=)#���3<8�0���!:����&$��!<!$��%�#
&$(���!$#�������3<8�I:(+KLGB#�%�#L3<*��.0b#�GQ8<��3:0��L!$����¤6£�Z

ó 3�õ�õ¾5:A�5:9�r�3�?Zê�)29�o05
78626�;Z9�6��45R9�3�åt="5cø ¬Bät62r�5:9�@�?<="3$ë�?<9�?Zê�6�ì
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S

dS = p0

(

dM +
n
∑

i=1

pidNi

)

= p0dU.
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dM
4$E$#.=)� @ 3<�

dM =
dS

p0
−

n
∑

i=1

pidNi.
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¯h*�&)(�����!$���+(�§ÈÃ:Z�À_��©1�7=Q�HGQ�����94 @ ��#
M =

S

p0
−

n
∑

i=1

piNi,
§ÍÃ:ZÄÀ � ©

dM =
dS

p0
+ Sd

(

1

p0

)

−
n
∑

i=1

(pidNi +Nidpi).
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#�C$��!$I$3&$������&$��#��O3�I�(�E$3<�+(+=B(

Sd

(

1

p0

)

−
n
∑

i=1

Nidpi = 0.
§ÍÃ:Z�À Ü ©

£�!)(9=Q#�%�3 @ !$#$4,��&$(���!$3$��(.8�GB3<������&$��!<C$3)(+= S 4,!)(.M�GB��!<!$/5M�3<*6&)(�����!$�7���b(�§ÍÃ:ZÄÀ��b©74����/5&)(.K���!$3$���J§ÈÃ:Z�À J ©A4$E$#+=)� @ 3$�
Mdp0 +

n
∑

i=1

Nid(p0pi) = 0.
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S
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p0
Z

����3:=)�O��3$�"�"�7��&$3$3��6(.��&$3$C$/µ����#�&$/10iE$&$#�3<*,��#�GB!$/10mG$=)8mGB��(.KLGQ/VGB3<�]c
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∂(p0pi)

∂Nj

=
∂(p0pj)

∂Ni

=
∂2S

∂Ni∂Nj

,
§ÍÃ:ZÄÀ K ©

∂p0
∂Nj

=
∂(p0pj)

∂M
=

∂2S

∂M∂Nj

.
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¯h*����7=Q#���3$M`§ÍÃ:ZÄÀ K ©74�§ÍÁ<Z�À_�<À9©A4$I�(�I�!$�7��&<��GB!$#OE$#�I�(.*S(.��>$4)�7=Q�HGQ���7�+4 @ ��#
∂pi
∂Nj

+ pi
∂pj
∂M

=
∂pj
∂Ni

+ pj
∂pi
∂M

, i, j = 1, ..., n.
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pi
4

(jE<&$#,GB(��b(.��>�E$#iC$��!)(��54�I�#���#�&$/5�L!<3<K���4 @ ���µ^���3'#�C$��!<I$3DZ � (�E$3:�.(+=)3<*S(.C$3<8¤"£�E<&$3^7��#��V��#�*,&)(.�����7�94Q�+(�II�(�I
∆U =

∮

∑

(pi(N,M)− ci) dNi ≥ 0,
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(m��3$&$�6(mE$#�!<�����7�i��-�/\��I<3'�OI�#.=Q3 @ ���7����� ∆U E<#j��&)(���!$��!$3$XT��#�-�&)(+��3$�"/5�E<&$#�C$������#��5Z
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σ(t) =
∑

i

ni(pi, ci)(pi − ci) ≥ 0
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(∆(F1 +F2) ≥ 0)
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ê¢mªç�çñã7ámÞDC��'êÖëÖô�íªã9Þ�ï
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cjνi
/�ÅLÈ�Ñ¨È�É��V.ÕÄ�ÃW&²ÈPÏH�oÑ¼ÌoÒ�Ë¨Æ,ÁmÈ¨Í¨Ì��ÕÄ�ÎE��É�Î1É���Í¨Ä�È¨Æ7Ñ²ÌX��È�Ñ�È¨Å�È�Í
ñνji(pj, cjν) = −ñjνi(cjν , pν) = nνji(pj, pν), i = 1, ...,m.

>Y#*¾ JHa A
����É�Ã9ÜæÎ1Ä�Ì�Î�Ï�ÁH�N��È�Ñ¨È�Å*ÃÛÉ�Î1Æ1Ë�É�ÆÖÈ�È�"¨ÊtÎ1Ä�Ã�ÊtÎ7Ü�Ï�ËD��ÈÖÏ�Æ1Ì�Æ1Ñ�ÎÖÊ�Ã�ÊtÌ

nνji(pj, pν)ÒRÃ�Í�Ì�ÆÖÌoÑVÑ�È9Á=F¨ÅLÈ¤È9Ñ¤È
:�ÎÖÄ�È�Å�ÅLÈ¨ÄoÑªÃ�ÅoÑ�Ì�ÉoË*ØÚÙÛÌ�&2��ÈÖÏ�ÆÖÌoÆ1Ñ¨Î1ÊV/}Ñ9Ã9Å�Å*Ã9Å§Í¨ÎÖÅ*Ñ¨È¨É
cjν(pj, pν)

ÌoÒ�Ë¨Æ,ÁmÈ¨Í¨Ì�.T>Z#*¾ JIa A4Í
��É�Ã9ÜæÎÖÄ$%�ÎÖÉ�Î7ÒGÈ
:�ÎÖÄ�ÅoÌ}¾
n A�3�="5:Aiâ ¿ÂË¨Æ7Ñ�FG��É�Ì
È�"¨ÊtÎ1Ä�Î
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×�ÊüÉ�ÎÖÆ7Ë�É�ÆÖÈ¨Ê

ñνji = α1(pji − cjνi), ñjνi = α2(pνi − cjνi).

¿ñÈ�Ë¨Æ,ÁmÈ¨Í¨ÌoØ[>Z#*¾ JIa AL��È9Á�Ë<%�ÌoÊüÏ�ÁH�K��É�È�ÊtÎ1ÜiË�Ñ�È�%�Ä���&K:�ÎÖÄ

cjνi =
α1pji + α2(pνi

α1 + α2

.

¿ñÈ�Ñ¨È¨Å
É�Î1Æ1Ë�É�Æ1È¨È�"¨ÊtÎ1Ä�Ã¼ÊtÎ7Ü�ÏmËN��ÈÖÏ�ÆÖÌ�Æ7Ñ¨ÎÖÊ�Ã�ÊtÌ

nνji(pj, pν) = α(pji − pνi), α =
α1α2

α1 + α2

.
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Í¨È9ÒPÄ�Ì*×

Å*Ã�Î7Ñ2>eÉ�Ã�Æc&²ÈPÏmË¨Î7Ñ¨Æ��=A�Í�ÎÐÏ�Ì�ÄoÌ�:oËÕÍ¨É�Î1ÊtÎÖÄ�Ì5a
cj d Í¨ÎÖÅoÑ�È¨É8:�Î1Ä8��ÉoÌ�È�"�ÊtÎÖÄ�Î

j
×3.

��ÈPÏmÆÖÌ�Æ7Ñ¨ÎÖÊ�� Æ�È�Å�ÉoËLÜæÎÖÄ�Ì�Î1Ê�¾
^ìÉ�Ã�Í¨Ä�Î1Ä�Ì�ÎJ"¨ÃªÁ�Ã�Ä�ÆÖÃU��ÈU"²Ã9ÒÖÌ�ÆÖÄ�È�Ê.Ë¤É�Î1Æ1Ë�É�Æ7Ë�Ý

Ṁ =
∑

j

(

mk
j (t)−

∑

i

cijn
d
ij(pj, cj)

)

+
∑

j

∑

ν

njνcjν(pj, pν).
>Y#*¾ J�e A

^ÂÉ�Ã9Í¨Ä�ÎÖÄoÌ�ÎJ"²ÃªÁmÃ�Ä�ÆPÃI��ÈiÆ1Í
�oÒPÃ�Ä�Ä�È�Ê.Ë¤Å�Ã
��Ì*Ñ9ÃªÁ�Ë�Ý
Ḟ =

∑

i,j

pij(Nj,Mj)(n
k
ij(t) + ndij(pj, cj)) + σ,

>Z#*¾ J ( A
ÔyÏmÎÂÏ�Ì�Æ1ÆÖÌ���Ã
:�Ì��ÕÅ*Ã���ÌoÑªÃªÁ�Ã

σ
É�Ã�Í¨Ä�Ã

σ =
1

2

∑

j

∑

ν

njν(pj, pν)(pj − pν) +
∑

j

Wj(pj)Aj;
>Y#*¾ J #�A
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pj
Ì
pν d Í¨Î1ÅoÑ¨È¨É�� È�:oÎÖÄ�È�Å É�ÎÖÆ7Ë�É�ÆÖÈ¨Í

j
×b.�Ì

ν
×3.J��ÈÖÏ�Æ1Ì�Æ1Ñ�ÎÖÊ§Æ Æ1È¨Æ1ÑªÃ�Í9Á���ØÚÙGÌ�ÊtÌ

pij
Ì
piν ;Aj =

∑

i

αijpij
a
njν = −nνj d Í¨Î1ÅoÑ¨È�É*×�ÇñË�Ä�Å�:�Ì��-��È9Ñ¨È¨Å�Ã�É�Î1Æ1Ë�É�Æ1È¨Í�¾

¿ñÎÖÉ�Í�È¨ÎÂÆ7ÁmÃ�Ô7Ã9ÎÖÊtÈ¨ÎÂÍK>Y#*¾ J #�A d ÌoÒÖÊtÎÖÄ�Î1Ä�Ì�Î�ÆÖÍ
�*ÒRÃ9Ä�Ä�È¨Ô1È�Å�Ã
��ÌoÑªÃªÁmÃÛÒRÃÛÆE%�Î1Ñ
ÉoÎÖÆ7Ë*ÉoÆÖÈ¨È�"�ÊtÎÖÄ�Ã�/EÃiÍ�Ñ¨È¨ÉoÈ¨Î d ÒPÃ¼Æ!%�Î7Ñ'��É�Î1È�"¨É�Ã9ÒPÈ¨Í¨Ã�Ä�Ì��ÕÉ�ÎÖÆ7Ë*ÉoÆÖÈ¨Ío¾

pj
Ì
pν dÍ�ÎÖÅoÑ�È¨É���È�:�Î1Ä�È¨Å�É�ÎÖÆ7Ë�É�ÆÖÈ�Í Ï�Á���ÅLÈ¨ÄoÑªÃ�ÅoÑ¨ÌoÉoË*ØÚÙÛÌ�&N��ÈÖÏ�ÆÖÌoÆ1Ñ¨Î1Ê'ÆÚÆÖÈ¨Æ7ÑªÃ�Í9ÁH�oØ�×

ÙGÌ�ÊtÌ
pji

Ì
pνi
/}Ã

njν = −nνj d Í¨Î1ÅoÑ¨È¨É�×�ÇñË�Ä�Å�:�Ì��f�oÈ�Ñ¨È¨Å�ÃVÉ�ÎÖÆ7Ë�É�ÆÖÈ¨È
"¨ÊtÎÖÄ�Ã
ÊtÎ7Ü�Ï�Ë'��ÈÖÏ�ÆÖÌoÆ1Ñ¨Î1Ê�Ã�ÊtÌ}¾

²�ß£��å�ò�å�Þ�ã
σ(p) ≥ 0

 Uäæã�îVò�ä�à¼ë¼ÞmßÖàRð2Þmàyá�àRð2Þmà_�wàRäæîÖá2Ctä�à_�±ê7åmê1ä�ß�ç�ßGë
àRä�ê¡m²ä�ê1ä�ë9åmßÂîLàRÞmë9ß1î²äæåmë9ÞDC��
èmà2ä�àRîLà2ë�êÖëÖô�íªã9Þ�ÞDC��Õî²ã�è�å�äæãh��ë�ëHC��mà2ð1ôD¯æåR�
èmàRä�àRî²ã_��Þmß�ç�ß7ÞD�c��ßÉ �òoß�ç ë®èmàRä�àRî²ã_�Z �èmà2ê1ä�m²è�ãI�°¯æåR�øëwê7åmê1ä�ß�ç§m � ÆEÞ�ã�î
á²ã¨ë�ß7Þmê1ä�ëªãÓêÖà2àRä�ë9ß1ä�ê1ä�ë�mLß1ä àRðªÞmàyá�àRð2Þmà_�®ê1åmê7ä�ß?ç�ß �

4�Ã�ÅÓÌÓÍGÑ¨ÎÖÉoÊtÈPÏ�ÌoÄ�Ã�ÊtÌ�ÅLÎ
/oË¨Æ7ÁmÈ�Í¨Ì�Î
σ(p1, p2) ≥ 0

Í¨ÊtÎ1Æ1Ñ�ÎñÆ�"²Ã2Á�Ã�Ä�Æ1È¨Í���ÊtÌ
Æ1È¨È�Ñ�Ä�È
,GÎÖÄ�Ì��oÊtÌg>Z#�¾ JW_ A Ú >Y#*¾ J ( AUÍ��UÏ�Î,ÁH��Î7ÑÓÔ1É�Ã�ÄoÌ�:oË¤È�"9Á�Ã9Æ1Ñ¨ÌÕÉ�ÎÖÃªÁmÌoÒ1Ë¨ÎÖÊtÈ¨Æ7Ñ²Ì
�1Å�È�Ä�È¨ÊtÌ�%�Î1ÆÖÅLÈ�.¼Æ1Ì�Æ1Ñ�ÎÖÊ��ýÍñÅ*Á�Ã�Æ1ÆÖÎ�È
"¨É�Ã9Ñ�Ì�Ê���&U��É�È
:�ÎÖÆ1ÆÖÈ¨Ío¾�h�ÃªÁmÈRÜæÎÖÄ�Ä���Î�Ä�Ã
ÌoÄoÑ¨Î1Ä�ÆÖÌ�Í¨ÄoÈ¨Æ1Ñ�F§Ñ¨È�ÔÖÈ�Ì*ÁmÌYÌ�Ä�È�ÔÖÈ8��È9Ñ¨È¨Å�ÃÕË¨Æ7ÁmÈ�Í¨Ì��5/��oÈ�ÒPÍ�È9ÁH��Ø�Ñ§È
��É�ÎÐÏ�Î7ÁmÌ*Ñ�F
Í�Î7ÁmÌ�%�Ì�ÄoË

σmin > 0
/�Ï�È¨Æ1Ñ�ÌoÜ¼Ì�Ê.Ë�Øi��É�Ì8�1Ñ�Ì�& Ë¨Æ7Á�È¨Í¨Ì��<&E¾E¿ñÉ�Ì8�7Ñ¨È¨Ê�È�"9Á�Ã�Æ7Ñ�F

ÉoÎPÃªÁ�ÌoÒÖË¨Î1ÊtÈ¨Æ1Ñ¨ÌýÆ1ËLÜ�Ã�Î1Ñ�Æ��C/�ÑªÃ�Å÷Å*Ã�ÅüÍ¨ÊtÎÖÆ7Ñ¨È®Ä�ÎÖÉ�Ã9Í¨ÎÖÄoÆ1Ñ¨Í²Ã
σ ≥ 0

Æ!�oÉ�Ã�Í¨ÎÐÏ�×
Á�Ì�Í¨ÈüÄoÎÖÉ�Ã�Í�ÎÖÄ�Æ7Ñ¨Í¨È

σ ≥ σmin

¾ b Æ7ÁmÌ
∆pjν = pj − pν

Ê�ÃªÁmÈ�/�Ã'ÅoÌ�Ä�Î1Ñ�Ì�%�Î7×
Æ1Å*ÃW�VÇñË�Ä�Å�:�Ì��

niν
ÏmÌ�Ç�Ç�ÎÖÉ�Î1Ä�:�Ì�ÉoË¨ÎÖÊ�ÃU�oÈæÆÖÈ�Í¨È¨ÅoË<��ÄoÈ¨Æ1Ñ�ÌÕÃ�É�Ô7Ë*ÊtÎ1ÄoÑ¨È¨Í�/�Ñ�È

σ�oÉ�Î,Ï�Æ7Ñ9Ã9Í9ÁH�oÎ1ÑGÆ1È�"¨È�.I��È9ÁmÈRÜ¼ÌoÑ¨Î,Á=F¨Ä�È9×bÈ���É�ÎÐÏ�Î7Á�ÎÖÄ�Ä*Ë*Ø Å�Í²Ã2ÏmÉ�Ã9Ñ¨Ì�%�ÄoË�Ø Ç�È¨É�Ê.Ë
�oÎÖÉ�Î1ÊtÎÖÄ�Ä��j&

∆pjν
¾

�üÈ�ÑPÁmÌ�%oÌ�ÎÚÈ�Ñ�Ñ¨Î1É�ÊtÈPÏ�ÌoÄ�Ã�ÊtÌ�%�Î1ÆPÅoÌ�&¼ÆÖÌ�Æ7Ñ¨ÎÖÊV/�ÔyÏ�Î�Í�Æ1ÑªÃ
:�Ì�È�Ä�Ã�É�Ä���&¼Í¨Ä�ÎE,�×
ÄoÌ�&æË¨Æ,ÁmÈ¨Í¨Ì���&æË¨Æ7Ñ9Ã�Ä�Ã�Í9ÁmÌoÍ²Ã�Î1Ñ�Æ��¼É�Î1Ü¼Ì�ÊV/¨Í�ÅLÈ�Ñ¨È�É�È¨Ê®Ì�ÄoÑ�ÎÖÄ�Æ1Ì�Í¨Ä���ÎQ��Î1É�ÎÖÊtÎ1Ä*×
Ä���Î�Ì'��È�Ñ¨È�Å�Ì
È
"¨ÊtÎÖÄ�Ãk��È�Æ1Ñ¨Èl��Ä�Ä��m/�ÍU�1Å�È�Ä�È¨ÊtÌ�ÅLÎ0��ÉoÌ
Æ7ÑªÃ
:�Ì�È¨Ä�Ã�É�Ä���&¤Í¨Ä�ÎE,�×
ÄoÌ�&ÛË¨Æ7Á�È¨Í¨Ì��<&U��ÉoÈ¨Ì�Æc&²ÈPÏ�Ì*Ñ Ä�Ã�ÅLÈ��*ÁmÎ1Ä�Ì�În"²ÃªÒPÌ�Æ1Ä�È¨Ô1È�É�Î1Æ1Ë�É�ÆÖÃ�Å�Ã9Ü�ÏmÈ�.æÌoÒn��ÈÖÏ�×
Æ1Ì�Æ7Ñ¨ÎÖÊ�¾

^�Æ7Á�È¨Í¨Ì�ÎGÏ�È
"¨É�È¨Í�È9Á=F¨Ä�È�Æ1Ñ¨Ì±È
"¨ÊtÎÖÄ�Ã¤Ä�Ã9Å*Á�Ã2Ï=��Í²Ã�Î1Ñ
È¨ÔÖÉ�Ã9Ä�Ì�%�Î1Ä�Ì��®Ä�Ã¤ÊtÄ�Èª×
ÜæÎ1Æ1Ñ�Í¨È�Í¨È�ÒPÊtÈRÜ¼Ä���&ñÆ1È¨Æ1Ñ�ÈM�oÄ�Ì�.�È�Ñ¨ÅoÉ�� Ñ¨È�. ÆÖÌoÆ1Ñ¨Î1Ê���¾WoÂÑ�È�"��®Ä�Ã�.oÑ¨ÌJ�7Ñ¨Ì�È¨ÔÖÉ�Ãª×
ÄoÌ�%�ÎÖÄoÌ��5/*ÒRÃ
�oÌ�,ÛÎ1Ê;"²Ã2Á�Ã�Ä�Æ1È¨Í���ÎÂÆ1È¨È�Ñ�Ä�È
,GÎÖÄ�Ì��$��ÈÛÉ�ÎÖÆ7Ë�É�Æ1ËVÌÓÅ*Ã
�oÌoÑ9Ã2Á�ËiÏ�Á��
j
×b.K��ÈÖÏ�Æ1Ì�Æ1Ñ�ÎÖÊ���Ý
Ṅij = nkij(t)+n

d
ij(pj, pν)+

∑

ν

nijν(pj, cjν)+Wj(pj)αij, i = 1, 2, ...,
>Z#*¾ JIK A

Ṁj = mk
j (t)−

∑

i

[cijn
d
ij(pj, cj) +

∑

ν

cijν(pj, pν)nijν(pj, pν)].
>Y#*¾ J�p A

q�ÁH�VÁ�Ør"¨È
.K��ÈPÏ�Æ1Ì�Æ7Ñ¨ÎÖÊ�� Í�ÆÖÌ*Á�ËVË¨Æ7Á�È¨Í¨Ì�.VÏ�È
"¨É�È¨Í�È9Á=F¨Ä�È�Æ1Ñ¨Ì
U̇j = Ṡj/p0j =

∑

i

(pijṄij + Ṁj) ≥ 0,
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%oÑ¨È Æ�Ë<%�Î7Ñ¨È¨Ês>Y#*¾ JHK A9/=>Y#*¾ J
p At�oÉ�Ì�Í¨ÈÖÏ�ÌoÑ�Å¼È�ÔÖÉ�Ã�ÄoÌ�%�ÎÖÄoÌ���ÊwÄ�Ã�È�:�Î1Ä�Å�Ì¼ÌS��È�Ñ¨È�Å�Ì
ÍiÆ1Ì�Æ1Ñ�ÎÖÊtÎ
∑

i

[

pij[n
k
ij(t) +Wj(pj)αij] +

∑

ν

[nijν(pj, pν)(pij − cijν(pj, pν))]+

+ndij(pj, cj)(pij − cij)

]

+mk
j (t) ≥ 0, j = 1, 2, ....

>Y#*¾ a � A

( í:62ê�3�A�62s2?<9�9�?Zå�783�78;<5:="? ¾Rq�ÁH�ùÌoÒÖÈ9ÁmÌ�É�È�Í²Ã�Ä�Ä�È
.�Æ1Ì�Æ1Ñ�ÎÖÊ�� Í¨Ä�Î9,ÛÄ�ÌoÎ
��È�Ñ�È¨Å�Ì È�Ñ�Æ1ËLÑ¨Æ1Ñ²Í9Ë*ØÚÑ Ìu"²ÃªÁmÃ�Ä�ÆÖÈ�Í���ÎYÆ1È¨È�Ñ�Ä�È
,GÎÖÄ�Ì��v>Y#*¾ J�_ A Ú >Z#*¾ J ( A'�oÉ�Ì�Ê.ËLÑ
Ç�È¨É�Ê.Ë

Ṅi =
∑

j

Wj(pj)αij, Ni(0) =
∑

j

Nij(0),
>Z#*¾ a�� A

Ṁ =
∑

j

Ṁj = 0,
>Y#*¾ acJ A

Ḟ =
∑

j

Ḟj = σ ≥ 0.
>Z#*¾ a8a A

� Æ1È¨Æ1Ñ�ÈM�oÄ�Ì�ÌwÉ�Ã9Í¨Ä�È¨Í¨Î1ÆÖÌ��®Æ1Í
�oÒPÃ�Ä�Ä��V.®Å*Ã
�oÌoÑ9Ã2Á Ê�Ã�ÅLÆÖÌ�Ê�Ã2ÁmÎÖÄ5/w��È9Ñ¨È¨Å�Ì
nij

Ì
ÆÖÅLÈ¨É�È¨Æ7Ñ¨Ìx��ÉoÎÖÍ¨É�ÃªÙÛÎÖÄoÌ�� É�Î1Æ1Ë�É�Æ1È¨Í

Wj(pj)
É�Ã�Í�Ä�� ÄoËPÁmØG¾�¿ñÉ�ÌT�1Ñ�È¨Ê É�Ã�Í¨ÄoÈ9×

Í¨ÎÖÆ1Ä�È¨ÎÂÉ�Ã�Æ!��ÉoÎ,Ï�Î,ÁmÎÖÄ�Ì�Îm"²Ã9ÒPÌoÆÖÄ�È¨Ô1ÈæÉ�Î1Æ1Ë�É�ÆÖÃ
M
ÒRÃ�Í�Ì�ÆÖÌ*Ñ�È�ÑÛÅ�Ì�Ä�Î7Ñ¨Ì�ÅoÌ
É�Î1Æ1Ë�É*×

ÆÖÈ¨È
"¨ÊtÎÖÄ�ÃæÊtÎ1ÜæÏmË'��ÈÖÏ�Æ1Ì�Æ1Ñ�ÎÖÊ�Ã�ÊtÌ}¾
� Ñ�ÎÖÉ�ÊtÈÖÏ�Ì�Ä�Ã�ÊtÌ�Å�Î�Ë¨Æ,ÁmÈ¨Í�Ì��øÉ�Ã�Í¨Ä�È�Í¨ÎÖÆ1Ì��øÊtÈRÜ�Ä�Èy��È9Á�Ë�%oÌoÑ�FüÌoÒ§ÒRÃRÏ�ÃM%�Ì

È®Ê�Ã9Å�ÆÖÌoÊ.Ë*ÊtÎÕÆ7Ë�Ê�Ê�Ã9É�Ä�È�.;�ÖÄoÑ�É�È���Ì�ÌýÆ1Ì�Æ7Ñ¨ÎÖÊ��z�oÉ�ÌüÒRÃ2Ï�Ã9Ä�Ä�È¨ÊúÆ1Ë�ÊtÊ�Ã�ÉoÄ�È¨Ê
ÒPÄ�Ãl%�ÎÖÄoÌ�Ì Ñ¨È�. Ì*ÁmÌ Ì�ÄoÈ�.x�ÖÅLÆ1Ñ�ÎÖÄ�ÆÖÌ�Í¨Ä�È
.{��Î1É�ÎÖÊtÎ1Ä�Ä�È�.}¾�h�Ã
��ÉoÌ�ÊtÎÖÉ5/�Î1Æ7ÁmÌYÒRÃª×
Ï�Ã�ÄwÆ1Ë�ÊtÊ�Ã�ÉoÄ��V. È�" G Î1Êu��ÈÖÏ�ÆÖÌ�Æ7Ñ¨ÎÖÊV/.Ã
È¨Æ1ÑªÃªÁ=F¨Ä���ÎN�ÖÅLÆ1Ñ�ÎÖÄ�ÆÖÌ�Í¨Ä���Î'��Î1É�ÎÖÊtÎ1Ä*×
Ä���ÎUÄoÎÖÌoÒÖÊtÎÖÄ�Ä��m/2Ñ¨ÈÚÊ�Ã�Å�Æ1Ì�Ê.Ë�Ê.Ë�Æ7Ë*ÊtÊ�Ã�ÉoÄ�È�.6�1ÄoÑ¨ÉoÈ���Ì�ÌGÆÖÈ¨È�Ñ�Í¨Î7Ñ¨Æ1Ñ¨Í�Ë¨Î1ÑÂÑªÃ�Å�È�Î
É�Ã�ÆE��É�Î,ÏmÎ7ÁmÎÖÄ�Ì�Î4È�" G Î1ÊtÈ¨Í�/l�oÉ�ÌGÅLÈ�Ñ¨È�É�È¨Ê8��ÉoÈ¨ÌoÒPÍ�ÈPÏ�Ä���Î��ÖÄ*Ñ¨É�È
��Ì�ÌÛÅ*Ã9ÜæÏ�È�.�Æ1Ì*×
Æ1Ñ�ÎÖÊ��|��ÈVÎÖÎÛÈ�" G Î1ÊtËÕÈÖÏ�Ì�Ä�Ã�ÅLÈ¨Í��m/}ÃD�1Ñ¨È$�oÉ�Ì�Í¨ÈÖÏ�ÌoÑ¤Å§É�Ã�Í¨Î1Ä�Æ1Ñ�Í�Ë
Ï�Ã�Í9Á�ÎÖÄ�Ì�.E¾
} Ä�Ã2ÁmÈ¨ÔÖÌ�%�Ä�ÈæÉ�Ã�ÆE��É�Î,ÏmÎ7ÁmÎÖÄ�Ì�Î�È
"�ÙÛÎ1ÔÖÈæÅLÈ9ÁmÌ�%�Î1Æ1Ñ�Í²ÃÛÑ¨Î!��ÁmÈ¨Í¨È�.'�ÖÄoÎÖÉ�Ô1Ì�Ì
ÍÛÉ�Ã9Í9×
Ä�È¨Í¨Î1ÆÖÌ�ÌK��É�Ì�Í¨ÈÖÏ�ÌoÑ¼Å
É�Ã9Í¨ÎÖÄ�Æ7Ñ¨Í9Ë¤Ñ�ÎÖÊ���Î1É�Ã9Ñ�Ë*É Ì¤Ñ2¾ Ïþ¾

�ûÊtÌ�ÅoÉ�È��1Å�È¨Ä�È�ÊtÌ�Å�ÎwË¨Æ,ÁmÈ¨Í¨Ì��öÉ�Ã9Í¨Ä�È¨Í¨Î1ÆÖÄoÈ¨ÔÖÈýÉ�Ã�ÆE��É�ÎÐÏ�Î7ÁmÎ1Ä�Ì��[É�Î1Æ1Ë�É�ÆÖÈ�Í
Ñ9Ã9ÅoÜæÎ�ÊtÈRÜ�Ä�È'�oÈ9Á�Ë<%�ÌoÑ
FÕÌoÒ�Ñ¨ÉoÎ!"¨È�Í²Ã�Ä�Ì���Ê Ã9Å�Æ1Ì�Ê.Ë�Ê�Ã
Æ7Ë�ÊtÊ�Ã�É�Ä�È¨Ô1È
ÆÖÍ
�*ÒRÃ�Ä*×
Ä�È¨Ô1ÈGÅ*Ã
�oÌoÑªÃªÁ�ÃGÆ1Ì�Æ1Ñ�ÎÖÊ��m/���É�Ì¼ÒRÃRÏ�Ã�Ä�ÄoÈ¨ÊYÆ1Ë�ÊtÊ�Ã�É�Ä�È�ÊYÒRÃ
��Ã�ÆÖÎÚÉ�ÎÖÆ7Ë�É�ÆÖÈ�Í�¾�dÂÄ�È
��É�Ì�Í�ÈPÏ�ÌoÑ�ÅæÉ�Ã�ÆE��É�ÎÐÏ�Î7ÁmÎ1Ä�Ì�Ø6/���É�Ì�ÅLÈ�Ñ�È¨É�È¨Ê~��ÉoÈ¨ÌoÒÖÍ¨ÈPÏ�Ä���Î�Æ1Í
�oÒPÃ�Ä�Ä�È¨Ô1È�Å�Ã
��Ì*×
Ñ9Ã2Á�ÃiÅ�Ã9ÜæÏ�È�.$��ÈÖÏ�ÆÖÌ�Æ7Ñ¨ÎÖÊ����oÈ�ÒRÃ
��Ã9ÆPÃ�Ê÷É�Ã�ÆE��É�ÎÐÏ�Î7ÁH�oÎÖÊtÈ¨Ô1È�É�ÎÖÆ7Ë�É�ÆPÃ8>;È�:�ÎÖÄoÅ�Ì
É�ÎÖÆ7Ë�É�ÆPÃ�A�ÈPÏmÌ�Ä�Ã�ÅLÈ¨Í��ñ¾

q�ÁH�¤Å*Ã9ÜæÏ�È�.
j
×b.
ÌoÒJ��ÈÖÏ�ÆÖÌoÆ1Ñ¨Î1Ê�ÌoÒÖÈ9ÁmÌoÉ�È¨Í²Ã�ÄoÄ�È�.ÕÆ1Ì�Æ7Ñ¨ÎÖÊ��
Ṅji =

∑

ν

nνji(pj, pν) +Wj(pj)αij,
>Y#*¾ a�_ A
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Ṁj = −

∑

ν,i

ñνji(pj, cjν)cjνi ν, j = 1, ..., n,
>Z#*¾ a�e A

Ô=Ï�Î
cjν d ��ÉoÈ¨ÊtÎ1ÜiËLÑ¨È�%�Ä���ÎQ:�ÎÖÄ���/LÈ���É�ÎÐÏ�Î7ÁH�oÎÖÊ���Î�Ë¨Æ7Á�È¨Í¨Ì��oÊtÌ8>Z#*¾ JIa A,¾���Ã�Å�Ì�Ê

È
"¨É�Ã9ÒÖÈ¨ÊV/LÍ¨Î1ÅoÑ¨È�ÉN:�ÎÖÄ5/*Ã�ÒPÄ�Ãl%�ÌoÑM/*ÌD�oÉ�Ã�Í²ÃW�G%�Ã�Æ1Ñ
FGË�É�Ã�Í�Ä�ÎÖÄ�Ì�.~>Y#*¾ a�e A.ÒPÃ�Í¨ÌoÆÖÌoÑ
È9Ñ¼ÇñË�Ä�Å�:oÌ�Ì

ñνj
Æ!�oÉ�È¨ÆPÃ�ÌK��É�ÎÐÏ�ÁmÈRÜ�Î1Ä�Ì��
É�ÎÖÆ7Ë�É�ÆÖÈ�Í�¾

¿ñÈ¨Æ7Á�ÎÛÈ
��É�Î,ÏmÎ7ÁmÎ1Ä�Ì���Ì*ÒK>Y#*¾ JIa An�oÉ�È¨ÊtÎ1ÜiËLÑ¨È
%�Ä�È�.?:�Î1Ä��
cjν(pj, pν)

Ì8��ÈÖÏ�×
Æ7ÑªÃ�Ä�È¨Í¨ÅoÌ ÎÖÎ�Í

ñjν
Ì
ñνj

�1Ñ¨Ì ÇñË�Ä�Å�:�ÌoÌ È¨Å*Ã9Ò!��Í²Ã�Ø�Ñ¨Æ7� ÈÖÏ�Ì�Ä�Ã�ÅLÈ¨Í���ÊtÌ�Ì�É�Ã�Í¨Ä��4×
ÊtÌæÅ�Ì�ÄoÎ1Ñ¨Ì�%�ÎÖÆÖÅ�È�.iÇ�Ë�Ä�Å�:�Ì�ÌiÆ ÆÖÈ¨Æ7Ñ9Ã9Í9ÁH��Ø�ÙÛÌ�ÊtÌ

njν(pj, pν)
/�Ç�ÌoÔ1Ë�É�Ì�ÉoË�Ø�ÙæÎ!.

Í�Í���É�ÃªÜ�Î1Ä�Ì��<&f>Z#*¾ J #
A4ÌT>Z#*¾ a
_ A,¾
� Å*ÃM%oÎÖÆ7Ñ¨Í¨Î6��É�ÌoÊtÎÖÉ�ÃG��ÈÖÏ�Æ!%oÌoÑ9Ã9ÎÖÊùÏmÌ�ÆÖÆ1Ì���Ã
:oÌ�ØúÅ*Ã
��Ì*Ñ9Ã2Á�Ã

σ
Í¼É�Ã�ÆÖÆ1ÊtÈ�Ñ9×

ÉoÎÖÄ�Ä�È�ÊøÉ�Ã�Ä�Î1Îk��É�ÌoÊtÎÖÉ�Î�/}ÅLÈ¨Ô=Ï�ÃÓÅoÌ�Ä�Î1Ñ�Ì�Å*ÃVÈ
"¨ÊtÎÖÄ�ÃæÏ�Í�Ë�&2� } ÁmÌoÄ�Î!.�Ä�ÃVÈ9Ñ¨Ä�È9×
Æ1ÌoÑ¨Î,Á=F¨ÄoÈ�É�Ã9ÒÖÄ�È¨Æ7Ñ¨Ì ÊtÎ7Ü�ÏmËN:�ÎÖÄoÈ�.ÕÌ
È�:oÎÖÄ�ÅLÈ�.

n1(p1, c) = α1(p1 − c),
>Y#*¾ a ( A

n2(p2, c) = α2(p2 − c).
>Y#*¾ a #�A

¿ñÈ�Æ7ÁmÎ§Ì�ÆÖÅ*Á�Ør%�Î1Ä�Ì�����É�È�ÊtÎ1ÜiË�Ñ�È�%�Ä�È
.�:�Î1Ä�����È Ë�Æ7ÁmÈ¨Í�Ì�Ø
−n1 = n2 = nÏmÌ�ÆÖÆ1Ì���Ã
:oÌ�� ÉoÎÖÆ7Ë*ÉoÆÖÈ¨È�"�ÊtÎÖÄ�Ã

σ(p1, p2) = (p2 − p1)α(p2 − p1) = α(p2 − p1)
2 =

n2(p1, p2)

α
.

>Z#�¾ a8K A
²�àÖíÖç�à_Á�ÞDC�ßÛáLã¨ê7è�á�ß1ðªß£��ß7Þ�å�ôæ`,ãªíªåmê7ÞmàY�7à¼á�ßÖê¡mÖá�ê=ã �L� Ã9Í¨Ä�È¨Í¨Î1ÆÖÄ�È�Î
É�Ã�Æ!��ÉoÎ7×

ÏmÎ7ÁmÎ1Ä�Ì�ÎI"¨Ã9ÒPÌ�Æ1Ä�È¨Ô1ÈVÉ�Î1Æ1Ë�É�ÆÖÃ
M

È���ÉoÎ,Ï�Î,ÁH��Î7Ñ¨Æ���Å�ÌoÄ�Î1Ñ�Ì�Å�È�.�È�"�ÊtÎÖÄ�Ã�/EÃ¼È�Ñ
MÒPÃ�Í¨ÌoÆ��*Ñ¼Ì
É�Ã�Í¨Ä�È¨Í�ÎÖÆ1Ä���Î�ÒRÃ���Ã�ÆE�õÉ�ÎÖÆ7Ë�É�ÆÖÈ¨Í

N
/oÑ9Ã9ÅÕÅ�Ã�Å
È�Ä�Ì¤ËPÏmÈ¨Í9ÁmÎ7Ñ¨Í¨È�É���Ø�Ñ

É�Ã�Í¨Î1Ä�Æ1Ñ�Í�Ë
pj(Mj, Nj) = pν(Mj, Nj) = λ, ∀j, ν.

>Z#*¾)� p A
�NÉ��LÏ�ÎÕÆ,Á�Ë<%�Ã�Î1Íy��É�ÎÐÏ�Æ1ÑªÃ�Í9Á���Î1Ñ ÌoÄoÑ¨Î1É�ÎÖÆ�ÊtÄoÈ2ÜæÎÖÆ7Ñ¨Í¨È

Q
ÒÖÄ�ÃM%�Î1Ä�Ì�.ýÍ�ÎÖÅ*×

Ñ�È¨É�Ã
M
/�Å�È�Ñ�È¨É���ÎæÊtÈ¨Ô1ËLÑ$"�� Ñ
F�Ï�È¨Æ7Ñ¨Ì�Ô1ÄoË�Ñ��úÌoÒÛÒRÃRÏ�Ã�Ä�Ä�È�ÔÖÈVÄ�ÃM%�ÃªÁ=F¨Ä�È�ÔÖÈVÆ1È9×

Æ7Ñ¨Èl��Ä�Ì��÷ÆÖÌoÆ1Ñ�ÎÖÊ�� Ï�Á��üÉ�Ã9Ò7ÁmÌ�%�Ä���&÷ÇñË�Ä�Å�:�Ì�.
ñ(p, c)

Æ!��ÉoÈ¨ÆPÃ�Ì{��É�ÎÐÏ�ÁmÈRÜæÎ7×
ÄoÌ��}¾Wq�ÁH�æÅ*Ã9ÜæÏ�È�.

j
×3.U�oÈPÏ�Æ1Ì�Æ1Ñ�ÎÖÊ��ýÊtÌ�Ä�Ì�Ê�Ã2Á=F¨Ä��V.S��É�Ì�ÉoÈ¨Æ1Ñ Å�Ã
��ÌoÑªÃªÁmÃ

∆Mj

= Mj −Mj0
Ï�È¨Æ7Ñ¨Ì�Ô,Ã�Î1Ñ¨Æ��'Í Ñ¨È¨Ê[Æ7Á�Ë<%�Ã�Î�/.Å�È�ÔyÏ�Ã È�"¨ÊtÎÖÄYÆiÏ�ÉoË�ÔÖÌoÊtÌ{��ÈÖÏ�ÆÖÌ�×

Æ7Ñ¨Î1Ê�Ã�ÊtÌöÍ�Î,Ï�Î7Ñ¨Æ7�u��É�Ì�:�ÎÖÄ�ÃW&
cjν
/�ÆÖÅLÈ9Á=FüË�ÔÖÈÖÏ�Ä�ÈO"ªÁmÌoÒPÅoÌ�&�Å

pj
/ Ñ2¾�Î9¾�È�"9×

É�Ã9Ñ¨Ì�ÊtÈ�/*ÑªÃ�Å'%oÑ�ÈæÍ¨Î7ÁmÌ�%�Ì�ÄoË
Mj

min Ê�ÈRÜ¼Ä�ÈGÄ�Ã
.oÑ�Ì$�oÈGË¨Æ7ÁmÈ�Í¨Ì�ØöÈ�"¨É�Ã9Ñ¨Ì�ÊtÈ�Æ1Ñ�Ì
Sj(Nj,Mj) = Sj(Nj0,Mj0)

¾²½ Ã�ÅLÆÖÌ�Ê�ÃªÁHF¨Ä�È¨Ê.ËGÜæÎUÒPÄ�ÃM%�Î1Ä�Ì�Ø
Mj

max Æ1È¨È�Ñ�Í¨Î1Ñª×
Æ7Ñ¨Í9Ë¨Î1ÑÕÑªÃ�ÅLÈ�.±È�"�Ê�Î1Ä5/5��ÉoÌ±ÅLÈ�Ñ¨È¨ÉoÈ¨Ê

cjν
ÆÖÅLÈ9Á=FVË�ÔÖÈÖÏ�Ä�ÈK"9Á�ÌoÒPÅ�Ì±Å

pν
¾5��Ã�Å�Ì�Ê

È
"¨É�Ã9ÒÖÈ¨ÊV/þÍX��É�È¨Æ7Ñ¨É�Ã�Ä�Æ1Ñ¨Í¨ÎÓÆ�Å�È¨È�É¨Ï�ÌoÄ�Ã9ÑªÃ�ÊtÌ
Mj

ÊtÈRÜ�ÄoÈX��È�Æ1Ñ�É�È¨ÌoÑ�F?��Ã�É�ÃªÁ�×
Á�Î7ÁmÎE��Ì���ÎÐÏ ÆìÔÖÉ�Ã�Ä�Ì�:�Ã�ÊtÌ

Mj
min
≤Mj ≤Mj

max ¾��4ÎE%�Î1Ä�Ì�Îm�7Ñ¨È¨Ô1ÈI��Ã�É�ÃªÁ�ÁmÎ,ÁmÎ7×
�oÌ���Î,Ï�ÃS�*ÁmÈ�ÆÖÅ�È�Æ1Ñ�F�Ø

∑

j

Mj =
∑

j

Mj0

>Z#*¾ _�� A
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Í��UÏ�Î,ÁH��Î7Ñ�ÊtÄoÈ2ÜæÎÖÆ7Ñ¨Í¨È
Q
Í¨Æ1Î9&�Í¨È9ÒPÊtÈRÜ�Ä���&øÉ�Ã�Í¨ÄoÈ¨Í¨ÎÖÆ1Ä���&�É�Ã�ÆE��É�ÎÐÏ�Î7ÁmÎ1Ä�Ì�.

"²Ã9ÒÖÌ�ÆÖÄ�È�ÔÖÈ�ÉoÎÖÆ1Ë�É�ÆÖÃ�ÊtÎ1ÜæÏmË~��ÈÖÏ�ÆÖÌoÆ1Ñ¨Î1Ê�Ã�ÊtÌwÏ�ÁH�wÉ�Ã9Ò7ÁmÌ�%�Ä���&wÅ�Ì�Ä�Î7Ñ¨Ì�%�ÎÖÆÖÅ�Ì�&
ÇñË*ÄoÅ�:�Ì�.}¾&�òoß7ä ámà2ê1äæã'î²ã�è�å�äæã!��ãYå�ðªß!� áLã9ð2ã�é�å�åüá�ß1êE�Öá�ê1àªë
� �4ÅLÈ¨Ä�È�ÊtÌ�%�ÎÖÆ1Å*Ã��øÆ1Ì*×
Æ1Ñ�ÎÖÊ�Ã É�ÎPÃ2Á=F¨Ä�È È�%oÎÖÄ�F É�ÎÐÏ�Å�Èx"���Í²Ã9Î1Ñ'ÌoÒÖÈ9ÁmÌ�ÉoÈ¨Í²Ã�ÄoÄ�È�.}¾j��%�Ã9Æ1Ñ¨ÄoÈ¨Æ1Ñ¨Ì5/n� } /
Ì�ÊtÎÖØ�ÙÛÌ�.D"¨Ã9ÒPÌoÆÖÄ��V.¼É�ÎÖÆ7Ë*ÉoÆ

M
/²ÊtÈRÜæÎ1Ñ�Í9ÁmÈRÜ�Ì*Ñ�F�Î1ÔÖÈ�ÍJ:�Î1Ä�Ä���ÎQ"�Ë�Ê�Ã�Ô1Ì¼Ì*Á�Ì

��È9ÁmÈRÜ�Ì*Ñ�F�Í8"²Ã9Ä�Å}¾+q�ÁH�T��É�È¨Æ7Ñ¨È�Ñ
�v"�ËPÏ�Î1Ê ÆE%�ÌoÑªÃ9Ñ
F~�7Ñ¨Ì Í9ÁmÈ2ÜæÎ1Ä�Ì��T"¨Î1ÒÖÉ�Ì�Æ,×
Å�È¨Í
��ÊtÌ±Ì2��É�Ì�Ä�È�Æ��*ÙÛÌ�ÊtÌ®Í¤ÎÐÏ�Ì�Ä�Ì�:*Ë�Í¨É�Î1ÊtÎÖÄ�Ì�Ï�ÈP&²ÈPÏ

α0M
¾+oÂÑ�È�"�� Ë<%�ÎÖÆ7Ñ�F

�1Ñ�È�Ñ�Ç Ã9ÅoÑ¨È¨ÉC/mÍS��É�Ã�Í�Ë�Ø�%�Ã�Æ1Ñ
F¼Ë�É�Ã�Í�Ä�ÎÖÄ�Ì�.X"²ÃªÁ�Ã9Ä�ÆPÃU��ÈS"²Ã9ÒÖÌ�ÆÖÄ�È�Ê.Ë¤É�ÎÖÆ7Ë�É�Æ1Ë
>Z#*¾)� e AB/R>Y#*¾�� e A9/�Å*Ã�ÅÕÏ�Á��§Å*Ã9ÜæÏ�È�ÔÖÈ$� } /EÑªÃ�Å§ÌÕÏ�ÁH�§Æ1Ì�Æ1Ñ�ÎÖÊ��úÍ':oÎ7ÁmÈ�Ê ÄoËLÜ¼Ä�È
Ï�È�"²Ã9Í¨ÌoÑ�F�Æ7Á�Ã�Ô,Ã�Î1ÊtÈ¨Î

α0Mj

ÁmÌ�"¨È
α0M

¾
} Ä�ÃªÁmÈ¨Ô1Ì�%�Ä�ÈYÈ�"¨Æ7Ñ¨È¨Ì*ÑwÏmÎ7ÁmÈYÆÕÑ¨Î1ÊtÌøÍ�Ì�Ï�Ã�ÊtÌýÉoÎÖÆ1Ë�É�Æ1È¨Í�/4Å�È9Ñ¨È¨É���Î�ÌoÒÖÊtÎ7×

Ä���Ø�ÑVÆ1Í¨È¨Ì�Æ1Í¨È�.�Æ7Ñ¨Í²Ã�Í¨È�Í¨É�ÎÖÊtÎ1Ä�Ì{>eÇ�ÌoÒÖÌ�%�Î1ÆÖÅLÈ¨ÎæÌ*ÁmÌ�ÊtÈ¨É�Ã2Á=F¨Ä�È�ÎGÆ1ÑªÃ�É�Î1Ä�Ì�ÎlAB/
ÁmÌ�"¨ÈD��É�Ì8��È�Ñ�É�ÎE"9ÁmÎÖÄoÌ�Ì�Ä�Î Ë*Í�Î7ÁmÌ�%�Ì�Í²Ã�Ø�ÑM/�ÃiË�ÊtÎÖÄ�F�,æÃ�Ø�Ñ¤ÆÖÍ�È¨ØúÈ
:�ÎÖÄ�Å*Ë¨¾C��Ãª×
Å�È�.K��ÉoÈ�:�ÎÖÆ1Æ Ä�ÃªÒP��Í²Ã9ØÚÑæÏ�ÎÖÔ1É�Ã2Ï�Ã
:oÌ�Î!. É�Î1Æ1Ë�É�Æ1È¨Í�¾�tÔ1È¼ÊtÈ2Ü¼Ä�ÈæË<%�Î1Æ1Ñ�F�/mÍ¨Í¨Î,ÏH�
ÇñË*ÄoÅ�:�Ì�Ø

W d
j (pj)

/JÑ9Ã9ÅoË�Ø6/�Ï�ÁH�wÅ�È�Ñ�È¨É�È�.YÆ7Ë*ÊtÊ�Ã9É�Ä��V. ÆÖÍ
�*ÒRÃ�ÄoÄ��V. Å�Ã
��ÌoÑªÃªÁ
��É�È¨Ì*ÒPÍ¨ÈÖÏ�Ì�Ê���&'É�Î1Æ1Ë�É�ÆÖÈ�Íf"��4Á;"��NÊtÎÖÄ�F
,ÛÎ�/�%�ÎÖÊóÉoÎÖÆ7Ë*ÉoÆÖÈ¨Í�/tÌ�ÆE��È9Á=F�Ò1Ë¨ÎÖÊ���&
Í;�oÉ�È¨ÌoÒÖÍ¨ÈPÏmÆ1Ñ¨Í�Î

(Aj < 0)
¾��tÆ,ÁmÌ�ÜæÎ�É�ÎÖÆ7Ë�É�ÆwÌoÒÖÊtÎÖÄ��oÎ1ÑýÆ1Í¨È¨Ì�Æ1Í¨È�.�Æ7Ñ¨Í²ÃüÍ

ÇñË*ÄoÅ�:�Ì�ÌýÍ�É�ÎÖÊtÎ1Ä�Ì5/ Ä�Ã
��É�ÌoÊtÎÖÉ5/���È¨ÉoÑ�ÌoÑ¨Æ7���oÉ�Ì'Ï�ÁmÌoÑ�Î7Á=F�Ä�È¨Ê�&oÉ�Ã�Ä�ÎÖÄoÌ�Ì5/ Ñ�È
�1Ñ�È¼ÊtÈ2Ü¼Ä�ÈæË<%�Î1Æ1Ñ�F�/mÍ¨Í¨ÎÐÏ=�
Ä�Î1Æ1ÑªÃ
:�Ì�È�Ä�Ã�É�Ä���Î È�:�ÎÖÄoÅ�ÌÕÌ*ÁmÌK��ÈPÏmÈ�"¨Ä�ÈU"²Ã9ÒÖÌ�ÆÖÄ�Èª×
Ê.Ë�É�Î1Æ1Ë�É�Æ1Ë§ÏmÈ�"²Ã�Í�ÌoÑ�FÕÍK��É�Ã9Í�Ë�Øv%�Ã�Æ1Ñ
FÕË�É�Ã�Í¨Ä�Î1Ä�Ì��1>Z#*¾ � _ AÂÆ,Á�Ã�Ô,Ã�Î1ÊtÈ¨Î¼Í¨ÌLÏ�Ã
¡ β0

iNi

/�ÍiÅLÈ�Ñ�È¨É�È¨ÊùÅLÈ��1Ç�Ç�Ì�:oÌ�ÎÖÄoÑ
β0
i

È�:oÎÖÄ�Ì�Í¨Ã�Î1Ñ¼ÆÖÅLÈ¨É�È¨Æ7Ñ�FG��È�Ñ�ÎÖÉ�Ì
i
×�Ô1ÈiÉ�Î,×

Æ1Ë�É�ÆÖÃo¾

a�¢Y£n¢ �K¤+¥¦�§�¥C¨�¨�©�ªX¤5«¬i®r¯C¨R°�®Q§�¨�¬�±�«Q«�²T³�¥®r¥´�¤+ªX±R³
dÂÆ1ÑªÃ�Ä�È¨Í�Ì�ÊtÆ7�y�oÈPÏ�É�È
"¨Ä�Î1Î�Ä�ÃÕÈ
"¨ÊtÎÖÄ�ÎiÉ�Î1Æ1Ë�É�ÆPÃ9ÊtÌ ÍÕÌoÒÖÈ9ÁmÌ�É�È�Í²Ã�Ä�Ä���&wÆ1Ì*×

Æ1Ñ�ÎÖÊ�ÃW&�¾�� ÑªÃ�Å�Ì�&iÆÖÌoÆ1Ñ¨Î1Ê�ÃW&¼Æ1Ë�ÊtÊ�Ã�É�Ä��V.�È�"
µJÎÖÊ~"²Ã9ÒÖÌ�ÆÖÄ�È�ÔÖÈ É�Î1Æ1Ë�É�ÆÖÃ Ä�Î�ÌoÒÖÊtÎ7×
Ä���Î7Ñ¨Æ7�





∑

j

dMj = 0





/mÊtÎ1ÜæÏmËVÑ�ÎÖÊ�Í�ÁmØQ"���&-��É�È�:oÎÖÆ1ÆPÃW& È
"¨ÊtÎÖÄ�ÃiÇñË�Ä�Å�:oÌ��
"9Á�Ã�Ô1È¨ÆÖÈ�Æ1Ñ�ÈM��ÄoÌ��±Ì�Å*Ã���ÌoÑªÃªÁmÌoÒPÃ
:�Ì��±Å*ÃªÜ�Ï�È
.?��ÈPÏ�Æ1Ì�Æ1Ñ�ÎÖÊ�� Í¨È�ÒÖÉ�Ã�Æ7Ñ9Ã9ØÚÑ2¾��UÑ¨È
��É�È¨ÌoÆ7&²ÈÖÏ�ÌoÑ¼ÒRÃæÆ!%�Î7Ñ�É�È�Æ1ÑªÃiÆÖÍ
�*ÒRÃ�ÄoÄ�È¨Ô1È¼Å�Ã
��ÌoÑªÃªÁ�Ã

F
/*Ï�ÌoÇ�Ç�Î1É�ÎÖÄ�:�Ì�ÃªÁ�Å�È�Ñ�È9×

É�È¨Ô1ÈiÉ�Ã�Í¨Î1Ä
dF =

∑

j

∑

i

pji(Nj,Mj)dNji.
>Y#*¾ _�� A

� Î1Æ1Ë�É�ÆÖÈ�È�"¨ÊtÎÖÄÕÍ�ÌoÒÖÈ9ÁmÌoÉ�È¨Í²Ã�ÄoÄ�È�.
Æ1Ì�Æ1Ñ�ÎÖÊtÎ ÊtÈRÜæÎ1ÑU��É�È9Ñ¨ÎÖÅ�Ã9Ñ�F¼Å�Ã�Å¤ÆñË<%�Ã2×
Æ1Ñ�Ì�ÎÖÊ�"¨Ã9ÒPÌ�Æ1Ä�È¨Ô1È ÉoÎÖÆ1Ë�É�ÆÖÃx>¶��É�ÈPÏ�Ã9Ü�Ã�A9/EÑªÃ�Å®Ìf��È¨Æ1É�Î,Ï�Æ7Ñ¨Í¨È�Ê È�"¨ÊtÎ1Ä�Ã
ÈÖÏ�Ä�È�ÔÖÈ
É�ÎÖÆ7Ë�É�ÆPÃ�Ä�Ã ÏmÉoË�ÔÖÈ�.T>¶"²Ã�É*Ñ¨ÎÖÉHAj��ÉoÌ
ÄoÎÖÌoÒÖÊtÎÖÄ�Ä���&¤ÒPÃ
��Ã�ÆÖÃW&'"¨Ã9ÒPÌ�Æ1Ä�È¨Ô1ÈiÉoÎÖÆ7Ë*ÉoÆPÃ
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Ë8� } ¾5¼ ÍÓÑ�È¨ÊV/EÌ§Í¼ÏmÉoË�ÔÖÈ¨Ê Æ,Á�Ë<%�Ã���&
Ï�Ã9ÜæÎ6��ÉoÌ�Ä�Î1È¨Ô1É�Ã�Ä�Ì�%oÎÖÄ�Ä�È
.~��É�ÈÖÏ�È9Á�×
Ü¼ÌoÑ�Î7Á=F�Ä�È¨Æ1Ñ�ÌI��É�È�:�Î1ÆÖÆÖÃ��oÉ�Ìk��É���ÊtÈ¨Ê�È
"¨ÊtÎÖÄ�ÎUÍ¨Î,ÁmÌ�%�ÌoÄ�ÃìÆÖÍ
�*ÒRÃ�ÄoÄ�È¨Ô1ÈÂÉ�Î1Æ1Ë�É�ÆÖÃ
Í�È�ÒPÉ�Ã�Æ1ÑªÃ�Î7Ñ�Ý

dF > 0
¾5qGÉoË�ÔÖÌ�ÊtÌYÆ7ÁmÈ¨Í¨Ã�ÊtÌ5/JÑªÃ�Å�È�.YÈ
"¨ÊtÎÖÄwÍ¨ÆÖÎ1ÔyÏ�Ã�Ä�Î1È�"¨É�Ã9Ñ¨Ì�Ê

�oÈPÏ�È
"¨Ä�Èr��ÉoÈ�:�Î1ÆÖÆPÃ9Ê2��É��oÊtÈ¨ÔÖÈÚÑ�Î!�*ÁmÈ�È�"¨ÊtÎÖÄ�ÃÂÌ�Ï�Ì�Ç�ÇñËLÒPÌ�ÌæÍÚÑ�ÎÖÉoÊ�ÈÖÏ�Ì�Ä�Ã�ÊtÌ�Å�Î9¾
�®Ñ¨Î1É�ÊtÈPÏmÌ�Ä�Ã�ÊtÌ�ÅLÎ�É�Ã�Í¨Ä�È�Í¨ÎÖÆ1Ä�È¨Î Æ1È¨Æ7Ñ¨ÈM�oÄ�Ì�Î ÌoÒPÈ9Á�Ì�É�È¨Í²Ã9Ä�Ä�È�.ÛÆÖÌ�Æ7Ñ¨ÎÖÊ��m/¨Ä�Î

Æ1ÈPÏmÎÖÉLÜ�ÃªÙÛÎ!.¼Ã�ÅoÑ�Ì�Í¨Ä���&U��ÈPÏmÆÖÌ�Æ7Ñ¨ÎÖÊV/LÈPÏmÄ�È�ÒPÄ�ÃM%�ÄoÈ�È���ÉoÎ,Ï�Î,ÁH��Î7Ñ¨Æ��G��Ã�É�Ã�ÊtÎ1Ñ�É�Ãª×
ÊtÌy��ÈÖÏ�Æ1Ì�Æ1Ñ�ÎÖÊ�> Ë*É�Ã�Í¨Ä�Î1Ä�Ì���ÊtÌ Æ1È¨Æ1Ñ�ÈM�oÄ�Ì��=A ÌYÄ�Ãl%�ÃªÁ=F�Ä���ÊtÌYË¨Æ,ÁmÈ¨Í¨Ì��oÊtÌ}¾�dìÑ
ÅoÌ�Ä�Î1Ñ�Ì�Å�ÌwÍ9ÒRÃ�Ì�ÊtÈÖÏ�Î!.oÆ1Ñ�Í¨Ì��f��ÈÖÏ�ÆÖÌoÆ1Ñ¨ÎÖÊõÈ¨Ä�È¤Ä�ÎÛÒRÃ�Í�Ì�ÆÖÌoÑ2¾w�½�1Å�È�Ä�È¨ÊtÌ�%�Î1ÆÖÅ�Ì<&
Æ1Ì�Æ7Ñ¨ÎÖÊ�ÃW&�É�Ã9Í¨Ä�È¨Í�ÎÖÆÖÄoÈ¨ÎæÆ1È¨Æ1Ñ�ÈM�oÄ�Ì�ÎU��ÉoÌ�È�"¨ÊtÎ1Ä�ÎÛÉ�ÎÖÆ7Ë*ÉoÆPÃ�ÊtÌ±ÊtÈ2ÜæÎ7Ñ$�oÉ�Ì�Ä�Ã2Ï�×
Á�Î1Ü�Ã9Ñ
FÛÄ�ÎÖÅLÈ�Ñ¨È¨ÉoÈ¨Ê.Ë�ÊtÄ�È2ÜæÎ1Æ1Ñ¨Í9Ë�Í ÒRÃ�Í�Ì�ÆÖÌ�ÊtÈ�Æ1Ñ¨Ì¤È9ÑI��Ã9É�Ã�ÊtÎ1Ñ�É�È¨ÍæÅoÌ�Ä�Î1Ñ�Ì�%�Î7×
Æ1Å�Ì�&¤ÇñË*ÄoÅ�:�Ì�.}¾

^�Æ7Á�È¨Í¨Ì�Î�Ï�È
"¨É�È¨Í¨ÈªÁ=F¨Ä�È¨Æ7Ñ¨ÌüÈ�"9Ë¨Æ7ÁmÈ�Í9ÁmÌ�Í²Ã9Î1Ñ±Ñ�È�Ñ®Ç�Ã�ÅoÑM/R%oÑ¨È±È�"¨ÊtÎ1ÄüÍf�V�
ÈÖÏ�Ä�ÌoÊýÍ¨ÌLÏ�È¨ÊùÉ�Î1Æ1Ë�É�ÆÖÃ�Í¨È�ÒÖÊtÈ2ÜæÎÖÄVÁmÌ�,6F¼Ñ�È¨Ô=Ï�Ã�/�ÅLÈ¨Ô=Ï�ÃiÈ�:�Î1Ä�Å�ÌX�7Ñ¨È¨Ô1È�É�ÎÖÆ7Ë*É�×
ÆÖÃiË
ÅLÈ¨ÄoÑªÃ�ÅoÑ�Ì�ÉoË*ØÚÙÛÌ�&8��ÈÖÏ�ÆÖÌoÆ1Ñ¨Î1Ê Ì�ÊtÎ1ØÚÑÓÉ�Ã9ÒÖÄ��V. ÒPÄ�Ã�Å}¾h�Ã
��É�ÌoÊtÎÖÉ5/�È�ÑW&²È9×
Ï=�¾�oÉ�È¨ÌoÒÖÍ¨ÈPÏmÆ1Ñ¨Í¨Ã
Ï�Á��YÈÖÏ�Ä�È�.T��ÈÖÏ�ÆÖÌ�Æ7Ñ¨ÎÖÊ��NÌ�ÊtÎ1ØÚÑ§È9Ñ¨É�Ì�:�Ã9Ñ¨Î,Á]F�ÄoË*Ø6/.ÃVÏ�Á��
ÏmÉoË�ÔÖÈ�.C/�Ë�ÊtÎ1ØÚÙÛÎE.ÕÌ�&N��Î1É�ÎÖÉ�Ã
"²Ã9Ñ
��Í²Ã9Ñ�F�/���È9ÁmÈRÜ�Ì*Ñ¨Î7ÁHF¨ÄoË�Ø[È
:�ÎÖÄ�Å*Ë¨¾H�tÆ7ÁmÌVÜæÎ
È
:�ÎÖÄoÅ�Ì'ÈPÏ�Ä�È�ÔÖÈ�ÒPÄ�Ã�Å*Ã�/ÀÑ�È�È�"¨ÊtÎ1Ä'ÊtÈRÜæÎ1Ñ?"�� Ñ
F2��É�È¨ÌoÒÖÍ¨ÎÐÏ�ÎÖÄüÄ�ÎÓÊtÎÖÄ�Î1Î
/R%�ÎÖÊ
ÏmÍ�Ë�ÊR��Í¨Ì�Ï�Ã9ÊtÌ�É�ÎÖÆ7Ë�É�ÆÖÈ¨Í�/JÆ1È¤Í¨Æ1Ñ�É�Î!%oÄ���Ê`��È9Ñ¨È¨ÅLÈ¨Ê�"¨Ã9ÒPÌ�Æ1Ä�È¨Ô1È
É�Î1Æ1Ë�É�ÆÖÃT>;ÒPÃª×
Å*Ë��oÅ*Ã�A�Ì*ÁmÌ�É�Î1Æ1Ë�É�ÆÖÃiÏ�ÉoË�ÔÖÈ�ÔÖÈ�Ñ¨Ì���Ã?>¶"²Ã�ÉoÑ�ÎÖÉ=A,¾E¿ñÉ�Ì8�7Ñ¨È�ÊýÁmØQ"¨È¨Î ÆÖÈ�Æ1Ñ�ÈM��ÄoÌ�Î
/
�oÉ�ÌGÅLÈ�Ñ�È¨É�È¨Ê Í¨ÎÖÅoÑ�È¨É�ÃÚÈ
:�ÎÖÄ�È�Å

p
É�ÎÖÆ7Ë*ÉoÆÖÈ¨Í�Ï�ÁH� Í¨Æ1Î9&J��ÈÖÏ�ÆÖÌ�Æ7Ñ¨ÎÖÊ§ÈPÏmÌ�Ä�Ã�ÅLÈ¨Í��wÌ

ÄoÎ7Á=F9Ò!�$��É�Î,Ï�ÁmÈ2Ü¼ÌoÑ
FiÈ�"¨ÊtÎ1Ä�Ã�/*Ë�Í¨Î7Á�Ì�%�Ì�Í²Ã9ØÚÙÛÎ1ÔÖÈ¼ÇñË�Ä�Å�:�Ì�Ø½"ªÁ�Ã�Ô1È¨ÆÖÈ¨Æ7Ñ¨Èl��Ä�Ì��
ν
×b.K��ÈÖÏ�ÆÖÌoÆ1Ñ¨Î1Ê��

Sν = p0ν

(

Mν +
n
∑

i=1

piNiν

)

= p0νUν ,
>Z#�¾ _ �
A

"�Î1Ò¼Ñ�È¨ÔÖÈ�/�%*Ñ¨È�"�� Ä�ÎiË�ÊtÎÖÄ�F
,GÌoÑ�FX&²È9ÑM�T"�� ÈÖÏ�ÄoË±Ì*Ò�Ç�Ë�Ä�Å�:�Ì�.y"9Á�Ã9ÔÖÈ¨Æ1È¨Æ1Ñ�ÈM��×
ÄoÌ��§Ï�ÉoË�Ô1Ì�&wÅLÈ¨ÄoÑªÃ�ÅoÑ¨ÌoÉoË*ØÚÙÛÌ�&T��ÈPÏ�Æ1Ì�Æ7Ñ¨ÎÖÊV/ÀÈ¨Å�Ã9ÒP��Í¨Ã�Î1Ñ�Æ��wÆÖÈ¨Æ7Ñ¨Èl��Ä�ÌoÎÖÊ É�Ã�Íª×
ÄoÈ¨Í¨Î1ÆÖÌ��E¾���Ã�ÅI%oÑ¨È�Í�È�ÑPÁmÌ�%�Ì�Î�È�Ñ�Ñ�ÎÖÉoÊ�ÈÖÏ�Ì�Ä�Ã�ÊtÌ�Å�Ì¼Í¨ÆÖÎ�¿�Ã�É�Î7Ñ¨È9×bÈ��oÑ�Ì�Ê�ÃªÁ=F¨Ä���Î
Æ1È¨Æ7Ñ¨ÈM�oÄ�Ì��øÍg�1Å�È¨ÄoÈ¨ÊtÌ�Å�Î8��Í9Á���ØÚÑ�Æ7� É�Ã�Í¨Ä�È¨Í�ÎÖÆ1Ä���ÊtÌ}¾�d�Ï�ÄoÈ'ÌoÒ§ÑªÃ�Å�Ì�&�É�Ã�Íª×
ÄoÈ¨Í¨Î1ÆÖÄ���&[Æ1È¨Æ1Ñ�ÈM�oÄ�Ì�. ÆÖÈ¨È�Ñ�Í¨Î1Ñ�Æ1Ñ¨Í�Ë¨Î1ÑõÈ�"¨ÊtÎ1ÄoËu%�Î1É�Î1Ò÷ÃPË�Å�:�Ì�È¨ÄE¾0¿ñÎ1Ä��À��É�Ì
�7Ñ¨È�Ê È���É�ÎÐÏ�Î7Á���ØÚÑ�Æ���Ë¨Æ,ÁmÈ¨Í�Ì���ÊtÌ Ä�ÎÖÄ�Ã�Å�È���ÁmÎÖÄ�Ì���É�ÎÖÆ7Ë*ÉoÆPÃ;�oÉ�ÌÁ��ÎÖÉoÎ!��É�ÈÖÏ�Ãª×
ÜæÎ9¾}¿�ÈVÈ¨ÅLÈ¨Ä�%�Ã9Ä�Ì�Ì�É�ÎÖÆ7Ë*ÉoÆÖÈ¨È
"¨ÊtÎÖÄ�Ã¤Å*Ã
�oÌoÑ9Ã2ÁmÌoÒRÃ�:�Ì��

Uν

Å�Ã9Ü�ÏmÈ�.?��ÈPÏmÆÖÌ�Æ7Ñ¨Î7×
Ê��i��È É�Ã�Í�Ä�È¨Í¨Î1ÆÖÄ���Ê È�:�Î1Ä�Å*Ã9Ê É�Ã�Í�Ä�ÃÕÄ�Ãl%�ÃªÁ=F�Ä�È�.5/�%*Ñ¨È�È��oÉ�Î,Ï�Î,ÁH��Î7Ñ�É�Ã�Í¨Ä�È9×
Í�ÎÖÆ1Ä�È¨ÎGÉ�Ã�ÆE��É�ÎÐÏ�Î7ÁmÎÖÄ�Ì�Îk"²Ã9ÒPÌoÆÖÄ�È¨Ô1ÈÓÉ�ÎÖÆ7Ë�É�ÆPÃo¾+�UË�ÊtÊ�Ã�ÉoÄ�Ã���Í¨Î,ÁmÌ�%�Ì�Ä�ÃÓÆ1Í
�oÒPÃ�Ä*×
ÄoÈ¨ÔÖÈ�É�Î1Æ1Ë�É�ÆÖÃ Í�È�ÒPÉ�Ã�Æ1ÑªÃ�Î7ÑM/²Ñ9Ã�ÅU%oÑ¨ÈJ��ÉoÌS��É���ÊtÈ¨Ê±È�"¨ÊtÎ1Ä�Î�Ì*ÁmÌS��ÉoÈPÏ�ÃªÜ�Îj%�ÎÖÉoÎ1Ò
Â "¨ÎÖÆE��É�Ì�"
�4Á=F¨Ä��V.5ÃÓÃRË�Å�:�ÌoÈ¨Ä-��É�È
:�ÎÖÆ1Æ ÄoÎÖÈ�"�É�Ã9Ñ¨ÌoÊ�¾
�tÆ7ÁmÌæÇñË�Ä�Å�:�Ì�Ì

Sν
Ì�ÊtÎÖØ�Ñ�ÈPÏ�ÌoÄ�Ã�ÅLÈ¨Í�Ë�ØýÉ�ÃªÒPÊtÎ1É�Ä�È¨Æ7Ñ�FG>@�7Ñ¨ÈñÄ�Î4È�"M�*ÒRÃ9Ñ�Î7Á=Fª×

ÄoÈ�A9/mÑ�ÈÓÊtÈ2Ü¼Ä�È¼Ä�Ã�ÊtÄoÈ2ÜæÎÖÆ7Ñ¨Í¨ÎÛ¿�Ã�É�Î7Ñ¨ÈÓÍ��UÏ�Î,ÁmÌoÑ
F¤Æ1È¨Æ1Ñ�ÈM�oÄ�Ì�Î
/C�oÉ�Ì�Å�È�Ñ�È¨É�È¨Ê
Æ7Ë�ÊtÊ�ÃGÇ�Ë�Ä�Å�:�Ì�.'��È9Á�Î1ÒPÄoÈ¨Æ1Ñ�Ì¤Ê�Ã�Å�Æ1Ì�Ê�ÃªÁ=F¨Ä�Ão¾��UÑ¨ÈÛÒÖÄ�ÃM%oÌoÑM/�%oÑ�ÈæÄ�Ì�ÈPÏ�Ä�ÃÄ��ÈÖÏ�×
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ÆÖÌ�Æ7Ñ¨Î1Ê�ÃYÄ�ÎÕÊtÈRÜæÎ1Ñ®Í���Ì�ÔÖÉ�Ã9Ñ�FYÈ9ÑT��ÎÖÉ�ÎB&²ÈPÏ�ÃwÍwÄoÈ¨Í¨È¨Î
É�Ã9Í¨Ä�È¨Í�ÎÖÆÖÌoÎ Æ7Ñ¨È9ÁHF¨Å�È�/
%oÑ¨È
"��öÅLÈ¨Ê���Î1Ä�ÆÖÌ�ÉoÈ¨Í²Ã9Ñ
FD��È�Ñ�ÎÖÉ�ÌVÏ�ÉoË�ÔÖÌ�Ê1��ÈÖÏ�Æ1Ì�Æ1Ñ�ÎÖÊ�Ã�Ê�¾4�Ã�ÅK"�ËÖÏ�Î1ÑD�oÈ¨Å*ÃªÒRÃª×
Ä�È�/W�1Ñ�È¨Ê.ËGÆ1È¨Æ1Ñ�ÈM�oÄ�Ì�ØýÆÖÈ�È�Ñ¨Í¨Î7Ñ¨Æ7Ñ²Í�Ë¨Î1Ñ�É�Ã�Í¨ÎÖÄoÆ1Ñ¨Í�ÈñÈ�:�Î1Ä�È¨Åk"²Ã9ÒÖÌ�ÆÖÄoÈ¨ÔÖÈÂÉ�Î1Æ1Ë�É�ÆPÃ*¾

p0ν = p0, ν = 1, ...,m,
>Y#*¾ _ ��A

Å�È�Ñ�È¨É�È¨Î Í¨ÊtÎÖÆ7Ñ¨Î4Æ�Ë¨Æ7ÁmÈ�Í¨Ì���ÊtÌGÉ�Ã�Í¨Ä�È¨Í�ÎÖÆ1Ì�� ÌGÄ�Î1Ä�Ã�ÅLÈ��*ÁmÎ1Ä�Ì��GÈ���É�ÎÐÏ�Î7ÁH�oÎ1ÑÂÉ�Ã�Æ,×
��É�ÎÐÏ�Î7ÁmÎ1Ä�Ì�Î�Í¨Æ1Î9& É�ÎÖÆ7Ë*ÉoÆÖÈ¨Í�¾ � Ã�Ä�Î1ÎI�oÈPÏ�È
"¨Ä���ÎÛÆ1Ì�Æ1Ñ�ÎÖÊ��óÄ�Ã9ÒÖÍ²Ã�Ä��[É�Ã9Í¨Ä�È¨Í¨Î1Æ7×
Ä���ÊtÌ-��ÈU"²Ã9ÒÖÌ�ÆÖÄ�È�Ê.Ë¤É�Î1Æ1Ë�É�Æ7Ë¨¾

� Ã�Æ1ÆÖÊtÈ�Ñ�É�Ì�ÊøÈ�"¨ÊtÎ1Ä�É�Î1Æ1Ë�É�ÆÖÃ�ÊtÌ�Ì Å*Ã���ÌoÑªÃªÁmÈ¨Ê�Í�ÌoÒPÈªÁmÌ�É�È�Í²Ã�Ä�Ä���&X�ÖÅLÈ¨Ä�È9×
ÊtÌ�%�Î1ÆÖÅ�Ì�&GÆÖÌ�Æ7Ñ¨ÎÖÊ�ÃM&ÛÉ�Ã9Ò7ÁmÌ�%�Ä�È
.æÅLÈ¨Ä�Ç�Ì�Ô7Ë�É�Ã
:�Ì�ÌC/�Ä�ÎUÆÖÈÖÏ�Î1ÉLÜ�Ã9ÙÛÌ<&ÛÃ�ÅoÑ�Ì�Í¨Ä���&
��ÈPÏmÆÖÌ�Æ7Ñ¨ÎÖÊ�¾

ÇKÈ�É�Ê�Ë�Ì~ËCÍo¿ÂË¨Æ7Ñ�FñÆÖÌ�Æ7Ñ¨ÎÖÊ�ÃñÆ1È¨Æ1Ñ�È¨ÌoÑ�ÌoÒ Ï�Í�Ë�&I� } >;É�Ì�Æ9¾�#*¾ � A,¾�¿ñÎ1É�Í��V.S� }
ÍÚÊtÈ¨ÊtÎÖÄoÑ

t = 0
È�"9ÁmÃ2Ï�Ã�Î7ÑìÅ*Ã
�oÌoÑ9Ã2ÁmÈ¨Ê

M0
/9Ã�Í�Ñ�È¨É�È�.GÉoÎÖÆ1Ë�É�Æ1È¨Ê

N0
¾ª¿ñÉ�Ì

t = 0È�:�Î1Ä�Å*Ã
p1 > p2

/�Í0�oÉ�È�Ñ¨ÌoÍ¨Ä�È¨Ê±Æ7Á�Ë<%�Ã9În��É�Ì�Ä�:�Ì��ÛÏ�È�"�É�È¨Í¨ÈªÁ=F¨Ä�È¨Æ7Ñ¨ÌU"9Á�È¨Å�Ì�ÉoË�Î1Ñ
��É�ÈÖÏ�Ã9ÜiË¨¾

0
M

0
N

1
p 2

p

m

n

c

Î+Ï<ÐPÑ�Ò
ÑHÓlÑ�Ô�ÕlÖ�×
Ø�Õl×�Ö<ÙmÐ7Ï�Ð7ÕMÚ�Û5Ü{Ý�Ö<ÞBß�Ù!à½Ö�Ú�Ð7×
Ö�ÐBÙ
�øÆ1È¨Æ1Ñ�ÈM�oÄ�Ì�Ì É�Ã�Í¨Ä�È�Í¨ÎÖÆ1Ì��
Æ!�oÉ�Ã�Í¨ÎÐÏ�ÁmÌ�Í
�öÆÖÈ¨È9Ñ¨Ä�È
,GÎÖÄoÌ��X"²ÃªÁmÃ�Ä�ÆÖÈ�Í

M1 +M2 =M0,
>Y#*¾ _
_ A

N1 +N2 = N0
>Y#*¾ _�e A

Ì¤Ë¨Æ7ÁmÈ�Í¨Ì�Î�É�Ã�Í�ÎÖÄ�Æ7Ñ¨Í²ÃiÈ
:�ÎÖÄ�È�Åy> Ë¨Æ7ÁmÈ�Í¨Ì�Î�É�Ã9Í¨Ä�È¨Í�ÎÖÆÖÌ��=A
p1(N1,M1) = p2(N2,M2) = p.

>Z#*¾ _ ( A
¿ñÉ�Ì�É�È¨Æ7ÑiÅ�Ã
��ÌoÑªÃªÁmÌ*ÒRÃ
:oÌ�ÌÕÅ�Ã9ÜæÏ�È¨Ô1ÈæÌoÒJ� } ÒPÃ�Í¨ÌoÆÖÌoÑ�È�ÑæÑ�È¨ÔÖÈ�/���ÈæÅ*Ã9Å�È�.':�Î1Ä�Î
Í¨Î,ÏmÎ1Ñ¨Æ7�ÕÈ�"¨ÊtÎÖÄE¾m¿ñÉ�È¨ÊtÎ7Ü¼ËLÑ�È�%�Ä�Ã��K:oÎÖÄ�Ã

c
Ï�È9Á�Ü¼Ä�ÃÛËPÏmÈ¨Í9ÁmÎ7Ñ¨Í¨È�É��oÑ
F�Ä�Î1É�Ã�Í�ÎÖÄ*×

Æ1Ñ�Í�Ë
p1 ≥ c ≥ p2,

>Y#*¾ _ #�A
Ín��ÉoÈ�Ñ¨Ì�Í�Ä�È¨ÊÕÆ,Á�Ë<%�Ã�Î�"�ËPÏ�Î7ÑÚÄ�Ã�ÉoË�,ÛÎ1ÄÄ��É�Ì�Ä�:�Ì��ÂÏ�È�"¨É�È�Í¨È9Á=F�Ä�È¨Æ1Ñ�ÌD>¶:�ÎÖÄ�Ã�ÊtÎ1Ä�F9×
,ÛÎ¤È�:�Î1Ä�Å�Ì5/tÅLÈ¨Ô=Ï�Ã�ÉoÎÖÆ1Ë�É�ÆK��É�ÈÖÏ�Ã�Ø�Ñy� } /.Ì{"¨ÈªÁ=F
,ÛÎ�/tÅLÈ¨Ô=Ï�Ã§ËYÄ�Î1ÔÖÈ±É�Î1Æ1Ë�É�Æ
��È¨ÅoË<��Ã9ØÚÑ�A,¾

d�%�Î1Í¨Ì�Ï�Ä�È�/=%*Ñ¨È
dM1

dN1

=
dM2

dN2

= −c, dN2 = −dN1,
>Y#*¾ _�· A

N1(0) = 0, M1(0) =M0, N2(0) = N0, M2(0) = 0.
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^�Æ7Á�È¨Í¨Ì��N>Z#�¾ _�· A5��É�Ì ÒPÃ2Ï�Ã�Ä�ÄoÈ�.6:�Î1Ä�Î
c(N1)

��È�ÒÖÍ¨È9ÁH�oØÚÑìÍ���É�ÃªÒPÌoÑ
F
M1,M2

/
N2

%oÎÖÉ�Î7Ò
N1

¾H¼ÂÒPÊtÎÖÄoÎÖÄ�Ì�Î�Å*Ã
��Ì*Ñ9Ã2ÁmÌoÒRÃ�:�Ì�Ì?� } ÊtÈ2Ü¼Ä�ÈæÄ�Ã
.oÑ�Ì Å�Ã�Å

∆U1 =

N1
∫

0

(p1(N)− c(N))dN,
>Z#�¾ _�p A

∆U2 =

N1
∫

0

(c(N)− p2(N))dN.
>Z#*¾ e
� A

q�ÁH�¤Æ1Ì�Æ1Ñ�ÎÖÊ��
∆U = ∆U1 +∆U2 = ∆F =

N1
∫

0

(p1(N)− p2(N))dN.
>Z#*¾ e�� A

�õÉ�Ã�Í¨Î1Ä�Æ1Ñ�Í²ÃW&{>Y#*¾ _�p Abâ>Z#*¾ e�� A
p1, p2

ÒPÃ�Í¨Ì�Æ7�oÑÓÑ¨È9Á=F�Å�ÈVÈ�Ñ
N1

/�ÑªÃ�Å§Å*Ã�Å
M1,M2Ì

N2

Í���É�ÃªÜ�Î1Ä��s%oÎÖÉ�Î7Ò
N1

Ì
c(N1)

ÆìÌ�Æ!�oÈ9Á=F�ÒÖÈ¨Í²Ã�ÄoÌ�ÎÖÊ Ë*É�Ã�Í¨Ä�Î1Ä�Ì�.~>Z#*¾ _�· A,¾��
Ì*ÒPÈ9Á�Ì�É�È¨Í²Ã9Ä�Ä�È�.ÓÆÖÌ�Æ7Ñ¨Î1Ê�Îm"²ÃªÒPÌ�Æ1Ä��V.VÉ�ÎÖÆ7Ë�É�ÆñÄ�ÎÖÌ*ÒPÊtÎÖÄoÎÖÄ5/���È
�1Ñ¨È�Ê.Ë

∆U
É�Ã�Í¨Ä�È

�oÉ�Ì�É�È¨Æ7Ñ�Ë¤ÆÖÍ
�*ÒRÃ�Ä�ÄoÈ¨ÔÖÈiÅ*Ã���ÌoÑªÃªÁ�Ão¾
^�Æ7Á�È¨Í¨Ì���>Z#*¾ _�_ AZâC>Z#�¾ _ ( AæÄ�Î È
��É�Î,ÏmÎ7ÁH�oØÚÑ'ÈÖÏ�Ä�È�ÒÖÄ�Ãl%�Ä�ÈYÆÖÈ�Æ1Ñ¨Èl��Ä�ÌoÎ§É�Ã�Í¨Ä�È9×

Í�ÎÖÆ1Ì��}¾��UÑ�Ì�& Ë¨Æ7ÁmÈ�Í¨Ì�. Ñ¨É�Ì5/tÃ8��ÎÖÉ�Î1ÊtÎÖÄ�Ä��j&{%oÎ1Ñ���ÉoÎ
(M1,M2, N1, N2)

¾.¿ñÉ�Ì
N1 → N1

:�ÎÖÄ�Ã
c
Æ1Ñ�É�ÎÖÊtÌoÑ¨Æ��÷Å

p
¾���Æ,ÁmÌ

c = p2
/�Ñ�È

∆U2 = 0
/tÃ?��É�ÌoÉ�È¨Æ1Ñ

Å�Ã
��Ì*Ñ9ÃªÁ�ÌoÒRÃ
:oÌ�Ì§Æ1Ì�Æ1Ñ�ÎÖÊ��
∆U = ∆U1

ÌÕÊtÈ2ÜæÎ1ÑG"�� Ñ
F�Ä�Ã
.�ÏmÎÖÄ ÆÖÈ¨ÔyÁ�Ã�Æ1Ä�È�Í��4×
É�Ã9ÜæÎÖÄ�ÌoØã>Y#*¾ e�� A9a�Î1Æ7ÁmÌ

c = p1
/�Ñ¨È

∆U = ∆U2

¾ � Ã9Í¨Ä�È¨Í�ÎÖÆÖÄ���Î�ÆÖÈ�Æ1Ñ¨Èl��Ä�Ì��YÍ
�oÎÖÉ�Í�È¨ÊùÌ
Í�ÈiÍ9Ñ¨È¨É�È�ÊùÆ,Á�Ë<%�Ã�Î�È�ÑPÁmÌ�%�Ã9ØÚÑ¨Æ7�¤Ï�ÉoË�Ô�È�ÑÛÏ�É*Ë*Ô,Ão¾

dÂÆÖÈ�"
�V.ýÆ7Á�Ë�%�Ã
.5/UÅ�È�ÔyÏ�Ãf:�Î1Ä�ÃT��È�Æ1Ñ¨Èl��Ä�Ä�Ã�>
c = ä!å�æ�ç�è A�ÌýÉ�Ã�Í¨Ä�Ã±É�Ã�Í¨Ä�Èª×Í�ÎÖÆ1Ä�È�.�È�:oÎÖÄ�ÅLÎ

p
/�Ç�Ì�Ô7Ë�É�Ì�ÉoË�ØÚÙÛÎ!.�Í¼É�Ã�Í¨Î1Ä�Æ1Ñ�Í¨Î$>Y#*¾ _ ( A7¾]�UÑ¨È ¡ ã
�²î²é�åmàRÞ�Þ�ãRô

è�ámàRðªãWéõã ¾\���1Ñ�È¨Ê Æ7Á�Ë�%�Ã�Î¼Ë¨Æ7Á�È¨Í¨Ì���>Y#*¾ _
_ AbâC>Y#*¾ _ ( AìÄoËLÜ�ÄoÈ¤Ï�È
��È9ÁmÄ�Ì*Ñ�F�Æ1È¨È�Ñª×
ÄoÈ
,ÛÎ1Ä�Ì�Î1Ê

M2 = (N0 −N2)p,
>Y#*¾ e ��A

%*Ñ¨È¼È
��É�Î,ÏmÎ7ÁmÌ*ÑÓÅLÈ¨Ä�ÎE%�Ä�È¨Î�Æ1È¨Æ1Ñ�ÈM�oÄ�Ì�Î9¾
ê ß�ámßEë�äæåýåoíK�=ìVíªàM�,à®êÖà2ê7ä�à1ô�Þ�å�ôwáLã¨ëªÞmàªë9ßÖê7å�ô�î�ðªà2ê1äæå=�ÐÞH�²ä�àM�,à§è�ámå�ë�ïtï

íªàyá�ß¤ä�àlë÷å���å÷å�Þmàlë÷émß1ÞHï
c
î��²ðªà2ë!��ß1ä�ë9àâá�ô=ìVð�ßEëýÞmß�áLã�ë�ß7Þmê1ä�ë9ãPç >Z#*¾ _ #�AB/ ë

ðâáH�<�,à2ß�áLã�ë9Þmà2ë�ß1ê1Þmà2ß�êÖà2ê7ä�à1ô�Þ�åmßiÞmßñ�=ò�íÖô�î�ÞmßS�ªç�ß1ÞHò�óæåmëVî²ã�è�å�äæãP�måoíªã�é�åHìúå
ô��²Þ�î²é�åHìuí7��ã
�7à2ê1àªê7ä�à7ômÞ�å�ô~�VàRð2ÞmàM�7à�åoíDõwöÄ��÷oã�î²å�ç àlíÐá²ãªí9àâç�î�ç�ÞmàPéõßÖê1ä�ë9à
á²ã¨ë9Þmà2ë9ßÖê7ÞHï�ø¼ê1à2ê1ä�à7ô�Þ�åHë�ô�ëE�oômß1ä�êyô ê àyá�ß1ä�àRï�àRè�äæå�çñãP�=ò²ÞHïþç � çñÞmàPéöß1ê1ä�ë�àâç
îLàâçñè�á�àâç�å�êÖêÖà2ë� ¾

¿ÂË¨Æ1Ñ
FÚÇñË�Ä�Å�:oÌ�ÌÄ"ªÁ�Ã�Ô1È¨ÆÖÈ¨Æ7Ñ¨Èl��Ä�Ì���Ì�ÊtÎÖØ�ÑÚÈÖÏ�Ì�Ä�Ã9Å�È¨Í9Ë*Ø É�ÃªÒPÊtÎÖÉoÄ�È¨Æ7Ñ�F�¾Wh�Ã�.*×
ÏmÎÖÊõÆÖÈ¨Æ7Ñ¨Èl��Ä�Ì�Î�/}Ï�ÁH�±Å�È�Ñ�È¨É�È¨Ô1ÈÕÆ1Ë�ÊtÊ�Ã

S1(N1,M1) + S2(N2,M2)
Ï�È¨Æ7Ñ¨Ì�Ô,Ã�Î7Ñ

Ê�Ã9Å�Æ1Ì�Ê.Ë�Ê ÃS��É�ÌÕË�Æ7ÁmÈ¨Í�Ì���&T>Z#*¾ _�_ AB/�>Z#*¾ _�e A7¾�^�Æ,ÁmÈ¨Í¨Ì��ÕÆ1ÑªÃ
:�Ì�È�Ä�Ã�É�Ä�È�Æ1Ñ¨Ì8��ÈG��Î7×
ÉoÎÖÊtÎÖÄoÄ���ÊýÆÖÈ�Æ1Ñ¨Èl��Ä�Ì��ÕÇ�Ë�Ä�Å�:�Ì�ÌKù Ã�ÔÖÉ�Ã9ÄoÜ�Ã

L =
2
∑

i=1

Si(Ni,Mi) + λ1(N1 +N2) + λ2(M1 +M2)
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��É�Ì�Í�ÈPÏ=�*Ñ¼Å
É�Ã�Í�ÎÖÄ�Æ7Ñ¨Í²Ã9Ê
∂Si
∂Ni

= λ1,
∂Si
∂Mi

= λ2, i = 1, 2.
>Z#*¾ e ��A

�.Ã�Å¤Å�Ã�Å
∂Si
∂Mi

= pi0(Ni,Mi),Ã
∂Si
∂Ni

= pi0(Ni,Mi)pi(Ni,Mi),

Ñ¨È�ÍæÆÖÈ¨Æ7Ñ¨Èl��Ä�Ì�ÌC/�ÆÖÈ¨È9Ñ¨Í¨Î7Ñ¨Æ1Ñ¨Í�Ë�ØÚÙÛÎÖÊùÊ�Ã�Å�Æ1Ì�Ê.Ë�Ê.ËVÆ1Ë�ÊtÊ���ÇñË*ÄoÅ�:�Ì�.K"9ÁmÃ�ÔÖÈ�ÆÖÈ9×
Æ1Ñ�ÈM��ÄoÌ��5/PÉ�Ã�Í¨Ä��±Å*Ã9Å�È
:�ÎÖÄoÅ�Ì�É�ÎÖÆ7Ë�É�ÆPÃ

pi
>eÆÖÊ�¾�>Z#*¾ _ ( A�A9/1ÑªÃ�Å�Ì�È
:�ÎÖÄ�ÅoÌ�Å*Ã
�oÌoÑ9Ã2Á�Ã

pi0
¾þ¿ñÈ¨Æ7Á�Î,Ï�Ä�Î1Î¼Ë¨Æ7ÁmÈ¨Í�Ì�Î�ÏmÈ¨È���ÉoÎ,Ï�Î,ÁH��Î7Ñ§ÆÖÌ�Æ7Ñ¨Î1Ê.Ë�>Z#�¾ _�_ AbâC>Y#*¾ _ ( AìÌwÍ��UÏmÎ7ÁH�oÎ1Ñ

É�Ã�Í¨ÄoÈ¨Í¨ÎÖÆ1Ì�Î�/�ÆÖÈ�È�Ñ¨Í¨Î7Ñ¨Æ7Ñ²Í�Ë�ØÚÙÛÎÖÎ�Ê�Ã�ÅLÆÖÌ�Ê.Ë�Ê.ËÓÆ1Ë�ÊtÊ���ÇñË�Ä�Å�:�Ì�.K"ªÁ�Ã�Ô1È¨ÆÖÈ¨Æ7Ñ¨Èl�*×
Ä�Ì��E¾

�tÆ7Á�Ì È�:oÎÖÄ�Å�ÌÕÉ�Î1Æ1Ë�É�ÆÖÃ¼Ä�Î�ÒPÃ�Í¨Ì�Æ7�oÑ¼È�Ñ�ÒRÃ
��Ã�ÆPÃ�Å*Ã���ÌoÑªÃªÁ�Ã
M
/�Ñ�È8>eÆ1Ê�¾�É�Ã9Ò1×

Ï�Î7Á1#�¾ � A�Å*Ã���ÌoÑªÃªÁmÌoÒPÃ
:�Ì��
U
ÒPÃ�Í¨Ì�Æ1ÌoÑ±È9Ñ

M
Ì
N
/�Ã

dU
��Í9Á���Î1Ñ�Æ7�g��È9ÁmÄ���Ê

Ï�Ì�Ç�Ç�ÎÖÉ�Î1Ä�:�Ì�Ã2ÁmÈ¨Ê�¾+�u�1Ñ�È¨Ê�Æ,Á�Ë<%�Ã�ÎæÄ�ÃN�*Á�È¨ÆÖÅLÈ¨Æ1Ñ�Ì±ÆæÅLÈ¨È¨É�Ï�Ì�Ä�Ã9ÑªÃ�ÊtÌ
M1, N1Ì�Ä�Ãl%�ÃªÁmÈ�Ê±ÅLÈ¨È¨É�Ï�Ì�Ä�Ã9Ñ�ÍÂÑ¨È
%�Å�Î

O1

ÊtÈRÜ�Ä�ÈÂÄ�Ã9Ä�ÎÖÆ7Ñ¨Ì�Á�Ì�Ä�Ì�ÌæË�É�È¨Í¨Ä��æÇñË�Ä�Å�:�Ì�Ì
U1(N,M)

¾w��ÏmÈ9Á=FK�1Ñ�Ì�&�ÁmÌ�Ä�Ì�.
dU1 = 0

/JÃ dM1

dN1

= −p1(N1)
¾J¿ñÈ¨ÆÖÅLÈ9Á=F¨Å*Ë�Æ

Ë�ÊtÎÖÄ�F
,GÎÖÄ�Ì�ÎÖÊ
N1

È
:�ÎÖÄ�Å�Ã§É�Ã9Æ1Ñ¨Î7ÑM/tÄ�Ã�Å*ÁmÈ�ÄYÁmÌoÄ�Ì�. Ë�É�È¨Í¨Ä��YË�ÊtÎÖÄ�F
,æÃ9Î1Ñ¨Æ��üÌ
È¨Ä�Ì
Í��V�*Ë*Å�Á=�öÍ¨Ä�ÌoÒ�¾=4�Ã���ÌoÑªÃªÁ

M1 ≤M0 ¾

C1
N

1
M

1
O

2
O2

M

2
N

Q

Î+Ï�ÐlÑ�Ò
Ñûú�Ñ
ü�Ï<Ù!ý�Ö<ÙPÛ+ÛwÙ º ß�àm×MÞPÖ�ÕPÙ�ß�þ�ÿkÝ�Ö�ÞBß�Ù!àmÏSÖ�Ú�Ðc×
Ö�ÐBÙ�Ý�Ö�Ï pi = pi(Ni)

} Ä�ÃªÁmÈ¨Ô1Ì�%�Ä�ÈÓÏ�ÁH��Í�Ñ�È¨É�È¨Ô1ÈX� } È�ÑPÁmÈ2Ü¼Ì�Ê ÎÖÔ1ÈÕÅ�Ã
��ÌoÑªÃªÁ
M2

Ì�É�ÎÖÆ7Ë*ÉoÆ
N2È�Ñ±Ñ�È�%�Å�Ì

O2

/���É�Ì�%�ÎÖÊúÒPÃ
��Ã9Æ
É�ÎÖÆ7Ë�É�ÆPÃ
N2

È�Ñ¨Å*ÁmÃ2Ï]��Í²Ã9ØÚÑwÍ¨Ä�ÌoÒ
/ Ã�Å�Ã
��ÌoÑªÃªÁ
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ÍªÁmÎÖÍ�ÈüÌ Ä�Ã�Ä�ÎÖÆ1ÎÖÊNÁmÌ�ÄoÌ�Ì���È�Æ1Ñ¨Èl��Ä�Ä���& ÒÖÄ�ÃM%oÎÖÄ�Ì�.�Å�Ã
��ÌoÑªÃªÁmÌoÒPÃ
:�ÌoÌ}¾Ú¿ñÈPÏmÈ�"9×
Ä��V.¤É�ÌoÆ1Ë�Ä�È¨Å¤Ä�È�ÆÖÌoÑ�Ä�Ã9ÒPÍ¨Ã�Ä�Ì�Î�Ï�Ì�Ã�ÔÖÉ�Ã9ÊtÊ���>¶�*ÙÛÌ�Å�Ã�Aj��ÏmÜiË¨È¨ÉoÑªÃ$>eÉ�Ì�Æ9¾H#*¾ �*¾ A7¾
½
Ä�È2ÜæÎ1Æ1Ñ¨Í¨Ã0�oÈ¨Æ1Ñ�ÈM�oÄ�Æ1Ñ�Í²Ã

U1

Ì
U2

Ä�Ã�ÄoÎÖÆ1ÎÖÄ��ùÄ�Ãm�7Ñ¨È¨Ê±É�Ì�Æ1Ë�Ä�ÅLÎ��*Ë*ÄoÅoÑ¨Ì�É�È¨Ê®Ì
ÆE�*ÁmÈ�,ÛÄ�È�.�ÁmÌ�Ä�Ì�ÎE.¤ÆÖÈ�È�Ñ¨Í�Î1Ñ¨Æ7Ñ²Í¨Î1Ä�Ä�È�¾���È
%�Å�Ì5/�ÍÛÅ�È�Ñ�È¨É���&'�7Ñ¨ÌÓÁ�Ì�Ä�Ì�ÌVÅ*Ã9ÆPÃ�Ø�Ñ9×
Æ7�
Ï�ÉoË�Ô Ï�É*Ë*Ô,Ã�/�ËPÏmÈ¨Í9ÁmÎ7Ñ¨Í¨È¨É���Ø�Ñ¤Ë¨Æ,ÁmÈ¨Í¨Ì��oÊøÉ�Ã�Í¨Ä�È�Í¨ÎÖÆ1Ì��{>Y#*¾ _ ( A7¾E½ÕÄ�ÈRÜæÎÖÆ7Ñ¨Í¨È
ÑªÃ�ÅoÌ�&�Ñ�È�%�ÎÖÅ È
"¨É�Ã9Ò1Ë¨Î1ÑüÊtÄ�ÈRÜæÎÖÆ7Ñ¨Í¨È'É�Ã�Í¨Ä�È¨Í�ÎÖÆ1Ì��}¾jh�Ãl%�ÃªÁHF¨Ä�È¨Ê.ËùÆ1È¨Æ1Ñ�ÈM�oÄ�Ì�Ø
Æ1Ì�Æ7Ñ¨ÎÖÊ�� Æ1È¨È�Ñ�Í¨Î1Ñ�Æ1Ñ²Í9Ë²Î1Ñf�oÉ�Ã�Í��V. Ä�ÌoÜ¼Ä�Ì�.YË�ÔÖÈ9ÁYÏ�Ì�Ã�Ô1É�Ã�ÊtÊ��[��ÏmÜiË¨È¨ÉoÑªÃ�/tÃ
Á�Ør"²ÃW�¼ÎÖÎ�Ñ�È�%�Å�Ã ËÖÏ�È¨Í9Á�Î1Ñ¨Í�È¨É��oÎ1ÑI"¨ÃªÁ�Ã�ÄoÆÖÈ¨Í���ÊwÆÖÈ¨È9Ñ¨Ä�È
,GÎÖÄoÌ���Ê�>Y#*¾ _�_ A9/]>Y#*¾ _�e A7¾

¼ÂÒÚÒRÃRÏ�Ã�Ä�Ä�È�ÔÖÈGÄ�Ãl%�ÃªÁ=F¨ÄoÈ¨ÔÖÈGÆ1È¨Æ7Ñ¨ÈM�oÄ�Ì��ÓÄoÎìÍ Å*ÃªÜ�ÏmË�ØøÑ¨È�%oÅoË¼Å�É�Ì�Í�È�.�É�Ã�Íª×
ÄoÈ¨Í¨Î1ÆÖÌ��æÊtÈRÜ�ÄoÈr��È���Ã�Æ7Ñ�Fm"¨Î7Ò�Ä�Ã�ÉoË�,GÎÖÄ�Ì���Ë¨Æ,ÁmÈ¨Í¨Ì�.GÏ�È
"¨É�È¨Í¨ÈªÁ=F¨Ä�È�Æ1Ñ¨ÌE¾MqGÈ¨Æ1Ñ�Ì*×
Ü¼Ì�Ê���Î�Ñ�È�%�Å�ÌwÍ�� Ï�Î7ÁH�oØÚÑ�ÄoÎÖÉ�Ã9Í¨ÎÖÄ�Æ7Ñ¨Í²Ãy>Z#*¾ _ #�A,¾�dÂÄ�Ì®Ô,Ã�É�Ã�Ä*Ñ¨Ì�ÉoË�Ø�ÑW/�%oÑ¨ÈÕÄ�Ì
Ï�ÁH��ÈÖÏ�Ä�È¨Ô1È�ÌoÒQ� } Å�Ã
��Ì*Ñ9ÃªÁ�ÌoÒRÃ
:oÌ��iÄ�Î Ë*ÊtÎ1Ä�F
,GÌoÑ¨Æ��}¾�qGÈ¨Æ7Ñ¨ÌoÜ¼Ì�Ê��V.�Ë<%�Ã�Æ7Ñ¨È¨Å
ÅoÉ�Ì�Í¨È
.¼É�Ã�Í¨ÄoÈ¨Í¨Î1ÆÖÌ��

Q
�oÈ¨Å*Ã9ÒPÃ�Ä¼Ä�Ã�É�ÌoÆ�¾�#*¾ �ÂÜ¼Ì�É�Ä�È�.æÁmÌoÄ�Ì�Î!.C/<�1Ñ�È ¡ ÊtÄoÈ2ÜæÎ7×

Æ7Ñ¨Í�È ÅLÈ¨Ê���É�È¨ÊtÌoÆÖÆÖÈ�Í�¾���È
%�Å*ÃñÄ�Ã�Ä�Î1ÊV/²Å�È�Ñ�È¨É�Ã��GÏ�È¨Æ7Ñ¨Ì�Ô,Ã�Î7Ñ²Æ��G��É�Ì¼ÃRË�Å�:oÌ�È¨Ä�Ä�È
.
Ñ�È¨É�Ô1È¨Í9ÁmÎ�/�ÆÖÈ�È�Ñ¨Í¨Î7Ñ¨Æ7Ñ²Í�Ë¨Î1ÑI��Î1É�ÎÖÆ1Î!%�ÎÖÄ�Ì�ØõÆ���É���ÊtÈ�.C/���É�È�Í¨Î,Ï�Î1Ä�Ä�È�.�ÌoÒÚÄ�Ãl%�ÃªÁ=Fª×
ÄoÈ¨ÔÖÈ
ÆÖÈ�Æ1Ñ�ÈM��ÄoÌ��wÆ1Ì�Æ1Ñ�ÎÖÊ�� Ì®ÄoÈ¨É�Ê�ÃªÁ=F�Ä�È�.±Å�Á�Ì�Ä�Ì�Ì®Å�È�Ê���É�È¨ÊtÌ�Æ1ÆÖÈ¨Í
Í¤Ñ¨È�%�ÅLÎ
Ì<&$��ÎÖÉoÎÖÆÖÎE%�ÎÖÄ�Ì��}¾

� Ã�Æ1ÆÖÊtÈ�Ñ�É�Ì�Ê�È�"�ÊtÎÖÄ?%oÎÖÉ�Î7ÒiÃRË�Å�:�ÌoÈ¨Ä Ï�ÁH�
n
� } Ì

m
ÉoÎÖÆ1Ë�É�Æ1È¨Í�¾C^�Æ,ÁmÈ¨Í�Ì��

É�Ã�Í¨Ä�È�Í¨ÎÖÆ1Ì��¤ÒRÃ���Ì�,ÛÎ1ÊýÍ�Ç�È�É�ÊtÎ
pij(N j) = λi, j = 1, ..., n, i = 1, ...,m.

>Z#*¾ e�_ A
d�"�È�ÒPÄ�Ãl%�Ì�Ê

∆Nij = Nij −Nij(0), i = 1, ...,m, j = 1, ..., n.

^tÆ7ÁmÈ¨Í�Ì�ÎìÉ�Ã�Í¨Ä�È�Í¨ÎÖÆ1Ì��2>Z#�¾ eW_ A�ÄoËLÜ¼Ä�È�ÏmÈ���È9ÁmÄoÌoÑ�FI"¨ÃªÁ�Ã�Ä�Æ1È¨Í���ÊtÌÓÆ1È¨È�Ñ¨ÄoÈ
,ÛÎ1Ä�Ì*×
�oÊtÌK��ÈiÉoÎÖÆ7Ë*ÉoÆPÃ�Ê

n
∑

j=1

∆Nij = 0, i = 1, ...,m
>Z#*¾ e�e A

Ì
Å�Ã
��ÌoÑªÃªÁ�Ë
∆Mj = −

m
∑

i=1

λi∆Nij, j = 1, ..., n.
>Z#*¾ e ( A

^tÆ7ÁmÈ¨Í�Ì��s>Z#*¾ e�_ AZâC>Z#*¾ e ( Am��È�ÒPÍ�È9ÁH��Ø�Ñ§Ä�Ã
.oÑ�Ì'Æ1È¨Æ1Ñ�ÈM�oÄ�Ì�ÎVÅ�Ã9Ü�ÏmÈ¨ÔÖÈ ÌoÒVÍ9ÒRÃ�ÌoÊ�Èª×
ÏmÎ!.�Æ7Ñ¨Í�Ë�ØÚÙÛÌ�&8� } ¾

q�ÁH�
ÇñË�Ä�Å�:�Ì�Ì-"9Á�Ã�Ô1È¨ÆÖÈ�Æ1Ñ¨Èl��Ä�Ì��ÕÍiÇ�È¨ÉoÊtÎJ4ñÈ�"�"²Ã2×Yq Ë�ÔâÁ�Ã9ÆPÃ

S =Mγ0

m
∏

i=1

Nγi
i , γi ≥ 0,

m
∑

i=0

γi = 1,
>Z#�¾ e #�A

pi =
∂S/∂Ni

∂S/∂M
=
γiM

γ0Ni

, i = 1, ...,m
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ÒRÃ
�oÌ�ÆPÃ�ÄoÄ���Î Í��j,GÎ�ÆÖÈ¨È9Ñ¨Ä�È
,GÎÖÄ�Ì��X��É�Ì�Ê.ËLÑ¼Ç�È�É�Ê.Ë

Nij =
γij
λi

Mj

γ0j
, j = 1, ..., n, i = 1, ...,m,

Mj = U0j −
m
∑

i=1

λi∆Nij,

λi =





n
∑

j=1

Mj
γij
γ0j





/





n
∑

j=1

Nij(0)



 ,
>Y#*¾ e�· A

ÔyÏmÎ
U0j = Mj(0) +

m
∑

i=1

λiNij(0) ¡ Å�Ã
��Ì*Ñ9ÃªÁ�ÌoÒRÃ
:oÌ��
j
×bÔÖÈ2� } Í�Ä�Ãl%�ÃªÁHF¨Ä��V.

ÊtÈ¨ÊtÎÖÄ*Ñ¼Í¨É�ÎÖÊtÎ1Ä�Ì-��ÈiÉ�Ã�Í¨Ä�È�Í¨ÎÖÆ1Ä���ÊO:�ÎÖÄ�Ã�Ê�¾
�jíÐç�ß1Þ�ê4á�ß,í9ß�á�ë��²ã,á�àâç ¾=d�:�Î1Ä�Å�ÌVÉ�Î1ÒÖÎÖÉ�Í9Ë²Ã�É�Ã

p0
��È¨Æ7Ñ¨Èl��Ä�Ä��m/oÑªÃ�Å'%oÑ�ÈÛÁmÌ�×

Ä�Ì�Ì
U = äEå�æ�çtè Ä�ÃÂÉ�ÌoÆ�¾�#�¾��ÚÌ�ÊtÎÖØ�Ñ�Í¨ÌLÏD�oÉ���Ê���&�¾L½ Ã9Å�Æ1Ì�Ê�ÃªÁ=F¨ÄoÈ¨Ê.Ëk��ÉoÌ�É�È¨Æ7Ñ�Ë

∆U
Ï�ÁH�y� } ÆÖÈ�È�Ñ¨Í¨Î7Ñ¨Æ7Ñ²Í�Ë¨Î1Ñ§È�"¨ÊtÎ1ÄT�oÈ-:�ÎÖÄ�Ã9ÊV/þÉ�Ã9Í¨Ä���Ê

p0
¾����1Ñ�È¨Ê Æ,Á�Ë<%�Ã�Î

ÍÕÆÖÈ¨Æ7Ñ¨ÈM�oÄ�Ì�ÌYÉ�Ã�Í�Ä�È¨Í¨Î1ÆÖÌ��®Å*Ã
�oÌoÑ9Ã2Á
M

Ì±ÒRÃ
��Ã�Æ!� ÉoÎÖÆ1Ë�É�ÆÖÃ
N
�oÈPÏ]%�ÌoÄ���Ø�Ñ¨Æ7�

Ë¨Æ7ÁmÈ�Í¨Ì���Ê
pi(M,N) = p0i , i = 1, ...,m,

>Z#�¾ e
p A

M −M0 =
m
∑

i=1

p0i (Ni0 −Ni),
>Y#*¾ ( � A

M ≥ 0, Ni ≥ 0, i = 1, ...,m,
>Y#*¾ ( � A

ÔyÏmÎ
M0

Ì
N0

¡ Ä�Ãl%�ÃªÁHF¨Ä���ÎÚÒÖÄ�ÃM%�Î1Ä�Ì��
M
Ì
N
¾�^�Æ,ÁmÈ¨Í�Ì��?>Z#*¾ e
p AB/>Z#�¾ ( � AtÈ���É�Î,×

Ï�Î7Á���ØÚÑ ÆÖÈ�Æ1Ñ¨Èl��ÄoÌ�Î§É�Ã9Í¨Ä�È¨Í¨Î1ÆÖÌ��ýÆÖÌ�Æ7Ñ¨ÎÖÊ��m/ ÎÖÆ,ÁmÌ�Í��V��È9Á�Ä�ÎÖÄ�� È¨ÔÖÉ�Ã�Ä�Ì�%�Î1Ä�Ì��
>Z#*¾ ( � A,¾<��Æ,ÁmÌ�Ü�Î�È¨Ä�Ì�Ä�ÎìÍ��V�oÈ9ÁmÄ�Î1Ä��m/*Ñ¨È6%�Ã�Æ1Ñ
FI�oÎÖÉ�Î1ÊtÎÖÄ�Ä���&N��É�Ì�É�Ã9Í¨Ä�Ì�Í²Ã9ØÚÑ
Å¤ÄoËRÁmØÄ/�Ë�ÊtÎÖÄ�F
,æÃ��$%�Ì�Æ7Á�È�Ë¨Æ7Á�È¨Í¨Ì�.T>Y#*¾ e
p A9/5>Z#*¾ ( � A.Ï�ÁH�¤É�Ã9Æ!%�Î7Ñ9Ã�È¨Æ1ÑªÃ�Í�,ÛÌ�&²Æ7�
��ÎÖÉoÎÖÊtÎÖÄoÄ��j&�¾

¿ñÈPÏmÆ!%�ÌoÑªÃ�Î1Ê1��É�ÌoÉ�È¨Æ1Ñ¼Å*Ã���ÌoÑªÃªÁmÌoÒPÃ
:�Ì�Ì?� } ��ÉoÌ
m = 1

Ý

∆U =

N
∫

N0

dU

dN
dN =

N
∫

N0

(

∂U

∂M

dM

dN
+
∂U

∂N

)

dN.

�.Ã�Å¤Å�Ã�Å
dM

dN
= −p0,

∂U

∂N
= p(M,N), M =M0 − p

0(N −N0),

Ñ¨È
∆U =

N
∫

N0

[

p(M0 − p
0(N −N0), N)− p0

]

dN.
>Y#*¾ ( ��A
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�tÆ,ÁmÌ
p ≥ p0

/LÑ�È
dN ≥ 0

/�Ã ÎÖÆ,ÁmÌVÊtÎ1Ä�F
,GÎ
/�Ñ¨È
dN ≤ 0

/LÑ9Ã9ÅN%oÑ¨Èk�oÉ�Ì�É�È¨Æ7Ñ
∆UÄoÎÖÈ�Ñ�É�Ì�:�ÃªÑ¨Î7ÁmÎÖÄ}¾

¿ñÈ¨Å*ÃªÜ�Î1ÊV/j%oÑ�È;��É�Ì È�"¨ÊtÎ1Ä�Î~�oÈüÉ���Ä�È�%�Ä���Ê�:�ÎÖÄ�Ã�Ê[��É�ÌoÉ�È¨Æ1Ñ÷Ç�Ë�Ä�Å�:�Ì�Ì
"ªÁ�Ã�Ô1È¨ÆÖÈ¨Æ7Ñ¨Èl��Ä�Ì��8� } Ê�Ã�Å�Æ1Ì�Ê�ÃªÁmÎ1Ä}¾�qGÎE.�Æ1Ñ�Í¨ÌoÑ¨Î7Á=F¨Ä�È

S(N,M) = S

(

N1, ..., Nm,M(0)−
m
∑

i=1

p0i (Ni −Ni(0))

)

→ max
N

.

^tÆ7ÁmÈ¨Í�Ì��
Ê�Ã�ÅLÆÖÌ�Ê.Ë�Ê�Ã
S(N)

∂S

∂Ni

=
∂S

∂M

∂M

∂Ni

+
∂S

∂Ni

= p0(pi − p
0
i ) = 0, i = 1, ...,m

>Z#�¾ ( ��A

Æ1È¨Í���Ã2Ï�Ã�Ø�Ñ�Æ4Ë¨Æ7ÁmÈ�Í¨Ì���ÊtÌ�É�Ã�Í¨Ä�È�Í¨ÎÖÆ1Ì��K>Z#*¾ e
p A,¾��.Ã9Å�Ì�Ê�È
"¨É�Ã9ÒÖÈ¨ÊV/9ÍñÉ�Ã�Í�Ä�È¨Í¨Î1ÆÖÌ�Ì
Æn�ÖÅLÈ¨Ä�È¨ÊtÌ�%oÎÖÆÖÅoÌ�Ê É�Î7ÒPÎÖÉoÍ�Ë²Ã�É�È�Ê®Ï�È�Æ1Ñ¨ÌoÔ7Ã�Î7Ñ¨Æ��ÓÊ�Ã9Å�ÆÖÌoÊ.Ë*ÊYÇñË�Ä�Å�:oÌ�ÌD"9Á�Ã9ÔÖÈ¨Æ1È9×
Æ7Ñ¨Èl��Ä�Ì��}¾

4ñÈ¨Ä�Å�ÉoÎ1Ñ¨Ì*ÒPÌ�ÉoË¨ÎÖÊõÒRÃ
��ÌoÆPÃ�ÄoÄ���Î¼Í
�j,ÛÎiÆ1È¨È�Ñ�Ä�È
,GÎÖÄ�Ì��§Ï�Á��±Æ,Á�Ë<%�Ã��5/�ÅLÈ¨Ô=Ï�Ã
ÇñË�Ä�Å�:oÌ��$"9Á�Ã9ÔÖÈ¨Æ1È¨Æ1Ñ�ÈM�oÄ�Ì��-� } Ì�ÊtÎÖÎ7ÑiÇ�È¨É�Ê.ËN4ñÈ�"�"¨Ãª×Yq Ë�ÔyÁ�Ã�ÆPÃ'>Y#*¾ e #�A7¾<^�Æ,ÁmÈ9×
Í�Ì��¤É�Ã�Í¨Ä�È�Í¨ÎÖÆ1Ì��T>Z#�¾ e
p A���É�Ì�Í�ÈPÏ=�*Ñ¼Å
Æ1Ì�Æ1Ñ�ÎÖÊtÎ�Á�Ì�Ä�ÎE.�Ä���&
Ë�É�Ã�Í�Ä�ÎÖÄ�Ì�.

Nici

(

1 +
γ0
γi

)

+
m
∑

ν=1, ν 6=i
cνNν = U0 =M(0) +

m
∑

ν=1

cνNν(0), i = 1, ...,m.

>Z#*¾ ( _ A
* ÏmÎÖÆEF

U0
¡ Å�Ã
��ÌoÑªÃªÁmÌ*ÒRÃ
:�Ì��-� } ÍGÄ�ÃM%�Ã2Á=F¨Ä�È�Ê Æ1È¨Æ1Ñ�ÈM��ÄoÌ�Ì'��Èk:oÎÖÄ�Ã�Ê É���ÄoÅ*Ão¾

� ÎE,ÛÎ1Ä�Ì�Î�Ë�É�Ã�Í¨Ä�Î1Ä�Ì�.y>Z#*¾ ( _ A4Ì�ÊtÎÖÎ7Ñ�Í¨ÌLÏ
M = U0γ0, Ni = U0

γi
ci
, i = 1, ...,m.

>Z#*¾ ( e A

* Ä�ÃM%�Î1Ä�Ì�Î�Ç�Ë�Ä�Å�:�Ì�Ì-"9Á�Ã�Ô1È¨ÆÖÈ�Æ1Ñ¨Èl��ÄoÌ��ÕÍiÉ�Ã�Í¨Ä�È¨Í�ÎÖÆ1Ì�ÌÕÆ�É���ÄoÅ�È¨Ê

S = S(N) = U0γ
γ0

0

m
∏

i=1

(

γi
ci

)γi

.
>Z#�¾ (�( A

Ç-È�������È ¾m¿ÂË¨Æ1Ñ
F
S = (M,N1, N2) =M 1/3 N

1/2
1 N

1/6
2 .

h�Ãl%�ÃªÁ=F�Ä���ÎñÒRÃ
��Ã9Æ!�õÉ�Î1Æ1Ë�É�ÆÖÈ�Í�ÌK:�Î1Ä��
M(0) = 1, N1(0) = 2, N2(0) = 3, c1 = 10, c2 = 20.

^tÆ7ÁmÈ¨Í�Ì��
É�Ã�Í�Ä�È¨Í¨Î1ÆÖÌ��
ÌK"¨ÃªÁ�Ã�ÄoÆPÃU��È�Å*Ã
�oÌoÑ9Ã2Á�Ë$��É�Ì�Ê.ËLÑ�Í�Ì�Ï

M

N1

=
20

3
,

M

N2

= 40, M = 1− 10(N1 − 2)− 20(N2 − 3).
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¿ñÈ�Ë¨Æ,ÁmÈ¨Í¨Ì���Ê�>Y#*¾ ( e A9/+>Z#*¾ (�( AUÄ�ÃW&²ÈPÏmÌ�Ê
U0 = 81, N1 = 81/20 = 4, 05, N2 = 81/120 = 0, 675, M = 27,

S =M
1/3

N1
1/2

N2
1/6

= 5, 65, S(0) = 1, 69.¿ñÉ�Ì�É�È¨Æ7Ñ¼Ç�Ë�Ä�Å�:�Ì�Ì-"9Á�Ã�Ô1È¨Æ1È¨Æ1Ñ�ÈM��ÄoÌ��8� }
∆S = S(N)− S(0) = 3, 96.q�ÁH�

m > 1

∆U =
m
∑

ν=1

Nν
∫

N0ν

[pν(M(N), N)− p0ν ]dNν ,
>Y#*¾ ( #�A

ÔyÏmÎ
M(N) =M0 +

m
∑

ν=1

p0ν(N0ν −Nν).

�kË�È��	��ÈLÍ � Ã�ÆÖÆ1ÊtÈ�Ñ¨É�ÌoÊ�ÆÖÌ�Æ7Ñ¨ÎÖÊ.Ë§Ì*ÒGÏ�Í9Ë�&~� } /EÅ*ÃªÜ�Ï]�V.�ÌoÒæÅ�È�Ñ�È¨É���&§È�"ª×
Á�Ã2Ï�Ã9Î1Ñ
Ï�Í�Ë�ÊR�wÍ¨Ì�Ï�Ã�ÊtÌwÉ�Î1Æ1Ë�É�Æ1È¨Í§ÌYÄoÎ�È�"9ÁmÃ2Ï�Ã�Î7Ñ8"²Ã9ÒÖÌ�ÆÖÄ���Ê[É�Î1Æ1Ë�É�ÆÖÈ�Ê Ì*Á�Ì
Ä�ÎñÌ�ÆE��È9Á=F9ÒÖË¨Î7Ñ¼ÎÖÔÖÈI��É�Ì¤È�"�Ê�Î1Ä�Î9¾H�ýÄ�ÃM%�ÃªÁ=F¨Ä�È�ÊüÆ1È¨Æ1Ñ�ÈM�oÄ�Ì�Ì¤ÒRÃ���Ã�ÆE��É�Î1Æ1Ë�É�ÆÖÈ�Í
Ì
Ì�&¤È�:�Î1Ä�Å�Ì
ÒPÃ2Ï�Ã�Ä��õÌ
É�Ã�Í¨Ä��
N0

1 = (N 0
11, N

0
12), N 0

2 = (N 0
21, N

0
22), p01ν(N

0
ν ), p02ν(N

0
2 ), ν = 1, 2,

��É�Ì�%oÎÖÊùÉ�Ã�Æ!�oÉ�Î,ÏmÎ7ÁmÎÖÄ�Ì�ÎÄ"²Ã9ÒÖÌ�ÆÖÄoÈ¨ÔÖÈiÉ�ÎÖÆ7Ë�É�ÆPÃ
M

Ç�ÌoÅ�Æ1Ì�É�È¨Í²Ã9Ä�È�¾
�tÆ7Á�Ì Ä�ÃM%�Ã2Á=F¨Ä���ÎñÒRÃ
��Ã9Æ!��ÑªÃ�Å�È¨Í
�m/=%oÑ�È¼É�Î9,ÛÎ1Ä�Ì�Î�Ë¨Æ7Á�È¨Í¨Ì�.ÕÉ�Ã9Í¨Ä�È¨Í�ÎÖÆÖÌ��

p11(N1) = p21(N2),
>Y#*¾ ( · A

p12(N1) = p22(N2),
>Y#*¾ ( p A

N1 +N21 = N0
11 +N0

21, N12 +N22 = N0
12 +N0

22,
>Y#*¾�# � A

Ä�ÎÖÈ9Ñ¨É�Ì�:�Ã9Ñ¨Î7Á=F¨Ä�È�/.Ñ¨È2�7Ñ¨Ì'Ë¨Æ,ÁmÈ¨Í�Ì��g��ÈªÁmÄ�È¨Æ7Ñ�F¨Ø È���ÉoÎ,Ï�Î,ÁH��Ø�Ñ®Æ1È¨Æ1Ñ�ÈM�oÄ�Ì�Î¤Æ1Ì*×
Æ1Ñ�ÎÖÊ��ñ¾���Ã�Å�Ì�Ê È�"�É�Ã9ÒÖÈ¨ÊV/}É�Ã�Í¨ÄoÈ¨Í¨Î1ÆÖÄ�È¨Î�Æ1È¨Æ1Ñ�ÈM�oÄ�Ì�ÎS��É�Ì~"²Ã�É*Ñ¨ÎÖÉoÎiÄ�ÎæÒRÃ�Í�Ì�ÆÖÌoÑ
È�ÑiÅ�Ì�Ä�Î7Ñ¨Ì�%�ÎÖÆÖÅ�Ì�&ÕÇñË�Ä�Å�:oÌ�.}¾

�Á"¨È9Á�ÎÖÎ�È�"�ÙGÎÖÊýÆ,Á�Ë<%�Ã�ÎÄ"²Ã�ÉoÑ�ÎÖÉ�Ã�/�Í¼Å�È9Ñ¨È¨ÉoÈ¨ÊùË<%�Ã�Æ7Ñ¨Í�Ë¨Î1Ñ
n
� } /�Å�Ã9ÜæÏ]�V.

ÌoÒ�ÅLÈ�Ñ¨È�É���&ýÈ
"9Á�Ã2Ï�Ã�Î1Ñ
m
Í¨Ì�Ï�Ã9ÊtÌýÉoÎÖÆ1Ë�É�Æ1È¨Í�/ Ë¨Æ7ÁmÈ�Í¨Ì��ýÉ�Ã�Í¨Ä�È¨Í�ÎÖÆ1Ì��ýÌoÊtÎÖØ�Ñ

Í¨Ì�Ï
n
∑

j=1

Nij =
n
∑

i=1

N0
ij = N0

i , i = 1, ...,m,
>Z#�¾�# � A

Nij ≥ 0, pij(Nj,Mj) ≥ λi,
∑

iν

Nij(pij(Nj,Mj)− λi) = 0,

i = 1, ..., n, i = 1, ...,m.

>Y#*¾�#
��A

�!Ä�Î1È¨Æ1È�"¨È¨Ê Æ,Á�Ë<%�Ã�Î±ÇñË�Ä�Å�:oÌ�Ì
pij(N)

Í��V�oË�Å*Á=��Î±Í¨Ä�ÌoÒ~�oÈ
Nj

ÌøË¨Æ,ÁmÈ¨Í¨Ì��
>Z#*¾ # � AB/�>Y#*¾ #���AJÈ���É�ÎÐÏ�Î7ÁH�oØÚÑ�É�Ã�Í¨Ä�È�Í¨ÎÖÆ1Ä�È¨Î É�Ã�ÆE��É�ÎÐÏ�Î7Á�ÎÖÄ�Ì�Î�É�ÎÖÆ7Ë*ÉoÆÖÈ¨Í0��É�ÌæÇ�Ì�Å*×
ÆÖÌ�ÉoÈ¨Í²Ã�Ä�Ä���&¤ÒRÃ
��Ã�ÆPÃM&K"¨Ã9ÒPÌ�Æ1Ä�È¨Ô1È¼ÉoÎÖÆ1Ë�É�ÆÖÃ

Mj

¾



��� ( ¸�� �\ál�X¹X��º����
	��	!������������������� � �X»9º��M��M����º��

q�ÁH�
Ì*ÒPÈ9ÁmÌoÉ�È¨Í²Ã�ÄoÄ���&K�ÖÅLÈ¨Ä�È¨ÊtÌ�%oÎÖÆÖÅoÌ�&ÕÆÖÌ�Æ7Ñ¨Î1Ê�Æ!�oÉ�Ã�Í¨ÎÐÏ�ÁmÌ�Í�È¼Æ7ÁmÎÐÏmË�ØÚÙÛÎÖÎ
^ Ñ
ÍVÎ�É§Ü ÏYÎæÄ�Ì±Î9Ý\ê á�åYî²ã�é�ðªàÐçúáLã�ê1è�ámß1ðªßñ��ß1Þ�å�å Þ�ã!��å�ò�ÞmàM�,àVî²ã�è�å�äæã9ï
�mã

M
ç�ß9é�ðM� èmàRðªê1åmê1ä�ß�ç�ãPç�å¤á�ßÖê9�Öá�ê9ïüáLã¨ê7è�á�ß7ð9ß3�oôHì�ä�êâô äæã9î²å�ç àMíâáLã2í9àâç�î

ò�ä�àÂêE�ªç�ç�ã,ámÞ�ãRôVë9ßñ�må�ò*å�Þ�ã�êÖëÖô�íªã9Þ�ÞmàM�7àÂî²ã9è�å�äæãP�mã�ðªà2ê1äæå=�Ðã¨ß7ä çñã�îLê1å�çm�ªçñãWî
ê1à2ëPç�ßÖê7äæå�ç�àM�,à¼ê�Þ�ãP��àPéöß7Þ�ÞHïþç�å§Þ�ã�ê7åmê1ä�ß?çm�¤àM� áLã9Þ�å�òoß7Þ�å�ô*çñå�


F (M) =
∑

i

∑

j

pij(Nj,Mj)Nj → max
Nj

,
>Z#�¾�#
��A

è�á�åK�Lê3��à2ëªå�ô�ø >Y#*¾�# � A7¾� ê3��åÓíªã�è�ã¨ê9ï'î²ã�é�ðªàlë
èmàRð9ê7åmê1ä�ß�ç0ï'èmà�î²ã�é�ðªàâç0�¼ë9å�ï
ðM�GámßÖêE�ÖámêÖà2ë�èmàc��àlé�å�ä�ßñ�=ò²ÞHï\î ä�à��2ä�à2äQç�ã9îLê1å�çm�ªçöá²ã¨ë�ß7Þ

F ∗(M) =
∑

i

λi(M)N 0
i .

>Z#�¾�# _ A
� Æ1Í¨È¨Ø È�%�Î1É�Î,Ï]F
É�Ã9Æ!��É�ÎÐÏ�Î7Á�ÎÖÄ�Ì�Î¼Å*Ã���ÌoÑªÃªÁ�Ã

M
ÊtÎ7Ü�Ï�Ë8��ÈPÏ�Æ1Ì�Æ7Ñ¨ÎÖÊ�Ã�ÊtÌ±ËPÏ�È9×

ÍªÁmÎ1Ñ�Í¨È¨É���Î1Ñ�Ë¨Æ,ÁmÈ¨Í�Ì���Ê{"²Ã2Á�Ã�Ä�ÆÖÃk��ÈæÅ*Ã���ÌoÑªÃªÁ�Ë
/�Ä�Î1É�Ã�Í¨Î1Ä�Æ1Ñ�Í²Ã�ÊV/�Í�� Ñ¨Î1Å*Ã9ØÚÙÛÌ�Ê
Ì*ÒG��É�Ì�Ä�:oÌ���ÃVÏ�È
"¨É�È¨Í�È9Á=F¨Ä�È�Æ1Ñ¨Ì®È�"�ÊtÎÖÄ�Ã�/�Ì±ÒPÃ�Í¨ÌoÆÖÌoÑ È�ÑÕÍ¨ÌLÏ�Ã
Å�ÌoÄ�Î1Ñ�Ì�%�ÎÖÆÖÅ�Ì�&
ÇñË�Ä�Å�:oÌ�.}¾

� ¢���¢ �$¤+¥¦j§r¥C¨�¨�©�ªX¤5« ¬�©R°�®Q¯C® ¥C¨�¥´�¨��V«Q®�� §�±�¬�«�¨�¬�¤+¥®��
������É��������! �Ë	����"�É��#�	�¾Ê$���&%�É���É�'5É���()����"��+*�"�É, �Ë	�����-�/.0��1vÉ��

È�Ë +"�É��#�	�32��+"LÍ}¿�ÉoÌ�%�Ì�Ä�È
.5/�Í�� Ò!��Í²Ã�ØÚÙGÎ!.-��È�Ñ¨È�Å�ÌÕÈ
"¨ÊtÎÖÄ�ÃæÉ�Î1Æ1Ë�É�ÆÖÃ�ÊtÌ5/H��Í9×
Á���Î1Ñ�Æ7�±É�Ã9Ò1Á�Ì�%�Ì�ÎæÊtÎ1ÜæÏmËÕÈ�:�ÎÖÄoÅ*Ã�ÊtÌ§É�ÎÖÆ7Ë�É�ÆPÃVÈ�"¨ÊtÎÖÄoÌ�Í²Ã�Ø�ÙÛÌ�&²Æ7�2��ÈPÏmÆÖÌ�Æ7Ñ¨ÎÖÊ
Ì�ÁmÌ¤ÊtÎ7Ü�Ï�ËD:�Î1Ä�È�.¤ÌVÈ�:oÎÖÄ�ÅLÈ�.f>{Ï�ÁH�VÈ��oÉ�Î,Ï�Î,ÁmÎÖÄoÄ�È¨Æ1Ñ¨Ì-"9ËPÏ�Î1ÊüÉ�Ã�ÆÖÆ1Ê�Ã9Ñ¨ÉoÌ�Í²Ã9Ñ
F
�oÈ¨Æ7Á�Î,Ï�Ä�Ì�.ÓÆ,Á�Ë<%�Ã
.=A

∆ = p− c
¾L¿ñÉ�Ì¼Ê�Ã2ÁmÈ¨Ê®È�Ñ¨Å*Á�È¨Ä�Î1Ä�Ì�ÌÓÈ�Ñ�É�Ã�Í¨Ä�È�Í¨ÎÖÆ1Ì��G�7Ñ¨È

É�Ã9Ò1Á�Ì�%�Ì�Î�Ê�ÃªÁmÈÕÌT��È9Ñ¨È¨Å�ÌwÊtÈ2Ü¼Ä�È-�oÉ�Ì�Ä��*Ñ�FÕÁmÌoÄ�Î!.�ÄoÈ ÒRÃ�Í�Ì�Æ��*ÙÛÌ�ÊtÌYÈ9Ñ�É�Ã9Ò1×
ÄoÈ¨Æ1Ñ�Ì1:�Î1Ä�� Ì÷È�:�Î1Ä�Å�Ì}¾U¿ñÉ�ÌoÊtÎÖÊúÒRÃ~��ÈªÁmÈ2Ü¼ÌoÑ¨Î,Á=F¨ÄoÈ¨ÎÕÄ�Ã
��É�Ã�Í9ÁmÎ1Ä�Ì�Î-��È�Ñ�È¨Å5/
Ä�Ã
��É�Ã9Í9ÁmÎÖÄoÄ��V. Í�Æ1Ñ�È¨É�È¨ÄoË-� } /�Ñ¨È¨Ô=Ï�Ã

gi =
n
∑

ν=1

aνi∆ν =
n
∑

ν=1

aνi(pν − cν), i = 1, ..., n
>Z#*¾ # e A

½ÕÃ9Ñ¨É�Ì�:oË
A
ÆN�,ÁmÎÖÊtÎ1ÄoÑ9Ã9ÊtÌ

aiν
"�ËPÏ�Î1Ê Ä�Ã9Ò!��Í²Ã9Ñ
F�Ê�Ã9Ñ�É�Ì�:�ÎE.üÅ�ÌoÄ�Î1Ñ�Ì�%�ÎÖÆÖÅ�Ì�&

ÅLÈ��1Ç�Ç�Ì�:oÌ�ÎÖÄoÑ�È¨Í�� } /RÈ¨Ä�Ã�È��oÉ�Î,Ï�Î,ÁH��Î7ÑìÅ�Ì�Ä�Î7Ñ¨Ì�ÅoË�È
"¨ÊtÎÖÄ�Ã�� } Æ�È¨Å�É*Ë�ÜæÎ1Ä�Ì�Î1Ê�¾
¿ñÈ�Ñ¨È�ÅiÉ�Î1Æ1Ë�É�ÆÖÈ�È�"¨ÊtÎ1Ä�Ã�Í�� ÒP��Í¨Ã�Î1Ñ Í¨Æ7Ñ¨É�ÎE%�Ä��V.D��È9Ñ¨È¨ÅS"²ÃªÒPÌ�Æ1Ä�È¨Ô1È�É�ÎÖÆ7Ë�É�ÆPÃ�/

ÑªÃ�ÅLÈ�.-%*Ñ¨È
dM

dt
= −

n
∑

i=1

cigi.
>Z#�¾�# ( A

¼ÂÒÖÊtÎÖÄ�Î1Ä�Ì�Î ÇñË�Ä�Å�:oÌ�ÌX"ªÁ�Ã�ÔÖÈ�ÆÖÈ¨Æ7Ñ¨Èl��Ä�Ì��X� } ��É�ÌK�1Ñ¨È�Ê
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dS

dt
=

∂S

∂M

dM

dt
+

n
∑

i=1

∂S

∂Ni

gi = −p0
n
∑

i=1

cigi+

+p0
n
∑

i=1

pigi = p0
n
∑

i=1

(pi − ci)gi = p0∆
TA∆,

>Y#*¾�#
#�A

ÔyÏmÎ
∆ ¡ Í¨Î1ÅoÑ¨È¨É�Ï�Í¨ÌoÜiËLÙÛÌ�& ÆÖÌ*ÁJ¾W�.Ã�Å Å*Ã�ÅGÈ�:�Î1Ä�Å*ÃQ"²Ã9ÒÖÌ�ÆÖÄ�È�ÔÖÈÂÉ�Î1Æ1Ë�É�ÆÖÃ

p0 > 0Ì�Í÷ÆÖÌ�Á�ËýÏ�È�"�É�È¨Í¨È9ÁHF¨Ä�È¨Æ7Ñ¨Ì�É�ÎÖÆ7Ë*ÉoÆÖÈ¨È�"�ÊtÎÖÄ�ÃùÇñË�Ä�Å�:oÌ��`"9Á�Ã9ÔÖÈ¨Æ1È¨Æ1Ñ�ÈM�oÄ�Ì��õÄ�Î
Ë�ÊtÎÖÄ�F
,ÛÃ�Î1Ñ¨Æ7�5/ Ê�ÃªÑ¨É�Ì�:�Ã } ��È9Á�È2Ü¼ÌoÑ¨Î,Á=F¨Ä�ÈYÈ���ÉoÎ,Ï�Î,ÁmÎÖÄ�Ä�Ã��}¾ ¿ñÈ¨Å*Ã9ÜæÎ1ÊV/�%oÑ�È
È¨Ä�ÃæÎ1ÙGÎ Ì
Æ1Ì�ÊtÊtÎ1Ñ�É�Ì�%�ÎÖÆÖÅ*Ã��E¾

qGÎ!.oÆ1Ñ¨Í�ÌoÑ¨Î7Á=F¨Ä�È�/�Î1Æ7ÁmÌøÉ�Ã9ÒPÉoÎE,ÛÌ*Ñ�F÷ÆÖÌoÆ1Ñ¨Î1Ê.Ë�Ë�É�Ã�Í¨ÄoÎÖÄ�Ì�.�>Y#*¾ # e AiÈ�Ñ¨Ä�È�ÆÖÌ*×
Ñ¨Î,Á=F¨Ä�È

∆
/9Í���É�Ã9ÒÖÌ�ÍìÏ�Í�ÌoÜ¼ËLÙGÌ�Î�ÆÖÌ*ÁH�;%�Î1É�Î1Òn��È�Ñ¨È�Å�Ì5/�Ñ�ÈìÏ�ÁH�æÅ�Ã9Ü�ÏmÈ¨ÔÖÈÂÆÖÅLÈ9Á=F

Ë�ÔÖÈPÏmÄ�È¼Ê�ÃªÁ�È¨ÔÖÈ�Ì�ÄoÑ¨Î1É�Í²ÃªÁmÃ¼Í�É�ÎÖÊtÎ1Ä�ÌÕÍ���É�Ã9ÜæÎ1Ä�Ì�ÎG>Z#*¾ #�#�AL��É�Ì�ÊtÎ7Ñ�Í¨ÌLÏ
dS

p0
= dNTBdN,

>Z#*¾ # · A
ÔyÏmÎ

dN ¡ Í�ÎÖÅoÑ�È¨É*×bÆ1Ñ¨ÈªÁ="¨Î!:{��É�ÌoÉ�È¨Æ7Ñ9Ã§É�ÎÖÆ7Ë*ÉoÆÖÈ¨Í§ÒRÃ�Í¨É�Î1ÊR�
dt
/.Ã

B = A−1
¾

� ÁmÎÖÊtÎ1ÄoÑ��
biν
�1Ñ¨È
.ÕÊ�Ã9Ñ¨É�Ì�:��öÉ�Ã�Í�Ä��

biν =
∂2 (S/p0)

∂Ni∂Nν

= bνi, i, ν = 1, ..., n.
>Y#*¾�# p A

�.Ã�ÅoÌ�ÊwÈ�"¨É�Ã9ÒÖÈ¨ÊV/LÊ�Ã9Ñ�É�Ì�:�Ã
B
��È9Á�È2Ü¼ÌoÑ¨Î,Á=F¨Ä�ÈGÈ��oÉ�Î,Ï�Î,ÁmÎÖÄoÄ�Ã��ÓÌ�ÆÖÌ�ÊtÊtÎ7Ñ¨É�Ì�%�Î7×

ÆÖÅ�Ã��5/þÃ¤ÒPÄ�Ãl%�ÌoÑM/���É�ÌwÊ�ÃªÁmÈ¨ÊõÈ�Ñ�Å*ÁmÈ¨ÄoÎÖÄ�Ì�ÌYÈ�Ñ É�Ã9Í¨Ä�È¨Í�ÎÖÆÖÌ��wÆÖÌoÊtÊtÎ1Ñ¨ÉoÌ�%�ÎÖÆÖÅ�È�.
��Í9Á���Î1Ñ�Æ��æÌÛÈ�"�É�Ã9Ñ¨Ä�Ã��

B
Ê�Ã9Ñ¨ÉoÌ�:�ÃÂÅ�Ì�Ä�Î7Ñ¨Ì�%�ÎÖÆÖÅ�Ì�&æÅLÈ��ÖÇ�Ç�Ì�:�Ì�Î1ÄoÑ¨È�Í

A
¾����oÉ�Ãª×

Í¨Î,Ï�ÁmÌ�Í��
^[ÆÂÁ ÈiÍ�Ì$�ÿÍæÒ Ã�Ì¤Ê÷Ä
ÈiÆñÑiÌ}Ý ëE��å�ô�Þ�åmß�á²ãªíªÞmà2ê1äæå¤ç�ßBéõðM�Vémß1Þmàlë§å

àRémß1Þ�îLàlë
ν
ïñ�,à�á�ß1êE�Öá�ê?ã
Þ�ã¤èmàRä�à2î

i
ïñ�,à�äæã�îLà2ë�àGéõßBî î²ã�î ë!�må�ô�Þ�åmßÂáLã2íªÞmà2ê1äæå

ç�ßBéõðM�Vémß1Þmàlë§å�àRémß1Þ�î�àlë
i
ïñ�,àìá�ßÖê9�Öá�ê=ã�Þ�ã¼èmà2ä�àRî

ν
ïñ�,àW�

ÇKÈ���"�2���%0����"����mË��7�"�É�*2Ê$���+�#��%�Ë	2����8'5Ë%�����Ë�\ËCÍ	9UËPÏ�Î1Ê±É�Ã�Æ1ÆÖÊ�Ã9Ñª×
É�Ì�Í²ÃªÑ�F�É�Î7Ü�Ì�ÊöÈ�Ñ¨Å�É�� Ñ¨È�.'ÊtÌ�ÅoÉ�È��1Å�È¨Ä�È�ÊtÌ�%�ÎÖÆ1Å�È
.'ÆÖÌ�Æ7Ñ¨ÎÖÊ��m/.Í ÅLÈ�Ñ¨È�É�È¨Ê ÆÖÈ9×
"9ÁmØUÏ�Ã�Ø�Ñ¨Æ7�ùË¨Æ7ÁmÈ¨Í�Ì��1��È�Æ1Ñ¨Èl��ÄoÆ1Ñ¨Í¨ÃwÒRÃ
��Ã�ÆÖÈ¨ÍwÉoÎÖÆ1Ë�É�Æ1È¨Í�¾�q�ÁH�ùÅ�Ã9Ü�ÏmÈ¨ÔÖÈ

ν
×�Ô1È

� } Ë¨Æ7ÁmÈ�Í¨Ì��K"²ÃªÁ�Ã9Ä�ÆPÃI��ÈiÉ�Î1Æ1Ë�É�ÆÖÃ�ÊýÍiÍ¨Î1ÅoÑ¨È�É�Ä�È�.ÕÇ�È¨É�ÊtÎ0�oÉ�Ì�Ê.ËLÑ�Í¨Ì�Ï
∑

j

nνj + neν +Wναν = 0, ν = 1, 2, ...
>Y#*¾ ·
� A

ÔyÏmÎ
j ¡ Ì�Ä�Ï�Î1Å�Æ

j
×3.?��ÈPÏ�Æ1Ì�Æ7Ñ¨ÎÖÊ���¾ * Ï�ÎÖÆEF

neν(pν , cν)
ÆÖÈ¨È9Ñ¨Í¨Î7Ñ¨Æ1Ñ¨Í�Ë�ØÚÑ È�"¨ÊtÎ1ÄoË

ν
×bÔÖÈG� } Æ0��È¨Æ1É�Î,ÏmÄ�Ì�Å�È�ÊV/mË�Æ1ÑªÃ�Ä�Ã�Í9Á�Ì�Í²Ã�Ø�ÙÛÌ�Ê1:�Î1Ä��

cν
¾

�tÆ7Á�ÌæÉ�Î1Ü¼Ì�Ê?"ªÁmÌoÒPÈ�ÅÛÅÛÉ�Ã�Í¨ÄoÈ¨Í¨Î1ÆÖÌ�ØÄ/ªÑ¨È���È�Ñ�È¨Å�ÌæÉoÎÖÆ1Ë�É�Æ1È¨È�"�ÊtÎÖÄ�ÃÚÁmÌ�Ä�ÎE.�Ä�È
ÒRÃ�Í�Ì�Æ7�oÑ È9ÑYÉ�Ã9ÒPÄoÈ¨Æ1Ñ�ÌøÈ�:oÎÖÄ�È¨ÅüÏ�Í9Ë�&ùÅ�È¨ÄoÑªÃ�ÅoÑ�Ì�ÉoË*Ø�ÙæÌ�&��oÈPÏ�Æ1Ì�Æ1Ñ�ÎÖÊNÌ*ÁmÌýÈ�Ñ
É�Ã9ÒÖÄ�È¨Æ1Ñ�Ìy:oÎÖÄ�� Ì®È�:oÎÖÄ�Å�Ìf��É�Ì®É�Î1Æ1Ë�É�ÆÖÈ�È�"¨ÊtÎ1Ä�Î�ÆiÍ¨Ä�Î9,ÛÄ�ÎE.y��ÈÖÏ�Æ1Ì�Æ1Ñ�ÎÖÊtÈ�.5/ÀÃ
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ÌoÄoÑ¨Î1Ä�ÆÖÌ�Í¨ÄoÈ¨Æ1Ñ¨Ì'��É�Î1È�"¨É�Ã9ÒÖÈ¨Í²Ã9Ä�Ì��¼É�ÎÖÆ7Ë*ÉoÆÖÈ¨Í
Wνj

�oÈ¨Æ1Ñ�ÈM�oÄ�Ä��ñ¾��{�1Ñ�È¨Ê Æ,Á�Ë<%�Ã�Î
ÏmÌ�ÆÖÆ1Ì���Ã
:oÌ�� Å�Ã
��Ì*Ñ9ÃªÁmÃ�ÒRÃ
�oÌ�,ÛÎ7Ñ¨Æ�� Í�Ç�È¨É�ÊtÎ

σ =
1

2

∑

ν,j,i

ανji(pνi − pji)
2 +

∑

i,ν

pνiWνiανi +
∑

ν

aνi(pνi − cνi)
2,

>Z#�¾ ·�� A

Ô=Ï�Î
ν, j ¡ Ì�ÄLÏ�ÎÖÅLÆ!�y��ÈÖÏ�ÆÖÌoÆ1Ñ¨Î1Ên/ i ¡ ÌoÄ�Ï�Î1Å�Æ É�Î1Æ1Ë�É�ÆPÃ�/W�oÎÖÉ�Í�È¨Î�Æ7Á�Ã9Ô7Ã�Î1ÊtÈ¨Î�ÆÖÈ¨È�Ñª×Í�Î1Ñ�ÆÖÍ�Ë¨Î7Ñ
È�"¨ÊtÎ1ÄoËÕÊtÎ1ÜæÏmË-��ÈÖÏ�Æ1Ì�Æ1Ñ�ÎÖÊ�Ã�ÊtÌ5/}Í�Ñ�È¨É�È¨Î ¡ �oÉ�È¨ÌoÒÖÍ¨ÈPÏmÆ1Ñ¨Í9Ë�É�Î1Æ1Ë�É�ÆÖÃ

ÍU��ÈÖÏ�ÆÖÌ�Æ7Ñ¨ÎÖÊ�ÃM&C/mÑ�É�Î1Ñ�F�Î ¡ È
"¨ÊtÎÖÄoËVÆ�È�Å�ÉoËLÜæÎÖÄ�ÌoÎÖÊ�¾
^�Æ7Á�È¨Í¨Ì���ÊtÌ�Ä�Ì�Ê.Ë�Ê�Ã

σ
>;ÆÖÊ�¾�>Z#*¾ ·�� A�AQ��È
È
:�ÎÖÄ�Å�Ã�Ê

pνi, (ν = 1, ..., k)
Å*Ã9Ü�×

ÏmÈ¨ÔÖÈ¤Ì*ÒD� } ÆÛË<%�Î7Ñ¨È�ÊõÆÖÌ�ÊtÊtÎ7Ñ¨É�Ì�%�Ä�È¨Æ7Ñ²Ì®Ê�Ã9Ñ�É�Ì�:�� } Å�Ì�Ä�Î7Ñ¨Ì�%�ÎÖÆÖÅ�Ì�&±ÅLÈ��ÖÇÂ×
Ç�Ì�:oÌ�ÎÖÄ*Ñ¨È¨ÍG��É�Ì�Í�ÈPÏ=�*Ñ¼Å
É�Ã�Í�ÎÖÄ�Æ7Ñ¨Í²Ã9Ê

∑

j

aνji(pνi − pji) +Wνiανi + aνi(pνi − cνi) = 0 ∀ i, ν,

%*Ñ¨È¤Ï�ÁH��ÁmÌ�Ä�ÎE.�Ä���&T��È9Ñ¨È¨ÅLÈ¨ÍÕÆÖÈ¨Í
��Ã2Ï�Ã�Î7Ñ Æ�Ë¨Æ7ÁmÈ�Í¨Ì���ÊtÌf"²ÃªÁ�Ã�ÄoÆPÃ
Å�Ã9ÜæÏ�È�.±ÌoÒ
�oÈPÏ�Æ1Ì�Æ1Ñ�ÎÖÊ;��ÈæÉ�Î1Æ1Ë�É�ÆÖÃ�Êu>Z#*¾ ·�� A7¾��ùÆÖÌ*Á�Ë�Í��V�oË�Å*ÁmÈ�Æ1Ñ¨Ì
Í¨Ä�Ì*Ò�Í
��É�Ã9ÜæÎÖÄoÌ��¼Ï�Á��
σ
Í�Ñ�È�%�ÅLÎ¤Æ1ÑªÃ
:oÌ�È¨Ä�Ã�ÉoÄ�È¨Æ1Ñ¨ÌYÏ�Ì�ÆÖÆ1Ì���Ã
:oÌ��üÅ�Ã
��ÌoÑªÃªÁ�ÃÕÏ�È�Æ1Ñ¨ÌoÔ7Ã�Î7Ñ®ÊtÌ�Ä�Ì�Ê.Ë�Ê�Ão¾

��Ã�Å�ÌoÊ÷È�"�É�Ã9ÒPÈ�ÊV/�ÆE��É�Ã9Í¨Î,Ï�Á�Ì�Í¨È
^ Ñ�Í�Î�ÉwÜ#ÏüÎ�ÄYÌYÎ9Ý;: àRäæîÖá=ïtä�àlë®ç�å�îÖá�à<�2îLà2Þmàâçñå�ò*ßÖê1îLàlëùê1åmê1ä�ß�ç�ß

ð9�*ô
íªã9îLà2Þmà2ëÚámßÖêE�ÖámêÖà2àlíÐç�ß1Þ�ãMî�í��måoíªî²å<ø
îÄ��å�Þmß9ë�ÞHïþç�î�ëæêÖà2ê7ä�à7ômÞ�å�åæáLã¨ëªÞmà2ë�ß1ï
ê7å�ô÷íªã9è�ã¨ê9ï á�ß1êE�Öá�ê?ã®å÷î²ã�è�å�äæã!��ãÕç�ß9é�ðM�=�ªîLàRÞmàâçñå�òoß1ê1î²å�çñåýèmàRðªê1åmê7ä�ß?çñã�ï
çñåÕá²ã¨ê1è9á�ß1ðªßñ�*ôHì�ä�êyôüäæã9î²å�ç àlíâáLãªí9àâçrî�ò*ä�àÓð2åmêÖê7å�è�ã�é�å�ôYî²ã�è�å�äæã!��ã

σ
çñå�ï

Þ�åLç�ã!�]ò²Þ�ã�� �UÑ¨ÈiËLÑ¨Í¨Î1ÉLÜæÏ�ÎÖÄoÌ�ÎÄ��Í9ÁH�oÎ1Ñ�Æ�� Ã�Ä�Ã2ÁmÈ¨ÔÖÈ�Ê÷Ñ¨Î1È¨É�Î1Ê�� ¿ñÉ�ÌoÔÖÈRÜ�Ì�Ä�ÃiÍ
Ñ�ÎÖÉ�ÊtÈÖÏ�Ì�Ä�Ã�ÊtÌ�Å�Î Ä�Î1È�"¨É�Ã9Ñ¨Ì�Ê���&K��É�È�:oÎÖÆÖÆ1È¨Í?> � � �A@ ¾

� ¢CBj¢ DÄ±FEQ°HGJIr¤5«r®�¤
½
ÈPÏ�Î,ÁmÌ5/tÉ�Ã�ÆÖÆ1ÊtÈ�Ñ¨ÉoÎÖÄ�Ä���ÎÕÍ~�7Ñ¨È�.÷ÔyÁ�Ã9Í¨Î
/��oÈ�ÒPÍ�È9ÁH��Ø�Ñ®Ä�Ã
.oÑ¨ÌüÆÖÈ¨Æ7Ñ¨Èl��Ä�Ì�Î

É�Ã�Í¨Ä�È�Í¨ÎÖÆ1Ì���ÍN�ÖÅLÈ¨Ä�È¨ÊtÌ�%oÎÖÆÖÅoÌ�&§ÆÖÌ�Æ7Ñ¨ÎÖÊ�ÃM&C/}Å�È9Á�Ì�%�ÎÖÆ7Ñ¨Í¨Î1Ä�Ä�È
È
:�ÎÖÄ�Ì*Ñ�F¤ÄoÎÖÈ�"¨É�Ãª×
Ñ�Ì�ÊtÈ¨Æ7Ñ�FS��É�È�Ñ�ÎÖÅ�Ã�ØÚÙGÌ�&K��É�È�:oÎÖÆ1ÆÖÈ¨Í�/�Í��j�oÍ¨ÌoÑ�F�Æc&²ÈPÏmÆ1Ñ�Í¨È¼ÌVÉ�Ã9Ò7ÁmÌ�%�Ì��¤ÍI��È¨Í�Î7×
ÏmÎÖÄ�Ì�Ì�Ñ¨Î1É�ÊtÈPÏmÌ�Ä�Ã�ÊtÌ�%oÎÖÆÖÅ�Ì�&VÌD�ÖÅLÈ¨Ä�È¨ÊtÌ�%�ÎÖÆ1Å�Ì�&ÓÆÖÌ�Æ7Ñ¨Î1Ê�¾=dÂÄ�Ì¼ÜæÎQ��È9ÒPÍ¨È9Á���ØÚÑ
Ç�È�É�Ê.ËRÁmÌ�ÉoÈ¨Í²Ã9Ñ
F
Ì§É�Î9,æÃ9Ñ
FK:�Î7Á=�V.±Å�Á�Ã�ÆÖÆI�1Å�Æ7Ñ¨É�ÎÖÊ�Ã2Á=F¨Ä���&�ÒRÃRÏ�ÃM%C/}Í¨È9ÒPÄ�Ì�Å�Ãª×
Ø�ÙÛÌ�&�Í�Ñ�È¨ÊøÆ7Á�Ë�%�Ã�Î
/EÅ�È¨Ô=Ï�ÃD�ÖÅLÈ¨Ä�È¨ÊtÌ�%�ÎÖÆ1Å*Ã��§ÆÖÌoÆ1Ñ¨Î1Ê�Ã¤Æ1ÈPÏ�Î1ÉLÜ¼ÌoÑ¤Ã�ÅoÑ�Ì�Í¨ÄoË�Ø
�oÈPÏ�Æ1Ì�Æ1Ñ�ÎÖÊ.Ë¨¾]�UÑ¨ÈæÒPÃ2Ï�Ãl%�ÌVÈæÊ�Ã�ÅLÆÖÌ�Ê�ÃªÁHF¨Ä�È¨Ê'ÌoÒÖÍ9ÁmÎ!%oÎÖÄ�Ì�ÌK"¨Ã9ÒPÌ�Æ1Ä�È¨Ô1È�É�Î1Æ1Ë�É�ÆÖÃ
Í®ÌoÒPÈ9Á�Ì�É�È¨Í¨Ã�Ä�Ä�È�.ýÆ1Ì�Æ7Ñ¨ÎÖÊtÎ?�oÉ�ÌùÑ¨ÎB&ýÌ�ÁmÌýÌ�Ä���&÷Ë¨Æ,ÁmÈ¨Í¨Ì��<&/ ÒRÃ2Ï�Ãl%�ÌýÈwÊ�Ã9Å*×
Æ1Ì�Ê�ÃªÁ=F�Ä�È�.±Ì�ÄoÑ¨Î1Ä�ÆÖÌ�Í�Ä�È¨Æ1Ñ¨Ìy��È9Ñ¨È¨Å�Ã
ÌoÒÖÍ9ÁmÎE%�ÎÖÄoÌ��T"²ÃªÒPÌ�Æ1Ä�È¨ÔÖÈ
É�ÎÖÆ7Ë�É�ÆPÃÕÍ¤Æ1ÑªÃª×
:oÌ�È¨Ä�Ã9É�Ä�È¨Ê�É�Î7Ü¼Ì�ÊtÎGÈ�Ñ�Å�É�� Ñ¨È
.�ÆÖÌ�Æ7Ñ¨Î1Ê��0/EÈN�oÈPÏ�ÏmÎÖÉLÜ�Ã9Ä�Ì�Ì�Ä�Î1É�Ã�Í¨ÄoÈ¨Í¨ÎÖÆ1Ä�È¨Ô1È
Æ1È¨Æ7Ñ¨ÈM�oÄ�Ì��wÑ9Ã�ÅLÈ�.YÆÖÌ�Æ7Ñ¨Î1Ê�� Æ�ÊtÌ�ÄoÌ�Ê�ÃªÁ=F¨ÄoÈ�.wÒRÃ9Ñ�É�Ã9Ñ�È�.g"¨Ã9ÒPÌoÆÖÄ�È¨Ô1È�É�ÎÖÆ7Ë�É�ÆPÃo¾
hñÎ1Å�È�Ñ�È¨É���Î�ÌoÒJ�1Ñ¨Ì<&
ÒPÃ2Ï�Ãl%-"9ËPÏmËLÑ�É�Ã9ÆÖÆ1ÊtÈ�Ñ¨É�Î1Ä�� Í�Æ7ÁmÎÐÏmË�ØÚÙÛÎ!. ÔâÁmÃ�Í¨Î�¾



K8LNMPO8M Q

R S TVU W X Y Z [ \ ] S ^ R _ ]V` ` \
a b c R [ R W U d ]V` c U e ` U ` Tf]gW X e

hjilk�m<n�Ì?olp+i#q	i�r�Ìs	mltup�Ìwvjr;x�p	y	i#t1Ì	t<z#mlr|{�y!x�tutlrFi�z�y	mlq	q	}|m�~��	y	m�k�}�k��+��ml�
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rtÌ	s	mutlp�Ì	r�t1Ì	tuz�mlr;x�r|{+y	mu��mlq�Ì	m�ouz�Ìwv���x�k�x-s �y	m�k��i�n�x � x�m<z�q!x�nmÌ	s�Ì	m�~¡tÖÌ	t<z#m<�rFm�x�pwz¨Ì	~#qi#�=�i�k�t1Ì	tuz�mlrF} ¡ �	i#tlym�k�q�Ìpwx{¢p�i�z�i#y!x��PrFi�£�m<zVÌ�lrFmlq�wz#��tu~#i¨Ì
Ì	qz�mlq	t1Ì!~�q	}¤m��	mly	murFmlqq	}¤m¡¥�¦	mlq}§�	i#pw�w�i#pGÌ��	yi�k�xA£©¨ª�	y�Ì�p+i#qzAx�pz�m«t¬pwxA£��
k�}|r�Ì��oup�i#qi#rtÌ	s	mutlp�Ìwvx � mlqz�i#~=¥C®;¯H¨<��;t�nmÌ�y�ÌP�	y°�	rFi#r3p�i#qwz�x�pwz#m±®;¯��²~�	y	i#¦mltlt«y	mutu��y	tli�i#�#rFmlq	x�~#tlm � k�xHq	mli#��y!x�z¨Ìr|{�z#i��y�Ì��	y�Ì�p�i#qwz�x�pz#m|t��	i#tuy	m�k!�q�Ì	p+i#r§o<z#i�q	m�zAx�pª�w��y	i#¦	mutlt³i#�#y	x�z¨Ì	r|{�mut<nmÌ�~¡n��³�#i���rFi#rFmlqz�~�y	mlrFmuq�Ì�¦	mlq!x
�	i#tuy	m�k�qoÌ	pwx�tup�i�n��¤� � i�k�qi³��n�Ì��p�x�p)i#¦	muq	p�m¬y	mlt<��y	t�xH®;¯��A��y	x�~Ak�x�Ì	qwz#mlqtÖÌ	~��q	i#t<z#�)�i�z#i#p�x¡y	mlt<�wyt�x)�y�Ì o<z#i#r8rFi-£�muz¡�#}«z#��tlp�iAn��¡� � ilk�q	i)r;x�n�x���Ft<nmÌ�£�m�	y	ilk�i�n!£¼Ìz#m�n��#qi#tuz����y	i#¦	mutlt�x�i � y!x�q�Ì	smlq!x{!z�i ~#i��lq�Ì	p�x�muz��-x�k�x�s!x±i±zAx�p�i�rÌ��rFmuq	mlqoÌ�Ì�¦	mlq§�-x�p���	p�ÌüÌ´�	yi�k�x�£¼Ì§y	mutu��y	t�xw{;�y�Ì´p�i�z�i#y	i#rµ�-x?�-x�k�x�q	q	i#m
~#y	mur$�¶�	i#tuy	m�k�qoÌ	p Ì�l~�n�mus	muz�r;x�p+tÖÌ	r;xAn!�#q	}|�ji#�
µ�mur��#x��PÌtlq	i � i y	mutu��y	tlx�

��y�Ì·p+i#qzAx�pz�m0olp+i#q	i�rtÌ	s	mltup�Ìwv¸x � muqz#i#~¹s	mlymu�0�	i#tuy	m�k�q�Ì	pwx´��rFmlq����xA�muz�t��ºq	mui#�#y!xAz¨Ì	rFi�tuz#�´�	y	i#¦mltltui#~´y	mutu��y	tui#i#�#rFmuq!x{|x8�#t<zAx�q!x�~�n�Ì	~°x�murF}|m=�	i��
tly	m�k�q�Ì	p+i#r»¦	mlq	}&ymltu��y	tui#~0�	y�Ì¹i#��rFmlq	m�t¶®;¯¼�	~An!�	��z#t½�¹���	y	x�~�n!����ÛÌrtÌ
~#i���k�ml�	t<z#~�Ì�	rtÌ·~�i#�wz¨Ì	rtÌ��x�¦�Ì	i�q	q	}�v¾�-x�k�x�s!x�v3rtÌ	p	yi#olp+i#q	i#rtÌ	poÌª�¤¿ªx�k�x�s�
i©r¬x�p�t1Ì	r;xAn��#qi#r Ì��~An�mls	muq�Ì�Ì0�#x��PÌ	tuq	i � i¶ymlt<�wyt�x8¥�r;x�p�t1Ì	r;xAn���q	i#�=�	yoÌ	�#}��nmÌ�¨Ày	m<��x���z�z�i#y � i#~#}|m�{°Á�Ì	q!x�q	tli�~#}|m¤�	i�tly	m�k�q�Ì	p�ÌP¥��°x�qp�Ìª{#p+i#qz�i#y	}�i#�#rFmuq!x~°xAn���z#}�¨�{;�y	i¨Ì�l~#i�k�t<z#~�mlq	q	}|mjÁ�Ì	y	rF}Â¥Ã�	i#tuy	m�k�q�Ì	p�Ì�rFmu£�k����	y	i�Ì��~�i�k�Ìz�m<�
n!�	rtÌ=tl}|y	���ª{/y	}|qpwx�rtÌ�y!x��#i�s	ml��t1Ìwn�}úÌ=i#�#i#yw��k�i#~#x�q�Ì��Ì=�	i�z#yml�¨Ìwz#m<n!�	rtÌ
�	y	ilk���p	¦�Ì�Ì�¨���ÄñÌ£�m�k!n!�p	y!x�z�p�i#t<z¨Ì0�°xA�PÌ	tuq	}|��y	mlt<��y	t

M
����k�mur¸q!xA��}|~°xAz#�

tl~#i��#i�k�q	}|rÅpwx���ÌzAxAn�i#r|��ÆÇi�z-nmÌs�Ì	m�i�zjtl~���-x�q	q	i � i?p�x���ÌzAxAn�x F i#q0q	m±�-xA�
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~�Ì	tÖÌwz�i�z���x��!x�tui#~�y	mutu��y	tui#~	�

Ôn¢ÖÕ�¢ ×Á§r®r©�²T°HØ�«�¨�¥´�Øi®¦�¥]°�¨�¬�®��zªK®r«r®rªX±R°HØ�«r¨FÙ
Ú ®�¥¥®³Ûr±FÜr®Q®�§�¤+¥]¦j§r¥C¨�¨�©�ª-¤5«�±

ê|Ý�Þ íMïw�=ò°ß�à�áuâIò�ìJ�Aã+à-ß�à½ä Þ!åæ áuã+àlëjá Þ áuâ æ ä0ï´ß!ç�è�àAé æ äêä¡ç�ã+á Þ ä�çP�=ò°ß�à æ ã+à-ë
� Þ!åwæ á<â±é�àfí�çAè Þ á<ß�àM�<à Ý�æ á9� Ý áìçMî�ã+à-â±à Ý à æ ä¡àPé æ â íMïFâIò Þ è�é!� æuåwæ ß�à Þ è8á Þ ë
á<â æ ämï\îHí Ý�Þ â æ ø Þ � Þ�Þ ßHï�ø3àM� Ý ç�ß Þ	åæ ß Þ�î ø �F�¡yoÌ´o<z#i#rï�	i�k�tÖÌtuz#murFi#���i��
qoÌ	r;x�muz�t½�§ilk�Ì	qwÌwn�Ì�qmltlp+i�n��#p+iPoup�i#qi#rtÌ	s	mutlp�Ì�v§x � muqz�i#~�ÌwÌwv0i�p	y�+£�mlq�Ìm¥�olp+i#q	i#rtÌs	mltup�Ì	�y	m<��mly~��°x�y�¨��ª��y�ÌjzAx�p�i�r¾i#�	ym�k�m�n�mlqoÌ�Ì=�y�Ì	�#}�n���q	i#t<z¨Ìtu�°�
��mlt<z#~#mlq	q���Jyi�n���Ì � y!x���z³i � y!x�q�Ì	s	muq�Ì�ª{�q	xAn�i�£�muq	q	}|m;q!x¤�	y	i�¦	mltutUÌw��~�n�mus	m��qoÌ� �°x��PÌtlq	i � i�y	mutu��y	t�xw��¡yoÌ	~#m�k�mlr§qmlp+i�z#i#y}|mÂÌ���	i�k�i��#q	}�v i � y!x�q�Ì	s	muq�Ì	�ª�ð �°ñ�y	i#rFm|q!x�s	xAn��#q	i � i�tui#t<z#i��q�Ì�¢{+rFi � ��z)��}«z#����x�k�x�q	}Jp+i#q	mlsq	}|m�tui#tuz�i���q�Ì��~#tlm�v
Ìwn�Ìjq	mup�i�z#i#y	}�v?®;¯��

�w��h¶i � �+z��#}«z�� ��x�Á�Ì	p+tÖÌ	y	i�~°x�q	}ê�#t�n�i#~�Ì�jy!x�~�mlq	t<z#~°x±z#m�vÕÌwn�ÌÕÌ	q	}�v
Ì	qw�z�mlq	t1Ì	~#q}«v§�	mly	murFmlq	q}«v§tÖÌ	t<z#mlrF}
(pi, p0)

t�tui#i�z#~�muz#t<z°~������ÛÌ	rtÌ¹�	muy	mlrFmuqw�
q}|rtÌj~#q	m<��q	mu�?tlym�k�}��
È ��¿ªx�k�x�q	x��	y	ilk�i�n!£¼Ìz#m�n��#qi#tuz����	y	i#¦mltltlx�
ò �!Ä¡xAn�i-£±muq	}·�#t�n�i#~¨Ìw�jq	mui�z#yoÌ	¦!x�z#m<n���q	i#tuz¨ÌP�mly	murFmlq	q}«v¢�
®�z¨Ì�Ì§Ì	q	}|m�i � y!x�q�Ì	smlq�Ìw�=��rFmuq	����x���z¶~#m�nmÌ	s�Ì	qw��y�Ì	�#}�n���q	i#t<z¨Ìª��ó�n!�qmlp+i�z#i#y}�v)t1Ì	t<z#mlrj�-x�k�x-s!x|y!x�tus	muzAx��	y�Ì�#}�n��#qi#tuz�Ì��	y�Ì¡i�z#t<��z�tuz°~¨ÌoÌ�i � y!x�q�Ìw�smlq�Ì	�¶q	mñÌ	rFmumuz ymu��muq�Ì�¢��ñµzAx�p�Ì	r�tÖÌtuz#mur;x�rJi�z#qi#t½�z#t½�jt1Ì	tuz�mlrF}Åt��#i�n!mlm

smlrµi�k�qoÌ	rµolp+i#q	i#rtÌ	smltlpoÌ	rÇy	m<��muy	~��°x�y	i�r|{Àz�x�p´p�x�p§~Pq�Ìwv8�	i#tlym�k�qoÌ	p¹rFiA�
£�m<z
Ìw��~�n�mus	�¶tup�i�n��©� � ilk�q	i¶��i�n�����i#m�p�i�n�Ì	s	mlt<z#~#i¶�°x��ÖÌ	tlq	i � i¶ymltu��y	tlx��ô³zA�rFm<z¨Ì	r|{�sz�i��	y�Ì	��}�n��#q	i�tuz#��~�tÖÌ	t<z#mlrFm³t�i�k�qoÌ	r�y	m<��muy	~��°x�yi#r§�	y�Ì ��x�k�x�q	q	i#r
q	x�s!x�n��#q	i#r�tli#t<z#i��q�Ì�Ì®;¯ Ìji�z#t<��z�tuz°~¨Ì�ÌPi � y!x�q�Ìs	mlq�Ì�Pq!x��	yi�k�iAn!£�Ìwz#m<n!���qi#tuz����	yi#¦	mltut�x�~�n!�muz#t½�¹x�q!xAn�i � i#rµolp+tlmuy � Ì�Ìª{$�ÛÌ	yi#p�i�Ì	tu�	i�n����u������ml�	t½��y�Ì?x�q!xAnmÌ�lm¡z�mly	rFilk�Ì	q!x�rtÌ	s	mltlp�ÌwvjtÖÌtuz#mur|�
õÀx�tutlrFi�z�y�Ì	rïoup�i#q	i�rtÌ	s	mltup���¼tÖÌtuz#mur$�#{$tli�tuz�i���)��� Ì�

k
®;¯�{�p�x�£�k�}|�

Ìw��p+i�z#i#y}�v?y!x�tl�	iAn�x � x�muz�q	mlp+i�z#i�y	}|r¾��x��!x�tli#rJy	mlt<�wyt�x Ni (i = 1, 2, . . . , k)Ì3�°x��PÌtlq	i � i§y	mlt<�wyt�x Mi
�«ôH¦	mlqpwx�y	mlt<��y	t�x

pi
�-x�~¨Ì	t1Ìz´i�z

Ni
Ì
Mi
�«ô�k!�

qi#�§Ì���i�k�t1Ì	tuz�mlr¸rFi�£�muz��#}«z#�©olp+i#q	i#rtÌs	mltup�Ì	��y	m<��muy	~��°x�y¢{�k	n!�p+i�z#i#yi � ii�¦	mlqpwx�y	mutu��y	tlx
p−
�i#tuz�i��q	q!x�ª��y	m�k��	i�n!i�£¼Ì	r|{�sz#i©t1Ì	tuz�mlr;x��-x�rFp	q�+z�x©�i

ymlt<�wyt�x�r|����y�Ì¶p�i�qz�x�pz#m
i
�ö�¤Ì

j
�ö���	i�k�tÖÌ	t<z#mlr3~#i���q�Ì	p�x���z��	i�z#i�p�Ìjy	mutu��y	tlx

nij
Ìºpwx���ÌzAxAn�x

mij

�«��y�Ìºouz�i#r��	i�z�i#pºy	mlt<�wyt�x¹q!x��	y!x�~�n!mlqºi�z´�	i�k�tÖÌ	t<z#m<�
rF}�t¶rFmuq	����mu�Ji#¦	muq	p�i���p��i�k�t1Ì	tuz�mlrFm?t��#i�n�����mu��i#¦	mlqp�i#�¢{¬x=�	i�z�i#p�pwx��
�oÌzAxAn�x�q	x��	y!x�~�n�mlq�q!x�~#tuz�y	mls���	i�z#i#p� y	mutu��y	tlx�	ÆJtÖÌtuz�mlrFmñÌ	rFmlm<z#t½��Á�Ì	yr;x
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¥Ã�	i�tly	m�k�q�Ì	p�¨�{�mum¡¦	m�n��#�Å�	~�n!�muz�t���zAx�p�x���i#y � x�q�Ì��x�¦�Ìw�¶y	mlt<��y	tli#i��#rFmlq	x{��	yoÌp�i�z�i#y	i#��Á�Ì	y	r;x Ì�l~�n�mlp�x�muz�Ìw�©t1Ì	tuz�mlrF}�q	mlp+i�z�i#y	i#m�p�i�n�Ì	s	mlt<z#~#ipwx��oÌz�x�n�x
M
�ÀÆµk�x�n��#q	mu���murïrF} ����k�mlrµ�	y	m�k��	i�n�x � xAz#�	{Àsz#iPq	ml�	i�tly	m�k�tuz#~#mlq	q	}|�¹i#�A�rFmlq�y	mutu��y	tlx�rtÌ�rFmu£�k���®;¯êqml~#i��lrFi�£�muqª{�Á�Ìy	r;x�q!xA��q!x-s!x�m<z�¦	mlq	}º�i#p���	p�Ì

Ì8�	y	i�k�x�£¼Ì8y	mutu��y	tlx{Àtuz�y	mlr$�tl��y�Ì�o<z#i#r¸k�i#��Ìz#�#t½�8r¬x�p�t1Ì	r$��r;x
M
{�x¶�	i��

z#i#poÌ¶�-x�pw�w�i#pÕÌ¶�	yi�k�x�£&�-x�~�Ì	t½�z i�z�¦	muq	}
cν
{!�	ym�k!n�i-£�mlq	qi#�jÁ�Ì	y	rFi#�

ν
�²�

�	i�k�tÖÌ	t<z#mlrFm�{�Ì¶i#¦mlq	poÌ
piν

�	ilk�t1Ì	tuz�mlrFi#�
i
� � i�ymltu��y	tlx{�z-� m��

niν = niν(pi, ci), niν = 0
�y�Ì

pν = cν , ç�
��æ (niν) = ç�
��æ (ciν − piν).¿¢q!x�pj�	i�z#i�pwx�~ ouz�i#�P��x�k�x-s	m�����k�murºtus�ÌzAx�z#�©�i�n�i�£¼Ìz�m<n���q	}|r|{�mlt<n�Ìi�q?q!xA�
�	y!x�~An�mlq¹~=tuz#i�y	i#q�´Á�Ì	yrF}�{$z�x�p¹sz�i0i#q´rFi#q	i�z�i#q	q	i�y	x�tuz�muz8t�y	i�tuz#i�r

ci
�

��i#tly	m�k�q�Ì	pjq	m¡�	yi¨Ì��~�i�k�Ìz-{�x�z#i�n!�#p�i��	muy	ml�	yi�k�x�muz�y	mlt<�wytl}��
ôHs	mu~¨Ì�k�q	i{�swz#i �i�z#i�pjpwx���ÌzAxAn�x

mν(pν , cν) = −
∑

i

ciνniν(pi, ci).

¿ªx��!x�tu}¸y	mlt<�wyt�x¼Ì¶p�x���ÌzAxAn�x±~
ν
�ö���	i�k�tÖÌ	t<z#mlrFm Ì��rFmuq�	��z#t½�?pwx�p

Ṅiν = −niν(pν , cν), Niν(0) = Niν0,

Ṁν =
∑

i

ciνniν(pν , cν), Mν(0) =Mν0.

ñ¡x�p¶�	y!x�~¨Ìwn�i	{!i#¦	muq	p�Ì
piν(Nν ,Mν)

rFi�q	i�z#i�q	q	i���rFmlq	����x���z#t��?t�y	i#t<z#i#r
Ni
�	yoÌ�Á�Ì	p+tÖÌ	yi#~°x�q	qi#r

Mν
Ì q	m¤���#}|~#x���z�t�y	i�tuz#i�r

Mν
�	y�Ì Á�Ìp�tÖÌy	i#~°x�qw�

q	i#r
Nν

�Ä�x���k�mlr|{wpwx�p+i#�©i#��µ�mlr§�°x��ÖÌ	tlq	i � i�y	mlt<��y	t�x±rFi-£�muzÛÌ��~An�mls	��Á�Ì	y	r;x�-x tup�i�n!� � � i�k�q	i��#iAn�����i#m Ìj��x p�i�q	mls	qi#m�~#ymlr$��k	n!�?t<n	�ws	x�ml~{�p�i � k�x ~ t1Ìw�tuz�mlrFm Ì	rFmumuz�t��?ymu��muy	~��°x�y Ì¶p�i � k�x±i#q�i�z#t<��z�tuz°~��#muzA�
Ç-È�É�ÊRÉ!��Ì§���	�°��7�"�É��#�	7�%�È�É�2����°��Ë0"��8É	�
È�Ë	"������+"�Ë
� �À�#�	�+�mË���É�ÊF��ÈÌ§�����°'5É�"�É����������#'���*�È��° +��È����]Ë�È�Íw¼H��~�n!mls	muq�Ì	m)�°xA�PÌ	t��
q	i � i�y	mutu��y	tlx)~#i���rFi�£ q	iHz�i�n��#p+i�~�z#i#r0t<n	�ws	x�m�{+p+i � k�x¡q!x-s!xAn!�#q	i#m|tli�tuz#i-�	q�ÌmtÖÌ	t<z#murF}»q	mly	x�~#q	i#~�mltuq	i	{�z��¢m��¢~#mupz#i�y	}Çi#¦mlq	i#p

pν(0)
�j�	i�k�tÖÌ	t<z#mlr¸y!x��<nmÌ	sw�

q	}�����y	i�¦	mltut)��x�p�x�q	s�Ì	~#x�muz�t��?~ tli#t<z#i-�	q�Ì�Ì?y!x�~#q	i�~#mlt1Ì�ª{�p+i � k�x i�¦	mlq	poÌP~�tlm<v�	i�k�tÖÌ	t<z#mlr3y!x�~#q}êi�¦	mlq	p�x�rJoup�i#qi#rtÌ	s	mutlp+i � i y	mu�lmly	~��°x�y!x
piν(M ν , N ν) = p0i , i = 1, ..., n, ν = 1, ...,m.

¥ · � ð ¨
h?x�p+tÖÌ	r$��r$�ñÌ��~�n!mls	muq	q	i � i��°x��ÖÌ	tlqi � i¤y	mlt<��y	t�x�tui#i�z�~#muz�tuz#~��#muz³rtÌ	q�Ì	r$��rjtu��rÀ�r;x�y	q	i � i�p�x���ÌzAxAn�x�®F¯ Ì¶ymu�lmly	~��°x�y!x��

m
∑

ν=0

M ν → min .
¥ · ���#¨
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ó�n!�±k�i#t<z¨Ìw£±muq�Ì�©o<z#i#�©¦	m�nmÌ©�	i#tuy	m�k�q�Ì	p©��x�p���!x�m<z±y	mutu��y	tl}·�	i�t�x�rF}|r´q�Ì�<�
poÌ	r»¦	mlq!x�r ¥Ãi�¦	mlqpwx�r¬¨���z#m�v3®;¯�{F�§p�i�z�i#y	}�v�i#¦mlq	p�Ì

i
� � i0ymltu��y	tlx8q�Ìw£±m

p0i
{�x¶�	y	ilk�x�m<zP�	ijt�x�rF}|rÅ~#}|tli�p�Ì	rN¦mlq!x�r ¥Ãi�¦	mlq	p�x�r¬¨�z�mlrï®;¯){���p+i�z#i�y	}�v

i�q�Ì�~#}«��m
p0i
��¼N�	y�Ì���x�p���	p+mñÌ©�y�Ì©�	y	ilk�x�£�m��	y	i#¦mltltHi#�#y!xAz¨Ì	r'Ì��	y�Ì	yi#tuz

Á���q	p	¦oÌ�ÌP��n�x � i#tui#tuz�i��	qoÌ�Py	x�~#mlqjq�-n��)�¢Ä¡x-s!xAn��#q}|m��-x��!x�tl}Np�x���ÌzAxAn�x�®;¯��x�k�x�q	}�{�xæÌ��rFmuq	mlqoÌ	m��-x��	x�t�x±pwx���ÌzAxAn�x�oup�i�q	i#rtÌ	s	mutlp+i � i y	mu�lmly	~��°x�y!x

∆M0 =
m
∑

ν=1

k
∑

i=1

(N iν −Niν(0))p
0
i .

ó�n!�ji#�y	m�k�m�n�muq�Ì�Ptli#t<z#i-�	q�Ìw�Py	x�~#q	i�~#mlt1Ì�ÕÌ	rFmlmur
m× n

�#t<n!i#~¨Ì	�§¥ · � ð ¨<{
Ì
m
�#t�n�i#~¨Ì	�¶i#�#y!x�z�Ì	rFi#t<z¨Ì

Sν(Mν , Nν) = Sν(Mν(0), Nν(0)) = Sν , ν = 1, ...,m.
¥ · � È ¨

õÀx�~#muq	tuz�~°x·¥ · � ð ¨�{H¥ · � È ¨�i#�	y	m�k�m<n	�	��z¹y	x�~#q	i#~�mltuq	}|mP�-x��!x�tl} y	mlt<��y	tli�~üÌ
p�x���Ìwz�xAn�x�®;¯���¼��l~�n�mus	mlqq	}|��p�x���ÌzAxAn�y!x�~#muq y	x���q	i�tuz¨Ì�rFm<£±k!��tu��rFr;x�y	q}|r
q	x�s!x�n��#q	}|r Ì8p+i#q	mlsq	}|rµpwx���ÌzAxAn�i#rï®;¯ �-xj~#}|smuz#i�rµ�	y�Ì	y!xA��muq�Ì�§p�x���Ìw�
zAxAn�x�y	m<��muy	~��°x�y	x��

E∞ =
m
∑

ν=1

(Mν(0)−M ν)−∆M 0.
¥ · � ò ¨

� �À�#�	�+�mË�"�� ��É�Ê$��ÈCÌ§�����°'5É�"�É����������#'5É	��ÉÈ��° +��È��	�]Ë�È�Ë5Í�Æ ouz�i#r
t�n!��s!x�m��#t<n!i#~¨Ì�§y!x�~#qi#~#mutÖÌ�·¥ · � ð ¨)i�tuzAx���z�t��¹~PtÖÌwn!m©t�z�i#�´y!xA��q�Ì	¦ml�ª{$sz#i
~�mlpz�i#yPy!x�~#qi#~#mutlq	}�v?i#¦mlq	i�p

p0
q	m1Ì��~#mutuz#mlqª��ó�n!�jm � i�i#�	ym�k�m�n�mlqoÌ�§Ì	rFmumlr��t<n�i#~�Ì�jqmlq!x�p�i#�wn!mlq�Ì�jy	mutu��y	tui#~��	i�tly	m�k�q�Ì	p+i#r

m
∑

ν=1

(Niν −Niν(0)) = 0, i = 1, ..., n.
¥ · ���#¨

� Ì	t<z#mlr;x�¥ · � ð ¨<{;¥ · � È ¨<{;¥ · ����¨³i#�	y	m�k�m<n	�	muz
(m + 1)n

�mly	murFmlq	q	}�v0tli�tuz�i��w�
qoÌ�0�	i�k�t1Ì	tuz�mlrµ~jy!x�~#q	i#~#mutÖÌ�Ì¢���Ftuz�mltuz#~#mlq	q	i	{�sz�i?y!x�~#q	i�~#mlt1Ì	m ~jtÖÌtuz#murFm�t
�i#tlym�k�q�Ìp�i#r

M,N
i�z-nmÌs	q	i�i�z y!x�~#q	i#~#mutÖÌw�j�	y�Ìj�	y+�rFi#rJi#��r;muq	m��¢hjx�p�t1Ìw�

r$��r÷Ì��~�n!mls	muq	q	i � i��°x��ÖÌ	tlqi � i�y	mlt<��y	t�x y	x�~#mlq

E∞ =
m
∑

ν=1

(Mν(0)−M ν).
¥ · � �°¨

Ç-È�������È�Í«õÀx�tlturFi�z#y�Ìr,olp+i#q	i#rtÌ	smltup�w� tÖÌ	t<z#murF�#{;tli�tuz#i-��)�w� Ì�¶olp+i��
qi#rtÌ	s	mutlp+i � i�y	m<��muy	~��°x�y!xw{��i�k�t1Ì	tuz�mlrF}Åp�i�q	mlsq	i#�¶murFp�i#t<z¨Ì�¥ ®;¯�¨4Ì��i#tly	m�k!�qoÌ	pwxw�����#t<z#� Á���q	p	¦�Ì�¶��n�x � i#tui#tuz�i��	qoÌ�©k!n!���	i�k�t1Ì	t<z#mlrF}Nt�n�m�k�������x��

S =M1/3N
1/2
1 N

1/6
2 .
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¿ªx�k�x�q} q!x-s!xAn��#q}|m���x��!x�tu} y	mlt<��y	tli#~§Ì�p�x���ÌzAxAn�x
M(0) = 150, N1(0) =

20, N2(0) = 30
Ì?y!x�~#qi#~#mltuq	}|m�¦	mlq	}Nolp+i#q	i#rtÌ	smltlp+i � i©y	mu�lmly	~��#x�y!x p01 = 5

{
p02 = 2

�n¼H�=�wy	x�~#q	muq�Ì	� ¥ · � ð ¨�{�¥ · � È ¨�i#�	ym�k�m�n!�	mur¼y	x�~#q	i#~�mltuq	i#m�tli�tuz#i-�	qoÌ	m
�	i�k�tÖÌ	t<z#mlrF} Ìjy	x�~#q	i#~�mltuq	}|m)i#¦mlq	poÌ"!mÌ����y!x�~�q	mlq�Ìw�§¥ · � ò ¨ ¡ r;x�p�t1Ì	r$��rýÌ�<�
~�n�mus	mlq	qi � i)�°xA�PÌ	tuq	i � i)y	mutu��y	t�xw�ôHq�y!x�~#mlq M = 20, 95

�+Æ�~�m�k�mur8p�i#ouÁ¡Á�Ì	¦�Ìw�
mlqz

k
{EÌ�lrFmlq	muq�Ì�0¦mlq�ymu��muy	~��°x�y!x8¥�y	}|q	pwx©tli�~#mly��mlq	qi#�0p�i�q	p��y	mlq¦�Ì�Ì�¨ñÌ

�	i#t<z#y	i¨Ìrê�-x�~�Ì	tÖÌr;i�tuz��
E∞(k)

Ì��~�n!mls	muq	q	i � i?pwx��oÌz�x�n�x¶i�zjr;x�tu��zAx��#xj¦mlq¥Ãy�Ìt�� · � ð ¨<�
M

k

1500)( =M

1

95.20

Î+Ï�ÐlÑ$#�Ñ ÓlÑ$%HÙ'&lÏ�Ð7Ï�Û+ÞlÐ7Õ)(ÄÏ+*,&Pþ<Ú.-�Ú./+/�ÞPýBÞJØ�Ù!Ý�Ï�ÕPÙEþ�Ù0ÞPÕJÛwÙPÐ.0QÕPÙ21MÙ43�Ú./
5 Ø
Þ2/�ÞlÛ5Ï+-�Ú�Ð7Ø
ÞlýBÞJÖ�Ú.*BÚ7Ö+&l×WÙ!Ö<Ù

��i�k�s	mly	pq	mlr|{�sz#i�~Hi�z�nmÌ	soÌ	m|i�z��	y°�	rFi � i�p+i#qzAx�pzAx�®;¯¤�ö~±¥Ãtur|� � n��76#¨��	yoÌ
i#�#y!xAz¨Ì	rFi#r3i#��rFmlq	m)s	muy	mu���	i#tuy	m�k�q�Ì	pwx�y!x�~�q	i#~#mutlq	i�m�tui#t<z#i��q�Ì	m�q	m��-x�~�Ì	tÖÌz
i�z�p�Ì	q	m<z¨Ì	p�Ì?i#��r;muq!x�

Ç-È�É�ÊRÉ!��Ì§���	�°��7�"�É��#�	7~È����8�+È���É]É	9����+"�Ë~É	�
È�Ë	"������+"�Ë
�H�#t<z#�©�	y	ilk�i�n!£¼Ìz�m<n��#qi#tuz���y	mutu��y	tui#i#�#rFmuq!x���x�k�x�q	x�ÌPy!x�~�q!x

τ
��Æêo<z#i#r

t<n!��s!x�mP�	i#tlym�k�q�Ìpº~#}|q�+£�k�mlq3�	i#~#}«��x�z#�§¦	muq	}¼�-x�pw�w�p�Ìºymltu��y	tlx Ì3tuq�Ìw�
£±x�z#�0¦mlq	}¼�y	i�k�xA£�Ì¹�	i0tly!x�~�q	mlq�Ì� t¶y!x�~#qi#~#mltuq	}|rtÌ3i�¦	mlqpwx�rtÌ

pi
��®�z#i

�	y�Ì	~�m�k�m<zjp=q	mui#�#y!xAz¨Ì	rF}|r¸�	i�z#muy+�r�Ì��rFmlq	���GÌzj~#m�nmÌ	s�Ì	qw�§Ì��~An�mls	muq	q	i � ipwx��oÌz�x�n�x�C� � i�r;x�p�t1Ì	r;xAn���q	i�~#i��lrFi�£ q	i#m¡��q!x-s	mlqoÌ	m Eτ
i#p�x�£�muz�t��PrFmuq	����m�{

s	mlr
E∞

�W¼³v¡y!x��lq	i#t<z#�
∆E = (E∞−Eτ ) > 0

v+x�y!x�pz#muy�Ì�l�#muz�q	mui#�#y!xAz¨Ì	rFi#t<z#�
�	y	i#¦mltltlx�y	mlt<�wytli#i��#rFmlq!xw�

��i�z�mly�Ì Ì�l~�n�mus	mlqq	i � i�pwx���Ìwz�xAn�x�¥���rFmlq����muq�Ì	m��	y�Ì	��}�n��#q	i#t<z¨Ì�¨/�	i�tuy!x�~��q	mlqoÌ	�ït¡y!x�~�q	i#~#mutlq	}|rJ�	yi#¦	mltutli#rJi#¦	muq�Ì	~#x�muz�k�Ì	tutÖÌ	�!x�¦�Ì�jpwx��oÌzAxAn�x��

σ = n(p, c)(p− c).
¥ · ��6#¨

Æ�m<n�Ì	s�Ì	q!x¡k�Ì	tutÖÌ�!x�z¨Ì	~�q	}«v��	i�z�mly	��i#�y	m�k�m�n!�	m<z#t��©~)t<n!��s!x�m³tlp�xAn!�y	q	i � i�y	m��tu��y	tlx p�x�p
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∆S(τ) =

τ
∫

0

σ(t) dt =

τ
∫

0

n(p, c)(p− c) dt.
¥ · � · ¨

������É������DÉ�%��	���mË��7�"�É��#�	�0 �Ë	'��ª%�É�';:ì%�È�É�ÊRË�Ì=<-�+õÀx�tlturFi�z#yoÌ	r§i#�#rFmuq
rFm<£±k!�?�	i�tly	m�k�q�Ì	p+i#r Ì�®;¯ Ì~#}«�tlq�Ì	r|{¢p�x�p§Ì�lrFmlq�wz#��¦	mlqw�P�	y	ilk�x�£¼ÌPy	m<�
t<��y	t�x

c
{�sz�i#�#}3��x)Á�Ìp�tÖÌy	i#~°x�q	q	i#m�~#y	mlr$�

τ
�y	i�k�xAz#�)�-x�k�x�q	q	i#m�p�iAnmÌ	s	mutuz#~�i

ymlt<�wyt�x
∆N

t�r;x�p�t1Ì	r;xAn��#qi#�¸~#}|y��s	p�i��ª�?>�tlq	i{¤sz#i¹z#mur £�m�#t<n!i#~¨Ì�r
����k�m<z0i�z#~�mls!x�z��®Ì´¦	mlq!x�	i#p���	p�Ì¹y	mlt<��y	t�x=�´®;¯�{$mlt<n�Ì�Á�Ì	y	r;xt<z#y	murtÌz°t½�
��x�z�y!x�z¨Ìwz°�§pwx�p3rFi-£�q	i0rFmuq	����mPp�x���ÌzAxAn�xw��¼ ~0z�i#r|{UÌJ~=k�y� � i�r t�n!��s!x�m
i��
µ�mlr¹pwx���ÌzAxAn�x�®;¯µ~±p�i#q¦	m��	yi#¦	mutlt�x

M(τ)
k�i�n!£�mlq��#}«z#��rtÌ	q�Ì	r;xAn!mlqª�

¿ªx�k�x-s!x�Á¡i#y	r$��nmÌ	y�#m<z°t½�?pwx�p
M =M(τ)→ min

c(t)

¥ · � @°¨
�y�Ì¶�#t�n�i#~�Ì�wv

N = N(τ) = N0 −∆N,
¥ · � ð2A ¨

dM

dN
= −c,

¥ · � ð�ð ¨
τ
∫

0

dt =

N0
∫

N

dN

n(p(N,M), c)
= τ.

¥ · � ð �#¨

¿�k�mltu��k!n!� �mly	m�v°i�k�x)i�z
dt
p
dN

Ì	tu�	i�n����li#~°x�q!x�p�Ì	qmuz¨Ìs	mltlpwx�� �-x�~�Ì	tÖÌrFi#tuz��
dN

dt
= −n(p, c),~±p�i�z#i#y	i��j�	i�z�i#p

n
q!x�Ì	qz�mly	~#xAn�m

(0, τ)
q	m¡i#�#y!x���x�m<z#t½�?~±q�-n!�	�

Æ��-x�k�x�s	m§¥ · � @°¨bâ�¥ · � ð �#¨�z�y	ml���#muz#t��ºq!x��z�Ì¾zAx�pw�w�ÂÁ��wqp	¦�Ì	�
c∗(N)

{$k!n!�
p+i�z�i#y	i#�¶�	y�Ì	y	i�tuz�p�x���Ìwz�xAn�x�®;¯µi#pwxA£�muz#t½�¶rtÌ	q�Ìr;xAn��#q	}|r|�

¿ªx���Ìw��mlrj�#t<n�i#~�Ì�)i#�z�Ì	r;xAn��#qi#tuz�Ì)k	n!�)o<z#i#�)��x�k�x�soÌ�~�Á¡i#y	rFm¬�y�Ì	q	¦�Ì�!x
r;x�p�t1Ì	r$��r¬x±~��	ym�k��i�n�i�£�muq�Ì�Ì q	mu~#}|y	i-£±k�muq	q	i#t<z¨Ì y	m<��mlqoÌ�

(ψ0 = 1)
�

Á���q	p	¦oÌ�CBwx�rtÌwn��-z#i#q	x
H = −ψc+ λ

1

n(c, p(N,M))
;

��y!x�~#q	muq�Ì	mHk!n!�¶tui#�	y+�w£�mlq	qi#�¶�	mly	murFmlq	qi#�
dψ

dN
= −

∂H

∂M
= −λ

∂n/∂p(∂p/∂M)

n2(c, p(N,M))
, ψ(N) = 0;

¥ · � ð-È ¨
��t<n�i#~�Ì	m;r;x�p+tÖÌ	r$��r;x¤�	i

c
k	n!�¡~#}|���pwn!i#�)~�~#mly#vñÌ³k�Ì	Á¡Á¡mlymlq	¦�Ìy�#m�rFi��)Á¡��q	p��

¦oÌ�Ì
H ∂H

∂c
= −ψ + λ

∂n/∂c

n2(c, p(N,M))
= 0.
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¼�tlp�n��³s!xA�
ψ
t��wsmuz#i�r ¥ · � ð-È ¨ìÌ�tli�p	y!x���x��

λ
{ª�	i�n!��s�Ìrê�#t�n�i#~¨Ì	m�i��z¨Ìw�

r;xAn��#qi#tuz�Ì©�-x�p���	i#p�¥Ã�	y	ilk�x�£�¨EDGF áIH�àAé Þ�æ ä Þ ß Þ ä¡ç'H]ò°ß�àlë�J Þ álá Þ í!çLK Þ!Þ í Ý à�ë
K æ áuáìç Ý�æ á FlÝ áuàAàlí�ä æ ß!ç

d

dN

[

∂n/∂c

n2(p, c)

]

=
∂n/∂p · (∂p/∂M)

n2(p, c)
,

¥ · � ð ò ¨

p�i�z�i#y	i#m©i#�	ym�k�m�n!�	m<z
c(N,M)

t�z�i#s	q	i�tuz#��� k�i=p+i#q	t<z�x�qwz#}¡{F~#}|s�Ì	t�n!�	murFi#�
Ì��y!x�~#muq	tuz�~°x?¥ · � ð ��¨<�

Æ¸z�i#rºt�n!��s!x�m�{¢p+i � k�x�i#¦	muq	pwx�y	mlt<��y	t�x p �-x�~¨Ì	tÖÌwz©z�i�n��#p+i©i�z©m � i��-x��	x�t�x
N
¥
∂p/∂M = 0

¨<{�#t<n�i�~¨Ì	m�¥ · � ð ò ¨����	y	i���x�muz�t�� Ì¶�	yoÌ	rFmuz Á�i�y	r$�
∂n/∂c

n2(p, c)
= äEå�æ�çtè . ¥ · � ð �#¨

M$x�p¢{�k!n!�
n(p, c) = α(c− p),

¥ · � ð �°¨
Ì���#t<n!i#~¨Ì�P¥ · � ð ��¨$�	y�Ì �	yi�k�x�£�m¤y	mutu��y	tlx��	i�n	�wsoÌ	r�i#�z�Ì	r;xAn��#qw�w�¸¦	muq��k!n!�
i � y	x�q�Ì	s	muq	q	i#�j�	y	ilk�i�n	£�Ìz�m<n���q	i#tuz�Ì τ

c∗τ (N,N) = p(N)−
N −N0

ατ
,

¥ · � ð 6#¨
x±~#}|yw�wsmlq	q	}|�?�	y�Ì¶�	y	ilk�x�£�m�pwx���Ìwz�x�ny	x�~#muq

Eτ (N) = E∞(N)−
(N −N0)

2

ατ
,

¥ · � ðP· ¨

� k�m E∞ D pwx���ÌzAxAn�{¬p+i�z�i#y	}|�JÁ�Ì	y	r;x�rFi � n�x=�#}&�	i�n	�wsoÌz#�8�	y�Ì
τ → ∞

{
�	y	ilk�x�~°xA��y	mlt<��y	tP�	i0y!x�~�q	i#~#mutlq	}|r,¦	mlq!x�r

c(N) = p(N)
�ON���q	p	¦�Ìw�

E(τ)�	i#p�x��-x�q!x±q!x±yoÌ	t�� · ���w�

0 t0t *t

t
E

¥
E
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��y�Ì
τ < τ 0 =

∆N 2

αE∞

Á�Ì	yr;x©~#}|q�+£�k�mlq!x k�i#�wn�x�s�Ì	~#x�z#���	i#p���!x�z�m<n��)����y�Ì

τ ∗ = 2τ 0
tlym�k�q�w�±Ì	qz#muq	tÖÌ	~#qi#tuz#�?�	yoÌ	�#}�nmÌ

e(τ) =
E(τ)

τ

r;x�p+tÖÌr;xAn��#q!xVÌ
y	x�~#q!x

e∗ =
α

4

[

E∞(N −N0)

N −N0

]2

.
¥ · � ð @#¨

ñ¡x�£�k�i#r$�©��q!x-s	muq�Ì	�
τ
tui#i�z#~�muz#t<z°~��°muz¤Ì	qz#muq	tÖÌ	~�q	i#tuz#���	i�z#i#p�x��	y	ilk�x�£j�

Æ s!x�tuz#qi#tuz¨Ìª{¬�	i�z�i#pª{Ftli#i�z�~#muz�tuz#~��w���æÌ	�
τ = τ 0

{F~#i���q�Ì	p�x�m<z8�	y�Ì���mltl�y�Ìw�
��}�n��#q	i��Å�	y	ilk�x�£�m�y	mlt<�wyt�x��¼�qz�mlq	t1Ì	~#q	i�tuz#�º�y	i�k�xA£?{¤tui#i�z#~�muz�tuz°~��w����x��
r;x�p�t1Ì	r$��rF�=�i�z#i�pwx��	y�Ì	�#}�n�Ìª{�~�k�~°x�y!xA�-x�q�Ì£�m�{/s	murõÌ	qz�mlq	t1Ì	~#q	i�tuz°�?��mlt<�
�y�Ì	�#}�n!�#q	i#�¾�	y	i�k�x�£¼Ì3�	y�ÌJnmÌ	q	mu�	q	i#�¾��x�~¨ÌtÖÌ	rFi#t<z¨Ìº�	i�z#i�pwx�i�z§y	x���q	i�tuz�Ì
¦mlq	}õÌ¶i#¦	muq	p�Ìª�
ó�n!�¶y	x�tlturFi�z#ymlq	q	i � i��	y�Ì	rFmuy!x�q	mui#�#y!xAz¨Ì	rF}|m)�i�z#muy�Ì?y	x�~#q	}

∆E(τ,N) =

τ
∫

0

α(p(N)− c(N))2 dt =
(N −N0)

2

ατ
,

zAx�p¶sz#i
E(τ) = E∞(N)−∆E(τ,N) = E∞(N)−

τ
∫

0

n(p, c)(p− c) dt.
¥ · ��� A ¨

¿�k�mltu� �i�k�Ì	qz�m � y!xAn�i#r3t<z#i¨Ìwz±k�Ì	tutÖÌ	�!x�¦�Ì�jpwx��oÌz�x�n�x�Æ�}|y!xA£±muq�Ì	m�¥ · ��� A ¨�tu�	y!x�~#m�k!n�Ì	~#i«k!n	�¡�	y	i¨Ìw��~#iAn��#q	i#����x�~¨Ì	t1Ì	rFi#t<z¨Ì
n(p, c)

�
ó�mu�	tuz�~¨Ìz#m<n��#qi	{+�	yoÌ��	muy	m<v°ilk�m�i�z

dt
p
dN

Ì	qz�m � y	xAn©~�¥ · � · ¨��	yoÌ	rFmuz�Á�i�y	r$�

∆E(N) = E(N)− E(N0) =

N
∫

N0

(p(N)− cτ (N,N)) dN.

Æ¾tl~#i#�Ni#s	muy	m�k��iÌ��~An�mls	muq	q	}|�Pp�x���Ìwz�xAnPy!x�~#mlq

E(τ,N) =

N
∫

N0

cτ (N,N) dN, E∞(N) =

N
∫

N0

p(N) dN.
¥ · ��� ð ¨

¼H�Htuy!x�~#q	muq�Ì�©o<z¨Ìwv�y!x�~#muq	t<z#~±t�n�m�k��#muz�~#}|y	x�£�mlq�Ì	m�¥ · ��� A ¨<�$M$x�p�Ì	r§i��#y!x��li#r|{
i��z¨Ì	r;x�n��#q	}|m��	y	i�¦	mltutl}ï�-x�pw�w�i#p�¥Ã�y	i�k�xA£©¨|�	~�n!���z�t���	y	i�¦	mltut�x�rtÌ=rtÌ	q�Ìw�
r;x�n��#q	i���k�Ì	tlt1Ì	�!x�¦�Ì�Ìª{�x��#t<n�i#~�Ì	m ¥ · � ð ò ¨;�	~�n!�muz�t����#t�n�i#~¨ÌmlrJrtÌq�Ì	r;xAn���q	i#�
kmÌ	tlt1Ì	�!x�¦oÌ�Ì?pwx��oÌzAxAn�x�

R¶ +�!���$���+"����©�mË	'ª�#���mË��7�"�É�*¹%�È���9	S��À�´��#���#�	�+���UT4VP���H�#t<z#���i��
tuy	m�k�q�Ì	p?Á���q	p	¦oÌ	i#q�Ì	yw�#muz�~�tÖÌtuz#murFm

m
®;¯¤�ö~	{�-x�rFpq�+z#i#�?�	i±y	mlt<��y	tu�#{�i#t<�°�

��mlt<z#~�n!�w�êz#i�~°x�y	i�i#�#rFmlq¸rFm<£±k��·®;¯ Ì¸t<z#y	mur$�	tl�ýÌw��~�n!mls	�Jr;x�p+tÖÌ	r$��r �°xA�
�ÖÌ	tuq	i � i=ymltu��y	tlx�;Æ»ouz#i�rÇt�n!��s!x�m���x�k�x�s	xPtl~#ilk�Ìz�t��´p��-x�p���	p�m�¥Ã�y	i�k�xA£±m�¨
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y	mlt<��y	t�x���p�x�£±k�i � i Ì�³olp+i#q	i#rtÌ	smltlpoÌwv©x � muqz#i�~	���y	i#¦	mutlt��-x�p���	p�Ì�¥��	y	ilk�xA�£�Ì!¨�k�iAn!£�mlq��	y	i�z�mlpwxAz#��i#�z¨Ìr;xAn��#q	i)t|z#i#s	poÌ ��ymlq�Ì�¼Ì��~An�mlsmlq�Ì�¥ �-x�z�y!x�z+¨
�°x��ÖÌ	tlq	i � i8y	mutu��y	tlx{¬zAx�pJsz�i8¦	mlq!x c Ì�i#¦	muq	pwx�y	mlt<�wyt�x p k�i�n!£ q	}&~=n��¤�
�#i#�±rFi#rFmlqwz)~#y	murFmlq�Ì��lk�i#~�n�m<z#~#i�y+�wz#�)�#t�n�i#~¨Ìw�	r8rtÌq�Ì	r;xAn���q	i#��k�Ì	tutÖÌ	�!x�¦�Ì�Ì
¥ · � ð ò ¨�{/¥ · � ð �#¨��!ôH�
µ�mlrF}º�-x�pw�w�i#p

∆Ni

��pwx�£�k�i � i�Ìw� m ®;¯¸k�i�n!£ q	}·~#}|�¨Ìw�
y!x�z��#t��¶i#�z�Ì	r;xAn���q	i¼Ì��lk�i#~�n�m<z#~�i#y+�wz#���°x�n�x�q	tui#~#i#r$��tui#i�z�q	i���muq�Ì	�

m
∑

i=1

Ni =
m
∑

i=1

Ni0.
¥ · ���8�#¨

õ�mu�lmly	~��°x�y=rFi-£�qi tls�ÌzAx�z���ilk�q	i#� Ì���	i�k�t1Ì	t<z#mlr|{��¶p�i�z�i#y	i#�Pi�¦	mlq	p�x
p−
q	m

�-x�~�Ì	tÖÌz0i�z=�-x��!x�tli�~�y	mlt<��y	t�x®Ì¹pwx���ÌzAxAn�x{;x�lq!x�s�Ìwz�{$k	n!�§n��³��}�v´��x�~¨Ì	t1Ìw�
rFi#tuz�ml�

n(c, p−)
i#�wz¨Ì	r;xAn!�#q!x��´¦	mlq!x

c
�y�Ì´�-x�pw�w�p�m
Ì¹�	yi�k�xA£±m©q	xzAx�p+i#r

y	}|q	p+m�k�i�n!£ q!x��#}«z#��q	mÖÌw��rFmlqq!x ~#i±~#y	murFmlq�Ì¢�
¿ªx�k�x�s!x|i#��Ì��~An�mls	muq�Ì�Ì�r;x�p�tÖÌr$�wr;x��°xA�PÌ	tuq	i � i�y	mutu��y	tlx��-x¤i � y	x�q�Ì	s	muq	q	i#m~#y	mur$��~��-x�rFp	q�+z#i#��rtÌ	p	y	i�olp�i�q	i#rtÌ	s	mutlp+i#�©t1Ì	tuz�mlrFmHtl~�i�k�Ìz�t½�ª{�zAx�p�Ìr§i#�#y!x��

��i#r|{¢q	x��	mly	~�i#r·o<z�x��m±py	mu��mlq�Ì�
m
�-x�k�x-s�¥ · � @°¨bâ¢¥ · � ð �#¨¤i#��i#�z¨Ìr;xAn��#q	}�v

�-x�pw�w�pwxAv¶¥��	y	ilk�x�£±xAv	¨ªk!n!��pwx�£�k�i#�ÛÌ�|�	ilk�tÖÌtuz�mlr8�y�Ì±Á�Ì	p+tÖÌ	yi#~°x�qq	}�v�q!xA�
s!xAn���q	}�v±Ì0p+i#q	mlsq	}�v��-x��!x�t�x�v�y	mutu��y	t�x�¥

Ni0

Ì
Ni

¨<��h?x�p�tÖÌr;xAn��#qi#m p+i�nmÌw�
s	mlt<z#~#iÛÌ�l~�n�mus	mlqq	i � i�pwx���Ìwz�xAn�x©¥ÃrtÌq�Ì	r;xAn���q	i#m�p�iAnmÌ	s	mutuz#~�i��-xAz#y!x-s	mlqq	i � i°¨
Ei(τ)

�-x�~¨ÌtÖÌz?i�z
Ni
��Ä¡x�~�z�i#y	i#rêo<z�x��m q	mli#��v°i�kmÌ	rFijq!x��z�Ì8i#�z�Ì	r;xAn��#q}|m

��q!x-s	mlqoÌ�
Ni

Ìw���#t�n�i#~¨Ìw�
m
∑

i=1

Ei(τ,Ni)→ max
Ni

¥ · ��� È ¨
�	y�Ì��#t<n�i�~¨Ì�Ì�¥ · ���7�#¨<�+W;t<n!i#~¨Ì��i#�z¨Ìr;xAn��#q	i�tuz�Ì©�-x�k�x-s�Ì=¥ · ���7�#¨�{¢¥ · ��� È ¨�ÌrFml��z
~¨Ì�k

∂Ei(τ,Ni)

∂Ni

= Λ, i = 1, . . . ,m.

¿¢q!x�smlq�Ì	m
Λ
q!xAv°ilk��z¼Ìw��¥ · ���7�#¨<�

� �wsmuz#i�r3~#}|y!x�£�muq�Ì�8¥ · ��� ð ¨��i�n!��s�Ì	r

∂Ei(τ,Ni)

∂Ni

= ciτ (Ni, Ni) +

Ni
∫

Ni0

∂ciτ (Ni, Ni)

∂Ni

dNi = ciτ (Ni), i = 1, . . . ,m.

¥ · ��� ò ¨
��mly~#i#m)t�n�x � x�mlrFi#m)~��	y	x�~#i#�js!x�t<z¨ÌP�	y	m�k�tuzAx�~�n!�muz�tui#�#i#�ji#�z�Ì	r;xAn��#qw�w�¦	mlqw��~rFi#rFmlqz

τ
{À~�z�i#y	i#m�t<n�x � x�murFi#m©p�i#yy	mlpz�Ì	y�#muz8o<z���¦	mlq���;ô�qii#�	y	m��k�m<n	�	muz�t��©�#tuy	m�k�q	mlq	q	}|r¹��q	x�s	muq�Ì	mlr¹sw�w~�tuz#~�Ìz#m<n��#q	i#t<z²Ì�i#�z¨Ìr;xAn��#q	i��©¦	mlq	}

p�p�iAnmÌ	s	mutuz#~���y	mlxAnmÌ�li#~°x�qq	i � i�y	mutu��y	tlx��Æ�}|y!x�£�mlqoÌ	m�¥ · ��� ò ¨¬q!x��li#~#mur�tup�i�yw�y	mlpwz¨Ì	y	i�~°x�q	q	i��´¦	muq	i#�ª�YX áIH�àAé Þ�æ à-í!â Þ ä¡ç'H]ò°ß�à�Z�à?éWï�íAà Ý ç=àlíL[ æ ä¡à�éPèAç�ã F í�à-ã
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\ í Ý à)JAçWé^]¹èAç�ã�H]ì å ç æ â±á î éJâ Ý�æ íAà�é�ç�ß Þ!Þ3Ý ç#é æ ß�á<â±é�ç¾áuã+à Ý#Ý�æ ã°â Þ�Ý à�é�ç�ß!ßHï�ø
K æ ß�J_H î é�á æ ø=í�à)JAá Þ á<â æ ä �

ciτ (Ni) = Λ, i = 1, ...,m.
¥ · ���8�#¨

Ç-È�������È�Í���y	i¨Ìwn	n!�³tuz�y�Ì	y�#mlr �	i#t�n�m�k�i#~°x�z�m<n���q	i#tuz#�êy	mu��mlq�Ìw�Ç�-x�k�x-s�Ì
q	x±�	y�Ìr;muy	m�{�p+i � k�x�k!n!�¶p�x�£�k�i#�¤Ì���	i�k�tÖÌ	t<z#mlr

pi =
hi
Ni

, i = 1, . . . ,m,
¥ · ���8�°¨

ni(c, p) = αi(ci − pi), i = 1, . . . ,m.
¥ · ���76�¨

Ä¡x���k�mlrNp�x���Ìwz�xAn/{Àp+i�z#i�y	}|�§rFi�£ q	iÕÌ�l~�n�mus	�§Ìw�
i
�ö�0�	i�k�t1Ì	tuz�mlrF} �-xjtlp+i�n��

� � i�k�qi �#i�n�����i#m¡~�y	mlr$�¢�=¼H��~#}|y!xA£�mlq�Ì�0¥ · ��� ð ¨�t��wsmuz#i�rµ¥ · ���8�°¨UÌ	rFmlmur

Ei∞(Ni) = hi

Ni
∫

Ni0

dNi

Ni

= hi ln
Ni

Ni0

, i = 1, ...,m.

ó�n!�§i � y!x�q�Ìs	mlq	qi#���y	i�k�iAn!£¼Ìz#m�n��#q	i#t<z¨Ì��	i#t�n�m�~��l�z�Ì�üÌqz#m � y!xAn�xJ¥ · ��� ð ¨�i�n!��s�Ì	r
Ei(τ,Ni) = hi ln

Ni

Ni0

−
(Ni −Ni0)

2

αiτ
.

¥ · ��� · ¨
WFt<n�i#~�Ì	m�¥ · ���7�#¨�i#�wz¨Ì	r;xAn!�#q	i � i ~#}|��i#y!x Ni

�	y�Ì	rFm<z�Á¡i#yrF�

ciτ (Ni) = pi(Ni)− 2
Ni −Ni0

αiτ
= Λ.

¥ · ���L@°¨

¿ªx�k�x-s!x=t1Ìwn��#q	i����	y	i���x�m<z#t��ª{¬p�i � k�x0~�tlm¶�	ilk�tÖÌtuz#mur;} Ì	rFml��z8�	i#tuz�i��qw�
q}|mHi�¦	mlq	poÌ

p = äEå�æ�ç�è ¥��	~An!�	��z#t½��olp+i#q	i#rtÌ	smltup�Ì	rtÌ�y	m<��muy	~��°x�y	x�rtÌ�¨<�PMÀi � k�x��t<n�i#~�Ì	m�i#�z�Ì	r;xAn��#qi#tuz�Ì§¥ · ���8@°¨��y�Ì	~#ilk�Ìz p¶y!x�~�mlq	t<z#~°x�r

pi −
2

αiτ
(Ni −Ni0) = Λ→ ∆Ni =

αiτ

2
(pi − Λ).

¥ · � È8A ¨

¼H�¡��t<n�i#~�Ì��¥ · ���7�#¨��lq!x�smlq�Ì	m
Λ
y!x�~#qi�tuy	m�k�qml~��l~#mu��mlq	q	i#�?i#¦mlq	p+m�y	mlt<��y	t�x

Λ =

(

m
∑

i=1

αipi

)/

m
∑

i=1

αi ,

`
N∗

i =
ταi
2









pi −

m
∑

ν=1
ανpν

m
∑

ν=1
αν









+Ni0.
¥ · � Èð ¨
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��i#t<n�m|�	ilk�t<z�x�qi#~#p�Ì�~�¥ · ��� · ¨
N∗

i

�i�n!��s�Ì	r���q	x�s	muq�Ì	m¤r;x�p�t1Ì	r;xAn���q	i¡~#i��lrFi�£±�
q	i � i pwx���ÌzAxAn�x Ei(τ,N ∗

i )
{!p�i�z�i#y	}|�?rFi�£�m<z �#}�z#�¼Ì��~�n!mls	muq�Ì���	i�k�t1Ì	t<z#mlrF}

�-x±~#ymlr$�
τ
�!�¡yoÌ	�#}�n��#qi#tuz���t1Ì	tuz�mlrF}Ny!x�~#q!x�tu��rFrFm�q!x���k�mlq	q	}�v���q	x�s	muq�Ì	�

E∗τ =
m
∑

i=1

[

pi(N∗
i −Ni0)−

(Ni
∗
−Ni0)

2

αiτ

]

.

f �wsmuz#i�r3¥ · � Èwð ¨ªk	n!��i#¦mlq	i�pª{�q	m���x�~¨Ì	t½��GÌwv�i�zH�-x��	x�tli#~Hy	mlt<��y	t�xw{°i�q!x³y!x�~#q	x
E∗τ =

τ

4
(p2i − Λ2).

Æ ��i�n����GÌ	q	tuz�~#mt<n	�ws	x�ml~´i�¦	mlq	poÌºt?y	i#t<z#i#r �-x��!x�t�x�ymltu��y	tlx��wrFmuq	����x���z��
t��¢{.Ì´�	y�Ì�#}�n��#q	i�tuz��0�	y	m�k�tuzAx�~�n!�muz8tui#�#i��´rFi#q	i�z�i#q	q��� ~#}|�w�wp�n!��� ~#~#muy°v
Á��wqp	¦�Ì	�ï�	yi�k�i�n	£�Ìz�m<n���q	i#t<z¨Ìj�-x�p���	i�pª�

Ôhgjikg lÁ°m±nmdm®pos®�En±FÜQ®�� ¯5±FErqEspqntvupwxmzykupmdq�qn{n|Cw"s~}»Ûpq
´���Û~y&Û~u~q;Ü~wxm�mdq�t�|��~s?�p|�}���ØEspqFÙ Ú �~m�mz�³Û~};Ü?�~�

ó�n!�·olp+i#q	i#rtÌ	smltup�Ìwvêt1Ì	tuz�mlr¼Á���q	p	¦�Ì�
n(c, p)

v+x�y!x�pz�mly�Ì�l�#muz3��x�p+i#q
y	mlt<��y	tli#i��#rFmlq	x{¢x��#t<n�i#~�Ì�§¥ · � ð ò ¨<{�¥ · � ð �#¨�D&�#t�n�i#~¨Ì�jrtÌ	q�Ìr;xAn��#q	i���k�ÌtltÖÌ��
�!x�¦�ÌoÌjp�x���ÌzAxAn�x�!¯³q!x�n�i � Ì	s	q	i�z�i#r$�#{!pwx�p¶o<z#i �#}�n!i tìk�m�n�x�q	i�k	n!��z#muy	rFi�kmÌw�q!x�rtÌ	smltlpoÌwv�tÖÌ	t<z#mur�~ � n/� ò {A�	i�pwx�£�mur|{Ap�x�p�rFi-£�qi³~�}�k�m<nmÌwz#��p�Ì	q	m<z¨Ì	s	mltlp�Ì	m�-x�~�Ì	tÖÌ	rFi�tuz¨Ì�Ì	qz�mlq	t1Ì	~#q	i#t<z²Ì�i�z#i#p+i#~�i��#rFmlq!x�i�z�¦	mlq} Ì?i#¦mlq	p�Ì?y	mutu��y	t�xw{
k!n!��p�i�z�i#y	}�v¡�#t<n�i�~¨Ì�)rtÌ	qoÌ	r;xAn��#qi#��k�Ì	tutÖÌ	�	x�¦�Ì�Ì��	y�Ì	~�i�k��wz�p)i�k�q	i�z¨Ì�	q	}|r
y	mu��mlq�Ìw�	r|�
������É�������%�É��#��É��/"À�#�	�=ËNÉ�%��	���mËw�À7�"�É�*8"�Ë<Ê�9=Ë	��'���ÍdN�i�y	r;xAn��#q	x��±�	i��

tuzAx�q	i#~�pwx��-x�k�x-s�Ì¶i#�±i#�z¨Ìr;xAn��#qi#�¶�-x�p���	p�m�y	mlt<��y	t�xiÌ	rFmlm<z�~¨Ì�k

I =

τ
∫

0

n(c, p)cdt→ min
c

�	y�Ì��#t<n�i�~¨Ì�wv
τ
∫

0

n(c, p)dt = ∆N, n > 0, Ṅ = −n(c, p), N(0) = N0,

� k�m0i#¦mlq	p�x p(N)
D �-x�k�x�q	q!x��·Á¡��q	p¦�Ì�ª�rW;t�n�i#~¨Ì�·i#�z¨Ìr;xAn��#q	i�tuz�ÌNo<z#i��

�-x�k�x�s�Ì¶�	i�n	�wsmlq	}Å~#}«��m��
Ä¡x���k�mlr|{¬pwx�p+i#~#}&�-x�p+i#q	}¼y	mlt<��y	tli�i#�#rFmlq	x

n(p, c)
{$k	n!�Jp�i�z�i#y	}�vJi#�z¨Ì��

r;xAn��#q	x���¦	mlq	x¶��x�p���	p�Ì8y	mutu��y	tlx
c
k!n!�=n����#i � ijrFi#rFmuqz�x¶~#y	mur;muq�Ì t i�z�nmÌw�s!x�m<z#t½��i�z=i#¦	mlqp�Ì¹ouz#i � i0ymlt<�wyt�x p q!x�	i#tuz�i��q	q��� ~#m<n�Ì	s�Ì	q�·¥Ãq	x�k��°x�~�pwx
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ϕ(c, p) = c − p = äEå�æ�çtè ¨���ñ¡x�p?t<n!m�k��#m<z
Ìw���#t�n�i#~¨Ì�?i#�z¨Ìr;xAn��#qi#tuz�Ì�-x�p���w�poÌª{!~�t�n!��s!x�m�q	mui#�#y!xAz¨Ì	rFi � i y	mlt<��y	tli�i#�#rFmlq	x

F =
1

n2(p, c)

∂n

∂c
= ä!å�æ�çtè , n(c, p) = 0

�	y�Ì
c = p.

¥ · � È ��¨

�Hz�i#�#}Åq	x�i#�z�Ì	r;xAn��#qi#r3y	m<��mlqoÌ�ÌP�#}�n�i ~#}|�	iAn�q	mlqi �#t<n�i�~¨Ì	m)�	i�tuz#i-�	q	t<z#~°x
q	x�k��°x�~#p�Ìª{¢q	mli��-v°ilk�Ì	rFi¤Ì?k�i#t<z�x�z�i#s	qi	{�p�x�p=�	i#p�x���x�q	i�~ � n/� ò {ª~�}|�	i�n�qmlq�Ì	my	x�~#muq	tuz�~°x

Fc
Fp

=
nncc− 2n2c
nncp− 2npnc

=
ϕc

ϕp

,
¥ · � È#È ¨

i��	y	m�k�m<n!�����m � i�p�Ìq	muz�Ì	p�§y	mutu��y	tui#i#�#rFmuq!xjk!n!��pwx�£�k�i � iP~¨Ì+k�x?��x�~¨ÌtÖÌ	rFi��t<z¨Ì
ϕ
i#�wz¨Ì	r;xAn!�#q	i#�)¦mlq	}8i�z�i#¦	muq	p�Ì)y	mutu��y	t�xw��¼�q�k�mup�tlx�rtÌ

c
Ì
p
i��#i���q	x�s	muq	}

s	x�tuz�q	}|m¡�	y	i¨Ì�l~#i�k�q	}|m¡Á���q	p	¦oÌ	�
F
{
ϕ
Ì
n
�	i�tli�i�z#~#m<z#t<z°~������ÛÌ	rJ�	muy	mlrFmuqw�

q}|r|�
¼H���#t<n!i#~¨Ì�0¥ · � È#È ¨��	i�n	�wsoÌ	r|{!sz�i��	i�tuz#i-�	q	t<z#~��©i#�z¨Ìr;xAn��#q	i��¶q!x�k��°x�~#p�Ì

tui#i�z�~#muz�tuz#~��w��z�z�x�p�Ì	m¡�-x�~¨Ì	tÖÌrFi#tuz�Ì
n(p, c)

{!sz�i

n(c, p) =
µ(c− p)

1 +R(p)µ(c− p)
,

¥ · � È ò ¨

¿�k�mltu�
µ(c − p)

Ì
R(p)

�	yi¨Ì��~�i�n��#q	}|m�Á���q	p	¦�ÌoÌ
c − p

Ì
p
{��	y�Ì	s	mur

µ(0) =
0
�Fhj}�qm©�	y�Ì	~�i�k�Ì	rµ��k�mltu���	ilk�y	i#�#qi � i~#}|~#ilk�x{�zAx�p´pwx�p´i#q§tli#~�mly��mlq	qix�q!xAn�i � Ì	s	muqj~#}|~#ilk��©tui#i�z#~�muz#t<z°~��w���ÛÌwv¶�#t<n!i#~¨Ì	�j~ � n/� ò ��Hz#i#��}´~#}«�	tuq�Ìz#�{#p�x�p��-x�~¨Ì	t1Ìz¡~#m�nmÌ	soÌ	q!xHouz�i#��q!x�k��#x�~#p�Ì�i�z��	yi�k�iAn!£�Ì��
z�m<n���q	i#t<z¨Ì��-x�pw�w�p�Ì¤Ì©i#��µ�mlr;x��-x�p���!x�mlrFi � i±y	mutu��y	tlx{	i#�#i��lq!x�soÌ	r´~#m�nmÌ	s�Ìq�q	x�k��°x�~#p�Ì

c− p = δ
��Æ�}|y	x�£�mlq�Ìm�¥ · � È ò ¨��	y�Ì	rFm<z�~¨Ì+k

n(c, p) =
µ(δ)

1 +R(p)µ(δ)
.

MÀx�p�p�x�p
τ
∫

0

n(c, p)dt = ∆N,

z�i
µ(δ) =

∆N
τ
∫

0

dt

1 +R(p(t))µ(δ)

.
¥ · � È ��¨

®�z�i��#t<n!i#~¨Ì	m�i#�y	m�k�m<n!�muz�q!x�k��#x�~#p�
δ
�

Ä�mli#��y!x�z¨ÌrFi#tuz����	y	i�¦	mltut�x±v+x�y!x�pz#muy�Ì�l�°muz#t��P�	yoÌ?�	i�tuz#i-�	q	qi#�?q!x�k��#x�~#p�m
Ìqz#m � y!xAn!i#r
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∆E =

τ
∫

0

δn(c, p)dt = δ∆N.

� y	m�k�q��j~�m<nmÌ	soÌ	q!x�k�Ìtlt1Ì	�!x�¦�ÌoÌ§¥�z#i�y � i#~�}�v
Ì�<k�muy+£�mup�¨

σ =
∆E

τ
=
δ∆N

τ
.

¥ · � È �°¨
õÀx�~#muq	tuz�~°x�¥ · � È �#¨�{�¥ · � È �#¨Ài#�	y	m�k�m�n!�	��z�qmli#��y!x�z¨ÌrFi#tuz����	y	i#¦	mutltlx�k	n!��n����#i#�
Á��wqp	¦�Ì�Ì

n(c, p)
~¨Ì�k�x¶¥ · � È ò ¨��

������É�������%�É��#��Éw�ª"À�#�	�=Ë?É�%�����mË��7�"�É	�
É8%�É���É�'CË~È��w�8�5ÈÀ��Ë5Í�W;t�n�i#~¨Ìm
i#�z�Ì	r;xAn��#qi#tuz�Ìj�-x�p���	i#p�¥ · � È �#¨��	y�Ì	~#ilk�Ìz�p��#t<n!i#~¨Ì	�µ�	i#t<z#i-�	q	t<z#~°x��	i�z�i#pwx
y	mlt<��y	t�x

n(p, c)
q!x�i#�wz¨Ì	r;xAn!�#q	i#r�y	m<��muq�Ì�Ì

c∗(p)
z#i � k�x{!p+i � k�x�n�ml~#x���s!x�t<z#�y!x�~#muq	tuz�~°x?¥ · � È �#¨��-x�~¨Ì	tÖÌwz z�i�n��#p+i�i�z æ �

F (p, c) = ϕ(n(p, c)),

� k�m ϕ D �	y	i�Ì��~�i�n��#q!xA�?Á���q	p	¦�Ì�¢{�Ìwn�Ìª{�sz#i z#i £�m)tlx�rFi#m�{�p�i � k�x ∂n
∂c

�	ym�k!�
tuzAx�~�n!�muz�tui#�#i��¶q	mup�i�z�i#y���ÇÁ���q	p	¦�Ì	�ïi�z

n
�

∂n

∂c
= nc(p, c

∗) = ζ(n(p, c∗)) ∀p.
¥ · � È 6#¨

� �	y!x�~�m�k!nmÌ~#i�WÅz�~�m�y©£ kjm�q¤Ì�m8���PÞ ß Þ ä�ç2H=ò°ß�àlëáuâ±à Þ ä¡à�áuâ Þ èAç�ã F í�à-ã
álà�à-â±é æ â±áuâ±é F+æ â í�à�á<â±à î ß!ßHï�ëjé�à�é Ý�æ ä æ ß Þ í�à-â±à-ã Ý�æ á FlÝ áìç±é�â±à½ä Þ â±à.H=ò°ë
ã+à�é�â±à½äïáIH F°å ç æ î�ã+à�Z�J�ç�èAç�ã+à-ß Ý�æ á FlÝ álà�àlí�ä æ ß	ç�ä�àPé æ â íMïFâIò�í Ý�æ JAáuâ�ç#é�H æ ß
éDô;à Ý ä æ

n(c, p) = (c− p)µ(c− p),
¥ · � È�· ¨

� k�m µ D&�	yi¨Ì��~�i�n��#q	x��¶q	mui�z#yoÌ	¦!x�z#m<n���q!x��jÁ¡��q	p¦�Ì�jy!xA��q	i�tuz¨Ìj¦	mlqª�
ôH�z�Ì	r;xAn��#q	x����-x�~�Ì	tÖÌ	rFi�tuz#�

c∗(p)
i#�	y	m�k�m<n	�	muz#t½�j�#t<n!i#~¨Ì	mur

(c∗ − p)µ(c∗ − p) = n∗ =
∆N

τ
.

¥ · � È @°¨
� à-ã°çAèAç�â æ H=ò+áuâ±é�à �\¼���z#y	mu�#i#~°x�q�Ì�¸¥ · � È 6#¨��	iAn!��s!x�murÇ~Ptli#i�z#~#m<z#t<z°~¨Ì�Ì¹t

i#����ml��rFm<z#ilk�Ì	p+i#��y	m<��muq�Ì����x�k�x-s�Ì pwn�x�tutÖÌ	Á�Ì	p�x�¦�Ì�Ì��	i�z�Ì	���i#�z�Ì	r;xAn��#qi��
� i�y	m<��muq�Ì�ª{mÌ�<n�i�£�muq	q	i#�¶~ � n�� ò {

ncc
ncp

=
nc
np
⇒

∂

∂c
ln

∣

∣

∣

∣

∣

nc
np

∣

∣

∣

∣

∣

= 0⇒
nc
np

= r(p),

� k�m r DN�	y	i¨Ì�l~#i�n!�#q!x���Á���q	p	¦�Ì�¢�#��iAn!��s�Ì	r��y!x�~#q	muq�Ì	m�{�i��	y	m�k�m<n!�����mum|~¨Ì�k
Á��wqp	¦�Ì�Ì

n
�

nc − r(p)np = 0, n(p, c) = 0
�y�Ì

p = c.
¥ · � ò A ¨
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W³y!x�~�q	mlq�Ìw��v+x�y	x�pz#muy�Ì	tuz¨Ì	p Ì	rFml��z�~¨Ì+k
ċ = 1, ṗ = −r(p),

i�z#p�lk�x
c(t) = c0 + t, l(p) = t− t0,

¥ · � ò ð ¨
� k�m l(p) D&�y	i¨Ì�l~#i�n���q!x���k�ÌÁ¡Á�muy	mlq¦�Ì	y�#mlr;x��jÁ��wqp	¦�Ì�ª{	z�x�pwx��¢{!sz#i

dl

dp
= −

1

r(p)
.

¼�tupwn���s!x��
t
Ì��¥ · � ò ð ¨�{	�	i�n	�wsoÌ	r3�mly	~�}|� Ìqz#m � y!xAnP��y!x�~�q	mlqoÌ��¥ · � ò A ¨

l(p)− c = t0 − c0 = ä!å�æ�çtè ,
zAx�p¶sz#i�i#����mum�y	m<��muq�Ì	m

n(c, p) = µ[l(p)− c].

� �wsmuz#i�rz�y	ml��i#~°x�q�Ìw�
n(p, c) = 0

�	y�Ì
c = p

�	i�n!��s�Ì	rPpwn�x�tut¬�-x�p+i#q	i�~³ymlt<�wy��
tui#i#��rFmlq!x�¥ · � È�· ¨�{�k!n	��p�i�z#i#y	}�v=q!x�i#�wz¨Ì	r;xAn!�#q	i#r¸y	mu��mlq�ÌoÌ8�	i�z#i�p0y	mutu��y	tlx
�i#tuz�i��q	mlqª�

Ç-È�������È�Í�¿ªx�k�x�k�Ì	r¹��x�~¨ÌtÖÌ	rFi#t<z#�
n(c, p)

t<n�m�k������ÛÌ	r3i#�#y!xA��i#r
n(c, p) = α · arctg(c− p),

�	y�Ì
c > p.

MÀx�p�pwx�p0ouz�i?~#}|y!x�£�muq�Ì	m���k�i#~�n�m<z#~#i�y+�	m<zP�#t�n�i#~¨Ì� ¥ · � È�· ¨<{/�i�n!��s�Ì	rê�-x�p+i#q
Ìw��rFmlqmlq�Ìw�?i#�z�Ì	r;xAn���q	i#�j¦	muq	}ê~#i±~#y	mlrFmuq�Ì

c∗(t)

c∗(t) = p(N ∗) + tg
∆N

τα
,

�y�Ìjo<z#i#r
N∗(t) = N0 −

∆N

τ
t.

ôH�z�Ì	r;xAn���q	}|�?�	i�z#i#p¶y	mlt<��y	t�x ����k�muz �	i#t<z#i-�	q	q	}|rùÌ¶y!x�~#q	}|r ∆N

τ

�

Ôhg��hg �;�"t��4wªI~w"s~�~w�{n}E���~mds~q��zqvupwxmzykupmd} Û~u?��q�´�mzyj´�m´�tn�?�
Ú �pm�E~u~�~|��?sp}FÜ~�?� Üpw"s

õÀx�qmlm��#}�n�x?y!x�tutlrFi�z�y	mlq	x��x�k�x-s!x Ì��~�n!mls	muq�Ì�´r;x�p+tÖÌ	r;x�n��#q	i��§�	y�Ì�#}��
n�Ìª{��	i �#t�n�i#~¨Ìw�	r¾p+i�z#i�y	i#�P�i#tly	m�k�q�Ì	pPrFi � �	y�Ì?p�i�qz�x�pz#m�t)p�x�£�k�}|rº®;¯¤�ör��tuzAx�q!x�~�n�Ì	~°x�z���y!x��un�Ì	s	q	}|m�¦	muq	}3�	i#pw�w�i#p¼Ì �y	i�k�xA£?{��-x�~¨Ì	t½��GÌ	m�i�z�Á¡��q	p��
¦oÌ	�§tl�	yi#t�xPpwxA£±k�i � i=®F¯���MÀx�p+i#�YÌ	q�kmÌ	~¨Ì�k!�°xAn��#q	}|�´~#}|�#i#yº¥ kmÌ	tlp	yoÌ	rtÌ	q!xA�
¦oÌ��¨¢¦mlq�y!x�tu�GÌ	y+�muz�~#i��lr;i-£ q	i#tuz�Ì¡�	i#tlym�k�q�Ìpwx�Ì��i���~�i�n!�	m<z¤��~#m<nmÌs�Ìz#��m � i
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�	y�Ì	��}�n��	� � k�Ì	tlpy�Ì	rtÌ	q!x�¦�Ì	ml�©¦	muq�rF}3t<z�xAn!p�Ì	~°x�mlrFt½�ª{wq!x��An���k�x�� y!x��<nmÌ	s�Ì	m
¦	mlq©q	x�i�k�qoÌVÌ�z#m³£�m�z#i#~#x�y	}º~�r;x � x��ÖÌ	q!x�v¢{y	x�tl�i�n�i�£�muq	q	}�v�~�¦	mlqz�y	mñÌ�q!xi#p	y!x9Ì	q!xAv � i#y	i�k�x{��	y�Ì��	y	i�k�x�£�m�x�~�Ì!x��¨Ìwn!muz#i�~�	ijn�� � i�z�q	}|rï¦	mlq	x�r[Ì��	yª�
ô�k�q!x�p+i�~�q	mup�i�z�i#y	}�vt�n!��s!x���v¢{¢q!x��	y�Ì	rFmuyª{¢�	i�z�y	ml�#i�~°x�q�Ì� Ì� � i�z#i�~¨Ìz#m<n!�¢{�	i#tuy	m�k�qoÌ	p¶k�i�n	£±muq¶�#tuzAx�q!x�~�nmÌ	~°xAz#��ilk�q�¤Ì¶z���£�m¡¦	mlq���	i#p���	p�Ì ÌwnmÌj�	y	i��
k�x�£¼Ì©k	n!�?~�tlm�vP®;¯¤�ö~	{�t�p+i�z#i#y}|rtÌPi#qjp�i�qz�x�pz¨Ì	yw�°muzA�¢õÀx�tutlrFi�z�y�Ì	r3�-x�k�x�s�
i�r;x�p+tÖÌ	r;x�n��#q	i�rùÌ�l~�n�mus	mlqoÌ�Ì?�	y�Ì	�#}�n�Ì?~±ouz�Ìwv��#t<n�i#~�Ì�wv��

M¤y	mu���#muz�t��q!x��z�Ì�Ì�lrFmlq	muq�Ì	m�~#i�~�y	mlrFmuq�Ì=¦	muqP�-x�p���	p�Ì�ÌP�	y	ilk�x�£¼ÌPi#�A�
�ÛÌwvHk!n	�)~#tum<v�®F¯��ö~{��¡p+i�z#i�y	}�v)Á�Ì	y	r;x¤�	y�Ìi#�#y	m<z�x�muzÂÌwnmÌ)�y	i�k�x�muz³ymlt<�wyt�{�x
z�x�p£�mHtli#t<z�x�~±�	i�k�tÖÌ	t<z#mlr|{!�y	i�k�x����ÛÌ�vVÌ��-x�p���!x����ÛÌ�v�y	mlt<��y	t���ôH�#i���q!x-s�Ì	r
s	mlymu�

c1(t)
Ì
c2(t)

¦	muq	}��-x�p���	p�ÌÛÌ��	yi�k�x�£¼Ìª��¿ªx�p�i#q}YÌ�lrFmlq	muq�Ì��¦	mlq�i#�	ym<�
k�m<n	�	��z Ì�tli#t<z�x�~)�	i�k�tÖÌ	t<z#mlr|{+��s!x�t<z#~������æÌwv ~��y	i#¦	mutltum��wÆ�tum��	ilk�tÖÌtuz#murF}¾~
pwx�£�k�}|��rFi#rFmlqz

t ∈ [0, τ ]
rFi � �+z±�#}«z��±y!xA���¨Ìwz#}¸q	x�z#yoÌ�pwx�z�m � i#y�Ì�Ì"�	�	ilk�tÖÌw�

tuz�mlrF}�{��Pp�i�z�i#y	}�v��	i�tly	m�k�q�Ì	p��-x�p���!x�muz?ymltu��y	t
(pi(t) < c1(t))

!/�i�k�t1Ì	tuz�m<�
rF}�{wp�i�z�i#y	}|r´i#q�y	mutu��y	t��y	i�k�x�muz

(pi(t) > c2(t))
!*Ì��i�k�t1Ì	tuz�mlrF}¡{	t³p+i�z#i�y	}��

rtÌ=�	i�tly	m�k�q�Ì	p�q	mu¦	m<n!mltli�i#�#y!xA��q	i¶p�i�qz�x�pz¨Ì	yi#~°x�z��
(c1(t) ≤ pi(t) ≤ c2(t))

�
Ä¡x���i#~�mlr¸�	mly~�����p�x�z#m � i#yoÌ	��tÖÌ	t<z#mlr Â �	y	ilk�x�~#¦}mÃ�{�~�z#i#yw�w��D Â �	i#p���!xAz#m<�nmÌ5Ã�{�x�z�y	muz��#��D Â q	mu�z#y!x�n��#q	}|m)�	i�k�t1Ì	tuz�mlrF}0Ã��Æ§i�����mur0t�n!��s!x�m¤i#�y	m�k�m<n�muq�Ì	m�i#�z�Ì	r;xAn��#q}�v±¦	mlq±t|i�k�q	i#~#y	murFmlq	q}|rwÌ�<�
rFmlq	muq�Ì	mur tui#tuzAx�~°x=�	i�k�t1Ì	t<z#mlrÇk�i#tuzAx�z#i�s	q	i8t�n�i�£ q	i	�;¿ªx�k�x-s!xtu�+��mutuz#~#mlq	q	i
���	y	i���x�muz#t½�ª{«p+i � k�x8Á�Ì	y	r;x8i#t<�+��mlt<z°~An!�	muz´y	mlt<�wytli#i��#rFmlqºt?q	mutlp�iAn��#p�ÌrtÌolp+i#q	i#rtÌ	smltup�Ì	rtÌ0y	mu�lmly~��°x�y!x�rtÌ¢��ÆNo<z#i#r¸t�n!��s!x�m

c1
{
c2
Ì
pi
�	i#t<z#i��q	q	}�{�Ì

�-x�k�x�s!x=tu~#ilk�Ìz#t½��p´zAx�p+i#r$�'Ì�v´~#}|�#i#yw�#{Fsz�i#�#}&�i�n!��s�Ìz��8r;x�p+tÖÌ	r;x�n��#q���
�	y�Ì	��}�n��	�

¿ªx�~�Ì	tÖÌ	rFi�tuz#���	i�z�i#pwx³�-x�pw�w�	x�mlrFi � i¡y	mlt<��y	t�x¡i�z c1 rFi-£±m<z��#}«z����-x��oÌ	t�x�q	x~�Á¡i#y	rFm
n+(c1, pi) =

j
∑

ν=1

nν(c1, pν),
¥ · � ò �#¨

� k�m¡tu��rFrtÌ	y	i#~#x�q�Ì	m¡~#m�k�muz�t��j�i±~#tlmur�y	mu�lmly	~��°x�y!x�r|{!i#¦	muq	p�Ì¶p�i�z�i#y	}�v�q�Ì£�m�{s	mlr
c1
�

¯�q!xAn�i � Ì	s	q	i�k!n!�¶�i�z#i#p�x��y	i�k�x�£ Ì	rFmumlr
c2

n−(c2, pi) =
n
∑

ν=i

nν(pν , c2),
¥ · � ò È ¨

� k�m pi D�rtÌ	q�Ìr;xAn��#q	x��¶i#¦	muq	pwxw{!�#i�n�����x��¢{!smlr
c2
�

¼�qz�mlq	t1Ì	~#q	i�tuz°���i�n!��s	muq�Ì�j�	y�Ì	��}�nmÌ©k�i�n!£ q!x��#}«z�� r;x�p�t1Ì	r;xAn���q!x��
s = [c2n−(c2, p)− c1n+(c1, p)]→ max

c1,c2
.

¥ · � ò�ò ¨
�	y�Ì��#t<n�i�~¨Ì�Ìjq	muq!x�p+i#�wn�muq�Ì�jy	mlt<��y	t�x �i#tly	m�k�q�Ì	p+i#r
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n+(c1, p) = n−(c2, p) = n.
¥ · � ò �#¨

WFt<n�i#~�Ì	m¡¥ · � ò �#¨��	i���~#iAn!�	m<z�~#}|y!x��ÖÌz#�
c1
Ì
c2
smly	m<�

n
����i�k�t<z�x�~�n!�w��o<z¨Ì��-x�~¨Ìw�

t1Ì	rFi#t<z¨Ì±~±¥ · � ò#ò ¨<{A�i�n!��s�Ì	r�-x-k�x�s�)�#m<�l�#t�n�i#~#q	i��±i#�z�Ì	rtÌ��x�¦�Ì�Ì±�	i
n
��Ä¡x���k��

mum|y	m<��mlqoÌ	m
n∗
{�~#}|soÌ	t<nmÌr

c∗1, c
∗
2

!�i#q�Ì�i#�	ym�k�m�n!�	��z)y!xA���¨Ì	muq�Ì	m|�	i�k�t1Ì	t<z#mlr8q	x
Â �	y	ilk�x�~#¦	i�~�ÃiÌ Â �	i�p���!x�z#m�n�ml�5Ã��ñ�i#q	p	ymuz¨Ìw�PÌ	y�#mlr3��x�~¨Ì	t1Ì	rFi#t<z¨Ì

nν
~±Á¡i#y	rFm

nν = αν(c− pν), ν = 1, ..., n

Ì¶�mly	mu��Ì��mlrµ¥ · � ò ��¨�~�Á¡i#yrFm³k�~��°v�y!x�~#muq	tuz�~

n+ =
j
∑

ν=1

αν(c1 − pν) = n, n− =
n
∑

ν=i

αν(pν − c2) = n,

i�z#p�lk�x{�~#~�m�k���i#�#i��lq!x�smlq�Ì�

M1(j) =
j
∑

ν=1

ανpν , M2(i) =
n
∑

ν=i

ανpν , A1(j) =
j
∑

ν=1

αν , A2(i) =
n
∑

ν=i

αν ,

�i�n!��s�Ì	r
c1(n, j) =

n+M1(j)

A1(j)
, c2(n, i) =

M2(i)− n

A2(i)
.

¥ · � ò �#¨
ñ�y�Ìwz#muy�Ì	�?i#�z�Ì	r;xAn��#qi#tuz�Ì§¥ · � ò#ò ¨�p�x�p¶Á���q	p	¦�Ìw�

n
�	y�ÌrFmuz�~�Ì�k

s = n
[

c2(n, i)− c1(n, j)
]

→ max .
¥ · � ò 6#¨

��y�Ì Á�Ì	p+tÖÌ	yi#~°x�qq	i#r
n
�lq!x�smlq�Ì�

i
Ì
j
q�+£�qi)~#}|�¨Ìy!x�z#�)�	i��#t<n!i#~¨Ì	�¸r;x�pw�

t1Ì	r$��r;x
c2
Ì¶rtÌq�Ì	r$��r;x

c1
tui#i�z�~#muz�tuz°~�mlq	q	i	�

W;t<n!i#~¨Ì	m¡rtÌ	q�Ì	r$��r;x
c1
�	i

j
�	y�Ì~#i�k�Ìwz p¶q	mly!x�~#mlq	t<z#~°x�r

pj+1 >
n+M1(j)

A1(j)
> pj.

¥ · � ò · ¨
¯�q!xAn!i � Ì	sq	i¼Ì�¡�#t<n!i#~¨Ì	�jr;x�p�tÖÌr$�wr;x c2 �	i i t<n�m�k��#muzA{�sz#i

pi >
M2(i)− n

A2(i)
> pi−1.

¥ · � ò @#¨
hjx�p�t1Ì	r$��r ¥ · � ò 6#¨��	i

n
t¶��s	muz�i#r ¥ · � ò �°¨<{�¥ · � ò · ¨<{�¥ · � ò @°¨±i��	y	m�k�m<n!�muz´r;x�pw�

t1Ì	r;xAn���q��� Ì	qz#muq	tÖÌ	~#qi#tuz#�ùÌ��~�n!mls	muq�Ì�ê�#x��PÌ	tuq	i � i�y	mutu��y	t�x�~´tÖÌ	t<z#mlrFm0ti����ÛÌr�Ì¶¦	muq!x�rtÌª�wó�n!��~#}|���pwn�i#�j~#~�mly°v©Á¡��q	p¦�Ì�Ì
s
�	i�n!��s�Ì	r

c2(n
∗, i)− c1(n

∗, j) = n∗
(

∂c1
∂n
−
∂c2
∂n

)

n=n∗

.
¥ · ��� A ¨
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ó�n!�8k�~��°v�®;¯
(j = 1, i = 2)

�-x�k�x�s!x=�y	m�k�m<n��#qi0���	yi���x�muz#t��¢��ôH�z�Ìw�
r;xAn��#q}|m�¦	mlq}��-x�pw�w�p�ÌÛÌ��y	i�k�xA£�ÌHk!n!�¡n��³��i � i�rFi#rFmuqz�x t �lk�i#~�n!muz#~�i#y+���zy!x�~#muq	tuz�~°x�r

c1 =
2α1p1 + α2(p1 + p2)

2(α1 + α2)
, c2 =

2α2p2 + α1(p1 + p2)

2(α1 + α2)
,

x±�	ym�k�m�n��#q!xA�ÕÌ	qz#muq	tÖÌ	~�q	i#tuz#��Ì�l~�n�mlsmlq�Ì�j�	y�Ì	��}�nmÌjy!x�~#q	x

s∗(t) =
α1α2(p2 − p1)

2

4(α1 + α2)
.

ÆÇz#i�rït�n!��s!x�m�{$p+i � k�xPi#¦mlq	p�Ì pν y	mutu��y	tui#~?k!n!��p�x�£�k�i � i Ì��®;¯&��x�~¨Ìw�
t��wz�i�z�~#ymlrFmlqoÌª{#i��z¨Ìr¬x�n��#q	i�m|ymu��muq�Ì	m

c∗1(t), c
∗
2(t)

i#�	y	m�k�m�n!�	m<z#t��±ouz�Ì	rtÌ�£�m
tli#i�z#q	i���mlq�Ìw�	rtÌ�k!n!�¶p�x�£�k�i � i±rFi#rFmlqzAx t �� Ë	'��/%�'5ËNÈ����8�+È���Ë��������\É������¢1P'5É�"�'��+È��+"�2�����Í	Ä¡x���k�mlrP�#t�n�i#~¨Ìw��i#�w�
z¨Ì	r;x�n��#q	i � i�~#}|��i#y!x�¦	mlq�	y�ÌP�-x�pw�w�p�m¶¥Ã�	yi�k�x�£�m�¨�y	mlt<��y	t�x��®;¯,q	mutlp�iAn����p�Ì	rtÌ¶Á�Ìy	r;x�rtÌ��-x±i � y!x�q�Ì	s	muq	q	i#m�~#y	mur$�8¥Ãy�Ìt�� · � È ¨<�

1
c

i
c

i
n

mc

)(Np

Î+Ï�ÐlÑP#�Ñ���Ñ�Ô�ÕlÖ�×�Ø�Õl×
Ö<ÙmÐ7Ï�Ð7ÕMÚ�Û5Ü;Þ)1lÛ+Ú./<ÙmÖ�Ú�Ð7×�Ö�ÐBÙPÛ5Ï����;Ø
Þ2/�Ú.-+/�Þ2�GÚ�Û5Ø
ÞlÐ7ÕlÏGÐ
/�Ú�Ð7Ø
Þ!þQ(lØ�Ï�Û5Ï��VÏ�Ö�ÛwÙPÛ5Ï

��y�Ì·o<z#i#r&�	ym�k��	iAn�i�£¼Ì	r|{|sz�i�i�¦	mlq	p�x´y	mlt<�wyt�x
p
�-x�~¨ÌtÖÌz¹z#iAn��#p�i¹i�z

m � i���x��!x�t�x N Ì¶q	m���x�~¨Ì	t1Ìz i�z±��x��!x�tlx±�°x��ÖÌ	tlq	i � i�y	mlt<��y	t�xw��N���q	p	¦�Ì	�
p(N)�	y	m�k��	i�n�x � x�mlrýÌ�l~#mutuz#q	i��ª�¿ªx�z�y!x�z�}

∆S =
m
∑

i=1

τ
∫

0

ni(ci, p)(ci − p)dt→ min
ci

¥ · ��� ð ¨
�	y�Ì��-x�k�x�q	q	}�v¶i��
µ�mlr;xAv���x�p���	i#p

τ
∫

0

ni(ci, p)dt = ∆Ni, i = 1, . . . ,m.
¥ · ���7��¨

¿ªx��!x�t�y	mutu��y	tlx¼Ì��rFmuq�	m<z#t��jpwx�p
dN

dt
= −

m
∑

i=1

ni(ci, p), N(0) = a.
¥ · ��� È ¨
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ôH��i���q!x-s�Ì	r
a −

m
∑

i=1

∆Ni = b > 0
Ì¹z#y!x�qtlÁ¡i#y	rtÌy�#mlr ��x�k�x-s�#{;�	y�Ìq�	~

ymlt<�wyt
N
~±pwx-s	mlt<z#~#m�q	mu��x�~¨Ì	t1Ì	rFi#�j�	muy	mlrFmuq	q	i#�¢�

��i�n!��s�Ì	r
a
∫

b

m
∑

i=1
(ci − p)ni

m
∑

i=1
ni

dN → min
ci
,

¥ · ��� ò ¨

a
∫

b

ni
m
∑

i=1
ni
dN = ∆Ni, i = 1, . . . ,m,

¥ · ���7�#¨

a
∫

b

1
m
∑

i=1
ni
dN = τ.

¥ · ���L�°¨

N���q	p	¦oÌ�Kù)x � y!x�q£±x��-x�k�x�s�Ì8¥ · ��� ò ¨bâ¢¥ · ���L�°¨

L =
1

m
∑

i=1
ni

[

m
∑

i=1

(ci − p+ λi)ni − ζ

]

.
¥ · ���76�¨

Ä�mui#�-v°ilk�Ì	rF}|m¡�#t�n�i#~¨Ìw�ji��z¨Ì	r;x�n��#q	i#t<z¨Ì?�	y�Ìq�Ì	r;x���z�~¨Ì+k

∂L

∂ci
= 0⇒ −

1
(

m
∑

i=1
ni

)2

∂ni
∂ci

[

m
∑

i=1

(ci − p+ λi)ni − ζ

]

+

+
1

m
∑

i=1
ni

[

ni + (ci − p+ λi)
∂ni
∂ci

]

= 0, i = 1, . . . ,m.

MÀx�p�sz�i�k!n!��~#tlm�v
i
k�i�n!£ q	}¸�#}«z#��~#}|�	i�n!q	mlq	}¸�#t<n�i#~�Ì�

ni(ci, p)
∂ni
∂ci

+ ci + λi = p+

m
∑

i=1
(ci − p+ λi)− ζ

m
∑

i=1
ni(ci, p)

, i = 1, . . . ,m,
¥ · ��� · ¨

p+i�z�i#y	}|m tui#~#rFmutuz#qi?tj¥ · ���7�#¨�{;¥ · ���8�°¨³i#�y	m�k�m�n!�	��z Ì	tlp+i#rFi#m�ymu��muq�Ì	m
c∗(N)smly	m<�GÌw��~#mutuz�q�w�ï�-x�~�Ì	tÖÌ	rFi�tuz#�

p(N)
�



Ê�÷54�÷	ú�Ñ#Ó Ð�Ï � ý Í�º���Ï.¡¢�Æ£�/ÿWÆ��$6¶Ì�Ñ¤�ÀÓ�Í�Ólþ�Ï,���¥�FÍ È ò 6

ÔhgÃ�¦g ×§qnmdu~w Ú s~��E¨|Cw�© Ú y Ú tEyr|¶�&Ûpq Ú md�~m´�wx|C}n|��
Æ �y	m�k�}�k!���ÛÌwv�y!x���k�m<n�xAv¹y	mus	�=�)n�x=i=�	y	i#¦	mutltlxAv�{¬tui#i�z�~#muz�tuz°~��w���ÛÌwv

r;x�p�t1Ì	r;xAn���q	i#r$��Ì�l~�n�mlsmlq�Ì	���°x��PÌtlq	i � i³ymltu��y	tlx³�	i#tuy	m�k�q�Ì	p�i�r|{A~�olp+i#q	i#rtÌ��s	mltup�Ìwv¶t1Ì	tuz�mlr;xAv�{!�-x�rFp	qw��z�}«v¶�	i±y	mlt<��y	t�x�r¤��¿�k�mltl�±rF}¸y!x�tutlrFi�z�y�Ì	rJtÖÌ	t<z#m<�
rF}�{�~³p�i�z�i#y	}�v���x�k�x-s	ml��x�pz¨Ì~#q	i#���	i�k�tÖÌ	t<z#mlrF}´�	~�n!�muz�t���k�i#t<z¨Ì£�muq�Ì	m«r;x�pw�
tÖÌ	r;x�n��#q	i � ij�	i�z�i#pwx
Ì�l~�n�mupwx�murFi � i?�#x��PÌ	tuq	i � i?ymltu��y	tlx?�	yoÌ0z�m<v®Ìwn�ÌwÌq	}�v�#t<n�i�~¨Ì�wv�~�t<zAx�¦�Ì	i#q	x�y	q	i#rùÌwnmÌ¶¦�Ì	p�nmÌ	s	mutlp�i�r¾ymu£¼Ì	rFm��

T)'5É�"�É����������#'����8È��° +��È����]Ë�È�S
õÀx�tlturFi�z#yoÌ	rÅi#t<����mlt<z°~�n	�	mlrF}|��smly	m<� �	i#tlym�k�q�Ìpwx¶�	y	i#¦mltut�i#�#rFmlq	x�y	m��

tu��y	tlx�rtÌ�rFmu£�k���k�~���r$�y	mu�lmly	~��°x�y!x�rtÌ�D y	}|q	p�x�rtÌ�t�q	m1Ì��rFmuq	q	}|rtÌ0i#¦	muqw�
pwx�rtÌ8ymltu��y	tui#~	��M¤y	ml���#muz�t���i#�	y	m�k�m<n�Ìz#�§Ì	qz�mlqtÖÌ	~#q	i#t<z°�PzAx�p+i � i?i#�#rFmuq!x{�xz�x�p£�m ¦	muq	}�{�p�i�z�i#y	}|m�q!xA��q!x-s!x�m<zP�	i#tuy	m�k�qoÌ	p��	y�Ì8�	i�p���	p�m�ymlt<�wyt�xj��ilk!�
q	i#�®Ì8�	yoÌ8�	y	ilk�x�£�m�k�yw� � i#���	ilk�t1Ì	tuz�mlrFm�~¶z#m�vwÌwn�ÌwÌ	q	}�v��#t<n!i#~¨Ì��v¢����y�Ìouz�i#r,~#i���rFi-£�q	} k�~#x=t<n!��s!xA�ª�¬Æ �	mly	~�i#r»�	i#tuy	m�k�q�Ì	pJ�	i#i�s	mly	m�k�q	i0~��-x9Ì	rFi��
k�ml�tuz#~��°muz�tHpwx�£�k�i#�ÓÌ���i�k�t1Ì	tuz�mlr|��¿�k�mutl��i#q©rFi-£�muz�q!xA��q!x-s!x�z��±q	m³z#iAn��#p�i
¦	mlq}�{�q	iwÌJ�	y	ilk�i�n	£�Ìz�m<n���q	i#t<z#�§~���x�Ì	rFilk�ml�	t<z#~�Ì�¾tjp�x�£±k�i#�÷Ì�?q�Ìwv���Æ�i
~�z#i�y	i#rït<n	�ws	x�m©�-x�p���	pwx§Ì´�	y	ilk�x�£±x?y	mlt<��y	t�x=�	y	i¨Ì	t v°ilk��z�q	mu�	y	mly}|~#q	i	{tÌ
�	i#tuy	m�k�qoÌ	p<â�rFi#qi#�	i�n�Ì	tuz§y!x�tu�	i#y°�£±x�m<z#t½�¹nmÌ���8¦	mlq!x�rtÌª�L¿�mlq	} �	muy	~#i � iwÌ~�z#i�y	i � i§y	}|q	p+i#~´i��#i���q	x�s�Ìr s	muy	mu�

p1
Ì
p2
{��	y�Ì	s	mur

p1 < p2
�«ññÌ	q	m<z¨Ì	p�x

i#�#rFmuq!x�v+x�y	x�pz#muy�Ì�l�#muz°t��¶�-x�~�Ì	tÖÌr;i�tuz��#�
g(p, p) = α(p, p)(p− p).

¥ · ���8@°¨
��y�ÌJouz�i#r i#¦	mlqpwx

p
�	y�Ìq�Ì	r;x�m<z���q!x-s	mlqoÌ�

p1
Ì
p2
{�x0¦mlq	}

p
{;q!x���q	x�s!x�m<�

rF}|m³�	i�tly	m�k�q�Ì	p+i#r´�	yoÌ��	i#pw�w�p�mìÌ��	y	ilk�x�£�m�y	mlt<��y	t�x{��	~�n	�	��z�t���Ì	tup�i#rF}|rtÌ
�	mlymlrFmlqq	}¤rtÌª�

ª�Ë	'ª�#���mË��7�"�Ë�»��"����"��#����"�É��#�	7º%�È���9	S��À��Í�¿�m<n!�#� k�mu�wz#m<n!�#q	i#t<z²Ì
�	i#tuy	m�k�qoÌ	pwx³�	~An!�	m<z#t½�)k�i�tuz¨Ìw£�mlq�Ì	m«r;x�p+tÖÌ	r$��r;xHtuy	m�k�q	ml���-x³¦�ÌpwniÌ	qwz#mlqtÖÌ	~��
q	i#t<z¨ÌÕÌ��~�n!mls	muq�Ì�j�°x��ÖÌ	tlq	i � i ymlt<�wyt�x�

ê à�à åwæ Ý�æ J�ß!ç î í�à�ã F í!ã°ç Þ í Ý à�J�çWéêç Ý�æ á FlÝ áìç �+õÀx�tutlrFi�z�y�Ì	r8�	mly	~�i#q!x�s	xAn����
q	i�t�n!��s!x��©�	i�i#s	mlym�k�q	i � i�~���x�Ì	rFilk�ml�	t<z#~�Ì���i#tly	m�k�q�Ì	p�x�t³pwx�£�k�}|rYÌ�Hy	}|qw�p�i#~�+¼�qz#muq	tÖÌ	~�q	i#tuz#�?�i�n!��s	mlqoÌ�k�i�v°i�k�x

m
y!x�~#q!x©tuy	m�k�q	mlr$��-x�¦oÌ	pwn0��q!x��

s	mlqoÌ	�ï�	y	i�Ì��~#m�k�mlqoÌ�?�i�z#i#p�x�ymlt<�wyt�x q!x�¦	mlq�©�	i#tuy	m�k�qoÌ	pwxP�

m =
1

T

T
∫

0

pg(p, p) dt = pg(p, p)→ max .
¥ · � � A ¨
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��y�Ìºo<z#i#r��	i#tuy	m�k�q�Ì	p¸�	yi�k�x�muz¹q!x§~�z�i#y	i#r y	}|q	p+m�~#tum�{«sz�i¹�	i#p���!x�muz�q	x
�mly	~�i#r|{	z�x�pjsz�i

1

T

T
∫

0

g(p, p) dt = g(p, p) = 0.
¥ · � � ð ¨

hj}¹�	y�Ì��nmÌ�p��#tuy	m�k�qmlq	q	i#�±�-x�k�x�s	m«q	m<nmÌq	ml�	qi � i��	yi � y!x�rFrtÌ	y	i#~°x�q�Ì��tilk�q�Ìr��#t<n�i�~¨Ì	mur¾¥ · � � ð ¨���ó�n!�±mlm¤ymu��muq�Ì� q	mui#��v°i�k�Ìr;i¡tli#t<z�x�~¨Ìz#�)Á���q	p	¦oÌ	�
ù)x � y!x�qw£�xÛÌ	t½v#i�k�q	i��?qmu�#tuy	m�k�q	mlq	q	i#�j��x�k�x-s�Ì

L = pg(p, p)− λg(p, p).
¥ · ���7�#¨

ôH�#i��lq!x�s�Ìr´Á���q	p	¦�Ì	�
L
smly	m<�

Lν

�	y�Ì
p = pν

Ì©�	i�z#y	mu���#mlr�r;x�p�t1Ì	r$��r¬x
p�x�£�k�i#�¤Ì��Á���q	p	¦�Ì�

Lν
�	i

p
�!��i�n!��s�Ì	r

dg(pν , p)

dp
(p− λ) + g(pν , p) = 0, ν = 1, 2.

¥ · � � È ¨
®�z�Ì ��y!x�~�q	mlqoÌ� �	i��l~#i�n!���z¼q	x��z¨Ì i#�wz¨Ì	r;xAn!�#q	}|m ¥��°x��li#~#}|m�¨·�lq!x-s	mlq�Ìw�
p∗� ν(pν , λ) ����i#t<n�m�Ìwv �	ilk�tuzAx�q	i�~#p�Ì�~ Lν

�	i�n!��s�Ìr
L∗1(p1, λ)

Ì
L∗2(p2, λ)

�wôH�w�
z�Ì	r;xAn���q	i#m¡�lq!x�smlq�Ì	m

λ∗
tui#i�z�~#muz�tuz#~��°muz �#t<n�i#~�Ì	�&¥�tlr|�!�	yoÌwn�i�£�muq�Ì	m)��� È ¨
max
ν

L∗ν(pν , λ)→ min
λ
.

¥ · ��� ò ¨
ô³z�p��k�x�q!x�v°i�k��wz i#�z�Ì	r;xAn���q	}|m��lq!x�s	muq�Ì�j¦mlqj�	i�p���	p�ÌÕÌ¶�	y	ilk�x�£¼Ì

p1 = p∗� (λ∗, p1), p2 = p∗� (λ∗, p2),
�y�Ì	s	mur

p1 > p1, p2 < p2.��y	i#~#m�k�mlrJy	mu��mlq�Ìm¡k!n!�jt�n!��s!x��ª{�p�i � k�x�p+i#olÁ¡Á�Ì	¦oÌ	mlqz α ~?¥ · ���8@#¨��-x�~¨Ìw�
t1Ìz±z#iAn��#p�i±i�z�i�¦	mlq	poÌ¶y	m<��mly~��°x�y!xw{!z��	m��	�	y�Ì

p = p1
p�i#ouÁ¡Á�Ì¦�Ì	mlqwz

α = α1

{
x��	y�Ì

p = p2
p�i#ouÁ�Á�Ì¦�Ì	mlqwz

α = α2
�	N���q	p¦�Ì�

L
�	yoÌ	rFmuz ~¨Ì�k

L = α(p)(p− p)(p− λ).

WFt<n�i#~�Ì�8¥ · ��� È ¨��-x���Ì��mur3pwx�p
−αν(p− λ) + αν(pν − p) = 0, ν = 1, 2,

i�z#p�lk�x
p∗� ν =

pν + λ

2
, ν = 1, 2.

¥ · � �+�#¨
��ilk�tuzAx�~�n	��¶~

L
ouz�Ìj�lq!x�smlq�Ìw�

p
{!�i�n!��s�Ì	r

L1 = α1

(

p1 −
p1 + λ

2

)(p1 + λ

2
− λ

)

= α1

(p1 − λ

2

)2
, L2 = α2

(p2 − λ

2

)2
.¥ · � �7�#¨
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M$x�p�pwx�p
p∗� 1 > p1

{�x
p∗� 2 < p2

{�Á���q	p	¦oÌ�
L∗2
��rFmlq	����x�m<z#t���t y	i�tuz#i�r

λ
{�x

L∗1
��~#m�nmÌ	s�Ì~°x�muz�t��ª��h
Ì	q�Ì	r$��rJ�	i

λ
i�z±r;x�p�t1Ì	r$��r;x�Ì�Hk�~��+v©ouz�Ìwv¶Á���q	p	¦�Ì	�

k�i#t<z¨Ì � x�m<z°t��j~±z�i#s	p�m�y	x�~#mlqtuz#~#x L∗1 Ì L∗2 �
L∗1(λ) = L∗2(λ)⇒

√
α1(p1 − λ) = −

√
α2(p2 − λ).

N��wqp	¦�Ì�Ì
L∗1

Ì
L∗2
�	i#p�x��-x�q	}Åq!x�y�Ì	t�� · � ò �]¼³v¶r;x�p+tÖÌrF��r3~#}�k�m�n�mlq?£¼Ì	y	q	i��

nmÌ	q�Ìml�ª�h
Ì	q�Ì	r$��r3�i
λ
i�z

max
i
L∗i (λ)

k�i#tuz�Ì � x�muz#t��?~�z�i#s	p�m λ∗ y!x�~#muq	tuz�~°x

Î+Ï�ÐlÑP#�Ñ «�Ñ+¬jÙ!Ö<Ù!Ø�ÕMÚ7ÖSÏ+*BÛ+Ú./�Ú./�Ï�ÿSÛwÙ!Ø
Ð7Ï�ÛwÙEþQ()/�ÞPýBÞJÝ�Þ
p1  p2 *,/<Ù�-�Ú./�Ï�ÿ��V×8/�Ø+3�Ï�Ï

®nÙ!ý�Ö<Ù'/�à�Ù
ouz�ÌwvjÁ���q	p	¦oÌ	�ª��ô³z#tu��k�x

λ∗ =
p1
√
α1 + p2

√
α2

√
α1 +

√
α2

.
¥ · ���76#¨

�Hz#i��#}�q!x��wz¨Ì�k�i�nmÌ±i�z¡i#����m � i�~#ymlrFmlqoÌ ¦oÌ	pwn�x{#~Hz#mlsmlq�Ì	m�p�i�z#i#y	}�v±t�n�m<�k��#muz)�	y	i¨Ìw��~#ilk�Ìz#����x�p���	p�Ì¼Ì��	y	ilk�x�£¼Ìª{#q�+£ q	i�~�}|y!x�£�mlqoÌ�?¥ · ���7�#¨�Ì?¥ · ���76#¨
�	i�k�tuzAx�~¨Ìz���~j¥ · � � ð ¨��!��i�n!��s�Ì	r

γ1α1(p1 − p
∗�
1) + γ2α2(p2 − p

∗�
2) =

γ1α1

2

√
α2(p1 − p2)
√
α1 +

√
α2

+

+
γ2α2

2

√
α1(p2 − p1)
√
α1 +

√
α2

= 0.

M$x�p�swz#i
γ1
γ2

=

√

α2

α1

, γ1 =

√
α2

√
α1 +

√
α2

, γ2 =

√
α1

√
α1 +

√
α2

,
¥ · ��� · ¨

�	y�Ì
α1 = α2 λ∗ =

p1 + p2
2

�
ôH�z�Ì	r;xAn��#q}|m�¦	muq	}Ç��x�p���	i#p�Ì=�	y	i�k�x�£Âi#�y	m�k�m�n!�	��z#t����	i#t�n�m±�	ilk�tuzAxA�

q	i#~#poÌ
λ∗
~�~�}|y!x�£�mlqoÌ	m ¥ · � �+�#¨���M$x�pª{�k!n	�¶t<n!��s!xA�

α1 = α2
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p∗� 1 = 3p1 + p2
4

, p∗� 2 = 3p2 + p1
4

.

Ä�i�y	r;x±�y�Ì	�#}�nmÌj�	yoÌjo<z#i#r

η =
p∗� 2
p∗� 1 − 1 =

3p2 + p1
3p1 + p2

− 1,

swz#i	{�mlt<z#mltuz#~#mlq	q	i{°rFmlq	����m�{#s	mur�q!x��+k�mlq	qi#m|~#}«��m«��q	x�s	muq�Ì	m
η0 =

p2
p1
−1

�	y�Ì
i��#y!x�z�Ì	rFi#���-x�p���	p�m�Ì¶�	y	ilk�x�£�m¡�i�i#¦	muq	pwx�rJy	m<��muy	~��°x�y	i�~	�
��y	m�k�m<n��#q	x��ÕÌqz#muq	tÖÌ	~#qi#tuz#��Ì��~�n!mls	muq�Ì�j�°x��PÌtlq	i � i ymltu��y	tlx

m∗ =

√
α1α2

4(
√
α1 +

√
α2)

[√
α2(p

2
2 − λ

∗2) +
√
α1(p

2
1 − λ

∗2)
]

,
¥ · ���7@#¨

� k�m¡p�i#q	t<zAx�qzAx λ∗ i#�y	m�k�m�n�mlq	x y!x�~�mlq	t<z#~#i�rµ¥ · � �+6#¨<�
��y�Ì�y	mlxAnmÌ��x�¦�Ì�ÌJolp+i#q	i#rtÌs	mltup�i � i�¦oÌ	pwn�x�i � y!x�q�Ì	smlq�Ì	mur rFi�£�m<z0�#}«z��tuy	m�k�q�Ì	� �	i�z�i#p�pwx���ÌzAxAn�x{#��x�z�y!x�s�Ì~°x�mur;i � i��	i#tuy	m�k�qoÌ	p�i#r8q	x¡�y�Ì	i#��y	muz�mlq�Ì	mymlt<�wyt�x��®�z#i�z��i�z#i�pjy!x�~�mlq

U = p1g(p1, p1)γ1.
¥ · ��6 A ¨

ó�n!��p�Ì	qmuz�Ì	p�ÌPi��#rFmlq!x�~¨Ì�k�x¶¥ · ���8@°¨�~�i#�wz¨Ì	r;xAn!�#q	i#rJ¦oÌ	pwn�m

U∗ = α1
λ∗2 − p21

4

√
α2

√
α1 +

√
α2

.
¥ · ��6 ð ¨

¯Ft<nmÌ0q!x��i�z#i#p=�-x�z�y!x�soÌ	~°x�murFi � ij�	i#tuy	m�k�q�Ì	p+i#rÅpwx���ÌzAxAn�x¶mlt<z#�ji � y!x�q�Ìw�smlq�Ì	m z¨Ì	�!x
U ≤ Umax Ì8~#m<n�Ì	s�Ì	q!x Umax rFmlq	����m�{�s	mlr U∗

{�z�iy	x�~#muq	tuz�~#i
¥ · ��6 A ¨)q�+£ q	i=~#~#mutuz�Ì�~��x�k�x-s�§~Á�i�y	rFm k�i#�°x�~#i#s	q	i � ii � y!x�q�Ì	s	muq�Ì�¢�¬��i��n	�wsmlq	q!xA�j~±y	mu�u�-n��-z�x�z#m)y	m<��muq�Ì�¶z�x�p�i#���-x-k�x�s�Ì
Ìqz#muq	tÖÌ	~#qi#tuz#�±k�i�v°i�k�x

m
{

mutuz�mltuz#~#mlq	q	i	{�i�pwx�£�m<z#t½�¶rFmlq����m�{�s	mur
m∗ ��¯Ft<nmÌ�£�m

Umax ≥ U∗
{z#i��i#tly	m�k!�

qoÌ	p�jq	muz©turF}|t<n�x�z�y!x�z�Ìz#��~#mutl��pwx���ÌzAxAn�{�~�k�x�q	q	i#r¾¦oÌ	pwn�m�i�q�Ì	tu�	i�n����u�#muz
z�i�n���p�i³s	x�tuz��³m � i{Ay!x�~#q��� U∗ �AÆ�o<z#i#rPt<n	�ws	x�m�r;x�p+tÖÌrF��r$� m tli#i�z�~#m<z#tuz#~��#muz
r;x�p�t1Ì	r;xAn��#q	x��Pq	i#y	r;x��y�Ì	�#}�nmÌq!x�~�n�i-£�mlq	q}|�pwx���ÌzAxAn��/¿ªx�k�x-s!x ~�zAx�p�i#�
�i#tuzAx�q	i�~#p�m�y	x�tlturFi�z#y	muq!x q�Ìw£±m��

�kJ�ß�à�é Ý�æ ä æ ß!ß!ç î èAç�ã F í!ã°ç Þ í Ý à)JAçWéêç Ý�æ á FlÝ áìç ����y�Ì3qml�	y	muy	}|~#qi#�¾��xA�
pw�w�p�mÕÌ¹�	y	ilk�x�£�m�y	mutu��y	tlx8�i#tly	m�k�q�Ì	smltlp�i#�JÁ�Ì	y	rFi#�¹ml��q�+£ q	i�~#}|�#y	x�z#�
zAx�poÌ	m�¦	mlq	}

p1
Ì
p2
{!swz#i#�#}õÌ	qwz#mlqtÖÌ	~#q	i�tuz°���i�n!��s	muq�Ì�j�	y�Ì	��}�nmÌ
m = p2g2(p2, p2) + p1g1(p1, p1)

¥ · ��67��¨
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�#}�n�x�r;x�p�t1Ì	r;xAn��#q	x��	y�Ì©�#t�n�i#~¨Ì�Ì��	i�n�qi#���	y	ilk�x�£¼Ì©~#tum � i���x�p���wn�muq	q	i � i	{�xÌ	rFmlqq	i
g1(p1, p1) + g2(p2, p2) = 0.

¥ · ��6 È ¨
õ�mu��mlq�Ì	m�ouz�i#���-x�k�x�s�Ì�q	m<n�Ì	q	ml�q	i � i��	y	i � y!x�rFrtÌ	y	i�~°x�q�Ì���	yoÌ	~#ilk�Ìz�p�tli#i�zA�q	i���mlq�Ì	�){�p�i�z�i#y	i#r$� k�i�n	£�q	}·�lk�i#~�n�m<z#~#i�y+�wz#��i#�wz¨Ì	r;xAn!�#q	}|m)¦mlq	}4�

(

g1(p1, p1)

/

∂g1
∂p1

)

+ p1 =

(

g2(p2, p
�
2)

/

∂g2
∂p2

)

+ p2.
¥ · ��6 ò ¨

Æz�i#r?t�n!��s!x�m�{Ap+i � k�x gν = αν(pν−p
�
ν) (ν = 1, 2)

{��#t�n�i#~¨Ì	m³¥ · ��6 ò ¨¢�y�Ì	rFmuz
~¨Ì�k

2p1 − p1 = 2p2 − p2,sz#i�~#rFmlt<z#m�t��#t<n�i#~�Ì	mlrN¥ · ��6 È ¨
α1(p1 − p1) = −α2(p2 − p2)�	i��l~#i�n!�muz q!x��z¨Ìj¦	muq	}¸�-x�p���	i�pÕÌ¶�	y	i�k�x�£��

p∗� 1 = α1p1
α1 + α2

+
α2

α1 + α2

p2 + p1
2

,
¥ · ��68�#¨

p∗� 2 = α2p2
α1 + α2

+
α1

α1 + α2

p2 + p1
2

.
¥ · ��6L�°¨

¼�qz#muq	tÖÌ	~�q	i#tuz#���	i�n	�wsmlq�Ì�j�	yoÌ	�#}�nmÌ
m∗ =

α1α2(p2 − p1)
2

4(α1 + α2)
.

¥ · ��686#¨
Ä�muz�y��k�qiP~�Ì�k�muz��	{�sz#ij�	yoÌ0i�k�Ìq!x�p+i#~#}�v

αν
��q!x-s	mlqoÌ	m

m∗ ~Ak�~#i�m±�#i�n��A���m�{ªs	mur
m∗ {¢q	x���k�muq	q	i#m�~�}«��m¶¥Ãtur|�F¥ · � �7@°¨ì¨<{�sz#i©mltuz�mltuz#~#mlq	q	i	{¢z�x�p=pwx�p�	i��

z#i#poÌ�y	mutu��y	tui#~�i�k�Ìq!x�p�i�~#}�{+x��y	i�k�i�n!£¼Ìz#m�n��#q	i#t<z#���	y	ilk�x�£ tli�tuzAx�~�n!�muz��	i��
n�i#~¨Ìq�J~#y	mlrFmuq�Ìº¦�Ì	pwn�xw�¬ó�n!�

α1 6= α2

i�z#q	i���mlqoÌ	m
m∗/m∗ < 2

�-x�tls	m<z
i#�z�Ì	r;xAn��#qi � i�~#}«�#i#y!x��y	i�k�iAn!£�Ìwz#m<n!�#q	i#t<z¨Ì?ymltu��y	tui#i#��rFmlq!x�t�pwx�£�k�}|rüÌ�olp+i#q	i#rtÌ	smltup�Ìwvjy	m<��muy	~��°x�y	i�~	�

:�æ ã°â±à Ý ßHï�ë Ý�æ á FlÝ á �F��y�Ì´�	i�i#s	muy	m�k�qi#rÇ~���x�Ì	rFilk�ml�	t<z#~¨ÌoÌ��	i#tuy	m�k�q�Ì	p�x
t�olp�i�q	i#rtÌ	smltlpoÌ	rtÌ�ymu�lmly	~��°x�y!x�rtÌ�ÌP�	y�ÌPi�z#t<�+z#tuz°~¨ÌoÌ�i � y!x�q�Ìs	mlq�Ì�=q!x�Ì	q��z#muq	tÖÌ	~�q	i#tuz#� ��x�z#y!xAz�pwx���ÌzAxAn�x±��x�k�x-s!xj¥ · ��� A ¨<{�¥ · � � ð ¨��	yoÌ	rFmuz Á¡i#y	r$�

m =
n
∑

i=1

pigi(p, pi)→ max
p,p

, gi(p, p) = 0, i = 1, . . . , n.

®�z#i©��tly	m�k�q	mlq	q!x����x�k�x-s!x�t
n
�#t�n�i#~¨Ì�rtÌª�"�ñÌ	t<n!i©�°x��li#~#}�v?y	mu��mlq�Ì	��?q	mum

q	m¶�	y	mu~#i#t v°i�kmÌz
n + 1

��ó)n	��mum¶y	mu��mlq�Ì�J�	muy	~#i#q	x�s!xAn!�#q	i0q�+£ q	i�y	mu�GÌz#�
~#tl�i#rFi � x�z#m�n��#q���ï��x�k�x-s�

L =
n
∑

i=1

[gi(p, p)(pi − λi)]→ max
p,p

min
λ
, p = (p1, p2).
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õ�mu��mlq�Ì	m�o<z#i#�0��x�k�x�soÌ8t1Ìwn��#qij���	yi���x�m<z#t��¢{�mlt�nmÌ=k!n!��pwx�£�k�i � i
Ì� y	m<��lmly~��°x�y	i#~©¥eÌwv i�¦	mlq	i�p
p1
Ì
p2
¨;Á���q	p	¦�Ìw�

L
i#p�x���}|~#x�muz�t���tuz�y	i � i�~#}|�w�wp�n�i#�~�~#mly#v©�	i

p
{	sz�i��	i��l~#i�n!�muz�q!x��wz¨Ì¶¦	mlq	}¸�	i#tuy	m�k�qoÌ	pwx�k	n!��pwx�£�k�i � iæÌ��q�Ì�v¢{ymu��xA�¶��y!x�~�q	mlqoÌ�
n
∑

i=1

∂gi
∂pν

(pi − λi) + gν(pj, p) = 0, j = 1, 2, ν = 1, ..., n.

¯Ft�nmÌ
gi = gi(pi, pi)

{�z#i��-x�k�x�s!x�t³~#mupz#i#yq	}|r�ymltu��y	tui#r¹rFi�£�muz���}«z#��y!x��l�¨Ìw�
zAx�q!x

n
qmu��x�~¨Ì	t1Ì	rF}�v���x�k�x�s¢{/�	i�k�i#�#q	}�v�¥ · ��� A ¨<{F¥ · � � ð ¨�{}Ì�~#tum±�	i�n!��s	muq	q	}|m

ymu�u�-n���zAx�z#}Çi#t<z�x���z�t��=tu�	y!x�~#m�k!n�Ì	~#}|rtÌª�ª��y�ÌPouz�i#rºy!x�~�mlq	t<z#~#i�¥ · � �+6#¨¤tu�	y!xA�
~�m�k!n�Ì	~#iHk!n!��p�x�£�k�i � i λi {°x¡~¡~#}|y!xA£±muq�Ì�Ì?¥ · ���7@#¨�k!n!�

m∗ tuz#i�Ìz�t<�wrFr;x¡�	i i {p�x�£�k�i#mÚÌ�Ht<n�x � x�mlrF}�v�~�p+i�z#i#yi#�©�	iAn�i�£¼Ìz�m<n��#qi	�Ä¡i�y	r$� �y�Ì	�#}�nmÌ©rFi-£�q	iq	x��z¨Ìj�i�Á¡i#y	r$�-n!m
η =

m∗

γ1
n
∑

i=1
gi(pi1, pi)pi

.

M�i)£�m³i�z#q	i�tÖÌz�t��¤Ì�p��-x�k�x-s	mHt³ilk�q	i#~�y	mlrFmuq	q	}|r¹~���x�Ì	rFilk�ml�	t<z#~�Ì	mlr��i#tly	m�k!�
qoÌ	pwx±t¡oup�i#q	i�rtÌ	s	mltup�Ì	rtÌ?y	m<��muy	~��°x�y	x�rtÌª�

ôHtli#��mlq	q	i�tuz¨ÌJ~#mlpz�i#y	q	i � i8t<n!��s!xA�JtuzAx�q	i�~��z�t��Jtu�+��mutuz#~#mlq	q	}¤rtÌª{�p+i � k�xÌqz#muq	tÖÌ	~#qi#tuz#�j��x�z�y!x�zjp�x���ÌzAxAn�x�i � y!x�q�Ìs	mlq	x��lq!x�s	muq�Ì	mur|{�rFmlq���ÛÌr¸z#i � i	{p+i�z�i#y	i#m�tui#i�z�~#muz�tuz#~��#muz�r;x�p�t1Ì	r;xAn��#qi#�¤Ì	qwz#mlqtÖÌ	~#q	i�tuz²Ì¶�	i�n	�wsmlq�Ì���	y�Ì�#}��
n�Ì

m∗ �
Ç-É���È���Ê$"���'º����ÌfÊ��xÊF���/�H�;T4V8Íx¯Ft<n�Ì?�	i#tuy	m�k�qoÌ	pP~��-x�Ì	rFilk�ml�tuz�~��#muz

qm³t³ymu��muy	~��°x�y!x�rtÌª{	x)t�®F¯�{wi�¦	mlq	poÌ©p+i�z#i�y	}�v���x�~¨Ì	t½�z�i�z���x��!x�tlx�y	mutu��y	tui#~	{
z�i�¦	mlq	}´�-x�p���	i#p�Ì��	y	ilk�x�£Nk�i�n!£ q	}´i#�wz¨Ì	r;xAn!�#q	iñÌ��rFmuq�z��#t��±~#iH~#y	murFmlq�Ì¢�
¿ªx-k�x�s	x Ì�l~�n�mus	mlqoÌ�©r;x�p+tÖÌ	r;xAn!�#q	i#���	y�Ì	�#}�n�Ì�¥Ãi��
µ�mlr;x��°xA�PÌ	tuq	i � i�y	mlt<�wyt�x°¨��x³i � y!x�q�Ì	smlq	q	i�m|~�y	mlr$��y	x�tl�!x-k�x�muz�t½�±q!x�z#y�Ì��	ilk��-x-k�x�soÌ"��i#�z¨Ìr;xAn��#q	i�m«~��-x��
ÌrFi�k�mu�	tuz�~¨Ì	m��	i�tly	m�k�q�Ì	p�x�tH�	mly	~�}|r÷Ì�~�z#i�y	}|r3®;¯){�x�zAx�p£�m�tui � n�x�tli�~°x�q�Ì	mo<z¨Ìwv�k�~��°v?�y	i#¦	mutltli�~���x�tus	m<z©i#�z¨Ìr;xAn��#q	i � i��	ilk��#i#y	x i#���GÌwv�k!n	�PqoÌwv?�	xA�y	x�rFmuz�y	i#~�!¢~#x�£�qi��	y�Ìo<z#i#r|{¢sz�i�p�x�£�k�}|��Ì�)k�~��°vP�y	i#¦	mutltui#~�~���x�Ì	rFilk�ml���
t<z#~�Ì�=¥Ã�i#p���	p�xGÌ��	y	ilk�x�£±x°¨�k�i�n	£±muq ��k�i#~�n�m<z#~#i�y+�z����#t�n�i#~¨Ì�r§rtÌ	qoÌ	r$��r;x
kmÌ	tlt1Ì	�!x�¦oÌ�Ì?pwx��oÌzAxAn�x{!�	i�n!��s	muq	q	}|r3~#}«��m��

õÀx�tutlrFi�z�y�Ì	rÅtuq!x-s!xAn�x©¦�Ì	pwn8t��	i#i#smly	m�k�q	i#���	i#p���	p+i#�±Ì��y	i�k�xA£�ml�=y	m<�
t<��y	t�xw{�~#~�m�k��)t�n�m�k������ÛÌ	m«i#�#i��lq!x�smlq�Ìw�"�

C1, C2

D Â mlrFp+i#tuz�Ì5Ã��	muy	~#i � iìÌ�~�z#i��yi � i�®;¯){	i��	y	m�k�m<n!����ÛÌm�tl~������rFm<£±k��¼Ì��rFmuq	mlq�Ìmlr���x��!x�tlxæÌVÌ�lrFmlq	muq�Ì	mlr
m � i)i#¦mlq	p�Ì�!

pi(t)(i = 1, 2)
DúÌwv�i#¦mlq	p�Ì (dpi

dt
Ci = −

dNi

dt

) !
p(t)

D»¦	muq!x��	i��
tuy	m�k�q�Ì	p�x�!

τi (i = 1, 2)
D �y	i�k�iAn!£¼Ìz#m�n��#q	i#t<z#��~��-x�Ì	rFilk�mu�	tuz�~¨Ì�t

i
�örº®;¯)�
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Æ§y	mu�u�-n��-z�x�z#m�y	mu��mlq�Ìw��z#y	mu���#m<z°t�� i��z¨Ì	r;x�n��#q	i¡~#}|�#y!xAz#�
τ1
Ì
τ2
z�x�pª{°sz�i#�#}

i#����x��©�	y	i�k�i�n!£¼Ìz#m�n��#q	i�tuz#��¦�Ì	pwn�x��#}�n�x�y	x�~#q!x��-x�k�x�q	q	i#r$���lq!x�smlq�Ì�
τ
{	x

z�x�p£�m�i#�z�Ì	r;xAn��#qiq!x��z¨Ì§i��
µ�mlrê�-x�p���!x�mlrFi � iy	mutu��y	tlx ∆N
��ñ�y�Ìz#muy�Ì	mur

i#�z�Ì	r;xAn��#qi#tuz�Ìj�	~�n!�muz�t��¶�	y�Ì	�#}�n!�	{��i�n!��s	mlqq!x��¶�-x�¦�Ì	pwn��

I =

τ2
∫

0

p(t)g(p2, p)dt−

τ1
∫

0

p(t)g1(p, p1)dt→ max
¥ · ��6 · ¨

�	y�Ì��#t<n�i�~¨Ì�wv
τ1 + τ2 = τ,

¥ · ��68@°¨
dp1
dt

=
g1(p, p1)

C1

,
dp2
dt

= −
g2(p2, p)

C2

, pi(0) = pi,
¥ · � ·8A ¨

τ1
∫

0

g1(p, p1)dt =

τ2
∫

0

g2(p2, p)dt = ∆N.
¥ · � ·ð ¨

��y	ilk�mlrFi#qtuz�y�Ì	y�#mlrï�	i#t�n�m�k�i#~°x�z�m<n���q	i#tuz#�y	mu��mlq�Ìw�0k!n!��nmÌ	qml�	q	i��§p�Ì��
q	muz�Ì	p�Ì?y	mutu��y	tui#i#�#rFmuq!x{�p�i � k�x

g2(p2, p) = α2(p2 − p), g1(p, p1) = α1(p− p1).
¥ · � · �#¨

¼H�±�#t<n�i#~�Ì	�8rtÌq�Ì	r;xAn���q	i#�k�Ì	tutÖÌ	�	x�¦�Ì�Ì8t<n�m�k��#m<zA{�sz�i©k!n!��pwx�£�k�i � i
Ì��	i�n!��¦�Ìpwn�i#~�~�i#�z�Ì	r;xAn���q	i#r0�	yi#¦	mltutlm¤�	i�z#i�p�y	mutu��y	t�x³k�i�n!£�mlq��#}«z#�¡�	i#t<z#i��
�	q	muqª{þÌª{�pwx�p8t<n!m�k�t<z#~¨Ì	m�{�y!x�~#q	i�~#mltuq	}|m�¦	muq	} �	i#pw�w�i#pYÌ0�	y	ilk�x�£ÂnmÌ	q	mu�	q	i
Ì��rFmuq�	��z#t½�?~#i±~#y	murFmlq�Ì"�

p∗1(t) = p1 +
∆N

τ1C1

t, t ∈ [0, τ1],
¥ · � ·#È ¨

p∗2(t) = p2 −
∆N

τ2C2

t, t ∈ [0, τ2].
¥ · � · ò ¨

¿ªx�pw�w�i#s	q!x��±¦	mlq	x�~#}«��m
p∗1(t)

q	x¡~#m<n�Ì	s�Ì	q�
δ1 = ∆N/τ1α1

Ì�q�Ì£�m
p∗2(t)q!x

δ2 = ∆N/τ2α2

{z�x�pjsz�i �	y�Ì��-x�p���	p�m�Ì¶�	y	ilk�x�£�m�¦	mlq	}ê�	i#tuy	m�k�q�Ì	p�x

p∗(t) = p1 +
∆N

τ1

(

t

C1

−
1

α1

)

, p∗(t) = p2 −
∆N

τ2

(

t

C2

+
1

α2

)

.
¥ · � · �#¨

®�z�Ì ��x�~¨ÌtÖÌ	rFi#t<z¨Ì �	i#t�n�m�Ìwv±�	ilk�tuzAx�qi#~#p�Ì ~¡p	yoÌz#muy�Ì	�¥ · ��6 · ¨À�i���~#iAn!�	��z
~#}|s�Ì	t�nmÌz#��~#m�nmÌ	s�Ìq�¶�	yoÌ	�#}�nmÌjpwx�p¶Á��wqp	¦�Ì	�ïi�z

τ1, τ2
Ì
∆N

Ì¶r;x�p�t1Ì	rtÌw�
�PÌ	yi#~°x�z�� mum��	i±ouz¨Ìr3�	muy	mlrFmuq	q	}|r¾�	yoÌ¶�#t�n�i#~¨ÌoÌ�¥ · ��68@°¨��!��i�n!��s�Ì	r

I = ∆N(p2 − p1)−∆N 2
(

1

τ1α1

+
1

τ2α2

+
1

2C1

+
1

2C2

)

.
¥ · � · �°¨
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��muy	~#i#m Ìw��t�n�x � x�murF}�v�~�ouz�i#rP~#}|y!xA£�mlq�Ì�Ì)tui#i�z#~�muz#t<z°~��°muz�y	x�~#q	i�~#mltuq	i#�)�	y�Ìw���}�nmÌ��	yoÌ�i#�#rFmuq	m�rFmu£�k��¶k�~���r$�=oup�i#q	i�rtÌ	s	mltup�Ì	rtÌ0y	mu�lmly	~��°x�y!x�rtÌ¢{�~�z�i#y	i#m
£�m�v+x�y!x�pz�mly�Ì�l�#muz§�	i�z#mlyoÌJ��x�tls	m<z�p+i#q	mus	q	i#�J�y	i�k�i�n!£¼Ìz#m�n��#q	i#t<z¨ÌýÌ�p�iA�
qmls	q	}�vjmurFp�i#t<z#ml�?oup�i#qi#rtÌ	s	mutlp�Ìwvjt1Ì	tuz�mlr|�

�Hz#i#��}êq!x��z�Ì?�y	i�k�i�n!£¼Ìz#m�n��#q	i#t<z¨Ì?i#�#rFmuq!x
τ1
Ì
τ2
{	q�+£�qi�y	mu�GÌz#� ��xA�

k�x�s�
(

1

τ1α1

+
1

τ2α2

)

→ min
/

τ1 + τ2 = τ.
¥ · � · 6#¨

¯Fm¡y	mu��mlq�Ìm�{�pwx�p©n�m � p�i ~¨Ì+k�muz��	{��	yoÌ	~#i�kmÌz p¶tli#i�z#q	i���mlq�Ìw�	r

τ ∗1 = τ

√
α2

√
α1 +

√
α2

, τ ∗2 = τ

√
α1

√
α1 +

√
α2

,

zAx�p¶sz#i
1

α1τ ∗1
+

1

α2τ ∗2
=

√
α1 +

√
α2

τ

(

1

α1
√
α2

+
1

α2
√
α1

)

.
¥ · � ·�· ¨

ôH�z¨Ìr¬x�n��#q	}|��i#��µ�mlr��-x�p���	i#p
∆N

t³��s	m<z#i#rê¥ · � ·�· ¨;�	i�t<n�mHr;x�p+tÖÌ	rtÌ��xA�
¦oÌ�Ì

I
�i

∆N
y!x�~#mlq

∆N∗ =
(p2 − p1)τ

τ
(

1

C1

+
1

C2

)

+ 2(
√
α1 +

√
α2)

(

1

α1
√
α2

+
1

α2
√
α1

) ,
¥ · � · @#¨

x�r;x�p+tÖÌ	r;xAn!�#q!x����	y�Ì	�#}�n!�

I∗ =
(p2 − p1)

2τ

4(
√
α1 +

√
α2)

(

1

α1
√
α2

+
1

α2
√
α1

)

+ 2
(

1

C1

+
1

C2

)

τ

.
¥ · ��@ A ¨

��mlrº�#iAn�����m��	y	ilk�i�n!£¼Ìz#m�n��#q	i�tuz#��¦�Ì	p�n�x{�z�mlr·rFmlq����mæÌqz#muq	tÖÌ	~#qi#tuz#�
�i�n!��s	muq�Ì�©k�i-v°ilk�x

m∗ = I∗/τ
�

��y�Ì¡i�k�qi#~#y	murFmlq	qi#���	i#p���	p+m�Ì¡�	y	ilk�x�£�m$y	mlt<�wyt�x��	i�tly	m�k�q�Ì	smltlp�i#�)Á¡i#y��
rFi����	yi�k�iAn!£�Ìwz#m<n!�#q	i#t<z¨Ìj�	y	i�¦	mltutli#~±�	i#p���	poÌ
Ì��	y	ilk�x�£¼Ì

τ1
Ì
τ2
k�i�n!£ q	}

��}«z#� ~�}|�#y!x�q}¸z�x�pª{�swz#i#�#}ê~�}|�	i�n�q��n�i#tu���#t�n�i#~¨Ìm
θ
∫

0

g1(p1, p1) dt ≥

θ
∫

0

g2(p2, p2) dt
¥ · ��@ ð ¨

k	n!��n��³��i � i θ ∈ [0, τ ]
�¥M$x�p)pwx�p�t�y	i#t<z#i�r=�	y	ilk�i�n	£�Ìz�m<n���q	i#t<z¨Ì

τ1
Ì
τ2
�i�z#i#p

ymlt<�wyt�x±~�i#�z�Ì	r;xAn���q	i#r¹�	y	i�¦	mltutlm���rFmlq����x�m<z#t��ª{!x�i#����x��©~#m�nmÌ	soÌ	q!x��	muy	m<�
k�x�~°x�murFi � iPy	mutu��y	tlx ∆N

i�k�q!x Ì�zAx?£±m �	y�Ì§�	y	ilk�x�£�m�Ì§�	i#pw�w�p�m�{�z#i	{Àp�x�p
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�	y!x�~�Ìwn�i	{
τ1 ≤ τ2

��Æ8s!x�tuz#qi#tuz¨Ìª{�k!n!�)n�Ì	q	mu�	q	i#��p�Ì	qmuz¨Ìp�Ì�z#i#~°x�y	i#i#��rFmlq!x�tli��
i�z#qi���muq�Ì	m�¥ · � @ ð ¨F~#}|�	i�n�qmlq	i�p�x�p�y!x�~#mlq	t<z#~#i{�	y�Ì�ouz�i#r

τ1 = τ2 = τ
��¿�mlq	}

�	i#p���	i�p®Ì��	y	ilk�x�£#Ìw��rFmlqw�	��z�t��8~�tli#i�z#~#m<z#t<z°~¨Ì�Ì8t±y!x�~�mlq	t<z#~°x�rtÌ¾¥ · � · �#¨<{ªx
~#m<n�Ì	s�Ì	q!x±�	y�Ì	��}�nmÌjtli#i�z#~#m<z#tuz#~��#muz�~#}|y	x�£�mlq�Ì��¥ · � · �°¨��	i#t�n�m��	ilk�t<z�x�qi#~#p�Ì
~?¥ · � · �#¨<{/¥ · � · �°¨�~#rFmlt<z#i

τ1
Ì
τ2
�	y	i�k�i�n!£¼Ìz#m�n��#q	i�tuz¨Ì?�	y	i�¦	mltut�x

τ
�

ôH�z�Ì	r;xAn��#qi#r$��y	m<��muq�Ì	�Çtli�i�z#~�muz#t<z°~�����z��lq!x�smlq�Ì�
∆N∗ =

p2 − p1
2

τ

(

1

α1

+
1

α2

)

+
(

1

C1

+
1

C2

) ,
¥ · ��@7�#¨

I∗ =
(p2 − p1)

2

4

τ

(

1

α1

+
1

α2

)

+ 2
(

1

C1

+
1

C2

) .
¥ · ��@ È ¨

ÇKÈ��
Ê$�+��7�"�Ë�J"�É]È��mË�%�È���9	S��À��Í�¯Ft�nmÌ¶z#y	mu���#mur;x��?�y�Ì	�#}�n��
M = mτrFmlq	����m

I∗
{z�i�rFi�£ q	i�tlÁ¡i#yr$�-nmÌ	y	i�~°x�z����-x-k�x�s��~#}|�#i�y!x�¦	mlq¢{!p�i�z#i#y	m¡i#��mlt<�

�	mlsoÌ	~°x���z��y�Ì	�#}�n��
M
�	y�Ì¶rtÌ	q�Ì	r$��rFm¡�-xAz#y!x�z pwx���ÌzAxAn�x��

I1 =

τ1
∫

0

pg(p1, p)dt→ min,

τ1
∫

0

p2g(p2, p)dt−

0
∫

τ2

pg(pp1)dt =M.

¥ · ��@ ò ¨

®�zAx��-x�k�x-s!x�~#i�rFq	i � i#r§�	i-v°i-£±x)q!x��	y	m�k�}�k��+��������ó�n!���	iAn!��¦�Ì	pwn�i�~��	i��p���	p�Ì�ÌP�	y	i�k�x�£�Ì¶k�i�n!£ q	}µ~#}|�i�n�q�wz#�#t½�z�m�£�m)�#t<n!i#~¨Ì�rtÌ	qoÌ	r$��r;x k�Ìt<�
tÖÌ	�	x�¦�Ì�Ì´pwx��oÌzAxAn�x�FõÀxA�unmÌ	soÌ�´~#i���qoÌ	pwx���z=q!xPtuzAx�k�Ì�Ì´tli#m�k�Ì	q	muq�Ì�¹s!x�tuz#mu�
¦�Ì	pwn�x��¿ªx�k�x-s!x�tuz�}|p�i#~�p�Ì?�	i�n	�w¦oÌ	pwn�i#~ �y�Ì	rFmuz ~¨Ì�k

I∗1 (τ1,∆N)→ min
∆N,τ1,τ2

,
/

I∗2 (τ1,∆N)− I∗1 (τ2,∆N) =M.
¥ · � @+�#¨

®�z#i�k�x�muz©zAx�p�Ì	m�£�m�~#}|y!x�£�muq�Ì�jk!n!�
τ ∗1 , τ

∗
2

{¢pwx�p�Ì=~���x�k�x-s	m¶¥ · � · 6#¨��ªô��wz¨Ìw�
r;xAn��#q}|�ji#��µ�mlr´�-x�p���	i�p

∆N∗(λ) =
λ(p1 − p2)− p1

λ

(

1

C1

+
1

C2

+
2

α1τ ∗1
+

2

α2τ ∗2

)

+

(

1

C1

+
2

α2τ ∗2

) .

��i�k�t<z�x�q	i#~#p�x
∆N∗(λ)

~´¥ · ��@+��¨��y�Ì	~#ilk�Ìz=p8��y!x�~#q	muq�Ì	� k!n!��q!xAv°i-£±k�muq�Ì�
λ∗
{!x��lq!x�s�Ìwz�{mÌji��z¨Ìr¬x�n��#q	i � i i��
µ�mlr;x���x�p���	i#pª{	�-x�~�Ì	t½��ÛÌ�vji�z M �

XÀåwæ â à¥Z Ý ç�ß Þ!åæ ß Þ�î ß!ç Þ ß!â æ ß�á Þ é�ß�à�áuâIò�èAç�â Ý ç�â±° Æ�z#i#r0t<n	�ws	x�m�{°p�i � k�x�	y	m�k�m<n���q	}|m�~#i��lrFi�£ q	i#t<z¨Ì0�	i#tuy	m�k�q�Ì	pwxj�	i��-x�p���	p+m�ymlt<�wyt�x?i � y!x�qoÌ	s	mlq}�{
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m � i8i#�z�Ì	r;xAn��#qi#r$���	i�~#m�k�muq�Ì	� tui#i�z#~�muz�tuz°~��°muz´�	iAn!��s	mlqoÌ	mPr;x�p�t1Ì	r;xAn���q	i#�
�y�Ì	�#}�n�Ì

N
�	y�Ì8Á�Ìp�t1Ì	y	i#~°x�q	q	i#rê��q!x-s	mlq�ÌoÌ��-xAz#y!x�zPq!x¶�-x�p���	p�0y	mlt<��y	t�x�

MÀx�p�pwx�p©q	i#yr;x��y�Ì	�#}�nmÌ
η =

N

U
,
z�i��-x�k�x�s!x�olp~¨Ì	~°x�n�mlqz�q!x±r;x�p�t1Ì	rtÌ��x�¦�Ì�Ì

η
�y�Ìjqmlp�i�z#i#yi#rJ�lq!x-s	mlq�ÌoÌ

U
Ìwn�Ì

N
�

õÀx�tutlrFi�z�y�Ì	r3�	muy	~#i�q!x�s!x�n��#q	i±¦�Ì	pwn?t¡�i#i#s	muy	m�k�q	}|r3p+i#qzAx�pz#i�r3�i#tly	m�k!�
qoÌ	pwxlâ�rFi#q	i#�i�nmÌ	t<z�x�t�k�~���r$�©y	}|q	p�x�rtÌª�!ññÌ	q	m<z¨Ì	p�©i��#rFmlq!x�y	mlt<�wyt�x�rtÌ¶�	y�Ìw�
rFmurJ~±Á¡i#y	rFm ¥ · � · �#¨4Ì���x���Ì��mlr3Á¡i#yr;xAn��#q���µ�	i�tuzAx�q	i#~#pw�©�-x-k�x�s�Ì¶pwx�p

N = [α2γ2(p2 − p2)p2 − α1γ1(p1 − p1)p1]→ max
¥ · ��@8�°¨

�y�Ìji � y!x�qoÌ	s	mlqq	}�v¶�-xAz#y!x�zAxAv�{�z��!m��
U = α1γ1(p1 − p1)p1 ≤ Umax ¥ · � @+6�¨

Ì¶qmlq!x�p+i#�wn!mlq�Ì�Ì?ymlt<�wyt�x �	i�tly	m�k�q�Ì	p+i#r
α1γ1(p1 − p1) = α2γ2(p2 − p2),

¥ · ��@ · ¨
γ1 + γ2 = 1, γi ≥ 0, i = 1, 2.WFt<n�i#~�Ì	m�¥ · � @+6#¨¬rFi�£ q	i�tls�Ìwz�xAz#� y!x�~#mlq	t<z#~�i#r|{!mut<nmÌ

Umax q	m��y	ml~�}«��x�m<z ��xA�z�y!x�z
U∗
{	��q	x�s	muq�Ì	m�p�i�z�i#y	}�v¶q!x��+k�mlqi ~#}«��m

(
tur|��¥ · ��6 ð ¨

)
�

��i#t<n!m¬tuzAx�q�k�x�yz#q	}�v�~#}|p�n�x�k�i#p¡�#t<n�i#~�Ì	m�{�p�i�z#i#y	i�r$�³k�i�n!£ q	}���k�i#~An�muz�~#i��
y°�z�� ¦mlq	}¸�-x�pw�w�i#p

p1
Ì¶�	y	ilk�x�£

p2
{	�	y�Ì	rFm<z�Á¡i#y	r$�

α1(p1 − p1)
2(2p2 − p2) = α2(p2 − p2)

2(2p1 − p1).
¥ · ��@8@°¨

ôHq	i±~#rFmutuz#m�t¡i � y	x�q�Ì	s	muq�Ì�rtÌ§¥ · ��@76#¨<{/¥ · � @ · ¨�i��	y	m�k�m<n!�muz
p1, p2, γ1, γ2

�
��y�Ì�tui#~#rFm<��mlqoÌ�Ì��	y	i�¦	mltutli#~³�	i#p���	poÌÛÌ��	y	ilk�x�£¼Ì)y	mutu��y	t�x³i � y!x�q�Ì	smlq�Ì	mq	x��-x�z�y!x�z�}»ilk�q	i��lq!x�s	qi�i#�y	m�k�m<n!�muz

p1, p2
{ªx ��q!x-s�Ìz�{}Ì�	y�Ì	��}�n��

N
��ó�n!�

poÌ	q	muz�Ì	p�Ì?i#�#rFmuq!x±y	mutu��y	tlx�rtÌ?~�Á¡i#yr;m�¥ · � · �#¨UÌ	rFmlmur

p1 = 0, 5p1 +

√

0, 25p21 +
Umax

α1

,

p2 = p2 −
Umax

p1α2

,

¥ · � ð)A7A ¨

N = Umaxp2
p1

= Umax

(

p2
p1
−
Umax

p21α2

)

.
¥ · � ð)Að ¨

�«í!â Þ ä�ç2H=ò°ßHï�ë8é�ï�íAà Ý ç#áuálà Ý â Þ ä æ ß!â�ç Þ K æ ßz° ó�n!�~#mupz#i�y	q	i � i¶y	mlt<�wy��tlx{�p�i � k�x�i � y!x�qoÌ	s	mlqºi����ÛÌ	�¾�	i�z#i#p3�-x�z�y!x�z�{«~#i���q�Ì	p�x�muz§��x�k�x-s!x�i�~#}|�#i�y	mi��z¨Ì	r;x�n��#q	i � i�x�tutli�yz¨Ì	rFmuqz�x¼Ì¶¦	mlq¶q!x±p�x�£±k�}|� i �ö��~¨Ì�kPymltu��y	tlx��

N =
n
∑

i=1

Ni(Ui)→ max

/

∑

i

Ui = Umax, Ui ≥ 0.
¥ · � ð)A �#¨
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¿�k�mltu�
Ui

Dê��x�z#y!xAz#}�{�~#}�k�m<n!�mlrF}|m«q!x¤�-x�p���	pw�
i
� � i�y	mutu��y	tlx{#x¤�-x�~�Ì	tÖÌ	rFi�tuz��

Ni

i�z
Ui

i#�y	m�k�m�n!�	m<z#t��§y!x�~#muq	tuz�~°x�rtÌ·¥ · � ð)A8A ¨<{�¥ · � ð)Awð ¨¡�y�Ì§�i�k�t<z�x�q	i#~#p+m�~
q�ÌwvJ~�rFmltuz�i

Umax ��q!x-s	muq�Ì� Ui

�O¯Ft<nmÌ3Á��wqp	¦�Ì�Ì
Ni(Ui)

tuz�y	i � i�~#}|���pwn�}~#~#muy°v�{/xVÌwv�	y	i�Ì��~#ilk�q	}|m±~�q��n�m±tlp+i�n��©� � ilk�q	i¶~#m�nmÌ	p�Ì¢{ªz#i�i#�z�Ì	r;xAn��#q}|m��q!x-s	mlqoÌ�
Ui

�	i�n�i-£�Ìwz#m<n!�#q	}õÌ���k�i#~An�muz�~#i#y+���z �#t�n�i#~¨Ìw�	r
dNi

dUi

= λ, i = 1, . . . , n,

p�i�z�i#y	}|m�t���s	muz�i#rµ¥ · � ð)A8A ¨<{/¥ · � ð)Awð ¨��	yoÌ	r$�+z�Á¡i#y	r$�
p2i
p
�
1i

−
2Ui

p2� 1iα2i

+
Ui

2α1i

(

2Ui

α2ip3
�
1i

−
p2i
p2� 1i

)

1
√

0, 25p2i1 + Ui/α1i

= λ,

i = 1, ..., n, p
�
1i = 0, 5p1i +

√

0, 25p21i + Ui/α1i,
¥ · � ð)A#È ¨

n
∑

i=1

Ui = Umax.

õ�mu��mlq�Ì	m=tÖÌtuz#murF}V¥ · � ð)A#È ¨��	i��l~#i�n!�muz´q	x��z¨Ìºi#�wz¨Ì	r;xAn!�#q	}|�¸x�tutli�yz¨Ì	rFmuqz
�-x�pw�w�	x�mlrF}�v¶y	mlt<�wytli#~{�y!x�tl�	y	m�k�m<n!mlq�Ì	m�tuy	m�k�tuz#~�q	x�Ìwv©�-x�p���	p�¤Ì¶¦	mlq}��

Ôhg²Bkg ´µ{n|Cw"s¶m;s~wxm´"}FÜ~�~qEsp}Eu~sr²·|��¶ur²¸s³Er}n|��
ÇKÉ�'��/%�'5Ëµ�&%�È�É�Ê�Ë�Ì~Ëµ"�Ë½É�Ê$"�É�� È�S±"�'ª�=Í���i#tuy	m�k�qoÌ	p¾rFi�£�m<z8�	i��

n!��s!x�z��¶�y�Ì	�#}�n��{ªq	m�z#iAn��#p+i�i#t<�+��mlt<z°~An!��=¦�Ì	pwn0rFm<£±k!�?olp+i#q	i�rtÌ	s	mltup�Ì	rtÌ
y	mu�lmly	~��°x�y!x�rtÌPt�y!x��<nmÌ	s	q	}|rtÌP¦	muq!x�rtÌª{�q	i¼Ì?p+i#qzAx�pz�Ì	y�#�Pt�ilk�q�Ì	rýÌw��q�Ìwv
~?z�i#rµt�n!��s!x�m�{Àp+i � k�x?i#¦	muq	p�Ì§y	mutu��y	t�x?�0y	mu�lmly~��°x�y!xPrFmlq���z#t½�§~#i?~#y	mlrFm��q�Ì��	ilk�~�nmÌw�	q�Ì	mur§~#qmu��q�Ìwv�Á�x�pz�i#y	i#~	�+¹�x�y!x�pz�mly	q}¤r´�y�Ì	rFmlyi#r��	~An!�	m<z#t½�
y	}|q	i#p�tum<n���tlp�i�v°i��u�	�	t<z°~#muq!qi#���y	i�k���p	¦oÌ�Ìª{t<z#i¨Ì	rFi�tuz#��p+i�z#i�y	i#����x�~¨Ì	t1Ìz�i�z
tlm<��i#q!x�Ì�i�z¡��y	i�£±x��q	i#t<z¨Ì ~¡z#mup�+��mlr � ilk�����ó�n!�±zAx�p+i � i�i#�#rFmlq	x¡�	i#tuy	m�k�qoÌ	pk�i�n!£�muq¼Ì	rFmuz�����x��!x�t��°xA�PÌ	tuq	i � i)y	mlt<��y	t�xGÌ tlp�n�x�k�k!n!�±vwy!x�q	mlqoÌ���y	i�k!�wpwz�x{p�i�z�i#y	}|rJi#q¶i��#rFmlq�Ì~°x�muz�t½�?t¡y}|q	p�i�r|�

)(tN

)(tM
)(

0
tp

),(
0

ppg
)(tp

Î+Ï�ÐlÑ$#�Ñ�º�Ñ�Ô�ÕlÖ�×
Ø�Õl×
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ó�y� � Ì	r8v+x�y!x�pwz#mlyq	}¤r´�	y�Ì	rFmuy	i#r��	~�n!�muz�t����	i�p���	pwxGÌ��	y	ilk�x�£±x�~°xAn��¤�z�}ùÌ±¦mlq	q	}�v±����r;x � {#p��y	t¤p+i�z#i�y	}�v�Ì��rFmuq�	m<z#t�� �i�k±k�mu�	tuz�~¨Ì	mlr8rFq	i-£±mutuz�~°x�i#y	i#�§t�n!��s!x��	q}�v´Á)x�pz#i�y	i#~	� � z�y��pz#��y!x=tÖÌ	t<z#mlrF}&�i#pwxA�-x�q!x?q!xPy�Ì	t · ���w{
� k�m p0(t) Dfy!x�~#qi#~#mutlq!x���¦	mlq	x8y}|q	pwxw{

p(t)
Df¦	mlq!x0�	i�tly	m�k�q�Ì	p�x{

N(t)
Ì

M(t)
D,tui#i�z�~#muz�tuz#~#mlq	q	i��-x��!x�tl}¾ymltu��y	tlxÛÌ pwx���ÌzAxAn�x�¥Ã�°xA�PÌ	tuq	i � i)y	mlt<�wyt�x°¨�!

g(p0, p)
D��	i�z�i#pjy	mutu��y	tlx�

M¤y	ml���#muz#t½�3q	x��z¨Ì�zAx�p�i#�¹�-x�p+i#qùÌw��rFmlqmlq�Ì�J~#i0~#ymlrFmlqoÌ3¦	muq	}¼�i#tly	m�k!�
qoÌ	pwx

p(t)
{Fsz�i#�#} �	y�Ìy	i#tuz8m � i8p�x���ÌzAxAn�x=�-x��	muy�Ì	ilk τ

�#}�n3r;x�p�t1Ì	r;xAn�muqª�
��y�Ìy	i#t<z��#x��PÌ	tuq	i � i y	mutu��y	tlx �	i#tuy	m�k�q�Ì	pwx±�-x±~�y	mlr$� τ

I(τ) =

τ
∫

0

−g
(

p0(t), p(t)
)

p(t)dt→ max
p(t)≥0

.
¥ · � ð)A ò ¨

� p+i#y	i�tuz#� m � iiÌ��rFmuq	mlq�Ìw�
Ṁ(t) = −g

(

p0(t), p(t)
)

p(t), M(0) =M0.
¥ · � ð)A �#¨

¼H�lrFmlq	muq�Ì	m)i��
µ�mlr;x�y	mutu��y	tlx
Ṅ(t) = g

(

p0(t), p(t)
)

, N(0) = N0.
¥ · � ð)A �°¨

ôH��µ�mlrF}»y	mlt<�wyt�x Ì8p�x���Ìwz�xAn�xjq	mli�z�y�Ì	¦!xAz#m<n��#q	}�{À~¶pwx-s	mlt<z#~#m��	iAn�i�£¼Ìz�m<n����
qi � i�q	x���¼!x�~An�mlqoÌ�j�i�z#i#p�x���¼�Ì	q�wz�x±��x�p���	pwx±y	mlt<�wyt�x�
9���k�mlr ��¼	m�k��	i�n�x � x�z��	{«swz#i§�i#tly	m�k�q�Ì	pºqmPq!x�pwx���nmÌ	~°x�m<z§y	mlt<��y	t�x{�z���m��

N(τ) = N(0)
{�ÌwnmÌ

τ
∫

0

−g(p0(t), p(t)) dt = 0.
¥ · � ð)A 6�¨

�4¼�Ì?i�z�tu�+z#tuz°~�Ì�Ì=pwx���ÌzAxAn�x�i#q?q	m��	i�p���!x�muz©ymltu��y	t�{/x ��¼�ÌPi�z#t<�+z#tuz°~�Ì�Ì=y	m<�
t<��y	t�x�i#q�q	m¡��¼	i�k�x�muz m � i	{	zAx�pjsz�i

g(p0(t), p(t)) ≤ 0
�	y�Ì

M = 0, g(p0(t), p(t)) ≥ 0
�	yoÌ

N = 0.¥ · � ð)A�· ¨
M$x�p�Ì	r¾i#�#y!xA��i#r|{���x�k�x-s!x�tl~�i�k�Ìwz#t½�=pr;x�p+tÖÌ	rtÌ��x�¦�Ì�Ì=��¼�Ì�¼	i#t<z�x©pwx���ÌzAxA�

n�x§��¼�Ìºi � ¼	x�q�Ì	s	muq�Ì��v»¥ · � ð)A �#¨Zâ¢¥ · � ð)A
· ¨<{;���	y!x�~�n�mlqoÌ	mlr��	~An!�	m<z#t½�·¦	muq!x´�i��
tuy	m�k�q�Ì	p�x

p(t)
{�x¶�	mlymlrFmuq	q	}|rtÌ´tui#tuz�i��q�Ì�½DÂi#��µ�mlrF}»��x��!x�tui#~?ymltu��y	tlx�Ì

p�x���Ìwz�xAn�x�
�kK æ ß	ã+ç�í8¾ æ J æ H=ò°ß�àMëNí8¾ Þ íMï�H Þ!��Ä¡x�Ì�#i�n����)��� t<n�i-£ q	i#tuz��J��¼�Ì§¼	m<��m��

qoÌ�Ì=�-x-k�x�soÌJ¥ · � ð)A ��¨bâ¢¥ · � ð2A�· ¨¤��¼	m�k�tuz�x�~�n!�	��z?i � ¼!x�q�Ì	smlq�Ì�J¥ · � ð)A
· ¨<{�zAx�p�pwx�p
ÌrFmlq	q	i3q!xAn�Ì	s�Ì	m8ouz�Ìwvê�#t<n�i#~�Ì	�N��¼oÌ	~#i�kmÌz¾pÅq	mui#�-v#i�k�Ì	rFi�tuz¨ÌÅ��s�Ìz#}|~°xAz#�
kmÌ	Á¡Á¡m'¼	muq	¦�Ì!xAn!�#q	}|mH�$¼!x�~�q	mlqoÌ�=¥ · � ð)A �#¨�{�¥ · � ð)A �°¨<�Q��z�i#�#}¾i#��i#�z¨Ì�ouz¨Ì�z7¼��k	�
qi#tuz�Ìª{/�	m�¼	~#i#q!x-s!xAn���q	i�i#t�n�x��¨Ì	r·i � ¼!x�qoÌ	s	mlqoÌ�=�-x�k�x�s�Ìª{ª��¼m�k��i�n�i�£¼Ì	~	{¢sz#i
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q!x�s	xAn��#q	}«m���x��!x�tu}
M0

Ì
N0

tuz�i�n���~#m<n�Ì	p�Ìª{ªsz�i��#t�n�i#~¨Ì��¥ · � ð)A�· ¨�q	mutu�+��m<�
tuz�~#mlq	q}¡{mÌwnmÌª{!sz�i�z�i�£�m�t�x�rFi#m�{	�	i#tlym�k�q�Ìp?rFi�£�m<z�~�t�n!��s!x�m�q	mui#��v°i�k�Ìr;iA�
tuz�Ì?�	iAn!��s�Ìz#� q	mli � ¼!x�q�Ì	s	muq	q	}¤�?�#mutl��¼i#¦	mlqwz#q	}¤�j�-x�mur|�

MÀx�pjp�x�pj�$¼!x�~�q	mlqoÌ�´¥ · � ð)A �#¨�{�¥ · � ð)A �°¨��~�n!�	��z#t½�¶n!�	�w�wqi#~#tup�Ì	rtÌ´¥�z���m��
NÌ

M
qmj~�v°i�k!�z8~8��¼!x�~#}|mjs!x�t<z¨Ì3o<z¨Ìwv��$¼!x�~�q	mlq�Ì��¨<{¬z�i8�#mu�?i � ¼!x�qoÌ	s	mlqoÌ	�¥ · � ð)A�· ¨JÌwv�rFi-£�q	i³q	m��wsoÌz#}|~°xAz°�{°x{�q!x��+k���i��z¨Ì	r;x�n��#q	}|���-x�p�i#qÛÌ��rFmuq	mlq�Ìw�

¦	mlq
p∗(t)

{�Ì���$¼!x�~#q	mlqoÌ	��¥ · � ð)A �#¨<{À¥ · � ð2A �°¨¤�	i�n	�wsoÌz#��i#�wz¨Ì	r;xAn!�#q	}|m
N ∗(t)

Ì
M∗(t)

�/��i�n!��s	muq	q	i#m±��¼�Ì�o<z#i#r·��q!x-s	muq�Ì	m�r;x�p+tÖÌ	r;xAn!�#q	i � i¶��¼oÌ�¼	i#t<z�x��°x��PÌt<�
q	i � i8y	mlt<�wyt�x I∗(τ) ����k�m<z§i#¦	muq	p+i#�3tl~�m'¼wv��§k!n!�J��¼oÌ�¼	i#t<z�x{�q!x���k�mlqq	i � i§t��s	muz�i#r3~#tum<v�i � ¼!x�q�Ì	s	muq�Ì	�ª�N���q	p	¦�Ì��ù)x � ¼!x�q£±x���x�k�x-s�Ì�¥ · � ð)A ò ¨�{�¥ · � ð2A 6#¨¬�-x���Ìw��mlrJ~�Á¡i7¼	rFm

L(p0, p) = −g(p0, p)p+ λg(p0, p) = g(p0, p)(λ− p).

W;t<n!i#~¨Ì	m¡mlm¡tuzAx�¦�Ì	i�q!x8¼	q	i�tuz¨Ì?�	i
p
��¼�Ì	~#ilk�Ìz p��$¼!x�~#qmlq�Ì	�

∂g(p0, p)

∂p
(λ− p)− g(p0, p) = 0,

p�i�z�i7¼	i#m¡rFi�£ q	i��	m'¼	mu��Ì	tlx�z#��~�~�Ì�k�m
g(p0, p)

∂g(p0, p)
∂p

+ p = λ.
¥ · � ð2A @°¨

� �	i�rFi����#�f�#t�n�i#~�Ì�&¥ · � ð)A 6#¨
Ì	tlp�n��³s�Ìr p�i#qtuzAx�qz��
λ
Ì�´tli�i�z#q	i���mlqoÌ�

¥ · � ð)A @#¨<�+ó)n	�¶o<z#i � i ��¼	mli��7¼!x��u�#mlrµ¥ · � ð)A 6#¨�pwx�p
τ
∫

0

g(p0(t), p(t)) dt =

τ
∫

0

∂g

∂p
(λ− p) dt = λ

τ
∫

0

∂g

∂p
dt−

τ
∫

0

∂g

∂p
p dt = 0,

i�z#pw��k�x
λ =





τ
∫

0

∂g

∂p
p dt



 :





τ
∫

0

∂g

∂p
dt



 .
¥ · � ð#ð)A ¨

��i�k�t<z�x�~�n!��¹¥ · � ð#ð2A ¨�~�¥ · � ð)A @°¨�{��	i�n	�ws	x�mlrº�$¼!x�~#q	muq�Ì	m�{/tl~����}«~°x�����mlm±i#�wz¨Ìw�
r;xAn��#qw�w�µ¦	muq�

p∗(t)
t
p0(t)

�

g(p0, p
∗) =

∂g

∂p









τ
∫

0

∂g

∂p
p∗dt



 :





τ
∫

0

∂g

∂p
dt



− p∗



 .
¥ · � ð#ð#ð ¨

Æ�}|�oÌ��mur8�~#q	}|m|~#}r¼!xA£�mlq�Ì�)k!n!�
p∗(p0)

Ì
I∗(τ)

~¡t�n!��s!x�m�{+p+i � k�x��	i�z�i#py	mlt<��y	t�x±n�Ì	q	mlmuq?i�z�q	i#t1Ìz#m<n���q	i�¼!x��lq	i#t<z¨Ì?¦mlq"�
g(p0, p) = α(p− p0),

¥ · � ð#ð �#¨
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� k�m α D q	mup�i�z�i7¼!x����i�n�i�£¼Ìz�m<n���q!x��8p�i#qtuzAx�qzAx��W;t�n�i#~¨Ì	m¥ · � ð#ð#ð ¨���¼�Ì	rFmuz
~�Ì�k

g∗(t) =
α

τ

τ
∫

0

p dt− p(t).

ôH��i���q!x-s!x���t�¼	m�k�q	�³�N¦	mlqw��y	mutu��y	tlx��-x�~8¼	mlr$�
τ
pwx�p 1

τ

τ
∫

0

p dt = p
Ì���s�Ìz�}��

~#x��ª{sz#i ~±tÖÌ�n!�0¥ · � ð2A 6#¨
p = p0

{	�	i�n!��s�Ìr3q!x�i#�z�Ì	r;xAn��#qi#r=¼	m<��mlqoÌ�Ì

g∗(t) = α(p(t)− p0(t)) = α(p0 − p(t)),

i�z#p�lk�x
p∗(t) =

1

2
(p0 + p0(t)).

¥ · � ð#ð�È ¨
ôH�z�Ì	r;xAn���q	}|�?�	i�z#i#p¶y	mlt<��y	t�x y!x�~#mlq

g∗(p0, p
∗) = α(p∗(t)− p0(t)) =

α

2
(p0 − p0(t)).

¥ · � ð#ð ò ¨
h?x�p+tÖÌ	r;x�n��#q!x���tuy	m�k�qw��
Ì	qwz#mlqtÖÌ	~#q	i#t<z°�¼Ì�l~�n�mus	mlq�Ìw�j�°x��ÖÌ	tuq	i � i±y	mlt<�wy��tlx��y�Ì�i#�#rFmuq	m±t�q	mutuzAx�¦�Ì	i#q	x�y	q	}|rÅolp+i#q	i#rtÌs	mltup�Ì	rêy	mu�lmly	~��#x�y	i#rê�	y	i��	i#yw�

¦oÌ	i#q!x�n��#q!x³�y�Ì�tuz#ymlrÀn�mlq�Ì�Ì
τ
p��#mutlp+i#q	mlsq	i#t<z²Ì�k�Ìtl�	muy	tÖÌ�Ì�Ì�lrFmlqmlq�Ì��tuz�i��

ÌrFi#tuz�Ì?ymltu��y	tui#~��

J∗ =
I∗(τ)

τ
=

1

τ

τ
∫

0

−g∗(p0(t), p
∗(t))p∗(t) dt =

=
1

τ

τ
∫

0

α

2
(p0 − p0)

1

2
(p0 + p0) dt =

α

4τ

τ
∫

0

(p20 − p
2
0) dt =

=
α

4τ

τ
∫

0

(p0 − p0)
2 dt =

α

4
Dp0

.

¥ · � ð#ð �#¨

��i�n!��s	muq	q	}|m�tli�i�z#q	i���mlqoÌ��Ì	rFmu��z©tlrF}|t<n±ÌP~�z#i�rºt<n	�ws	x�m�{¢p�i � k�x p0(t)�y	m�k�t<z�x�~�n!�muz¾tli��#i#�¸t<z�x�¦�Ì	i#q	x�y	q	}|�Åt<n!��s!x��	q	}|�Å�	y	i#¦mltut8t�r;x�z�mlr;x�z�Ì	s	m<�
tup�Ì	r§i�£¼Ì�k�x�qoÌ	mlr

p0
{#k�Ìtl�	muy	tÖÌ	ml�

Dp0

Ì���n�i�z#qi#tuz��#�Ny!x�tl�	y	m�k�m�n�mlq�Ì�
µ(p0)q	x8rFq	i-£�mlt<z#~#m

V
~#i���rFi�£ q	}�v¹�lq!x�smlq�Ì	�

p0
��N�i#y	r$�-n�xº¥ · � ð�ð#ð ¨)k!n!�Ji#�z�Ìw�

r;x�n��#q	i � i�	i�z�i#pwxymltu��y	tlx��i#t<n�m©�	muy	m�v°i�k�x=i�z�#tly	m�k�q	mlq�Ì�¹�	i~#y	murFmlq�Ì´p��tly	m�k�q	mlq�Ì	�Ç�	i�rFqi�£�mlt<z#~��©�	y�ÌrFmuz�~�Ì�k
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g(p0, p
∗) =

(

∂g(p0, p)

∂p

)

p∗













E

[

∂g

∂p
p

]

E

[

∂g

∂p

] − p∗













.
¥ · � ð#ð �#¨

¿�k�mltu��smly	m<�
E[·]

i��#i���q	x�s	muq	i¤r;x�z#mur;x�z¨Ìs	mltlp�i#m¬i�£¼Ì�k�x�q�Ì	mF�i
p0
~#}|y!xA£±muq�Ì�¢{

tuz�i����m � i�~�tup�i#��pwxAv���M$x�pª{

E

[

∂g

∂p
p

]

=
∫

V

µ(p0)
∂g(p0, p)

∂p
p dp0.

M$x�poÌ	r¼i#��y!x���i�r|{�¥ · � ð�ð �°¨��y	m�k�t<z�x�~�n!�	m<z·tli#��i#�öÌ	qz�m � y!xAn��#qi#m§��y!x�~#q	muq�Ì	m�{tl~��w��}|~°x�����mlm
p∗
Ì
p0
k!n	�¾n!�³�#i � i t �¤®¬z�x´tl~��w���§�-x�~¨Ì	tÖÌwz�i�z¹��n�i�z#qi#tuz�Ìy!x�tu�	y	m�k�m<n�mlq�Ì�

p0
�#ó)n	� nmÌ	q	mu�	q	i���p�Ì	qmuz¨Ìp�Ì¶y	mutu��y	tui#i#�#rFmuq!x¶¥ · � ð#ð ��¨F��y!x�~��

q	mlqoÌ	m�¥ · � ð#ð �°¨/p�x�y�k�Ì	q!xAn!�#q	i����	y	i���x�muz�t��ª�#ôH�z¨Ì	r;x�n��#q!x���¦	muq!x
p∗(t)

�-x�~¨Ì	t1Ìz
~�ouz#i�r´t<n!��s!x�mHq	m³i�z���n�i�z�q	i#tuz�Ì�y!x�tu�	y	m�k�m<n�mlq�Ì�

p0
{wx¡nmÌ����i�z�mum³tly	m�k�q	m � iÌ�z#mup�+��m � i���q!x-s	mlq�Ì�ª�

Ç¶�$¿��+%�¿�É�ÊRË�Ì~Ë½È��w�8�5ÈÀ��É��wÍ�õÀx�tutlrFi�z8¼�Ì	r olp+i#q	i�rtÌ	s	mltup���ÂtÖÌ	t<z#mlr$�#{�~
p�i�z�i7¼	i#����¼i¨Ì	t v°i�k�Ìwz�i�k�q	i#~7¼	murFmlqq!x����	i#pw�w�pwx Ì���¼	ilk�x�£±x¡y	mlt<��y	t�x��	iÀ¼!x��<�
q	}|rï¦	muq!x�r|��¼�rFmumuz�t��´rFq	i�£�mutuz#~�i0®;¯ ¥Ãpwn�Ì	mlqz�i#~+¨�{Fi�¦	mlqoÌ	~°x����ÛÌwv§i�k�Ìq'Ì
z#i�z?£�m�y	mutu��y	t��	iA�öy!xA��q	i#r$��Ì8�	i¶z#mlr Ìwn�ÌYÌ	q}|rN�	y�Ì	s�Ìq!x�rNq	m¼Ì	rFmu���GÌ	r
~#i��lrFi�£ q	i#t<z¨Ì�~#t<z����!x�z�� ~��	y+�rFi#��p+i#qzAx�pz�y	mutu��y	tli�i#�#rFmuq!x���¡ilk�i#��q���Nt1Ìw�
z��°x�¦oÌ	� rF}µq!x���n���k�x�mur¤{�q!x��	y�Ì	rFmuyª{¢�	y�Ì�	i�p���	p�mÛÌ�y	i�k�xA£�m)£¼Ìwn����¢���¡iA�
tly	m�k�q�Ì	p®Ì��~An�mlp�x�muzj�	y�Ì	�#}�n!�ÕÌ�<�²��x�y!x��<nmÌ	s�Ìw�0i#¦	muq	i#p�y	mutu��y	tlxjq!x©rFq	i�£�m��
tuz�~#m�pwnmÌ	muqz#i�~	�

�H�#tuz��
p̂
Ì
p̌

D,��¼	m�k�m�n��#q	}«mH¦	muq	}ï¥Ã~�m'¼wvwq�w��Ì q�Ì£ q���tli�i�z#~�muz#t<z°~#muq	q	i+¨
pwnmÌ	muqz#i�~	{

p+(t)
D ¦	mlq!x��	i#p���	poÌª{

p−(t)
D ¦	mlq!x���¼	ilk�x�£¼Ìª�!��i#tup�iAn��#p���	i��

tly	m�k�q�Ì	p0q	m±rFi�£�m<z¶��¼	ilk�x�~°xAz#�¶y	mutu��y	t �i¶¦	muq	m�~#}«��m�{�smlrêr;x�p�tÖÌr;xAn��#q	x��
¦	mlq	x�pwn�Ì	mlqz�i#~	{LÌ��	i�p���!x�z���ymlt<�wyt��	i�¦	muq	m�qoÌ£�m�{#s	mlr0rtÌ	q�Ì	r;xAn!�#q!x��±¦	mlq!x
pwnmÌ	muqz#i�~	{!z#i�k�i�n!£ q	}¸~#}|�	iAn�q�z��#t½�jq	m'¼	x�~#mlqtuz#~#x

p−(t) ≤ p̂0, p+(t) ≤ p̌0.

¿ªx�k�x�s!x«r;x�p+tÖÌrtÌ�-x�¦oÌ�Ì Ìqz#muq	tÖÌ	~#q	i�tuz²Ì)�	iAn!��s	mlq�Ìw�)��¼�Ì	�#}�nmÌ�rFi-£±m<z¤�#}«z��
Á¡i7¼	r;xAnmÌw��i#~°x�q!x�pwx�p

J =
1

τ

τ
∫

0

[

g−(p̂0, p−)p− − g+(p̌0, p+)p+
]

dt→ max
p+,p−

,
¥ · � ð#ð 6�¨

� k�m g−(p̂0, p−) Ì g+(p̌0, p+) D��	i�z#i�p�Ìjy	mutu��y	tlx �	y�Ì¶��¼	i�k�x�£�m�Ì¶�i#p���	p�m��
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ñ¡x�pÕÌ¶~ ��¼m�k�}�k��+��ml�PrFi�k�m�nmÌª{�rF}Åtus�ÌzAx�mur¤{�sz�i��	i�tly	m�k�q�Ì	p?q	m�q!x�pwx��w�
n�Ì	~°x�m<z y	mlt<��y	t���W;t<n�i�~¨Ì	m�qmlq!x�p+i#�wn!mlq�Ì�jy	mutu��y	tlx��-x��oÌ��mur3pwx�p

∆N =

τ
∫

0

[

g+(p̌0, p+)− g−(p̂0, p−)
]

dt = 0.
¥ · � ð#ðl· ¨

�4¼�ÌGÌ	tuz�i���mlq�Ì�Ì�pwx���Ìwz�xAn�xìÌwnmÌ�y	mlt<��y	t�xH�i�z#i�p�Ì��	i#pw�w�i#pÛÌ���¼i�k�x�£µtl~����
��x�q	}êqm'¼!x�~�mlq	t<z#~°x�r�Ì

g+(p̌0, p+)p+ ≤ g−(p̂0, p−)p−, M = 0,
g+(p̌0, p+) ≥ g−(p̂0, p−), N = 0.

¥ · � ð#ð @°¨

¼H��rFmuq	mlq�Ìw�j��x��!x�tui#~�y	mutu��y	t�x¼Ì¶p�x���ÌzAxAn�x�i#��¼	m�k�m<n!���z�t���k�Ì	Á¡Á¡m'¼mlq	¦�Ì��
x�n��#q	}|rtÌ��$¼!x�~#q	muq�Ì�rtÌ

Ṅ(t) = g+(p̌0, p+)− g−(p̂0, p−), N(0) = N0,

Ṁ(t) = g−(p̂0, p−)p− − g+(p̌0, p+)p+, N(0) = N0.

¥ · � ð � A ¨

Æ�z#i�rt<n!��s!x�m�{�p�i � k�x N0

Ì
M0

~�m<nmÌ	poÌª{�~#m�¼	i��wz#q	i�tuz#�ÂÌ	tuz�i���muq�Ì���-x��!x�tli�~
p�x���Ìwz�xAn�x±Ì¹y	mutu��y	t�x���¼	mlqml�7¼	m<£¼Ì	rFi0r;xAn�xw{F�i#ouz�i#r$�´q	m�¼!x�~#muq	tuz�~°x3¥ · � ð#ð @°¨
rFi-£ q	i�i�z��7¼	i#t1Ìz#���W~¼!x�~#qmlq�Ì�=¥ · � ð � A ¨;q	m³tlilk�m�¼£±x�z�~���¼!x�~�}�v�s!x�tuz-�wv

N
Ì

M
{EÌ~©o<z#i#r·t<n	�ws	x�m�Ì�vrFi-£ q	i�q	m���s�Ìz#}|~#x�z#�¶��¼�Ì~#}|�#i7¼	m�i#�wz¨Ì	r;xAn!�#q	}�v

¦mlq
p∗+

Ì
p∗−
�

õ�mu�GÌ	rJ��x�k�x�sw��¥ · � ð#ð 6#¨�{�¥ · � ð#ðl· ¨��	N���q	p	¦�Ì��ù)x � ¼!x�q£±x���x���Ì��mlr3p�x�p
L = g−(p̂0, p−)(p− − λ)− g+(p̌0, p+)(p+ − λ).

WFt<n�i#~�Ì�¶mlm¡tuzAx�¦�Ìi#q!x8¼	qi#tuz¨Ì?�	i
p+

Ì
p−
��¼oÌ	~#ilk��z p¶tui#i�z�q	i���mlq�Ì�r

∂g+
(

p̌0(t), p+(t)
)

∂p+
[p+(t)− λ] + g+

(

p̌0(t), p+(t)
)

= 0,

∂g−
(

p̂0(t), p−(t)
)

∂p−
[p−(t)− λ] + g−

(

p̂0(t), p−(t)
)

= 0.

¥ · � ð � ð ¨

¯Ft<nmÌÁ¼	m<��mlqoÌ	m�o<z¨ÌwvÅk�~��°vN�$¼!x�~�q	mlq�Ì�Çm�k�Ìq	tuz�~#mlq	q	i�Ìïtui#i�z�~#muz�tuz#~��#muz
r;x�p�t1Ì	r$��rF�

L
{	z�i¼Ìw���$¼!x�~#q	mlqoÌ	�§¥ · � ð � ð ¨��	i�n!��s!x�mlr

g+(p̌0(t), p+(t)) = −
∂g+(p̌0(t), p+(t))

∂p+
(p+(t)− λ),

g−(p̂0(t), p−(t)) = −
∂g−(p̂0(t), p−(t))

∂p−
(p−(t)− λ).

��ilk�tuzAx�~¨ÌrJouz�Ì?~�}r¼!x�£�mlqoÌ�¶~?¥ · � ð#ðl· ¨��
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∆N =

τ
∫

0

[

g+(p̌0, p+)− g−(p̂0, p−)
]

dt =

=

τ
∫

0

[

∂g−(p̂0(t), p−(t))

∂p−
p−(t)−

∂g+(p̌0(t), p+(t))

∂p+
p+(t)

]

dt+

+λ

τ
∫

0

[

∂g−(p̂0(t), p−(t))

∂p−
−
∂g+(p̌0(t), p+(t))

∂p+

]

dt = 0,

i�z#pw��k�x�~#}|y!xA�PÌ	r
λ

�

λ =

τ
∫

0

[

∂g−(p̂0(t), p−(t))

∂p−
p−(t)−

∂g+(p̌0(t), p+(t))

∂p+
p+(t)

]

dt

τ
∫

0

[

∂g−(p̂0(t), p−(t)

∂p−
−
∂g+(p̌0(t), p+(t))

∂p+

]

dt

.
¥ · � ð �7��¨
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λ
Ì�)�$¼!x�~#q	muq�Ì�§¥ · � ð �7��¨«~¥ · � ð � ð ¨�{!�	i�n!��s�Ìr¾tÖÌtuz#mur$�j�$¼!x�~#qm<�

q�Ì	��k!n!�¶q!x�v°i�£�k�mlqoÌ�¶i#�z�Ì	r;xAn���q	}�v
p∗+(t)

Ì
p∗−(t)

�
ó�n!��nmÌ	q	mu�	q	i#�¶��x�~¨Ì	t1Ì	rFi#tuz�Ì?�	i�z�i#pwx±y	mutu��y	tlx i�z±¼!x���qi#tuz�Ì?¦	muq

g+(p̌0(t), p+(t)) = α+(p+(t)− p̌0(t)),
g−(p̂0(t), p−(t)) = α−(p−(t)− p̂0(t)),

¥ · � ð � È ¨
� k�m α+

{
α−

D¼q	mup�i�z�i7¼	}|m��	i�n�i-£�Ìwz#m<n!�#q	}|m�p+i#q	t<z�x�qz#}�{¢�$¼!x�~#q	mlqoÌ�´¥ · � ð � ð ¨
��¼�Ì	r$�+z�~�Ì�k

α+(p+ − λ) + α+(p+ − p̌0) = 0, α−(p− − λ) + α−(p− − p̂0) = 0.
��i�k�t<z�x�~¨Ì	~�~±ouz�Ìj�$¼!x�~#q	muq�Ì�¶�lq!x-s	mlq�Ìm

λ
{	�	i�n	�wsoÌ	rJi#�z�Ì	r;xAn���q	i#m¢¼mu��mlq�Ì	m

p∗+(t) =
1

2
(λ+ p̌0) =

1

2

[

α+p+ + α−p−
α+ + α−

+ p̌0(t)

]

,

p∗−(t) =
1

2
(λ+ p̂0) =

1

2

[

α+p+ + α−p−
α+ + α−

+ p̂0(t)

]

.

Æ,~�}r¼!x�£�mlq�Ìw�wv�k	n!�
p∗+

Ì
p∗−

tlilk�m'¼w£�xAz#t½�'Ìwv�t�¼	m�k�q�Ì	m©�lq!x�smlq�Ì�
p+

Ì
p−
q!x¼Ì	qz�m'¼	~°x�n�m

[0, τ ]
�ªhj}µrFi-£±murýÌ���#x�~¨Ìz��#t½�i�z

p+
Ì
p−
{��#t�¼	m�k�qoÌ	~�n�m��

~#}|mÛÌ��¼!x�~#}|m�s!x�tuz¨Ì=~�o<z¨Ìwvy!x�~#mlq	t<z#~#xAv��/ÆÅy	m<�l�-n!��zAx�z°m±�i�n!��s�Ì	r·t1Ì	tuz�mlr$�
��y!x�~#q	muq�Ì	�jt³k�~���r$�¶q	m1Ì��~�mltuz#q	}|rtÌ

p+
Ì
p−

�

p+ =
(2α+ + α−)p̌0 + α−p̂0

2(α+ + α−)
, p− =

α+p̌0 + (α+ + 2α−)p̂0
2(α+ + α−)

.
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MÀx�p�Ìr3i��7¼!x��li#r|{!��q!xA�
p+

Ì
p−
{�rFi�£�murJ~#}r¼!x��ÖÌz#��i#�z�Ì	r;xAn���q	}|m��lq!x-s	mlq�Ìw�

p∗+
Ì
p∗−
z�i�n��#p+i sm'¼	m<�

p̌0(t)
Ì
p̂0(t)

Ì
Ìwv�t'¼m�k�q�Ìm���q!x-s	muq�Ì�"�

p∗+(t) =
1

2
p̌0(t) +

α+p̌0 + α−p̂0
2(α+ + α−)

, p∗−(t) =
1

2
p̂0(t) +

α+p̌0 + α−p̂0
2(α+ + α−)

.
¥ · � ð � ò ¨

h?x�p+tÖÌ	r;x�n��#q!x��
Ìqz#muq	tÖÌ	~#q	i�tuz°� �	i�n!��s	muq�Ì�j��¼�Ì	��}�nmÌ"�

J∗ =
1

τ

τ
∫

0

[

g−(p̂0, p−)p− − g+(p̌0, p+)p+
]

dt =

=
1

τ

τ
∫

0

[

− α−
(

p∗−(t)− p̂0(t)
)

p∗−(t)− α+

(

p∗+(t)− p̌0(t)
)

p∗+(t)
]

dt.

¥ · � ð �7�#¨
Æ�z�i#r§t<n!��s!x�m�{p+i � k�x�¦	muq	} p̂0

Ì
p̌0
�	y	m�k�t<z�x�~�n	�	��z±tui#�#i���t<z�x�¦�Ì	i#q!x�y	q	}|m

t�n!��s!x��q	}|m��	yi#¦	mltutl}�{|�	iAn!��s	mlq	q}|m�tli#i�z#q	i���mlqoÌ�·tl�	y!x�~#m�k	nmÌ	~#} Ì¾rFi � �+z��}«z#�§i#�#i#����mlq}�{�pwx�p3ouz#i§tìk�m<n�x�q	i´~�}«��mjk	n!�¾i#��rFmlq!x8tPilk�q�Ì	r y	}|qp�i#r|�
ó�n!�±p�Ìq	muz�Ì	p�Ì�~�Á¡i#y	rFm�¥ · � ð � È ¨À~#}|y	x�£�mlq�Ìw�?¥ · � ð � ò ¨Ài�tuzAx���z�t�� ~�t1Ìwn�m�{+mlt�nmÌ
�i�k

p̂0
Ì
p̌0
�	i#qoÌ	r;x�z#�³r;x�z#mur;x�z¨Ì	smltlp�Ì	m|i-£�Ì�k�x�q�Ì�)o<z¨Ìwv��	y	i#¦	mutltui#~	�#ôH¦	muq	pwx

k	n!�
Ì	qz�mlq	t1Ì	~#q	i#t<z²Ì?�	i�n!��s	muq�Ì�j�	y�Ì�#}�nmÌ�¥ · � ð �8�#¨��	yoÌ	rFmuz Á�i�y	r$�

J∗ =
1

4
(α+Dp̌0

+ α−Dp̂0
) +

α+α−
4(α+ + α−)

(p̌0 − p̂0)
2,

� k�m Dp̌0
= p̌20 − (p̌

2
0), Dp̂0

= p̂20 − (p̂
2

0)
D,k�Ì	tu�	m'¼tÖÌ�Ìjt<n!��s!x��	q	}�v¶~�m<nmÌs�Ì	q

p̌0Ì
p̂0
�

Â��Q¿�É��/�	"�É��#��N���#��É�.0�+"����¸ �Ë	%�Ë!��Ë1È����8�+È���Ë�õÀx�tutlr;x�z�y�Ì	~°xA�0�-x�k�x-s�Ì
Ìw��~�n!mls	muq�Ì�j�°xA�PÌ	tuq	i � i�y	mutu��y	t�x�~�tÖÌ	t<z#mlr;x�v¶t¡qmltuzAx�¦�Ìi#q!x�yq	}¤rtÌjolp+i#q	i#rtÌw�smltup�Ì	rtÌ�y	mu�lmly~��°x�y!x�rtÌ�rF}ï�	y	m�k��	i�n�x � xAnmÌª{/swz#i©�-x��!x�tl}ïy	mlt<��y	tli�~j�i#tly	m�k!�qoÌ	pwx±qm�Ì	tuz�i���x���z#t��j�	y�Ì
Ì��rFmuq	mlqoÌ�Ì?�	i�z�i#p�i�~±�-x�pw�w�i#pÕÌ¶�y	i�k�x�£?���Hz#i#��}
~�}«�	tuq�Ìz#�{�q!x�tlp+i�n��#p+i � y���#}|r¸�~�n!�	m<z#t½��ouz�i�k�i#��+��mlq�Ì	m�{�q	x���k�mur¸~#m'¼	i-�zA�
qi#tuz��®Ì	t<z#i���mlq�Ì����x��!x�tlx=y	mlt<��y	t�x

N
~=��¼	m�k��	iAn�i�£�mlqoÌ�Ìª{;swz#i

p0(t)
�~�n!���

m<z#t½� � x��#tltui#~#}|r´t<zAx�¦�Ì	i#q	x8¼	q	}|r´t<n	�ws	x��	q	}|r´��¼	i�¦	mltutli#r§t�p�i7¼�¼	m<n!�¦�Ì	i#qq	i#�
Á���q	p	¦oÌ	ml�j~¨Ì�k�x

Rp0
(τ) = σ2 exp[−α|τ |].

Ä�muz8¼��k�q	i��	i#p�x��-xAz#�	{¬swz#i=k!n!�´nmÌ	q	mu�	q	i��J�-x�~�Ì	tÖÌ	rFi�tuz¨Ìµ¥ · � ð#ð �#¨��	i�z#i�pwx
ymlt<�wyt�xJi�zÃ¼!x���qi#tuz�ÌÅ¦	mlqêo<z#i�zJ�	i�z#i�pê��¼�Ì

p = p∗(p0)
zAx�p£�m=�	~�n	�	muz�t½�

� x��#tltui#~#}|r3t�n!��s!x��	q}|r¾��¼	i#¦	mutltui#r3t¡p+i7¼�¼	m�n!�	¦�Ìi#q	q	i#�jÁ���q	p	¦oÌ	ml�

Rg∗(τ) =
α2

4
Rp0

(τ) =
α2σ2

4
exp(−α|τ |).
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¿�k�mltu��rFqi�£¼Ìz#m�n����	yoÌ©olp+tl�	i�q	mlqz#m�y!x�~#muq kmÌ	tl�	muy	tÖÌoÌ
Dg∗

�$M$x�p+i#��p�i7¼�¼	m<n	�w�
¦�Ì	i#qq	i#�¶Á¡��q	p¦�Ì�Ìjtli#i�z#~#m<z#tuz#~��#muz�tl�mlpz8¼!xAn��#q	x��?��n�i�z#qi#tuz��

Sg∗(w) =
2αDg∗

α2 + w2
=

α3σ2

2(α2 + w2)
.

� �	mupz7¼!x�n��#q!xA�0��n�i�z#qi#tuz��j��¼i#¦	mutlt�x
N(t)

{¢tu~����x�q	q	i � i�t g∗(t) �$¼!x�~�q	m<�
q�Ì	murN¥ · � ð)A �#¨<{oÌ	rFmlm<z�~¨Ì�k

SN(w) =
N0 − Sg(w)

w2
.

ñ�i#q	t<z�x�qzAx
N0

Ì	rFmumuz�turF}|t<n�r;x�z#mur;x�z¨Ìs	mltlp�i � i�i�£¼Ì�k�x�q�Ì����¼	i�¦	mltut�x
N(t)Ì�~#}|�¨Ì�¼!x�muz�t½��Ì���#t�n�i#~�Ì��i � ¼!x�q�Ì	s	muq	q	i#t<z¨Ì�k�Ì	tl�m'¼	t1Ì�Ìª�AóGÌ	tl�m'¼	t1Ì����¼	i#¦	mut<�

t�x
N(t)

DN =

∞
∫

0

SN(w)dw

i � ¼	x�q�Ì	s	muq!x���¼�Ì
N0 =

ασ2

2

�!�4¼�Ì�z�x�p+i#r�~#}|�#i7¼	m

DN =
σ2

4
.

¥ · � ð �8�#¨
Æ�m�¼	i��wz#q	i�tuz#�æÌtuz#i���mlq�Ì����x��!x�tlx)y	mlt<�wyt�xÄ¼!x�~#q!x)~�m'¼	i-�z#qi#tuz�Ì©z�i � i{wsz�ii�z7¼oÌ	¦!x�z�m<n��#q	}|mi�z�pwn�i�q	mlq�Ìw�

N(t)
i�z

N0

��¼	ml~�}|t��wz§~#m<nmÌs�Ì	q��q!x-s!xAn��#qi��
� i���x��!x�tlx�!®�z���~#muy	i��wz#q	i#t<z#�±rFi�£ q	i�q!x��z¨Ìª{zAx�p�p�x�p���x�p�i#q©y!x�tl�	y	m�k�m�n�mlq�Ì�~#m<n�Ì	s�Ì	q	}

N
qi#y	r;xAn���q	}|�ª{�Ì�l~#mutuz#q	}�mum«r;x�z#mur;x�z¨Ì	smltlp�i#m|i�£¼Ì�k�x�q�Ìm4Ì)k�Ìt<�

�	mlytÖÌ�¢�
ô�k�q	i���Ìw�~#i���rFi�£ q	}�vÅ¥Ã��n�Ì��p+i#�¾p3i#�z�Ì	r;xAn���q	i#��¨�tuz7¼	x�z#m � Ì	�º~#}|�#i7¼	x

p(t)
�~�n!�	m<z#t½�¶~#}«�#i7¼��	i�Á¡i7¼	r$�-n�m�¥ · � ð � È ¨Fk	n!�©z#m�v�rFi#rFmuqz#i#~±~7¼	murFmlq�Ìª{	p�i��

� k�x N(t) > 0
{mÌ?~�}|�#i7¼

p(t)
Ì�)�#t�n�i#~¨Ìw�C¼!x�~�mlq	t<z#~°x

g(t)
q�-n!�µk	n!�?t�n!��s!x��¢{

p�i � k�x N(t) = 0
� � ¼	m�k�q���Ì	qwz#mlqtÖÌ	~#q	i�tuz°���	iAn!��s	mlq�Ìw����¼oÌ	�#}�nmÌ±~�ouz�i#r0t�n!�°�

s!x�m�t���s	m<z#i#rz#i � i	{�sz#iH��¼�Ì
g(t) = 0 Ṁ = 0

{L¼	x�~#q!x
J̌(N0) = J̌∗

(

1−P (N0)
)

Ì�i#q	x�rFi�£�muz�t�n!�+£�Ìz���q�Ìw£�q	mu��i#¦mlq	p+i#��k!n!� k�i#t<z¨Ì£¼Ì	rFi#�¤Ìqz#muq	tÖÌ	~#q	i�tuz²Ì
��¼�Ì	��}�nmÌ¹�i#t'¼	m�k�q�Ì	p�x�F�Y¼oÌ´t<z7¼	murÀn�mlq�Ì�Ì�q!x-s!xAn!�#q	i � iP�-x��!x�t�x N0

p§�#mutlp�iA�
q	mlsq	i#tuz�Ì?i#¦	mlqp�Ìjtl�AnmÌ£±x���z#t½�©kz¼w� � t³k	¼� � i#r|�¯�q!xAn�i � Ì	s	q	}«�?x�q!xAn�Ì�¡rFi�£ q	i���¼i#~#mlt<z¨Ì©k	n!��~#m�¼	i��wz#q	i�tuz¨Ìj~#}|�i�n�q	muq�Ì�
~�z#i8¼	i � iÛÌ�Hq	m�¼!x�~#muq	tuz�~j¥ · � ð)A�· ¨�¥;Ì	tuz�i���muq�Ì	m¡p�x���ÌzAxAn�x°¨��!ô�k�q	x�p�i�~�i�z�nmÌ	s�Ìm
i�z

N(t)
~#m�nmÌ	s�Ìq!x8p�x���ÌzAxAn�x

M(t)
~#i��2¼	x�tuzAx�m<z�{4Ì�~#m'¼	i-�z�q	i#t<z#�8z#i � i	{¬sz#i

M(t)
i��7¼!x�z�Ìz#t½�J~�q�-n!�	{;tli�~#y	murFmlq	mur,��rFmuq	����x�muz#t��¢���¡iAn!��s	mlq	q}|m?i#¦	muqw�

p�Ì¾�	i#p�x��l}|~°x���z�{«pwx�p�Ì	mjv+x�y!x�pz#muy�Ì	tuz¨Ì	p�Ì¸y}|q	i#s	q}�vº¦mlq¾q�+£�qi§�	yi � q	iA��PÌ	yi#~°x�z���k!n!�=~�}|�#i#y!x�i#�z¨Ìr;xAn��#q	}�v��	i�z�i#p+i#~¤Ì�¦mlq��	i�p���	p�Ì±Ì��y	i�k�x�£�Ì
y	mlt<��y	t�x�
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Ôhg�Åhg �;�"t��4wªI~w"s~�~wºÛ?u~�~{�²Æ�~�GtÇq�´�E~u�²y´�qFÙGm´"}FÜ~�~qEsp}Eu~s~q;Ù
È Erqns~qn|��³I~wxm�ErqFÙ¨md�~m´�wx|Cw

Æ � n��P6¡�#}�n�i)�	i#p�x��-x�q	i	{+sz�i�~)i�z#p	y}«z#i#��olp�i�q	i#rtÌ	s	mutlp+i#��tÖÌtuz#murFm�{�AnmÌ�u�
p+i#�p=tui#t<z#i��q�Ì	� y	x�~#q	i�~#mlt1Ì�ª{���x��!x�tu}Çy	mutu��y	tlx¶rFm<£±k!�?�	i�k�tÖÌ	t<z#mlr;x�rtÌ��	m<�
ymly!x�tl�	y	m�k�m<n!���z°t½��zAx�pª{+sz�i#�#}3t<�wrFr;x��	y	i�Ì��~�m�k�muq�Ì	���	i�z#i#p+i#~)y	mutu��y	tli�~�q	x
y	x���qi#tuz�Ì¤Ìwv�i�¦	mlq	i�p©~�p+i#qzAx�pz¨Ìy�w���ÛÌwv©�	i�k�t1Ì	tuz�mlr;xAv�¥ kmÌ	tlt1Ì	�!x�¦oÌ��p�x���Ìw�
zAxAn�x°¨��#}�n�x�rtÌ	q�Ì	r;xAn!�#q!x��¯;t�nmÌ¶t1Ì	tuz�mlr;x�~�pwn���s!x�muz x�pz¨Ì	~�q���ï�i�k�t1Ì	tuz�mlr$�
D&�i#tly	m�k�q�Ì	smltlp�w�»Á�Ì	yrF��{�p�i�z#i#y!xA�jrFi�£�m<z ~#t<z����!x�z#��~ p+i#qzAx�pz�t��	ilk�tÖÌ��
t<z#mur;x�rtÌª{�z�i¡k�Ì	tutÖÌ	�!x�¦�Ì��pwx���ÌzAxAn�x���rFmlq	����x�muz#t½�VÌ s!x�t<z#��m � i)r;i-£�muz)�#}«z��Ìw��~�n!mls	muq!x �i#tly	m�k�q�Ì	p+i#r|�
õÀx�tutlrFi�z�y�Ì	r·t1Ì	tuz�mlr$�#{¢tli#t<z#i-������ Ì�

r
oup�i#qi#rtÌ	s	mutlp�ÌwvPy	m<��muy	~��°x�y	i�~VÌ

k−r
®;¯¤�ö~	{�i#�#rFmuq�Ì	~°x����ÛÌ�v°t���k�y� � tFk�y� � i#r=ymltu��y	tlx�rtÌæÌ�pwx���ÌzAxAn�i#r¹¥ÃyoÌ	t��

· ���#¨�~��	y	m�k��	i�n�i-£�mlq�Ì�Ì¢{	sz#i�i#¦	mlqp�Ì�y	mlt<��y	tli#~ ®;¯��²~�q	m³�-x�~¨Ì	t½�z±i�z��-x��!x�tli�~
�#x��PÌtlq	i � i y	mutu��y	tlx�ôH¦	mlqp�Ìºy	mlt<�wyt�x8k!n!�¾y	m<��muy	~��°x�y	i�~

pi (i = 1, . . . , r)
�	i�tuz#i-�	q	q}�{�k!n	�

i > r
o<z¨Ìji#¦	muq	p�Ì¶�-x�~¨Ì	t½�z i�z±��x��!x�tui#~�y	mutu��y	tlx

Ni

~
i
�ö���	i�k�t1Ì	tuz�mlrFm��

ÎwÏ�ÐlÑ$#�Ñ�É�Ñ�Ô�ÕlÖ�×
Ø�Õl×�Ö<ÙmÞPÕlØ�Ö�Ü�ÕMÞ2�DÐ7Ï�Ð7ÕMÚ7Û5ÜOÐ�ßQ&l×�Û5ÿ 5 Ø
Þ2/�ÞlÛ5Ï+-�Ú�Ð7Ø�Ï�Û+Ï
Ö�Ú.*BÚ7Ö+&l×�Ù!Ö<ÙPÛ5Ï

��i�z#i�p§ymltu��y	tlx
ni
olp+i#q	i#rtÌ	smltlp+i � i�x � mlqzAx{�Ì	rFmu����m � ii#¦	muq	p� pi(Ni)

{
tui#�	yi#~#i�£�k�x�muz#t½�¹�	i�z#i�p�i#r»p�x���ÌzAxAn�x

qi = −nici
{ � k�m ci D ¦	mlq!x=y	mlt<��y	t�x{

p+i�z�i#y!x�����i�n�����m
pi
{wp+i � k�x�olp+i#q	i#rtÌs	mltup�Ì	�¶x � mlqz��	y	ilk�x�m<z�y	mlt<��y	t (ni < 0)

{
Ì´rFmuq	����m

pi
{Àp�i � k�xi#q´m � i��	i�p���!x�m<z3¥ ni > 0

¨��E¯Ft<nmÌ¹i#�#rFmuq´�	y	i¨Ì	t v°ilk�Ìz
rFm<£±k!�¶®;¯[Ì

j
�ör¹y	m<��mly~��°x�y	i�r¤{!z�i

ci = pj
{�x

nij = nij(pj, pi), qij = −pjnij, j = 1, . . . , r; i = r + 1, . . . , k.¥ · � ð �76#¨
��y�Ì i#�#rFmuq	m�rFmu£�k���k�~���r$��®;¯�{+~#~�m�k�mur|{�t�n�m�k!���> ð � ÈA@ {+�	yi#rFmu£��+z#i#sq���

¦mlq�
ciν
z�x�p¢{�sz�i#�#}

niν(pi, ciν) = −nνi(pν , ciν),
¥ · � ð � · ¨
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� k�m (i; ν) ≥ r + 1
�zW;t<n�i�~¨Ì�´¥ÏÎ� ð �8Î°¨|�	i���~�i�n!�	��z©~#}|y!x��ÖÌz#�

ciν
s	muy	m<�

pi
{
pν
�

Æºp�i�q	mls	qi#rJtlsmuz#m)�i�n!��s�Ì	r
niν(pi, pν) = −nνi(pν , pi).

¥ÏÎ� ð �L@°¨
ó�n!���	i�z�i#p�i#~{nmÌ	qml�	q	}�vji�z#q	i�tÖÌz�m<n��#q	i�y!xA��q	i�tuz¨Ìj¦	mlq	}õÌ¶i#¦	muq	p�Ìª{

niν = αiν(pi − ciν), nνi = ανi(pν − ciν),

�	ij�#t<n�i�~¨Ì	� ¥ÏÎw� ð �LÎ°¨��	i�n!��s�Ìr
ciν

Ì8�	i�z�i#p�Ìª{�Á�Ì � ��y�Ì	y�����ÛÌ	m©~?y!x�~#mlqtuz#~�m¥ÏÎ� ð �8@#¨_�
ciν =

αiνpi + ανipν
αiν + ανi

,
¥ÏÎ� ð-È7A ¨

niν(pi, pν) =
ανiαiν
αiν + ανi

(pi − pν) = αiν(pi − pν),

nνi(pν , pi) = −niν(pi, pν) = αiν(pν − pi).

¥ÏÎ� ð-Èð ¨

��i�z#i#poÌjp�x���ÌzAxAn�x±y!x�~#q	}
qiν(pi, pν) = −ciν(pi, pν)niν(pi, pν) = −qνi(pν , pi).

¥ÏÎ� ð-È �#¨

m

i
n

ji
n

ni
ni

p

j
p

n
p

n
c

i
cj

c

Î+Ï�ÐlÑP#�Ñ Ò
ÑPÐLÕlØ�Ö�Ü�ÕPÙ!ÿSÐ7Ï�Ð7ÕMÚ�ÛwÙ  &lØ�þQÑO-<Ù'Ñ�Ò�Ù!ÿ��VÏ�Ö�Û5×  5 Ø
Þ2/�ÞlÛ5Ï+-�Ú�Ð7Ø�Ï�Ú
Ö�Ú.*BÚcÖQ&l×WÙ!Ö�Ü{ÏUÝ�ÞBß<Ð7Ï�Ð7ÕMÚ�Û5×IÐVØ
Þ2/�Ú.-+/�Þ2�GÚ�Û5Ø
ÞlÐ7Õ)()Ñ

�H�#tuz���tÖÌ	t<z#mlr;xj¥Ãy�Ì	t���Î��6#¨�~#pwn���s!x�m<z�Á�Ìy	r$�#{	p�i�z#i#y	x���rFi�£�m<z±�	i#pw�w�	x�z#�
y	mlt<��y	t��0ilk�q�Ìwv§®F¯ Ì��	y	ilk�x�~°x�z��¶k�y� � Ì	r|{�Ì��~An�mlp�x����	y�Ì�ouz#i�rµ�°x��ÖÌ	tlq	}|�y	mlt<��y	t���NæÌy	r;x�q!x��lq!x�s	x�muzj¦	muq�

vi
�y�Ì�i#�#rFmuq	m±t

i
�²���i�k�t1Ì	tuz�mlrFi#�ª{��	i�z�i#p

y	mlt<��y	t�x �y�Ìjo<z#i#rJy	x�~#mlq
ni(pi, vi)

�!Æ¾�#t<n!i#~¨Ì��v¶y!x�~#q	i#~#mutÖÌw���-x�k�x-s!x±i±r;x�pw�
tÖÌ	r;x�n��#q	i#�
Ì	qwz#mlqtÖÌ	~#q	i#t<z²Ì Ì��~An�mlsmlq�Ì�j�°x��ÖÌ	tlqi � i�y	mlt<�wyt�x �y�Ì	rFmuz ~¨Ì�k

m = −
k
∑

i=1

ni(pi, ci)ci → max
c,p

¥ÏÎ� ð-È#È ¨
�	y�Ì��#t<n�i�~¨Ì�wv
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k
∑

i=1

ni(pi, ci) = 0,
¥ÏÎ� ð-È ò ¨

k
∑

j=1

nji(pj, pi) = ni(pi, ci), i = r + 1, . . . , k.
¥ÏÎ� ð-È �#¨

¿¢q	x�p rtÌ	q�#t�~�¥ÏÎw� ð�È#È ¨$i#�LÔ/�	tlqw�	muz�t���z#mur¤{�sz�i)�-x��	i�n�i-£¼Ìz#m�n��#q	i#m�q	x��	y!x�~An�m<�
qoÌ	m��	y�Ì	qw�z#i�q!x��	y!x�~�n�mlqoÌ	m��	i�z#i#p�x�y	mlt<�wyt�x�i�z�®;¯»pPÁ�Ì	yrFm�{�zAx�p�i���i�z#i#p
tui#�	yi#~#i�£�k�x�muz#t½�¶�-x�z�y!x�zAx�rtÌPÁ�Ì	y	rFi#�j�°xA�PÌ	tuq	i � i�y	mlt<��y	t�xw�zW;t<n�i�~¨Ì	m�¥�Î� ð-È ò ¨
tui#i�z�~#muz�tuz#~��#muz��°xAn�x�qtu� Á�Ì	y	rF}�{x)�#t<n!i#~¨Ì�=¥ÏÎ� ð-È ��¨�D �#xAn�x�qtu� pwxA£±k�i � iGÌ�¥
k − r

¨|®;¯µ�	i�y	mutu��y	tlx�r|�
ó�n!�¶�	i�n	�wsmlq�Ì�¶�#t<n!i#~¨Ì	�ji#�z�Ì	r;xAn���q	i#tuz�Ì?��x���Ì��mlr3Á���q	p	¦�Ì	�½ù)x � y	x�qw�£±x��-x�k�x�s�Ì8¥ÏÎ� ð-È#È ¨<{/¥ÏÎ� ð-È ��¨_�

L =
k
∑

i=1



ni(pi, ci)(Λ− ci + λi)− λi
k
∑

j=1

nji(pj, pi)



 .
¥�Î� ð-È �°¨

��y�Ì¶o<z#i�r
λi = 0

�y�Ì
i ≤ r

�
W;t<n!i#~¨Ì�¶i��z¨Ì	r;x�n��#q	i�tuz¨Ì Ì	rFmu��z ~¨Ì�k

∂L

∂ci
= 0⇒

∂ni
∂ci

(Λ− ci − λi) = ni(pi, ci), i = 1, . . . , k,
¥�Î� ð-È 6#¨

∂L

∂pi
= 0⇒

∂ni
∂pi

(Λ− ci − λi) = λi
m
∑

j=1

∂nji
∂pi

, i = r + 1, . . . , k.
¥�Î� ð-È Î°¨

WFt<n�i#~�Ì� ¥ÏÎ� ð-È ò ¨<{°¥�Î� ð�È �#¨�{°¥ÏÎw� ð-È 6#¨<{#¥ÏÎ� ð-È Î°¨�i#�	y	m�k�m<n	�	��z
2(k−r)

q	mÖÌ�l~#mutuz#q	}«v
pi
Ì
λi
{!~#m�nmÌ	s�Ìq�

Λ
Ì
k
i#�z�Ì	r;xAn���q	}�vj¦mlq

ci
�

Æ�s!x�tuz�q	i#t<z¨Ìª{�k	n!�
nji = αji(pi−pj)

{
ni = αi(ci−pi)

ouz�Ì��#t<n�i�~¨Ì���	yoÌ	r$�+z
~�Ì�k

m
∑

i=1

αi(ci − pi) = 0,
¥ÏÎ� ð-È @#¨

k
∑

j=1

αji(pi − pj) = αi(ci − pi), i = r + 1, . . . , k,
¥ÏÎ� ð ò A ¨

2ci = λi + Λ+ pi, i = 1, . . . , k,
¥�Î� ð ò ð ¨

−αi(Λ− ci + λi) = λi
k
∑

j=1

αji, i = r + 2, . . . , k.
¥�Î� ð ò �#¨
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ÇKÈ�������È���ó)n	�=s	x�tuz�q	i � i¶t<n!��s!x��¢{ªp�i � k�x k = r = 2
{
p1 = p−

{
p2 = p+

{
�	y�Ì	smlr

p+ > p−
{�t1Ì	tuz�mlr;x¥ÏÎ� ð-È @°¨bâ¢¥�Î� ð ò ð ¨��	y�ÌrFmuz�~�Ì�k�¥ �#t<n!i#~¨Ì��¥ÏÎ� ð ò A ¨ Ì

¥ÏÎ� ð ò ��¨�i�z�tu�+z#tuz#~��w��zA{�zAx�pjp�x�p
r = k

{�x
λ1
Ì
λ2
y!x�~#q	}¸q�-n��H¨

α1(c1 − p−) + α2(c2 − p+) = 0, 2c1 = Λ+ p−, 2c2 = Λ+ p+.
Ä�mli#��v°i�k�ÌrFi�q!x��z�Ì

c1
{
c2
��õ�m<��mlqoÌ	m�o<z#i#�jt1Ì	tuz�mlrF}

c∗1 =
2α1p− + α2(p+ + p−)

2(α1 + α2)
, c∗2 =

2α2p+ + α1(p+ + p−)

2(α1 + α2)
,

� k�m c∗1 Ì c∗2 D¸i#�z�Ì	r;xAn���q	}|m¬¦	mlq}0�-x�pw�w�p�Ì Ì¡�	y	i�k�x�£�Ì�y	mlt<��y	t�x�A��i|�#t�n�i#~�Ì	�
¥ÏÎ� ð-È#È ¨Àt¤��s	muz�i#r�i#�z�Ì	r;xAn��#q}�v ¦	mlq¼Ì	qz�mlqtÖÌ	~#q	i#t<z°�GÌ��~An�mls	muq�Ì���°xA�PÌ	tuq	i � iy	mlt<��y	t�x

m∗ =
α1α2(p+ − p−)

2

4(α1 + α− 2)
.

õÀx�tutlrFi�z�y�Ì	r k�y� � i��·s!x�t<z#q	}|�·t<n!��s!x��ª{|p+i � k�x r = 2
{«x

k = 3
�;ó�y�°�

� Ì	rtÌ§t<n!i#~°x�rtÌ¢{Àt1Ì	tuz�mlr;x=tui�k�mly+£¼Ìzjk�~°x?y	m<��mly~��°x�y!xw{$Á�Ìy	r$�wÌ¹®F¯��F¿�k�mutl�
c3

D ¦	mlq!xj�i#p���	p�Ìº¥��	y	ilk�x�£¼Ì�¨�ymltu��y	tlxPÁ�Ì	yrFi#�0�0®;¯�{
p3

DÂm � i?i#¦	muq	pwxy	mlt<��y	t�x���¡ilk�t1Ì	tuz�mlr;x�p�i�qz�x�pz¨Ì	yw�°muz´tjy	mu�lmly	~��°x�y!x�rtÌ�ÌJÁ�Ì	y	rFi#�ª{¬rFm<£±k!�
q�Ì	rtÌ ~�i���q�Ìpwx���z��i�z#i#poÌ�ymltu��y	tui#~	�<¿�m<n���Á�Ì	y	rF}Ji#t<z�x�m<z#t½���	y	mu£ q	mu��DúÌ�<�
~�n�mus	mlq�Ìm�r;x�p+tÖÌ	r;x�n��#q	i ~�i���rFi-£�q	i � i��i�z#i#p�x��°x��ÖÌ	tlq	i � i�ymlt<�wyt�x� � Ì	tuz�mlr;x
¥ÏÎ� ð-È @#¨bâ¢¥�Î� ð ò �#¨¬�	y�ÌrFmuz�Á¡i#yr$�

α1(c1 − p−) + α2(c2 − p+) + α3(c3 − p3) = 0,
¥ÏÎw� ð ò È ¨

α3(c3 − p3) = α4(p3 − p−) + α5(p3 − p+),
¥ÏÎ� ð ò�ò ¨

c1 =
Λ+ p−

2
,

¥ÏÎ� ð ò ��¨

c2 =
Λ+ p+

2
,

¥ÏÎ� ð ò �#¨

c3 =
λ3 + Λ+ p3

2
,

¥ÏÎ� ð ò 6�¨
−α3(Λ− c3 + λ3) = λ3(α4 + α5),

¥ÏÎ� ð ò Î°¨
i�z#pw��k�x��	i�n	�ws	x�mlr

c∗1
{
c∗2
{
c∗3
{
p∗3
�

¼�tlt�n�m�k!�#mlr �-x�~¨Ì	t1Ì	rFi#tuz��§�	y	m�k�m<n!�#q	i#��Ì	qwz#muq	tÖÌ	~#q	i�tuz²Ì�Ì��~�n!mls	muq�Ì�¾�°x��
�PÌ	tuq	i � i?y	mutu��y	t�xÕÌ0�	i�z�i#pwx¶ymltu��y	tlx?rFm<£±k!�=Á�Ì	y	rFi��®Ì�®;¯ i�zjp+i#ouÁ�Á�Ì	¦oÌw�
mlqzAx

α4

��¿ªx�k�x�k�Ìr�t<n!m�k������æÌ	m���q	x�s	muq�Ì���
α1 = 0, 2, α2 = 0, 3, α3 = 0, 01, α5 = 0, 4, p− = 4, p+ = 7,
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Ìjk	n!�q�ÌwvPq!x��+k�mlrº��x�~¨Ì	t1Ì	rFi#t<z¨Ì
c∗1(α4)

{
c∗2(α4)

{
c∗3(α4)

Ì
p∗3(α4)

�¢�¡ilk�tuzAx�~A�
n	��Pq!x���k�muq	q	}|m±~�m<nmÌ	soÌ	q	}Ç~�~#}|y!x�£�muq�Ì	m�k!n!�§Ì	qwz#mlqtÖÌ	~#q	i�tuz²Ì±Ì��~An�mlsmlq�Ì�
�#x��PÌtlq	i � i y	mutu��y	tlxP¥ÏÎw� ð-È�È ¨<{�	i�n!��s�Ìr3Á���q	p	¦oÌ	� m∗(α4)

�
Ä¡x©y�Ì	t���Îw��ÎVÌ�li#�#y!x�£�muq!x©Á��wqp	¦�Ì�

m∗(α4)
Ì��	i�z�i#p0rFm<£±k!�Á�Ì	yr;i��±Ì

®F¯
n∗3(α4) = α3 · (c

∗
3(α4)− p

∗
3(α4)

�

4
a

*
m

*

3
n

m
a

ÎwÏ�ÐlÑ$#�Ñ�#�Ñ$%HÙ'&lÏ�Ð7Ï�Û+ÞlÐ7ÕlÏGÝ�Ö�Úcß<ÚcþQ()/�Þ2�SÏ+/�ÕMÚ./�Ð7Ï+&)/�ÞlÐ�ÕlÏGÏ+*,&Pþ<Ú.-�Ú./�Ï�ÿ±1MÙ'*�Ï�Ð./�ÞPýBÞ0Ï
Ý�ÞPÕMÞPØ�Ù0Þ)1lÛ+Ú./<Ù0Û+Ú7à�ß�×Ä�VÏ�Ö�Û+Þ2�UÏÕ���;ÞPÕ0Ý<Ù!Ö<ÙPÛ+Ú7ÕlÖ<Ù

α4

ñ¡x�pJ~¨Ì�k�q	iYÌw� � y	x�Á�Ì	p�i#~{¬Á¡��q	p¦�Ì� m∗(α4)
�	y�Ì3qmlp+i�z#i#yi#r

α = αmk�i#tuz�Ì � x�muz©tl~�i#m � i�rtÌ	q�Ì	r$��r;x{�x�Á���q	p	¦oÌ� n∗3(α4)
y!x�~#q!x�q�-n!�»�y�Ìjz#i#rJ£�m

�lq!x-s	mlq�ÌoÌ
α4 = αm

��®�z#i�mltuz�mltuz#~#mlq	q	i{�zAx�p¶pwx�p¶Á�Ì	y	r;x�i#�#rFmuq�Ì	~°x�muz#t½�jt�®;¯
t�¦	m�n��#� ��~#m�nmÌ	s	muq�Ì��tu~#i#mu�8�	y�Ì	��}�nmÌª��¯Ft<nmÌ8�	y�Ì0q	mlp+i�z#i#yi#rÅ�lq!x�smlq�Ì�Ì

α4�i�z#i�pji#�#rFmuq!x
n3 = 0

{z#i��	i�z#i�pj�	y�Ì�#}�nmÌ
m
rtÌ	q�Ì	r;xAn!mlqª�

Æµy+�+k�m±t<n!��s!x�ml~j�	y	m�k�tuzAx�~�n	�	muz Ì	qz#muy	mlt��-x-k�x�s	x{/i#��y!x�z#q	x����	i�i�z#q	i���m��
qoÌ	�¹p�y!x�tltur;i�z#y	muq	q	i#�ª{�x�Ì	rFmlq	qi���p�x�p�Ì	m;�	i�k�t1Ì	t<z#mlrF} Ì�~�pwx�p�i#rjp+i�nmÌ	s	mutuz�~#m
t�n�m�k��#muz©�i�k��oÌz#}|~°xAz#���°xA�PÌ	tuq	}|r¾ymlt<�wytli#r�k!n	�¶z#i � i	{�sz#i��#}Åt�rtÌ	q�Ìr;xAn����q}|rtÌ�m � i���x�z#y	x�zAx�rtÌ��	i�k	k�mly°£�Ì	~#x�z#����x�k�x�qq���ºp+i#q	Á�Ì � �wy	x�¦�Ì	�ºi�¦	mlq	i�p±y	m<�t<��y	tli�~�~#i ~#tum<vÕÌwn�ÌP~ ~#}|��y!x�q	q	}�vj�	ilk�tÖÌ	t<z#mlr;x�v¢�¢�¡ilk�i#�#qw�w�µ�-x-k�x�s��y	mu��xA�
m<z�{Àq!x��	y�Ì	rFmuyª{ � i�tu��k�x�y	tuz#~�i=�	y�Ì��	ilk	k�mly°£±x�q�Ì�Ì8�-x-k�x�q	q	i � i?�wyi#~#q��¦mlq§q	xz�mGÌ�nmÌ Ì	q	}|m)y	mlt<��y	tl}µ~ i�zlk�m<n���q	}�v?y	m � Ì	i#q!xAv�{�i#�#rFmlqoÌ	~°x����ÛÌwv°t½�PtHk�y� � Ìw�rtÌ�®;¯��+W;t�n�i#~�Ì� i#�z�Ì	r;xAn���q	i#tuz�Ì��	ilk�i#�#q	i�� i#��y!x�z#qi#���-x�k�x�s�Ì tli�~#�!x�k�x���z)t
��t<n�i#~�Ì�	rtÌ�¥ÏÎ� ð-È 6#¨�{ª¥�Î� ð-È Î°¨;�	y°�	rFi#�ª{�z�x�p�pwx�p©r;x�p�t1Ì	r$��r$���	i�z�i#pwx

m
�°x��ÖÌ	t��

qi � i�y	mlt<��y	t�xw{wp+i � k�x�i#q�i�z�y�Ì	¦!x�z�m<n�mlqª{�tli#i�z#~#m<z#tuz#~��#muz�rtÌ	qoÌ	r$��r�m � i��-x�z�y!x�z��



K8LNMPO8M Ö

b c ` Tf^V]gW X Y Z [ \ ] × X Ø X d U
Ø Y Ù b c R [ R W U d ]V` c U e
` U ` Tf]gW

ÚhgìÕng Û=EhqEs~q�|U�³I~wxm�E?�pw§md�~mdÜ�wx|CÝßÞ4tFE?�HGJIp};GáàÁ�pw
Û~upqE�?�"tnq Ú mdÜ�t�w"s?s~y|G o;�?up|Uy

Ç-È�É��� +�=É�ÊF�#�	���+"�"�Ë��âã�/"�'�2����ê�N����'�È�É	�°'CÉ�"�É����������#'����µ9=Ë��Ë	"xä
�7S$Í�Æ·o<z#i#r3y!xA�<k�m�n�m�y!x�tlturFi�z#y	muq	}µrtÌ	p	y	i�olp+i#q	i#rtÌ	smltlpoÌ	m�t1Ì	tuz�mlrF}¡{�~�pwn����
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∏
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Ṁ = m ìæí −m ìæî�í −
m
∑

i=1

(gi ìæí ci ì�í − gi ìæî�í ci ìæî�í ) , ¥Ï@� È ¨
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∑
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∑
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s	mly	m<�

g
�wó)n	�¶pwx�£�k�i � i±�lq!x-s	mlq�Ìw�?�	yi¨Ì��~�i�k�Ì��z�m<n���q	i#t<z¨Ì

g
rtÌ	q�Ìr;xAn��#q	}|m¡��x�z#y	x�z#}

T2(g) = min
c≥c0

m
∑

i=n+1

ciqi(ci)

/

P (q(c)) = g.
¥Ï@� ð#ð ¨

MÀx�p�Ìr¸i#�#y	x���i�r|{ª��x�z#y	x�z#},q!x�~���x�Ì	rFi���x�rFmlqw�	mlrF}|m�y	mlt<��y	tl} i#�y	m�k�m�n!�	��z#t½�
ymu��muq�Ì	mlr3olp+tuz�y	mlr;xAn���q	i#�j�-x-k�x�soÌ�¥�@� ð�ð ¨<�
��y	m�k�m<n��#qi#m ��q!x-s	mlqoÌ	m��i�z#i#p�xj�	y�Ì	�#}�n�Ì§�y	i¨Ì�l~#i�k�tuz#~�mlq	q	i#�§Á�Ì	yrF}�{�~

tu~#i#�Ni#s	mlym�k��{�q!xAv°ilk��wz pwx�p¶ymu��muq�Ì	m��-x-k�x�soÌ"�
r(cg) = cgg(cg)− T1(g(cg))− T2(g(cg))→ max

cg≤cg0
.

¥Ï@w� ð ��¨
óGÌ	tutÖÌ�!x�¦�Ì��pwx���ÌzAxAn�x³�	y�Ì���x�p���	p�m«tu}|y	���ÛÌ��	y	ilk�x�£�m��	yi�k���p	¦�ÌoÌ±Á�Ì	yrFi#�
y	x�~#q!x
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σ =
m
∑

i=1

(ci − ci0)qi + (cg0 − cg)g;
¥�@� ð-È ¨

σ = 0
{�mut<nmÌ8�-x�p���	pwx?y	mutu��y	tlx§Ì8�	yi�k�x�£±x¶�	yi�k���p	¦�ÌoÌ§�	y	i#~�i�k��wz#t½���	i?¦	m��

q!x�r
ci0

Ì
cg0
{��y�ÌPo<z#i#r¾i�z�q	i���mlq�Ì	m��	yoÌ	�#}�nmÌPpj�-xAz#y!xAz�x�r

η = r/(T1 + T2)r;x�p�t1Ì	r;xAn���q	i	{+v°i�z-�©pwx�p�s�Ì	t�nmÌz�m<n��	{z�x�pVÌ��lq!x�rFmlq	x�z#m�n���o<z#i � i±~�}|y!x�£�mlqoÌ�tuz�y	mlr$�wz#t��?p¶q��n����
Ä¡x���k�mlry	m<��muq�Ì	m«��x�k�x-s�Ì�i³r;x�p�tÖÌr$�wrFm4Ì	qz�mlq	t1Ì	~#q	i#tuz¨Ì±�	iAn!��s	mlqoÌ���	yoÌw�

�#}�nmÌ
r
�	y�Ì�nmÌ	q	mu�	q	}�v?Á���q	p	¦�Ì��v

P (q)
Ì
ϕi(g)

k!n!�jy!xA��q	}�v¶z¨Ì�	i#~�y	mutu��yw�
tli#~��

P (q) =
m
∑

i=n+1

αiqi, i = n+ 1, . . . ,m,
¥�@� ð ò ¨

ϕi(g) =
g

αi
, i = 1, . . . , n.

¥Ï@w� ð ��¨
å�tl�	i�n!���l��� �-x�~�Ì	tÖÌ	rFi�tuz�Ì§¥Ï@� �°¨4Ì8¥Ï@w� ð)A ¨<{	q	xAv°i�k�Ìr ~#}|y!xA£�mlq�Ì��k!n!�

ci(g)

ci = ci0 +
g

αiki
, i = 1, . . . , n,

¥Ï@w� ð �#¨
Ì¶�	i�z�i#pwx��-x�z�y!x�z

T1(g)
�

T1(g) =
n
∑

i=1

g

αi

(

ci0 +
g

αiki

)

.
¥�@� ð 6#¨

¿ªx�k�x�s!x¶¥�@� ð#ð ¨;k!n	�¶~��-x9Ì	rFi��-x�rFmlq�mlrF}�v¶y	mlt<��y	tli�~��	y�Ìr;m<z�~�Ì�k

T2(g) = min
c≥c0

m
∑

i=n+1

ciki(ci − ci0)

/

m
∑

i=n+1

αiki(ci − ci0) = g.
¥�@� ð Î°¨

¯Fm�y	m<��muq�Ì	m
T2(g) =

m
∑

i=n+1

c∗i (g)ki(c
∗
i (g)− ci0),

¥�@� ð @°¨
� k�m

c∗i (g) =
ci0
2

+ αi

2g +
m
∑

i=n+1
kici0αi

2
m
∑

i=n+1
kiα2

i

, i = n+ 1, . . . ,m,
¥�@��� A ¨

i�z#pw��k�x
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T2(g) =
1

4















(

2g +
m
∑

i=n+1
αikici0

)2

m
∑

i=n+1
α2
i ki

−
m
∑

i=n+1

kic
2
i0















.
¥Ï@w��� ð ¨

¿ªx-k�x�sw��¥�@� ð �#¨�t���s	m<z#i#r3o<z¨Ìwv¶~#}|y	x�£�mlq�Ì	����x���Ì��mlr3~±Á�i�y	rFm

r = cgg(cg)− g(cg)
n
∑

i=1

ci0
αi
− g2(cg)

n
∑

i=1

1

kiα2
i

−

−
m
∑

i=n+1

kic
∗
i (g(cg))

[

c∗i (g(cg))− ci0
]

→ max
cg

.

¥Ï@���7��¨

ó�n!�©��x�~¨Ì	t1Ì	rFi#tuz�ml�
(
tur|��¥Ï@��� A ¨<{�¥�@� Î°¨

)
dc∗i
dg

=
αi

m
∑

j=n+1
α2
jkj

,
dg

dcg
= −kg

o<zAx±�-x�k�x-s!x±~�}|���pwn�x�~#~#muy°v¤Ì��#t�n�i#~¨Ìm�mlm¡i#�z¨Ìr;xAn��#q	i�tuz�Ì?��x���Ì��mlrJpwx�p
dr

dcg
= 0 =⇒ (2cg − cg0)−

n
∑

i=1

ci0
αi
− 2kg(cg0 − cg)

n
∑

i=1

1

kiαi
−

−
m
∑

i=n+1

kiαi
m
∑

j=n+1
kjα2

j

[

2c∗i (g)− ci0
]

= 0,

i�z#p�lk�x�t��wsmuz#i�rµ¥Ï@��� A ¨��	i�n!��s�Ì	rJ~#}|y	x�£�mlq�ÌmHk	n!�
c∗g

�

c∗g = cg0 +

n
∑

i=1

ci0
αi
− cg0 +

m
∑

i=n+1
αikici0

m
∑

i=n+1
α2
i ki

1 + kg











n
∑

i=1

1

α2
i ki

+
1

m
∑

i=n+1
kiα2

i











.
¥Ï@w��� È ¨

��i�t<n�m)�i�k�t<z�x�q	i#~#p�Ì
c∗g
~P¥Ï@� Î°¨ Ì§¥�@���7�#¨<{!q	x���k�mur¾r;x�p+tÖÌr;xAn��#q	}|�?�	i�z�i#p Ì�u�

~An�mlsmlq�Ì�j�y�Ì	�#}�nmÌ
r∗
�

�û���+�ê��"��ª��È��+"�"��+* �#��È��/'����+È�S �[È�Ë!�#%�È��
Ê$�°�À�+"����Å%�É���É�'5É��½È��7ä
�8�5ÈÀ��Ë5Í;ÆÇy	m�x�n��#q	i����	yi¨Ì�l~#i�k�t<z#~#muq	q	i#�§t1Ì	tuz�mlrFm��-x�~�Ì	tÖÌ	rFi�tuz�Ì§rFmu£�k����i��
z�i#p�x�rtÌ§�-x�p���!x�mur;}�v'Ì§�	y	i¨Ì�l~#ilk�Ì	rF}�v§y	mlt<��y	tli�~�q	ml�i#tlym�k�t<z°~#mlq	q	i�qm���xA�
k�x�q	}��ª��mly	muy!x��#i�z�pwx©rFi-£±m<z©tli�tuz#i-�z��
Ì��q	mltup�i�n!�#p�ÌwvtuzAx�k�Ì�ª{/~�pwn��³s	x�z#��~
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tlmu���Py	ml¦oÌ	pwn�}�{ªy!x�tl�	y	m�k�m�n�mlq�Ì	m±�	iAn!��Á)x��#y�Ì	p�x�z#i�~	{¢¦	muq	}ïp+i�z#i#y}�vq	m�i#�	y	m��
k�m<n!mlq	}�{�Ì©�	yª�	ÄñÌ£�m³y!x�tutlrFi�z#y	muq	}êq	mutlp�iAn��#p+i��-x-k�x�sª{wtl~��w�-x�q	q}�v©t³��s	muz�i#r
tuz�y��pz#�wy	}Å�	y	i¨Ì�l~#ilk�tuz�~#mlq	q	i��?Á�Ìy	rF}��

ü Þ á<â æ ä�çjá Ý�æ K Þ ã�H�à½ä ¥ÃyoÌ	t��x@���w{ ç ¨��/ÆNo<z#i#��t1Ì	tuz�mlrFm�k�i�n�� ~#}|�w�#tlp�x
γ�	y	i¨Ìw��~#ilk�Ì	rFi#���	yi�k���p	¦�ÌoÌ3�i#~�z#i�y	q	i0q!x��	y!x�~An!�	��z8~��	yi¨Ì��~�i�k�t<z#~#i��ôH�#i��

��q!x-s�Ì	rJo<z#i�z �	i�z�i#pjs	muy	m<�
q0 = γg

�

Î+Ï<ÐPÑPô�Ñûú�Ñ�Ô\ÞlÚcß�Ï+/�Ú./�Ï�ÿUÝ�Ö�ÞPÏ+*,&MÞBß<Ð7Õ)&MÚ,/+/�Ü�ýUÿ7-�Ú�Ú7ØSÐjÖ�Ú.3�Ï�Ø�þ<ÞlÛÃõ ö8ù Ý�ÞlÐcþ<Úcß<Þ2&WÙ!ÕMÚcþQ(�/�ÞlÚþõ ø�ù\ÏIÝ<Ù!Ö<ÙEþ�þ<ÚcþQ()/�ÞMÚÀõjúLù
¯Ft<n�Ì�y	ml¦oÌ	pwn8t��	i�z#i#p+i#r

q0
i�z#q	i#t1Ìz�t��0p~��-x�ÌrFi�k�i��	i�n�q����GÌ	r¸y	mutu��yw�

t�x�r|{!x��lq!x�s�Ìwz�{�i�k�q	i���q!x-s	q	i�tl~���-x�qjt¡�y	i¨Ì�l~#i�k�Ìwz#m�n��#q	i#t<z°�#�
g
{z#i±�#t<n�i#~�Ì	m

q0 = γg = ϕ0(g(1 + γ))

k!n!��rFi#q	i�z#i#qq	i#�¶Á���q	p	¦�ÌoÌ
ϕ0

i#�	ym�k�m�n!�	m<z
γ(g)

��MÀx�pª{+k!n!�©��x�~¨Ì	t1Ì	rFi#t<z#mu�?~
Á¡i#y	rFm�¥Ï@� ð ò ¨�Ì����t<n�i#~�Ì�

γg = (1 + γ)g/α0
t�n�m�k���muzA{/sz#i

γ = 1/(α0 − 1)
�

¿ªx�k�x-s!x�i#¦	mlqp�Ì��	y	m�k�m<n��#qi#�©�	y�Ì	��}�nmÌ©i�z-nmÌs!x�m<z#t��©i�z)�-x�k�x-s�Ìª{�y!x�tutlrFi�z�y	mlqw�
q	i#�§~P�	y	m�k�}�k��+��mlrÇ���q	pz�m�{$z�mlr|{$sz�i=~PÁ¡��q	p¦�Ì�wv

T1(g)
Ì
T2(g)

q�+£ q	i
�-x�rFmuq�Ìz��

g
q!x

(1 + γ(g))g
�

¯Ft<n�Ì·y	mu¦�Ì	pwn¸i�z#q	i�tÖÌz�t��·p¾~��-x�ÌrFi��-x�r;muq�	murF}|r�y	mutu��y	tlx�r|{«z#i§��x�k�x-s!x
¥Ï@� ð#ð ¨��	y�Ì	rFm<z�~¨Ì�k

T2(g, γ) = min
c≥c0





m
∑

i=n+1

ciqi(ci) + cgγg





/

P (qn+1, ..., qm, γg) = (1 + γ)g.

¥�@��� ò ¨
hÕÌ	q�Ìr¬x�n��#q	}|m���x�z#y!xAz#}

T2(g, γ)
����k��+z¶��x�~¨Ìtlmuz��¶q	m�z#i�n!�#p�i�i�z

g
{¢q	i¤Ìi�z

γ
��ñ�y�Ìz�mly�Ì�?r;x�p�t1Ì	r;xAn��#qi#�
Ì	qz#muq	tÖÌ	~#qi#tuz¨Ì�Ì�l~�n�mus	mlqoÌ�?�y�Ì	�#}�nmÌ��

r = cgg(cg)− T1((1 + γ)g(cg))− T2(g(cg), γ)→ max
cg≤cg0,1>γ≥0

.
¥�@���8�#¨
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ê à�áIH æ JAà�é�ç�â æ H=ò°ß�à æ áuà æ J Þ ß æ ß Þ�æ í Ý à Þ è�é�à)JAáuâ±é æ ß!ßHï�ø î�åwælæ ã ¥ÃyoÌ	t��8@���w{ í ¨��
ó�n!�¡�	muy	~#i�� Ìw�¬�s	mlmup

A
�	i�Á¡i#yr$�-n�x�r�¥�@��@#¨<{+¥�@� ð�ð ¨¢rFi � �+z��#}«z#��y!x�tutls�Ìwz�x�q}rtÌq�Ì	r;xAn���q	}|m¡�-x�z�y!x�z�}Np�x�p¶Á��wqp	¦�Ì�¶�	i�z#i�pwx

gA
�	iAn!��Á)x��#y�Ì	p�x�zAx��

TA(gA) = T1A(gA) + T2A(gA).
¥Ï@w���L�°¨

Æ´z#i#r�t<n	�ws	x�m�{wp+i � k�x)�	i�n!��Á�x��#yoÌ	pwxAz��	~�n!�muz�t���p�i�rF�wn�mlrFmuqz�x�y	q	}¤r|{wm � i��i��z�i#p�i��	y	m�k�m<n!�muz#t��©��q!x-s	mlqoÌ	mlr��	i�z�i#p�x��	yi�k���p	¦�ÌoÌ
g

�
gA = ϕA(g)

{	x)��q!x-s�Ìz�{
Ì=��x�z#y	x�z#}

TA
i�pwx��l}|~°x���z#t½�0��x�~¨ÌtÖÌ	rF}|rtÌ0i�z

g
��Æ�}|�#i#y�¦	muq	}

cg
Ì0�y	i¨Ì�<�

~�i�k�Ìwz#m<n!�#q	i#t<z¨Ì
g
i#tu�+��mltuz#~�n!�muz°t½�0y	m<��muq�Ì	mlr¸��x�k�x�soÌ�¥Ï@� ð �#¨�{¢p+i�z#i#y	x��?k!n	�

k�x�q	q	i � i�t<n!��s!xA�j�	yoÌ	rFmuz�Á¡i�y	r$�
m(cg) = cgg(cg)− T1B(g(cg))− T2B(g(cg))− TA(g(cg))→ max

cg≤cg0
.
¥Ï@w���76�¨

¯Ft�nmÌ?£�m��	i�z�i#p
gA
�i�n!��Á�x��#y�Ìpwx�zAx�~���x�Ì	rFi���x�rFmuq�	murF}|�ª{�z#i�t<n�x � x�mlrFi#m TA

(g(cg))
~�~#}|y!x�£�muq�Ì�Ì�k	n!�

m
¥Ï@w���76�¨�i�z#t<�+z#tuz°~��#muzA{mÌ©�-x�k�x�s!x¶¥�@� ð�ð ¨��	y	mui#�#y!xA�

�u�#muz�t��?p¶~¨Ì+k��

T2(g) = min
c≥c0





mB
∑

i=nB+1

ciBqiB(ciB) + TA(gA)





/

F (q(c)) = g.
¥Ï@���8Î°¨

Ç-È�������È¬��õ�m<�ÛÌ	r �-x-k�x�s�ê¥Ï@���8Î°¨)k!n!�¹nmÌ	q	mu�	q	}�vJ�-x�~¨ÌtÖÌ	rFi�tuz#mu�
qν(cν)¥�@� �°¨<{

Fν(qν)
¥Ï@� ð-È ¨�{

ϕν(gν)
¥Ï@w� ð ò ¨�¥

ν = {A,B})
� � ��s	muz�i#r ¥�@� ð 6#¨<{�¥Ï@��� ð ¨

o<zAx±�-x�k�x-s!x�Ìr;mumuz ~¨Ì�k
mB
∑

i=nB+1

ciBkiB(ciB − ci0B) +
nA
∑

i=1

gA
αiA

(

ci0A +
gA

αiAkiA

)

+

+
1

4















(

2gA +
mA
∑

i=nA+1
αiAkiAci0A

)2

mA
∑

i=nA+1
α2
iAkiA

−
mA
∑

i=nA+1

kiAc
2
i0A















→ min
ciB ,gA

¥Ï@���8@#¨
�y�Ì¶�#t�n�i#~�Ì�Ì

mB
∑

i=nB+1

αiBqiB + α0BgA = gB.
¥Ï@w� È7A ¨

WFt<n�i#~�Ì��i#�z¨Ìr;xAn��#q	i�tuz¨Ìjouz�i#�¶��x�k�x-s�Ì¶i#�y	m�k�m�n!�	��z�~�}|y!x�£�mlqoÌ��k!n!���	muy	m<�
rFmuq	q	}�v

ciB
Ì
gA
t�z#i#s	qi#tuz��#�Nk�i±p�i#q	t<zAx�qz#}

λ
�

ciB =
λαiB + ci0B

2
=⇒ qiB = kiB

λαiB − ci0B
2

(i = 1 + nA, . . . ,mA) ,
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gA =

mA
∑

i=1A

α2
iAkiA

2











λα0B −

(

nA
∑

i=1

ci0A
αiA

+

mA
∑

i=nA+1
αiAkiAci0A

mA
∑

i=nA+1
α2
iAkiA

)











.

¿¢q!x�smlq�Ì	m
λ
q!x�v°i�k��wz�Ì�)�#t�n�i#~�Ì�§¥�@� È8A ¨«�	i#t�n�m)�	ilk�tuzAx�qi#~#p�Ìjz���k�x�o<z¨Ìwvjy!xA�

~#mlqtuz#~�
ê ç Ý ç2H7H æ H]ò°ß�à æ álà æ J Þ ß æ ß Þ�æ í Ý à Þ è�é�à)JAá<â±é æ ß!ßHï�ø î!åwælæ ã ¥ÃyoÌ	t��P@���w{Qÿ�� è.
 è ~°¨<�� Ì	tuz�mlrF} t��!x�y!xAn	n�m�n��#q	i���t<z#y��pz��wy	i#�¹z���xAz#m<n��#qiwÌ�u��s	mlq}¡�¬Ä¡x���k��0k!n!�

pwx�£�k�i#�J�	sml�	p�ÌºrtÌ	qoÌ	r;xAn��#q}|m��x�z#y!xAz#}
TA(gA) = T1A(gA) + T2A(gA)

Ì
TB(gB) = T1B(gB) + T2B(gB)

{!y	mu��x���z���x�k�x-s�¶i��z¨Ì	r;x�n��#q	i � i�y!x�tu�	y	m�k�m<n�m��q�Ì��i#����m � i)�	i�z#i#p�x g �+Æ´s!x�tuz�q	i#t<z¨Ìª{wmut<nmÌ q!x���k�muq	q	}|m��-x�~�Ì	tÖÌ	rFi�tuz�Ì�~#}|���pw�n�}|m�~#q�Ìw�æÌ � n�x�k�poÌ	m�{ªx�Ìwv?�y	i¨Ì�l~#i�k�q}|m�~�q�-n�m��	i�rFilk��-n��»tlp+i�n���� � i�k�q	i~#m<n�Ì	p�Ìª{	z#i�i#�z¨Ìr;xAn��#q	}|m��	i�z�i#p�Ì
gA
Ì
gB
��k�i�~�n�muz�~#i#y°�	��z �#t<n�i#~�Ì�	r

dTA
dgA

=
dTB
dgB

, gA + gB = g.
¥�@� Èð ¨

W;t<n!i#~¨Ì�©¥Ï@� Èð ¨�tu~���l}|~°x���z��	i�z#i#p�Ì��	smlmlp�t�i#���ÛÌr�	i�z�i#p�i#r
g
Ì�z�mlr=tlx�rF}|r

i#�	y	m�k�m<n	�	��z��-x�z�y!x�z�}
TA

Ì
TB

pwx�p¶Á���q	p	¦�Ì�Ì
g
�!��i#t<n�m�k�q�Ì	�¶£�m�~�}|�¨Ì	y!x���z

Ì�¡�#t<n�i�~¨Ì�¶r;x�p�t1Ì	r$��r;x��	y�Ì�#}�nmÌ
r(cg) = cgg(cg)− TA(g(cg))− TB(g(cg))→ max

cg≤cg0
.

¥�@� È �#¨
��y	m�k�t<z�x�~¨Ì	~ê�	yi¨Ì�l~#i�k�t<z#~�mlq	q�w� tuz�y��pz#�wy�ïpwx�pïtli�m�k�Ì	qmlq�Ì	m�i�zlk�m<n���q	}�v
�	y	i¨Ìw��~#ilk�tuz�~#mlqq	}«v3�	smlmlp¢{�p�x�£±k�x��ùÌw�Pp�i�z�i#y	}�v3~�tu~#i#� i#s	muy	m�k��{�rFi-£±m<z
q	m¡�#}«z#��i�k�q	i�y	i�k�q	i#�ª{!rFi-£�qi±q!x��z¨Ìj�	y	m�k�m<n!�#q	}|m)~#i��lrFi�£ q	i#t<z¨Ì¶tÖÌtuz#murF}¡�
ó�n!�=t1Ì	t<z#mlrÅt�~#mupz#i�y	q	}|rê�	i�z#i�p�i#r � i�z#i�~#i � i¶�	y	ilk���pzAx g = (g1, g2, . . .

. . . , gj, . . . , gκ)
r;x�p�t1Ì	r;xAn���q!x�� �	y�Ì	�#}�n!��k!n	��pwxA£±k�i � i)~¨Ì+k�x)�	yi�k���p	¦oÌ�Ì n0j

(gj)
i#�	y	m�k�m<n	�	muz�t���~#}|y!xA£±muq�Ì	mur ¥Ï@� ð �#¨���Æ�}|�#i�y8~�mlpz�i#y!x

g
i#tu�+��mutuz#~�n!���z

pwx�p¶ymu��muq�Ì	m���x�k�x�soÌ
r(g) =

κ
∑

j=1

n0j[gj(cgj)]→ max
cgj

.
¥�@� È�È ¨

�	y�Ì·z�m<v ÌwnmÌ�Ìq	}�v·i � y	x�q�Ì	s	muq�Ì��v¢{¤tl~��w��}|~°x����ÛÌwv3k�y� � tPk�y� � i#r&�	i�z#iA�
p�Ì

gj
�dM$x�p�Ì	rtÌPi � y	x�q�Ì	s	muq�Ì�rtÌ�rFi � �+z��#}«z���~#i���rFi�£ q	i#t<z¨Ìi��#i#y�lk�i#~°x�qoÌ�ª{i � y	x�q�Ì	s	muq�Ì�jq!x��	i�z#i�pjp�x�p�i � i��Cn�Ì	�#i±y	mlt<��y	t�x¼Ì¶�yª�å�qz�mlq	t1Ì	~#q	i�tuz°�ÕÌ��~An�mls	muq�Ì�0�	y�Ì	��}�nmÌ

r
q	m±~#tum � k�x©�	~�n!�muz�t���p	y�Ìz�mly�Ìw�mlr�k!n	�P~�}|�#i#y!x ¦mlq�ÌP�i�z#i#p+i#~�~��	y	i¨Ì�l~#ilk�tuz�~#mlq	q	}�vt1Ì	tuz�mlr;xAv��ªÆ�m<nmÌs�Ì	q!x

r
rFi-£�muz���}«z#���-x-k�x�q!x��

r = r0
�d¯;t�nmÌo<z#i��-x�k�x�q	q	i#m���q!x-s	mlq�Ìm�q	m��	y	mu~#i#t v°i��

k�Ìz©r;x�p�t1Ì	r;xAn��#qi©~#i��lrFi�£ q	i � iÓÌ?z#y	mu���#muz#t��=�	y�Ì r = r0
rtÌ	q�Ì	rtÌw�PÌ	y	i�~°x�z#�
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��x�z�y!x�z#}·q!x�m�k�Ì	qoÌ	¦���	yi�k���p	¦oÌ�Ìª{z�i	{p�x�p�q	muz�y��k�q	i±�	i#p�x��-xAz#�	{��-x�k�x-s!x�tl~#iA�
kmÌz#t½�)p�rtÌ	q�Ì	rtÌ��x�¦�ÌoÌ¡k�Ì	tutÖÌ	�	x�¦�Ì�Ì�p�x���ÌzAxAn�x

σ
¥Ï@w� ð-È ¨¢�	y�Ì�Á�Ì	p�t1Ì	y	i#~#x�q	q	i#r

r0(g)
�
�j�°���w��É=É	9=È�Ëw �"�É��#�	7��#'���Ë<ÊRÉ��´�7SUÈ�7!�J� ��É���É��=É�*3%�È�É�Ê��/'�2����LÍ�Ä¡xA�

n�Ì	s�Ì	m�tlpwn�x�k�i#~tu}|y	��� Ì � i�z�i#~#i#�§�y	i�k���p	¦oÌ�Ì¹�i���~�i�n!�	m<z=qm�z#i�n���p�it � n�x��kmÌz#��Ì��rFmuq	mlqoÌ�~�q	mu��q�Ìwvj�#t�n�i#~¨Ì	�¢{�q	i ~ y+�+k�m)t<n!��s!x�ml~��	i�~#}|tÖÌwz#��olÁ¡Á¡mlp��
z�Ì	~#q	i�tuz����	y	i�Ì��~#ilk�t<z#~°x�k�xA£±m¡~�tuzAx�¦�Ìi#q!x�y	qi#r¾i�p	y�+£�mlq�ÌoÌª�d¯Ft�nmÌ?q!x��y	i��
Ìw��~#ilk�tuz�~#m³mutuz���tlp�n�x�k�}3tl}|y	����Ì � i�z#i#~#i����	y	ilk���p	¦�Ì�Ì¢{�z#i��A£�mlt<z#p�Ìm���tl~��w�PÌrFm<£±k!���	i�z#i�pwx�rtÌ©��x�rFmlqw�	��z±��tly	m�k�q	mlq	q	}|rtÌª�	MÀx�pª{wq!x��y�Ì	rFmly¢{wk	n!��~��-x�Ìr;iA�
k�i#�	i�n!q�	���ÛÌwv¶y	mutu��y	tui#~�Ì	rFmumlr

τ
∫

0

[qi(ci(t))− ϕi(g(t))] dt = 0, i = 1, . . . , n,
¥Ï@� È ò ¨

~�rFmlt<z#i©y!x�~#muq	tuz�~°x=¥Ï@w� ð)A ¨<��¯�q!xAn�i � Ì	s	qi	{�k!n	�P~��-x9Ì	rFi��-x�rFmlq�mlrF}�vPy	mlt<��y	tli#~~��-x-k�x�s	m ¥Ï@w� ð�ð ¨�q�+£ q	iiÌ	tupwx�z�� rtÌ	q�Ì	r$��rJÁ���q	p	¦�Ì	i�q!xAn�x

T 2 =
m
∑

i=n+1

τ
∫

0

ci(t)qi(ci(t)) dt
¥Ï@� È �#¨

�i
ci(t) ≥ ci0

¥
i = n+ 1, . . . ,m

¨��	y�Ì��#t<n�i�~¨Ì�Ì
τ
∫

0

[

g(t)− F
(

qn+1(cn+1(t)), ..., qm(cm(t))
)]

dt = 0.
¥�@� È �°¨

ÆÇp	y�Ìwz#mlyoÌ�Ì´i#�z�Ì	r;xAn��#qi#tuz�Ì¸¥Ï@� ð ��¨¡�	y�Ì�q	xAnmÌ	s�ÌoÌ§tupwn�x�k�i�~?z�x�p£�m�rFi-£�q	i
�y	i#~#mutuz�Ì=�#tuy	m�k�q	mlq�Ì	m±�	i�~#y	murFmlq�Ì¢{/x�q!xAn�i � Ì	s	q	i�m�¥Ï@� È �#¨�{�Ì�Ì	tlp�x�z��¤Ì�lrFmlq	m��
qoÌ	m�~�i�~�y	mlrFmuq�Ìji�z#�w�#tlp	q	i��?¦	mlq	}

cg(t)
Ì¶�i�z#i�pwx

g(t)
�

� Á¡i#y	r$�-n�Ì	y	i#~°x�q	q	}|mHz�x�p�Ì	r¹i��#y!x��li#r��-x�k�x�s�Ì��~�n!�	��z#t½���#tlym�k�q	muq	q	}¤rtÌ
��x�k�x-s!x�rtÌ�q	m<n�Ì	q	ml�q	i � i��	yi � y!x�rFrtÌ	y	i#~°x�q�Ì��> �+� @ ��ô�qoÌÛÌ	rFmu��z�i��z¨Ìr¬x�n��#q	i�m
ymu��muq�Ì	m�nmÌ�#i³~�Á¡i#y	rFm¬p�i#q	t<z�x�qz�¥Ãt<z�xAz¨Ì	smlt�poÌ!��y	m<£�Ìr¬¨<{�~³o<z#i�rt<n!��s!x�m�q	xA�
n�Ì	s�Ì	m³tlp�n�x�k�i�~�q	m��	y�Ì	~�i�k�Ìwz�p±k�i#�	iAn�q�Ìz�m<n���q	i#r$��olÁ¡Á¡mupz���{�nmÌ	�#i�~�Á¡i#yrFm
pw�#tli#sq	i��ö�i#tuz�i��	qq	}�v)Á���q	p	¦oÌ	��¥Ã¦oÌ	pwnmÌ	smltup�Ì	��y	m<£�Ì	r¬¨��-Æt<n!��s!x�m¬¦�Ì	pwn�Ì	s	m��
tup�i � i¶ymu£¼Ì	r;x©s!x�t<z#�
ÌwnmÌ=~#tlm��	mlymlrFmlqq	}¤m±�-x�k�x�s�Ì=�	y�Ì	q�Ìr¬x���zj~©z�mls	muq�Ì	mi��	y	m�k�m<n�muq	q	}�v�k�i�n�mu�

γν
Ì	qwz#muy	~°xAn�x�~#y	murFmlqoÌ

τ
i#�wz¨Ì	r;xAn!�#q	}|m¹¥��°x��li#~#}|m�¨

�lq!x-s	mlq�Ìw�ª{��	mlymlpwn���s!x��tl��rFmu£�k��©q�ÌrtÌª��h?x�p�t1Ì	r;xAn��#qi#m�tly	m�k�q	mum)�lq!x�s	muq�Ì	m
r
~ouz#i�r»t�n!��s!x�m��#i�n�����m�{$s	mur

r
~=tuzAx�z�Ì	s	mltlp�i�r,y	m<£�ÌrFm�{.Ì´tlpwn�x�k�}&�i��u�

~�i�n!�	��z��i�n!��s�Ìz���k�i#�	i�n!q�Ìz#m�n��#q}¤��olÁ¡Á¡mlpz��	��y�Ì	~#m�k�mlr´pwx�p©t�n�m�k�tuz#~¨Ì	mñÌ�
i����ÛÌ�v�tl~#i��	tuz�~�i#�wz¨Ì	r;xAn!�#q	}�v�y	m<��mlqoÌ	���#tuy	m�k�qmlq	q	}«v��-x�k�x-s�¥Ãtur|���y�Ìwn�i-£�m<�
qoÌ	m���� È ¨«�#t�n�i#~�Ì�?¦	m�n�mutli#i#��y!x���qi#tuz¨Ì�ÌwnmÌª{�q!x��y	i�z¨Ì~	{�q	mu¦	m<n!mltli�i#�#y!x��lq	i#t<z²Ì
tupwn�x-k�i#~	�



ç+÷ a÷��r� ý éÍ�éP�Lé�c�Í ý � ý ÓlÑ�ÿ#ü�Ï³Ì�Ñ#ÓöÐ�Ïj� ý Í�é	Í È Î ð

ð �����#t<z#�
g∗

D¼i#�z¨Ìr;xAn��#q	i�m�t<z�x�z�Ì	s	mltlp�i�m���q	x�s	muq�Ì	m��	y	i�Ì��~�i�k�Ìz�m<n���q	i��
tuz�Ìª{�x

c∗i
D�tui#i�z#~�muz#t<z°~��w���ÛÌ	m)ouz#i�r$�©��q!x-s	mlqoÌ	�ï¦	mlq	}H�z¯;t�nmÌ

max
λ

min
c





m
∑

i=n+1

ciqi(ci) + λ [F (q(c))− g∗]



 <
m
∑

i=n+1

c∗i q
∗
i (c

∗
i ),

¥�@� È 6#¨

z#i�tlpwn�x�kq!x�~��-x�ÌrFi��-x�rFmuq�	murF}�v¶�	i�z#i�pwxAv�tl}|y���¶¦	m<n�mutli#i��#y!x��lmlqª�
�w�	¯�q!xAn�i � Ì	s	q	i{�mut<nmÌ©k!n	� i � � i�~��-x�Ì	rFilk�i#�	iAn�q�	����m � i �	i�z�i#pwx

max
λ

min
c

[

ciqi(ci) + λ
[

qi(ci)− ϕi(g
∗)
]

]

< c∗i q
∗
i (c

∗
i ),

¥�@� È Î°¨
z#iºtlpwn�x�k

i
� � i¾y	mlt<��y	t�x·�i���~#iAnmÌz·�i�n!��s�Ìz��¾k�i#�i�n�q�Ìz�m<n���q�w� �	yoÌ	�#}�n���

õÀx���qi#tuz���rFm<£±k���n�mu~#i#�ÕÌj�	y!x�~�i#�js!x�tuz-�	rtÌ?q	muy!x�~#muq	tuz�~=¥Ï@� È 6#¨�{�¥�@� È Î°¨¬k�x�muz
i#¦	muq	p�©tu~#muy°v�� k!n!��~�i���rFi-£�qi � i��w~�m<nmÌs	mlq�Ìw�j�	y�Ì�#}�nmÌª�	¯Ft�nmÌ¶ouzAx±y!xA��q�Ì	¦	x
q	ml~�m<nmÌ	p�x{!z�i qm�t<z#i¨Ìwz z#y!xAz¨Ìz#��tlym�k�t<z#~°x q	x±tli��<k�x�qoÌ	m�tlpwn�x�k�i#~�tu}|y	���ª�

È �!Ä¡x�p+i#q	ml¦¢{!tlpwn�x�k � i�z#i#~�i#�¶�	y	i�k!�wp¦�Ì�Ì?¦m<n�mutli#i��#y!x��lmlqª{�mlt�nmÌ

min
λ

max
cg

[

r(cg) + λ
[

g(cg)− g
∗
]

]

> r(c∗g).
¥�@� È @°¨

W;t<n!i#~¨Ì	m?¥�@� È @°¨³i��lq!x�s!x�muz�{�sz�ij�	y�Ì
cg = c∗g

~#}|���pwn�xA�0i#�#i�n!i#s	pwx©Á���q	p	¦�Ì�Ì
r(cg)

�	yi-v°ilk�Ìz ~#}«��m�mum � y!x�Á�Ì	p�x�ñ¡x�pP�	y!x�~¨Ì�n�i	{¢¦m<n�mutli#i��#y!x��lq	i#tuz��¶tlpwn�x-k�i#~©i#�8Ô/�tlq�muz�t��tu�+��mutuz#~#mlq	q	i#�
q	m<n�Ì	q	ml�q	i#tuz#�#�3i��	y	m�k�m<n!����GÌwv��#tlym�k�q	muq	q�w�J�-x-k�x�s���-x�~¨ÌtÖÌ	rFi�tuz#mu�"��tupwx-sw�
pwx�rtÌj~�Á¡��q	p¦�Ì�wvjtu�	y	i#tlx¼Ìj�	y	m�k!n�i-£±muq�Ì�¢{�tu~����x�q	q	}|rtÌ?t��	mlym<v°i�k�i#r¾�	yoÌ
q	mlp+i�z#i�y	}�vP�lq!x�s	muq�Ì��vP�	i�z�i#pwx�q!x�k�y� � i#m�i��#i#y��k�i#~°x�qoÌ	m�{!k�y� � Ì	m�tly	m�k�tuz#~#xk�i#t<z�x�~�p�Ìª{	n!� � i�z�q	}|m�zAx�y�Ì	Á¡}õÌ¶�	yª�

Úhgjikg 	½}Es³E?� Er}FE¨o;�?sp}Espmdqnt�Ý·w¸Ûpqnmzupw Ú s?�³E?��t
qnÜ�E~u~Ý¸Ü�qFÙ È ErqEspqn|U�³I~wxm�ErqFÙ�mz�pmzÜ�wx|�w

ôHtlq	i�~#q	}|rtÌ0��x�k�x-s!x�rtÌ0rFi�k�m<nmÌ	yi#~°x�qoÌ�0�°x�q	p+i#~#tup�i#�Pk�mu�wz#m<n!�#q	i#t<z²Ì8�	~A�
n!�	m<z#t½�®Ìtlt�n�m�k�i�~°x�q�Ì	m±~�nmÌ�q�Ì�z#m�v�ÌwnmÌ±Ìq	}�v=~#q	m<��q�Ìwv=Á�x�pz�i#y	i#~{¢z�x�p�Ìwv
pwx�p�k�i�n!�?i#�-���x�z#m�n��#q	i � i�y	m<��muy	~¨Ì	yi#~°x�q�Ìw�ª{�i � y!x�q�Ìs	mlq�Ìm�q!x tuzAx�~�p�j�	i±k�m���	i��ÖÌz�x�r|{!t<z�x�~�pwx�rFmu£ �°x�q	p+i#~#tup�Ìwv�p	y	m�kmÌz#i�~	{!tli#��tuz#~�mlq	q}¤m¡��x�z#y	x�z#}ê�°x�qpwx{
z#murF�	}[Ì	q	ÁHn!�	¦oÌ�Ì�Ì�k�y¢��q!x �	i�~#m�k�muq�Ì	m��°x�q	pwxiÌ?m � i�pwn�Ì	mlqz�i#~	{¢x±z�x�pw£�m)q!xy	mu�u�-n��-z�x�z#} m � i8k�m<�z�m<n��#qi#tuz¨Ìª����y�Ì¾ouz#i�r��	y	m�k��	i�n�x � x���zê> � ðu@ {�sz�i¹�°x�q	pk�ml�tuz#~��°muz�q!x�y	}|q	p+m=tli�~#mlyw��mlqq	i#�·p�i#q	pw�wymlq	¦�ÌoÌª{¤p+i � k�x§t<z�x�~�p�Ì·�	i§p	ym<�k�ÌzAx�r

rL
Ì��	i¶k�ml�	i��ÖÌzAx�r

rD
Á�Ìp�tÖÌy	i#~°x�q	}�{�nmÌ�#iPq!xjrFi#q	i#�i�n��#q	i�r Ìwn�Ì
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iAnmÌ � i#�	i�n���q	i#r0y	}|q	p+m)> ð#ð � @ {�> ð �86 @ {°p+i � k�x¡�°x�qp�ÌiÌ��rFmuq�	��z�o<z¨Ì tuzAx�~#p�Ì¢{+~#i��<�k�ml�	t<z#~����jz�mlrJt�x�rF}|rJq!x±i#�LÔ�mlr¹p	y	m�k�Ìz#i�~
L
Ì�k�ml�	i��ÖÌz#i�~

D
�

¿ªx�k�x-s!x«i#�z�Ì	r;xAn���q	i � i��wn�x�qoÌ	y	i#~#x�q�Ì�³k�m<�z�m<n���q	i#tuz¨Ì)�°x�q	p�x�k�i�n!£ q!x���s�Ìw�z�}|~°x�z�� m � i�tli#t<z#i-�	q�Ì	m�{�i#�	y	m�k�m<n	�	����mlmlt��ji#�8Ô�mur;x�rtÌ�p	ym�k�Ìz�i#~	{k�ml�	i��PÌz�i#~	{
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p
D
(τ

D
)
Ì
p
L
(τ

L
)Ìw��~#mutuz�q	}¡{#t<z�x�~�p�Ì

r
D
(τ

D
)
Ì
r
L
(τ

L
)
qw��£ q	iH~�}|�#y!x�z����	i³�#t�n�i#~¨Ì	�Jr;x�p�t1Ì	r$��r;x

tuy	m�k�q	ml�?�	y�Ì	��}�nmÌª{!��sz��¢{�sz�i ~#tlm¡�	i�n!��s	muq	q	}|m�~#p�n�x�k�}õÌ	tu�	i�n����l����z#t���k!n	�
~�}�k�x�soÌ¹p	y	m�kmÌz#i#~� � y	i#poÌ¹��x�Ì	rFt<z#~#i#~#x�q�Ì�¹�	ym�k��	iAn�x � x���z�t���t<n!��s!x��	q	}|rtÌ~�m<nmÌs�Ì	q!x�rtÌjt¡�wn!i�z#q	i�tuz-�	rtÌ?y!x�tu�	y	m�k�m<n�muq�Ì�

P
D
(τ

D
)
Ì
P

L
(τ

L
)
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� y	m�k�q�w�j�	y�Ì	��}�n�����x � i�k

Π =
1

τ
L

G
L
(p

L
(τ

L
), r

L
(τ

L
))r

L
(τ

L
)−

−
1

τ
D

G
D
(r

D
(τ

D
), p

D
(τ

D
))r

D
(τ

D
)− C

(

G
L

τ
L

,
G

D

τ
D

)
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k�i�n!£ q!x��#}«z�� r;x�p+tÖÌ	r;xAn!�#q!x±�	yoÌ¶�#t<n!i#~¨Ì�Ì

(1− β)G
D
(r

D
(τ

D
), p

D
(τ

D
))−G

L
(p

L
(τ

L
), r

L
(τ

L
)) = 0,
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� k�m β Dïk�iAn!� i#�-���x�z#m�n��#q	i � i�y	m<��mly~¨Ì	y	i#~#x�q�Ì��i�z)i#�8Ô�mur;xHk�ml�	i��ÖÌz#i�~	{��#t<zAxA�
q!x�~�n�Ì	~°x�mur;x���¦	mlqz�y!xAn���q	}|rµ�#x�q	p�i�r|����y�Ì0o<z#i#rê�#tuy	m�k�qmlq�Ì	m�~¶q	mlp+i�z#i�y	}�v
t<n�x � x�mlrF}�v¶~#m�k�m<z#t½�?�i τ

L

{�ÌwnmÌ¶�	i
τ
D

{	zAx�pjswz#i	{!q!x��y�Ì	rFmly¢{

G
D
=

∞
∫

0

G
D
(r

D
(τ

D
), p

D
(τ

D
))P

D
(τ

D
)dτ

D
,

(

G
L
r
L

τ
L

)

=

∞
∫

0

1

τ
L

G
L
(p

L
(τ

L
), r

L
(τ

L
))r

L
(τ

L
)P

L
(τ

L
)dτ

L
.
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L =





(

G
L
r
L

τ
L

)

− λG
L



−





(

G
D
r
D

τ
D

)

− λG
D
(1− β)



− C(
G

L

τ
L

,
G

D

τ
D

).

W;tlym�k�q	muq�Ì	m)~��	muy	~#i#r�t<n�x � x�mlrFi#r�~#m�k�m<z#t½�?�i τ
L

{!x±~�i�~�z#i#y	i�rJ�	i
τ
D

�
��y�Ì	~�m�k�murj��t<n�i#~�Ì��i#�wz¨Ì	r;xAn!�#q	i#t<z¨Ì)tlÁ¡i#yr$�-nmÌ	y	i�~°x�q	qi#�¡�-x�k�x�s�Ì¡~¤�	ym�k!�

�	i�n�i-£�mlq�ÌoÌª{�sz�i
C
Ì
β
r;xAn�}'ÌæÌ	rtÌ�rFi�£ q	i³�	y	muq	ml�#ymls	�	�8W³s	muz¡ouz�Ìwv�Á�x�pz#iA�

y	i#~³k�m�n�x�m<z�~�}|pwn�x�k�p�Ì q	mutlp+i�n��#p+i)��i�n�mum � y	i�rFi��<k�poÌ	rtÌª{+qi�qm¤rFmlq�muz)t<����m<�tuz�~°x±k�m�n�x����y�ÌPtìk�m�n�x�q	q}�v¶k�i#��+��muq�Ì��v?�#t<n�i#~�Ì�Pi��z¨Ì	r;x�n��#q	i#t<z¨ÌP�-x-k�x�s�Ì
¥Ï@� ò �°¨�{�¥Ï@w� ò 6#¨��	i

r
D
(τ

D
)
Ì
r
L
(τ

L
)
�	y�Ì~#i�k!�z p¶tui#i�z�q	i���muq�Ì�r

Giriri(τi) +Gi(ri(τi), ri(τi))

Giri

= λτi, i = L,D,
¥Ï@� ò Î°¨

p�i�z�i#y	}|m¹i#�	y	m�k�m<n!���zêi#�z�Ì	r;xAn���q	}|m¹�-x�~�Ì	tÖÌrFi#tuz�Ì
r
D
(τ

D
, λ)

Ì
r
L
(τ

L
, λ)
�

��i�k�t<z�x�q	i#~#p�xo<z¨Ìwv���x�~¨Ì	t1Ì	rFi#t<z#mu��~´¥Ï@� ò 6�¨��	i��l~#i�n!�muzq!x��z�Ì
λ
{Àxj��q!x-s�Ìz�{

Ì¶i#�z�Ì	r;xAn��#qi#m�y	m<��mlqoÌ	m��
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ñ�i#q	p	ymuz¨Ìw�PÌ	y�#mlr¾�	iAn!��s	mlq	q}|m�tui#i�z�q	i���muq�Ì��k	n!�¶t<n	�ws	x��ª{!p�i � k�x

G
D
= α

D
(r

D
(τ

D
)− p

D
(τ

D
)), G

L
= α

L
(p

L
(τ

L
)− r

L
(τ

L
)).

¥�@� ò @°¨
Æ¾ouz#i�r3t�n!��s!x�m�s!x�tuz#q}|m)�	y	i¨Ì�l~#i�k�q	}|m

G1r
D
= α

D
, G2r

L
= −α

L
.
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2r
D
(τ

D
)− p

D
(τ

D
) = λτ

D
, 2r

L
(τ

L
)− p

L
(τ

L
) = λτ

L
.
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α
D

(

λτ
D
+ p

D

2
− p

D

)

= α
L

(

p
L
−
λτ

L
+ p

L

2

)

,

� k�m τ
D

Ì
τ
L

D�r;x�z#mur;x�z¨Ìs	mltlp�Ì	m)i�£¼Ì�k�x�qoÌ�
τ
D

Ì
τ
L

�
åH���	i#t�n�m�k�q	m � i�y!x�~#muq	tuz�~°x��	i�n	�wsoÌ	r���q!x-s	mlqoÌ	m)rFq	i-£¼Ìz#m�n!� λ

λ =
α

D
p
D
+ α

L
p
L

α
D
τ
D
+ α

L
τ
L

,
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r
D
(τ

D
) =

1

2

(

p
D
(τ

D
) +

α
D
p
D
+ α

L
p
L

α
D
τ
D
+ α

L
τ
L

τ
D

)

,

r
L
(τ

L
) =

1

2

(

p
L
(τ

L
)−

α
D
p
D
+ α

L
p
L

α
D
τ
D
+ α

L
τ
L

τ
L

)

.
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1
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α
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r2
D
(τ

D
)

τ
D



+ α
L
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L
(τ

L
)

τ
L



− λ2(α
D
τ
D
+ α

L
τ
L
)
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~
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ÊF"����IÍ�¯Ft<n�Ì=�°x�qp

~�}|�¨Ì	y!x�muz�z�i�n��#p+i � ilk�i#~#}|m¬t<z�x�~#p�Ì r0
D

Ì
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L

{�z�i³Á���q	p	¦oÌ�Ì
ri(τi, r

0
i )
��x�~¨Ì	t½�z�i�z
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Ì
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L
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ôH�#i��lq!x-s�Ì	~��	yi¨Ì��~�i�k�q}|m

∂ri(τi, r
0
i )

∂r0i
= r′i(τi, r

0
i ), i = D,L,

�	i�n!��s�Ìr3~#rFmlt<z#i��#t<n�i�~¨Ì	�ji#�z¨Ìr;xAn��#q	i�tuz�Ì´¥Ï@w� ò Î#¨«�i#t<n�m�Ì	tupwn���s	mlqoÌ�
λ
tli��

i�z#qi���muq�Ì	m

r′
D

τ
D

(

G
D
+ r

D

∂G
D

∂r
D

)

r′
L

τ
L

∂G
L

∂r
L

=
r′
L

τ
L
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G
L
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L

∂G
L

∂r
L

)
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D

τ
D

∂G
D

∂r
D

.
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s	mlqoÌ�j�!x�y!x�rFm<z#y	i#~
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D
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L

�
ó�n!�=�-x�~�Ì	tÖÌ	rFi�tuz#mu��r;m<£�k��=i#���#mlr;x�r�Ì�~�n�i-£�mlq�Ì�®Ì0tuzAx�~#p�x�rtÌ8~¶Á�i�y	rFm
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∂G

D

∂r
D

= α
D
,

∂G
L

∂r
L

= −α
L
,

~�t�n!��s!x�m�{�p+i � k�x ri(τ, r0i ) Ì	rFml��z�~�Ì�k´¥Ï@� ò ð ¨<{

r′i
τi

= r0i , i = D,L,
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τ
D
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D
τ
D
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D
) = τ

L
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L
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L
τ
L
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α
D
(r0

D
τ
D
− p

D
) = α

L
(p

L
− r0

L
τ
L
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τ
D
+
α

L

α
D
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L
− r0

L
τ
L
) = τ

L
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L
− r0

L
τ
L
),

τ
D
+ (r0

D
τ
D
− p

D
) = τ

L
−
α

D

α
L
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D
τ
D
− p

D
).
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L
=
α

D
(τ

D
− τ

L
)

(α
D
+ α

L
)τ

L

+
p
L

τ
L
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D
=
α

L
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L
− τ

D
)
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D
+ α

L
)τ

D

+
p
D

τ
D

.
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ôHq�Ì©��x�~¨Ì	t½�z�nmÌw����i�z±tlym�k�q�Ì�v¶�	i±tuy	i#p�x�r¹��x�Ì	rFtuz�~#i#~#x�q�Ì�rJi�¦	mlq	i�p¶p�x���Ìw�
zAxAn�x

ri(τi)
Ì¶tlym�k�q�Ì�v¶��q	x�s	muq�Ì	�jtly	i�p�i#~±��x�Ì	rFt<z#~#i#~#x�q�Ì�

τ i
�

ó %�������� �Ë	2����0�°��Ë�]É�'8%�ÉXÉ	9�
��+�p�8Ê$��%�É! +����É��j��'�È��
Ê$����É��wÍ�¯Ft�nmÌ
Ìw��~#mutuz�q	}N�-x�~¨ÌtÖÌ	rFi#t<z¨ÌPi#¦mlq	i#pjpwx��oÌz�x�n�x

ri
q	m¡z#i�n���p�i i�z��	yi�k�iAn!£�Ìwz#m<n!���

qi#tuz�ÌJ�-x9Ì	rFtuz�~#i#~°x�q�Ì�ª{¬qiwÌ�i�z8i��8Ô�mlrFi#~Pk�mu�	i��ÖÌz#i�~YÌJ~#}�k�x�~°x�murF}�v�p	y	m��
kmÌz#i#~

Vi
{ªz#ijo<z#i�z?Á�x�pz�i#y0rFi�£ q	i©��s	mlt<z#�P�y�Ì0q!x��lq!x�smlq�Ì�Ì8i#�wz¨Ì	r;xAn!�#q	}�v

t<zAx�~#i#p
ri(τi, Vi)

�F9���k�mlr»tus�ÌzAx�z#�	{;sz�i
τi
Ì
Vi
t�n!��s!x��	q} ÌüÌwv´��n�i�z#qi#tuz��

y	x�tl�y	m�k�m�n�mlq�Ì�
Pi(τi, Vi) (i = D,L)

�;ñ�x�püÌ�~#}«��m�{�Ì	q�k�mup�t
i = D

i�z�q	i��
t1Ìz#t½�êp¸~�pwn�x�k�s�Ì	pwx�r|{�x

i = L
p·��x�mlr$�GÌ	pwx�r �°x�q	p�x��ôH�#i��lq!x�soÌ	r&s	muy	mu�

mi[pi(τi, Vi), ri(τi, Vi)]
�	i�z�i#p=pwn�Ì	mlqz�i#~	{¢z��¢m��¢p�i�n�Ì	s	mlt<z#~#i�~#pwn�x-k�s�Ì	p+i#~�¥���xA�

mur$�ÛÌ	p+i#~+¨�{/i#�#y!xA��x����ÛÌwv°t½�0~��°x�q	p=~�m�k�Ì	qoÌ	¦�=~#ymlrFmlqoÌª��¿ªx�k�x�s	x©i�r;x�p+tÖÌw�
r$��rFm¡tly	m�k�q	mu�?�	y�Ì	�#}�n�Ì?�y�Ì	rFmuz ~¨Ì�k

Π =
∑

i

Vi
τi
mi[pi(τi, Vi), ri(τi, Vi)]→ max

ri

¥Ï@���76�¨
�y�Ì¶�#t�n�i#~�Ì�Ì

∑

i

Vimi[pi(τi, Vi), ri(τi, Vi)] = 0, i = D,L.
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miVi

�
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~�i#p¶�#x�q	p�x�Ì¶i#¦	muq	i#p¶m � i p�nmÌ	mlqwz#i#~

mi = αi(pi − ri),
¥Ï@w���L@°¨

z�i
Gi =

αi
Vi

(pi − ri), i = L,D.

WFt<n�i#~�Ì�¶i#�z�Ì	r;xAn���q	i#t<z¨Ì?�	i#t�n�m�Ì	tupwn���s	mlq�Ìw�
λ
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2

[

r
L
(τ

L
, V

L
)V

L

τ
L

−
r
D
(τ

D
, V

D
)V

D

τ
D
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=
p
L
(τ

L
)V

L

τ
L

−
p
D
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D
)V

D

τ
D

.
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ri(τi, Vi) =
1

2
pi(τi, Vi) + λτi, i = L,D, λ =

α
D
p1v + α

L
p2v

α
D
τ1v + α

L
τ2v

,
¥Ï@w��� ð ¨
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� k�m
piv =

(

pi(τi, Vi)

Vi

)

, τiv =
(

τi
Vi

)

, i = D,L.

W;tlym�k�q	muq�Ì	m)~#m�k�murJ�	i
Vi, τi

t���s	m<z#i#rýÌ�v��wn�i�z�q	i#t<z#ml�Py	x�tl�y	m�k�m�n�mlq�Ì�ª�
�kË	"�'3���#�À�#�	�+�����°'CÉ�"�É����������#'���1OË����+"���É��

�H�#t<z#�´pwnmÌmlqz¹�#x�q	pwx0�~�n!�	m<z#t½�¸®F¯�{¬v+x�y!x�pz#muy�Ì�l�w���æÌ	rFt½�·i#¦	muq	pwx�rtÌ
p	y	m�k�Ìz#i�~

pLν
Ì=k�ml�i��PÌz�i#~

pDν

����mly	~#x��wÌ��q�Ìwv8y	x�~#q!x¶z�i#��tuzAx�~#p+m��#x�q	p�x
�	i)p	ym�k�ÌzAx�r|{�~#}«��m�p+i�z#i�y	i#�©®F¯¸i�z#pwxA��}|~°x�muz#t½�ÓÌwv��#y!xAz#�	{�x¡~�z#i�y!x�� t<z�x�~�p�m
�°x�q	p�x¶�i©k�mu�	i��PÌwz�x�r|{�q�Ìw£±m±p�i�z#i#y	i��§®;¯NÌwv�qm ~�pwn�x�k�}|~#x�muz§¥

pLν > pDν

¨<�
hj}¾�	y	m�k��	i�n�x � x�mlr|{wsz�i±®;¯¸q	m�rFi � �+z�i#�#rFmuq�Ì	~°xAz#�#t½��p�x���ÌzAxAn!i#r§q	ml�i#tly	m�k!�tuz�~#mlq	qi	{+z-�+m��ù{°q!x��y�Ì	rFmly¢{LÌ	q	~#mutuz�i#y	}¾qm�rFi � �+z�~#}|�w�#tlp�x�z#��¦	muq	q	}|m����wr;x � Ìª�ôH�#rFmuq

ν
� � i�pwn�Ì	mlqzAx¶t±�°x�q	p+i#rº�-x�~¨ÌtÖÌzji�z¶i�¦	mlq	poÌ pν Ì=tuzAx�~#p�Ì0�#x�q	p�x

r
{z�x�pjswz#i��	i�z�i#p¶p	y	m�kmÌz#i#~

lν(pLν , rL)
{!x)k�ml�	i��PÌz�i#~

dν(rD, pDν)
�!��y�Ì	�#}�n��

�°x�q	p�x
∏

=
∑

ν

(lν(pLν , rL)rL − dν(rD, pDν)rD)− C(l, d)→ max
rL,rD

¥�@���7�#¨
�	y�Ì��#t<n�i�~¨Ì�Ìª{!sz#i

(1− β)
∑

ν

dν(rD, pDν) =
∑

ν

lν(pLν , rL),
¥�@� � È ¨

� k�m l =∑

ν

lν(pLν , rL)
{
d =

∑

ν

dν(rD, pDν)
!
β

D,k�i�n	�©i#���w�-x�z�m<n���q	i � i±ymu��muyw�
~¨Ì	y	i�~°x�q�Ì��!

C
D�Á���q	p	¦�Ìw�¶�-xAz#y!x�z q!x±i#��t<n!�+£¼Ì	~°x�qoÌ	m��

¿�k�mutl�
ν
�ö��®;¯·tli�i�z#~�muz#t<z°~��#muz�p�x�z#m � i#yoÌ�Ì�pwnmÌmlqz�i#~	{°v+x�y!x�pz#muy�Ì�l�w���æÌwv+�t�����nmÌ�lp�Ì	rtÌji#¦	muq	pwx�rtÌjp	y	m�k�Ìz�i#~�Ì�k�ml�	i��ÖÌz#i�~	�dN��wqp	¦�Ì�Kù)x � y	x�q£±x

L =
∑

ν

[(lνrL − dνrD)− C(l, d) + λ(1− β)dν − λlν ].
¥�@� � ò ¨

W;t�n�i#~¨Ìw�Pi��z¨Ì	r;x�n��#q	i#t<z¨ÌP�-x�k�x-s�Ì´¥�@���7�#¨<{�¥�@��� È ¨|~��	y	m�k��	i�n�i-£�mlq�ÌoÌm�k�Ìw�
q	}�v¶t<zAx�~#i#p

rL
Ì
rD
k!n!�¶~#tum<v�pwnmÌ	muqz#i�~�Ì	rFmu��z Á¡i#y	r$�

∂L

∂rD
= 0→

∑

ν

∂dν
∂rD

[

λ(1− β)− rD −
∂C

∂d

]

=
∑

ν

dν ,
¥�@���7�#¨

∂L

∂rL
= 0→

∑

ν

∂lν
∂rL

[

λ+ rL −
∂C

∂l

]

= −
∑

ν

lν .
¥�@���8�°¨
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®�z�Ì?y	x�~#muq	tuz�~°x�~#rFmlt<z#m�t��#t<n�i�~¨Ì	mlrN¥Ï@w��� È ¨�i#�	ym�k�m�n!�	��z
rL, rD

Ì
λ
�

��y�Ì	rFmur
lν = αLν(pLν − rL)

�	y�Ì
pLν > rL,

dν = αDν(rD − pDν)
�	y�Ì

rD > pDν ,

¥Ï@� �+6�¨
~±�	y	i�z¨Ì	~#qi#rJt<n!��s!x�m)�i�z#i#poÌ

lν
Ì
dν
y	x�~#q	}¸q�-n��)�

N��wqp	¦�Ì�ji#��t<n!�+£¼Ì	~°x�qoÌ�

C(l, d) = klµd1−µ, 0 ≤ µ ≤ 1.
¥�@� �7Î°¨

ñ�i�olÁ¡Á�Ì	¦�Ì	muqz#}
αν
~�¥Ï@� �+6#¨�p+i#tl~�mlq	q	i�v+x�y!x�pz#muy�Ì�l�w��z���k�i#t<z����	q	i#tuz#���¡�°x�q��

p�x�k!n	�
ν
� � i ®;¯)�W;t<n!i#~¨Ì�8¥�@� � È ¨<{/¥Ï@� �+�#¨�{�¥�@���8�°¨��	y�Ìr$��z ~¨Ì�k

(1− β)

[

r
D

∑

ν

α
Dν −

∑

ν

α
DνpDν

]

=
∑

ν

α
LνpLν − rL

∑

ν

α
Lν ,

¥Ï@w���7@#¨

∑

ν

α
Dν





2rD − λ(1− β) + k(1− µ)







∑

ν
α

LνpLν − rL
∑

ν
α

Lν

r
D

∑

ν
α

Dν −
∑

ν
α

Dνpdν







µ



 =

= −
∑

α
DνpDν ,

¥Ï@��6 A ¨

∑

ν

α
Lν





2rL − λ+ kµ







r
D

∑

ν
α

Dν −
∑

ν
α

DνpDν

∑

ν
α

LνpLν − rL
∑

ν
α

Lν







1−µ



 =
∑

α
LνpLν .

¥Ï@w��6 ð ¨

Ä¡x���k�muq	q	}|m��	i��#t<n�i�~¨Ì�	rµ¥Ï@� �7@#¨bâ¢¥�@��6 ð ¨«i��z¨Ìr¬x�n��#q	}|m�tuzAx�~�p�ÌPy!x��l�¨Ì	~°x��
��z rFq	i-£�mlt<z#~#i�®;¯µq!x�z�y�ÌjpwxAz#m � i#y�Ì�Ì��

D�~#pwn�x�k�s�Ì	p�Ì�¥
(p

Dν < r
D
, p

L
≤ r

L
)
¨�{

D �-x�mur$�ÛÌ	p�Ì�¥
(p

Lν > r
L
, p

D
≥ r

D
)
¨<{

D pwnmÌ	muqz#}�{$q	m ��s!x�t<z#~������ÛÌ	m©~Pi��#rFmlq	m�t��°x�q	p�i�r ¥
(p

Dν < r
D
, p

Lν <
r
L
)
¨<�
9«x�qp�rFi�£�muz���~#m<nmÌs�Ìz#�¡tu~#i#���	y�Ì	��}�n��	{9Ì��rFmuq���t<z�x�~�p�Ì��	y�ÌrFmlq�Ìz�m<n����

qi�pPy!xA�unmÌ	sq	}|r·p�x�z#m � i#yoÌ�	rºpwnmÌ	muqz#i#~�¥Ã�mlq	t1Ì	i#q	muy	i#~	{�~#i#mlqq	i#t�n!�+£�xA�ÛÌwv�{�y	m�k��y�Ì	q�Ì	r;xAz#m<n�ml��y!x���qi � i�z�Ì	�!xGÌ��	yª� ¨<�wÆJo<z#i#r´t�n!��s!x�m±¥ k�Ì	tup	y�Ì	rtÌ	q	x�¦�Ì�t<zAx�~#i#p�¨.Ìr;mumlr8~�r;mutuz�i
r
D

Ì
r
L

tuzAx�~#p�Ì
r
Lν

Ì
r
Dν

Ì±�#t<n�i�~¨Ì��i#�z�Ì	r;xAn���q	i#t<z¨Ì
t�n�m�k�����z Ì���#t<n�i�~¨Ì	��tuzAx�¦�Ìi#q!x�y	qi#tuz¨Ì0�	i�q�Ì	r¸qm±Á���q	p	¦�ÌoÌ

L
{ªx©~#}|y!x�£�m��

qoÌ�ª{	tuz#i-���m � i �	i�k?�lq!x�p�i�rJt<��rFrF}Å~?¥�@� � ò ¨��
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�û�����"�Ëw�\É	�
É����¾��"�â����/2����
Æ�y!x�tutlrFi�z�y	mlq	q	i���~#}«��m«�	y	i#t<z#ml�w��ml� t v°murFm�k�m<�z�m<n��#qi#tuz¨Ì��°x�q	p�x³q	m���s�Ìw�

z#}|~°x�n�t½�0¦	m�n�}|�0y°��k8Á�x�pz#i�y	i#~	�/ñ q�Ì	r·i�z#q	i�t��wz#t½�0y�Ì	tup�Ìª{/tl~���-x�q	q	}|m�k!n!�
~#pwn�x-k�s�Ì	p�x�t³qmlq!x�k�mu£ q	i#t<z#�#�Å�#x�q	pwxw{wx�k!n!���°x�q	pwx)t�~#i��lrFi�£ q	i#t<z#�#�¸q	mu~#i��<�
~#y!x�zAx¡p	y	m�k�Ìz#i�~	{�qm¤��s�Ìwz#}|~°xAn�i�tl�)z�i	{°sz#i)s	x�tuz��)tly	m�k�tuz#~��#x�q	p�~#p�n�x�k�}|~#x�muz
~�¦mlq	q	}|m¶����r;x � Ìª{Fp��y	t¶p�i�z#i#y	}�vüÌw��rFmlqw�	muz�t��ª{;q	m©��s�Ìz�}¤~#xAn�i#tu�8~�n�Ì�	q�Ì	mÌ	q	ÁHn!�¦�Ì�ÌÕÌ¶q!x�n�i � i�i#��n�i-£�mlq�Ì�¢�hji-£�qi¶�	y	m�k��	i�n�i-£�Ìwz#�	{�sz#ijq!x�k�m<£ q	i#tuz��?�#x�q	pwx�~#pwn�x�k�s�Ì	poÌ0��s�Ìz�}¤~#xA�
��z�{�Ìw��rFmuq��¸tu~#i#� i�¦	mlq	pw�

p
D
(τ

D
)
�	i¹i�z�q	i���mlq�Ì� p·y!x��lq	}|r&�°x�q	p�x�r|{|x

�°x�q	pjx�q!xAn�i � Ì	s	qi±kmÌ	tlp	yoÌ	rtÌ	q�Ì	y�#muz��-x�mlr$�ÛÌp�i#~	�	MÀm�Ì�)q�Ìwv�{�pz�i��	y	i�~#i�kmÌz
�#i�n�mum�y�Ì	tlp+i#~°x�q	q	}|m�{wx���q!x-s�Ìz�{��#i�n!mlm«k�i�v°i�k�q	}|m�i#�mly!x�¦oÌ�Ìª{+tli � n�x�tuq	}¾�#y	x�z#�p	y	m�k�Ìz��	ilkP�#i�n����ÛÌ	�¶�	y	i�¦	mlqz-�

ôH�#t<��k�Ì	rê��s	m<zP~�n�Ì�	q�Ì���	y	i � q	i��ÖÌ	y�#mlrFi��YÌ	q	ÁHn!�	¦oÌ�Ìª{/z#mlrF�8p+i�z#i�y	i#� δ�	y�Ì	rFmur��i#tuz�i��	qq	}|r|�+å�q	ÁHn!�¦�Ì���	y�Ìq	i#t1Ìz��w��}«z#p�Ì�z#mur=��s!x�t<z#q�Ìpwx�r�y	}|qw�
pwx{�p+i�z�i#y	}|m��	iAn!��s!x���z�k�i-v°ilk0t�~�y	mlrFmuq	q	}|r·t k�~¨Ì � i�r|{�z��¢m���~#pwn�x�k�s�Ì	p�x�røÌ�°x�q	pw�#��Æ¾�#t�n�i#~¨Ìw�wv¤Ì	q	ÁHn!�	¦oÌ�Ìj~#pwn�x�k�s�Ì	p���~#m<nmÌs�Ìz�tl~�i#�µi#¦mlq	p�

r1δ(τD) = p
D
(τ

D
) exp(δτ

D
),

x�q!xAn!i � Ì	sq	i|�-x�mur$�ÛÌ	pª{-p+i�z#i#yi#r$�Hq�+£�q	i|~#i��l~#y!x���x�z#�¤rFmlq	�������¹t<��rFr$�#{-tlp+i#yw�y	mlpwz¨Ì	y�#muz�i#¦mlq	p�©~�rFmuq	�������ïtuz�i#y	i#qw�
r2δ(τL) = p

L
(τ

L
) exp(−δτ

L
).

��i�k�t<z�x�q	i#~#p�xP�	i�n!��s	muq	q	}�v§zAx�p�Ìrïi#�#y	x���i#rNi#¦mlq	i#p§~P�	yoÌ	~#m�k�mlq	q	}|m�~�}«��m
y!x�tus	muz�q	}¤m�tli#i�z�q	i���mlq�Ì�¸�	i���~#i�n	�	muz¹q!x��z¨Ì·i#�z¨Ìr;xAn��#q	}|m�t<z�x�~#p�Ì¸tP��s	m<�
z#i#r Ì	qÁ�n	�	¦�Ì�Ì¢��N±x�pz#i�y¹k�Ìtlp�i�qz¨Ì	yi#~°x�q�Ìw�ª{¬��s�Ìz�}|~°x����ÛÌ	�3�-x�~�Ì	tÖÌ	rFi�tuz��
�-x�Ìqz#muy	mltli#~°x�q	q	i#t<z²ÌJ~=pwx���ÌzAxAn�m¶i�z�rFi�r;muqzAx�m � i��	i�n	�wsmlq�Ì�¢{;i#p�x���}|~#x�muz~�nmÌ�q�Ì	m�{�x�q	xAn�i � Ì	s	q	i�m�Ì	q	ÁHn!�¦�Ì�Ìª�� n�m�k������ÛÌ	�JÁ�x�pz�i#yµD q!x�n�i � i�i#��n�i-£�mlq�Ì	m��;�H�#t<z#� δ

D

D k�i�n!�8k�i-v°ilk�x
i�z�k�ml�i��PÌz�i#~	{/~��ÖÌ	r;x�mur;x��=~©Á�i�y	rFm�q!xAn!i � x�t�~#pwn�x�k�s�Ì	p�i�~	{/x δ D k�iAn!�=i�z
y!x��lq�Ì	¦	}¾rFm<£±k��±t<��rFrFi#��~#}�k�x�qq	}�v�py	m�k�Ìwz#i#~ÛÌ tu��rFrFi#��~#i��l~#y!xAz�x{+~��ÖÌ	r;xA�
mlr;x���~HÁ¡i#y	rFm�q!xAn!i � x³t��°x�qpwx��Æ�pwn�x-k�s�Ì	p��	iAn!��s�Ìz¡~Ho<z#i#r=t<n!��s!x�m|t���s	muz�i#rq!xAn�i � x�Ì
Ìq	ÁHn!�	¦�ÌoÌ©k�i�v°i�k

d
D
= G

D
(r

D
(τ

D
), p

D
(τ

D
))(1− δ

D
)
r
D
(τ

D
)

τ
D

,

x±�°x�q	pûD��	y�Ì	��}�n��

Πn = Π(r
D
(τ

D
), r

L
(τ

L
), p

D
, pL)− δ GL

(r
L
(τ

L
), pL)

r
L
(τ

L
)

τ
L

,



È @+� Ó É ÷�ç+÷�èEé!Ólþ�Ð�Ï,��� É!Î#ý ü³ÏYe'�_���+Í�Í�� É 6Cê�é!Ñ ý Ñ)�FÍxÍ�ÏlÓ.é	ÍPë=Ó½Í�Ó�þAÏ,�

� k�m Π Ì	rFmumuz�~�Ì�k´¥Ï@� ò �#¨��
h?x�p+tÖÌ	rtÌw�-x�¦�Ìw�jouz�i � i�~#}|y!x�£�muq�Ì���	y�Ì	~�i�k�Ìz�p��#t�n�i#~¨Ì�rJi��z¨Ì	r;x�n��#q	iA�t<z¨Ì8tuzAx�~#i#p¢����i�n!��s	muq	q	}|m ��x�~¨Ì	t1Ì	rFi#tuz�Ì��	i��l~#i�n!���z?i#�wz¨Ì	rtÌ�ÖÌ	y	i�~°x�z#�P�y	i��

¦mlqz�q	}|m�t<z�x�~�p�Ì Ì§i�¦	mlqoÌz#��	y	m�k�m<n���q��� �y�Ì	�#}�n��Pp�i#rFrFmuy	s	mltup�i � i=�°x�q	pwx�y�Ì Ì�l~#mlt<z#q	}�vPÁ���q	p	¦oÌ�wvjtu�	y	i#tlx p	y	m�k�Ìz#i�y	i#~ÓÌ¶�-x�mlr$�GÌ	p�i#~{�i#�	y	m�k�m<n!����
�GÌwv Ì	qwz#mlqtÖÌ	~#q	i�tuz°�±Ìwv�i#��y!x���muq�Ì�§q!xPi#�#t�n!�+£�Ì	~#x�q�Ì	m�~P��x�~¨Ì	t1Ì	rFi#t<z¨Ì¹i�z
�y	i#¦	muqz#q}«vjtuzAx�~�i#pÕÌ¶tuy	i#p�i�~±�-x�ÌrFtuz#~�i#~°x�qoÌ�ª�
ÆJy	x�tlturFi�z#ymlq	q	i#���w�y	i���muq	q	i#�©tÖÌ	t<z#murFm�q	m���s�Ìz#}|~#xAn�x�tu�±p+i#q	p��y	muq	¦�Ì�

�#x�q	p+i#~�k�y� � t�k�y� � i#r|��ó�n!��wsmuzAxjy!xA�unmÌs�Ì�0~��	iAn�i�£�muq�Ì�Ì�pwn�Ì	mlqz�i#~ji�z��qi#tÖÌwz#m<n!�#q	i§p�i#qp��y�Ì	y�����ÛÌwv3�°x�q	p+i#~8~3> ð ò � @ �#}�n�i8�	y�Ì~�n�mlsmlq	i§�	i�q�z�Ì	m
i��#i#����mlq	q}�v��z#y!x�qtl�	i�yz#q	}«v÷Ì�<k�muy+£�mup��8p�x�p�i����ÛÌ�vüÌ��k�mly°£�mlp�pwnmÌ	muqz�x
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∑
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∑
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qi
~�v°ilk��z~?��y!x�~#q	mlqoÌ	m�¥Ï@w��68Î#¨HnmÌ	q	mu�	q	i	{�z#i�Ìwv�rFi-£ q	i

Ì	tlp�n��³s�Ìwz#�
Ì=tu~#mlt<z¨Ì=�-x-k�x�sw�´¥�@��6L�°¨bâ¢¥�@��68@°¨¤i©rtÌq�Ì	r$��rFm±tuy	m�k�q	ml��¦	muq	} � m<�q	mly	x�¦�Ì�Ìjp���x�k�x�sm�q	m�nmÌ	q	mu�	q	i � i��	y	i � y!x�rFr�Ìy	i#~°x�q�Ì�¶~¨Ì�k�x

I =
∑

i

Ci







di −
∑

j

[gij − αijLij(gij)]







→ min
gij

¥�@��Î A ¨
�	y�Ì��#t<n�i�~¨Ì�wv

qmin
i ≤ di −

∑

j

[gij − αijLij(gij)] ≤ qmax
i ,

¥�@��Î ð ¨

gmin
ij ≤ gij ≤ gmax

ij , j, i = 1, 2, ..., n.
¥�@��Î7�#¨

W;t�n�i#~¨Ìm�q	m<�-n!��s��x�mur;i�tuz²Ì
I
�	i

gij
Ì	rFmlm<z�~¨Ì+k

∂I

∂gij
δgij ≥ 0,

¥�@� Î È ¨
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� k�m δgij D¸~#x�y�Ì!x�¦oÌ�¡�mly	m<z#i#p�x{lk�i#��#t<z¨Ì	r;x����	i¤i � y!x�qoÌ	s	mlqoÌ�	r�¥Ï@� Î ð ¨�{°¥Ï@w��Î7�#¨<�
M$x�p�pwx�p

gij
~�v°i�k�Ìwz�z#i�n���p�i�~�k�~#x±t�n�x � x�mlrF}�v¶~j¥Ï@� Î A ¨�{z#i

∂I

∂gij
=
dCi

dqi

(

−1 + αij
dLij

dgij

)

+
dCj

dqj

(

1 + (1− αij)
dLij

dgij

)

.
¥Ï@w��Î ò ¨

ó�n!� � n�x�k�poÌwv±�-x�~�Ì	tÖÌ	rFi�tuz�ml� Ci(qi)
�	yi¨Ì��~�i�k�q}|m dCi

dqi
= Pi(qi)

{#~#}|y!xA£±muq�Ì	m
¥�@� Î ò ¨��mly	mu��Ì��muz#t��?~±Á¡i#y	rFm

∂I

∂gij
= Pj − Pi +

∂Lij

∂gij
(Piαij + Pj(1− αij)).

¥�@��Î7�#¨
9���k�mlrºq!x��l}|~°x�z��©olÁ¡Á¡mupz¨Ì	~�q	i#�t)��s	muz�i#r·�	i�z#mly�©¦	mlqw�

Pij
ouq	mly � Ì�Ì=q	x

i
�ör¹y	}|q	p�mHk!n	�

j
� � i�Ì Pji D±q!x j �ör�k!n!� i �²i	{	mut<n�Ì

Pij(qi, αij) = Pi(qi)

(

1− αij
dLij

dgij

)

,
¥Ï@w��Î7�#¨

Pji(qj, αji) = Pj(qj)

(

1 + αji
dLij

dgij

)

, αji = (1− αij).
¥Ï@w��Î76#¨

��y�Ìjouz�i#r
j
�²rJy	}|q	p�i�r¾tus�ÌzAx�mlr3z#i�z�{�Ì��p+i�z#i#yi � i�~#}�v°i�k�Ìz��	i�z#i#p?rFi���q	i��t<z¨Ìª{�x

i
�ör´z#i�z�{�p��k�x±i#q¶~�v°ilk�Ìz���MÀi � k�x

−
∂I

∂gij
= Pij(qi, αij)− Pji(qj, αji) = ∆Pij.

¥Ï@w��Î7Î#¨

åH��q	muy!x�~#muq	tuz�~°xÅ¥�@��Î È ¨�t<n�m�k��#m<zA{�sz#i��	muy	m<z#i#p
gij

i�z
j
� � i¹p i

�²r$�¾y	}|qp�
t�n�m�k��#muz)�w~�m<nmÌ	soÌ	~°x�z��	{+mlt�nmÌ olÁ¡Á¡mlpz�Ì	~#q	x�� ¦	mlq	x�q	x

i
�²r0y}|q	p�m��#iAn�����m�{°s	mur

q	x
j
�²r|��ôHqJr;i-£�muz8�#}«z��§�	yi#�	i#y¦�Ì	i#q!x�n�mlq3y!x���qi#tuz�ÌºouÁ¡Á�mupz¨Ì~#q	}�v¾¦mlqª{

mut<n�Ì?qm�q	x�y�+��muq	i�q�Ì¶ilk�q	iiÌ��i � y!x�qoÌ	s	mlqoÌ	�§¥Ï@w��Î ð ¨<{�¥�@� Î+�#¨<�
õÀx�tutlrFi�z�y�Ì	r|{°pwx�p±~AnmÌ�	m<z�q	x��i�n!��s	muq	q	}|m�~#}|y	x�£�mlq�Ìw�æÌ±tìk�m<n�x�q	q	}|m¤~#}��

~�i�k�}Jq	m � n�x�k�p+i#t<z#��Á���q	p	¦oÌ	� Ci(qi)
Ì
Lij(gij)

����y�Ì ouz#i�r§�	i#t�n�m�k�q���rFi�£�m<z
ÌrFmuz#� y	x���y	}|~��	y	i¨Ìw��~#ilk�q	i#�¶~±z�i#s	p+m

gij = 0
{	zAx�p¶sz#i

dLij

dgij
= l−ij < 0

�	y�Ì
gij = 0−,

dLij

dgij
= l+ij > 0

�	y�Ì
gij = 0+.

¥Ï@w��Î7@#¨
�H�#t<z#�

gij 6= 0
{�z�i � k�x�~ z#i�s	pwx�vPy	x���y}|~°x��	y	i¨Ìw��~#ilk�q	i#�Pq�+£ q	i ��s	mlt<z#�	{¢sz�i

yi#tuz
gij
tlq�Ì£±x�m<z

qi
Ì©��~#m�nmÌ	s�Ì~°x�muz

qj
�	��y	i¨Ì�l~#i�k�q��� dCi

dqi

q�+£�q	i�tls�ÌzAx�z��
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~�z#i#sp�m�{�n�m<£�xA��ml��n�mu~#mumHz�i#s	p�Ì©y!x���y}|~°x{	x dCi

dqj

~�z#i#s	p+m�{�n�mu£±xA��ml�©�	y	x�~#mlm
q	mlm�����i�n!��s�Ìr

δgij > 0,
mlt�nmÌ

∆P+
ij = P−ij (qi, αij)− P

+
ji (qj, αji) > 0,

¥Ï@� @ A ¨

δqij < 0,
mlt�nmÌ

∆P−ij = P+
ij (qi, αij)− P

−
ji (qj, αji) < 0.

¥Ï@� @ ð ¨
¿�k�mltu�

P+
ij = P+

i

(

1− αij
dLij

dgij

)

,
¥�@��@7�#¨

P−ij = P−i

(

1− αij
dLij

dgij

)

.
¥�@��@ È ¨

¯³q!x�n�i � Ìs	q	}|m)~#}|y!xA£�mlq�Ì�¶tu�	y!x�~�m�k!nmÌ~#}·k!n!� j � � i�y	}|qpwx�t�z#i#�jy!xA��q�Ì	¦ml�ª{sz#i�~#q�+z#yoÌ?tlp+i#�#i#p¶~�}|s�ÌzAx�q�Ì	m�t<n�m�k��#muz���x�rFmuq�Ìz#� t<n�i-£�mlq�Ìmlr|�
MÀx�p´p�x�p

P+
i > P−i

{Àz#iPk	n!�¹y!xA��y	}|~�q	}�v´�-x�~�Ì	tÖÌ	rFi�tuz#mu�
Pi(qi)

��x�~¨Ì	t1Ìw�
rFi#tuz����	muy	muz�i#pwx8i�z�y	x���q	i�tuz�Ì¾olÁ¡Á¡mlpz�Ì	~#q	}�v3¦	muq3q	i#t1Ìz0v+x�y!x�pwz#mly¢{��	i#p�xA�
�-x�qq	}|�jq!x±y�Ì	t��	@� ò �

ij
gd

+

D
ij

P-

D
ij

P ij
PD

YXZK[�\$ô.\ «K\+¬VÙ!Ö<Ù!Ø�ÕMÚ7Ö�*9Ù'&�ZK[]Z�Û+Þ�[7Õ�ZDÛ+Ú7à�ß�×^ZQ*�Û+Ú./�Ú./_Z<Ú7Û~Ý�Ú7Ö�Ú7ÕMÞPØ�Ù�ZUÖ<Ù'*,/�Þ�[7Õ)()Ñ
5 �h�nÚ7Ø�Õ�Z+&)/�Ü�ýÄ3�Ú./  ß�þ�ÿ4[cþ�×8-<Ù!ÿIØ�×#[�Þ2-+/�Þ`H /�Ú7Ý�Ö�Ú7Ö�ÜE&)/�ÜEý£3�Ú./�Þ2&lÜEýÄ*9Ù!ÿ7&MÞPØ
Æ i#p	y	mutuz#qi#tuz¨Ì

gij = 0
~§~#}|y!x�£�muq�Ì�ÌÇ¥Ï@w��@+��¨ �	yi¨Ì��~�i�k�q	x��ºÁ���q	p	¦�Ì�Ì

�	i�z�mly	��y!x�~#q	x
l+ij
{�x�~P¥Ï@� @ È ¨«i#q	x�y!x�~�q!x

l−ij
{�sz#i ��~#m�nmÌ	s�Ì	~#x�muz��-xA��i#y?rFm<£±k!�

∆P+
ij

Ì
∆P−ij

�
ó�n!�¶i#�z¨Ìr;xAn��#q	i � i�y	m<£�Ìr;x�tÖÌtuz#murF} g∗ij

��k�i#~An�muz�~#i#y°�	��z�i � y!x�qoÌ	s	mlqoÌw��	rJ¥�@� Î ð ¨�{!¥Ï@w��Î+��¨ÀÌ��#t�n�i#~¨Ì�r0qmu�-n!��s��x�mlrFi#tuz¨Ìª{+p�i�z#i#y	}|m¤�	yoÌ	~#i�k!�z�p�q	mly!x��
~#mlqtuz#~#x�r

∆P−ij ≤ Pij(qi, qj) ≤ ∆P+
ij .

¥�@��@ ò ¨
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X$å â æ ä&à�Z Ý ç�ß Þ!åæ ß Þ�î¾¥�@��Î ð ¨ ß!çûZ æ ß æ Ý�Þ�Ý�F+æ ä F ìÅä�àlð�ß�à�áuâIòjá Þ á<í�àæH]ò�è�à-ë
éAç�ß Þ�æ ävô F ß!ã+K Þ!Þ�a ç7Z Ý ç�ß�éêç ����i�z�mli#y	murFm�ñH�wq	xA� MÀx�p	p+mly!x±q!x���k!��z�t��jz�x�p�Ì	m
rFqi�£¼Ìz#m�nmÌ

λ+
Ì
λ−
{!sz�i Á���q	p	¦�Ìw�

R = I +
∑

i

[λ+i (qi(gij)− q
max
i ) + λ−i (qi(gij)− q

min
i )],

n!i#pwx�n��#q	i±q	mu�-n	�wsw��x�mlr;x q!x�i#�z¨Ìr;xAn��#q	i�rJy	m<��mlqoÌ�Ìª{��	y�Ìs	mlr

λ+i =

{

0
�	y�Ì

(qi − q
max
i ) ≤ 0,

> 0
�	y�Ì

(qi − q
max
i ) > 0,

¥Ï@� @+��¨

λ−i =

{

0
�y�Ì

(qi − q
min
i ) ≥ 0,

< 0
�	yoÌ

(qi − q
min
i ) < 0.��y	i�Ì��~�m�k�muq�Ì	m

λ+i λ
−
i = 0

{�zAx�p�pwx�p�i��°x�rFqi�£¼Ìz#m�n!��q	m�rFi � ��zH�#}«z#�Hi�z-nmÌs	q	}i�z qw�-n!�¶i�k�qi#~#y	murFmlq	qi	�
W;t<n!i#~¨Ì	m¡q	mu��n!��s��x�mlrFi#t<z²Ì

R
�	i

gij
tl~#ilk�Ìz#t½�jp�z#i�r$�#{�swz#i ~±i#�z�Ì	r;xAn��A�

qi#r�y	m<£�Ì	rFm
∂R

∂gij
δgij =

[

∂I

∂gij
+
∑

i

(

λ+i
∂qi
∂gij

+ λ−i
∂qi
∂gij

)]

δgij ≥ 0,
¥Ï@w��@8�°¨

� k�m δgij D¼~°x�y�Ì!x�¦�Ì�Ìª{���k�i�~�n�muz�~#i#y°�	���ÛÌ	m±i � y!x�q�Ìs	mlq�Ìw�	r»¥Ï@� Î+��¨<� � �wsmuz#i�r
~�}|y!x�£�mlqoÌ�8¥�@��Î7�#¨;k!n!� ∂I

∂gij

Ì�z#i � i	{!sz#i

∂qi
∂gij

= −1 + αij
dLij

dgij
,

�i�n!��s�Ì	r|{!sz#i
∂R

∂gij
= P λ

ij − P
λ
ji = ∆Pij,

¥Ï@w��@+6�¨
� k�m

P λ
ij = (Pi(qi) + λ+i + λ−i )

(

1− αij
dLij

dgij

)

,

P λ
ji = (Pj(qj) + λ+j + λ−j )

(

1 + αji
dLij

dgij

)

, αji = (1− αij).























¥Ï@� @7Î#¨

Æ?z#i#s	p�xAv�y!x���y}|~°x¤�y	i¨Ì�l~#i�k�qi#��~|ouz�Ìwv¡~#}|y!x�£�muq�Ì�wvHÁ�Ì � ��y�Ì	y����z P+
i , P

−
i

{
P+
j

Ì
P−j
{�p+i�z�i#y	}|rïtui#i�z�~#muz�tuz#~��w��z

P
λ+

ij , P
λ−
ij , P

λ+

ji , P
λ−
ji

D ouÁ¡Á¡mlpz�Ì	~#q	}|m
¦mlq	}êt���s	muz�i#r3�	i�z�mly	�¼Ì¶i � y!x�qoÌ	s	mlqoÌ	�?q!x�~#}|y!x���i�z#p�©olq	muy � ÌoÌª�
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MÀx�p�Ì	r&i#�#y!xA��i#r|{¤�	y�Ìê~#}�v°ilk�m8�	y	i�Ì��~#ilk�Ìz�m<n���q	i#tuz¨Ì
qi
q	x

i
�ör¼®«õ¼q!x

~#mly#vwq	mlmæÌwn�Ìq�Ì£ q	mum�i � y!x�q�Ì	smlq�Ì	m�{ªolÁ¡Á¡mlpwz¨Ì	~#q	x��=¦mlq!x�ouz#i � i©y	}|q	pwx���~#m��nmÌ	s�Ì~°x�muz�t½�
(λ+i > 0)

nmÌ	�#i©��rFmuq	����x�muz#t��
(λ−i < 0)

k�i©z�m<v=�	i#yª{¢�	i#p�x k!n!�
~#tlm�vº�	muy	muz�i#p+i#~	{«��k�i#~An�muz�~#i#y°�	���GÌwv·��t<n�i#~�Ì�	rÂ¥�@��Î7�#¨<{�����k��+z�~#}«�	i�n�q	muq	}
q	mly	x�~#mlqtuz#~#xP¥Ï@w��@ ò ¨�~�Á¡i#yrFm

∆P
λ−
ij ≤ ∆P λ

ij(qi, qj, λ) ≤ ∆P
λ+

ij .
¥�@��@8@°¨

¯Ft<nmÌ0�	yoÌ0o<z#i#rêi#p�x��l}|~°x�muz�t½�ª{�sz#i���q!x-s	muq�Ì	m
gij

~#}«��n�i¶��x��	y	m�k�m<n�},i � y!xA�q�Ì	s	muq�Ì	�P¥Ï@� Î+�#¨�{�z�i�~�tui#i�z�~#muz�tuz#~¨Ì�Ì�t|�#t�n�i#~¨Ì�rtÌP¥�@� @7�°¨Àmur$���	y�Ì	tu~°x�Ì~°x�muz�t½�
� y!x�q�Ì	s	q	i�m¡��q!x-s	mlq�Ìm gmax

ij

Ìwn�Ì
gmin
ij

tli#i�z#~#m<z#tuz#~#mlq	q	i�
ÂÄS������������	�°��7�"�S±*bJ����L�Q����	� Q��?c��+"����  KJKNdJQ���eL�%��	������ KJ	2����

%��KQ����3L�'fL��MW�Æ¬nmÌw�	q�Ì	mGÌ��rFmuq	mlq�Ìw�=�	muy	muz�i#pwx�q!x�p	y�Ìwz#mlyoÌ	��i��z¨Ì	r;x�n��#q	i#t<z¨Ì
I
v+x�y!x�pwz#mlyoÌ�l�°muz8y!xA��q�Ì	¦	x=olÁ¡Á¡mlpwz¨Ì	~�q	}�v�¦mlq

∆P+
ij

�E¯Ft�nmÌ � muq	mly�Ìy�°mlr;xA�
rFi���qi#tuz���q!x

i
�²i#r�y}|q	p�m³i � y	x�q�Ì	s	muq!x{�z�i ∆P λ+

ij > 0
��9���k�mur´q!x��l}|~°x�z���ouz��

~#m<n�Ì	s�Ì	q���A~�nmÌ�q�Ì	mlr
gij
���

�H�#tuz���Ì��~#mutuz�mlqq	mup�i�z#i#y	}|�Py	mlxAnmÌ�u�#mlrF}|�ymu£¼Ì	r|{	v+x�y	x�pz#muy�Ì�l�����æÌ	�w�
t��8~#mlpz�i#y	i�rï�mly	m<z#i#p+i#~

g0 = {g0ij}
{�¦	muq

P 0 Ì � muq	mlyoÌ	y�#mlrF}«v§rFi���q	i#tuz�ml�
q0
�P¯Ft�nmÌ � mlq	muy!x�¦�Ì��q	x ν �öi�r8y	}|q	p+mìÌ	rFmumuz � y!x�q�Ì	s	q	i�m���q	x�s	muq�Ì	m�{�z#i)�-x�tls	m<z~#}|�#i#y	x

λν
¦	mlq}

P λ
νj

k!n!�0o<z#i � i?y	}|q	pwx��#tuzAx�q!x�~AnmÌ	~°x���z#t��0z�x�p�Ì	rtÌª{�sz�i#�#}Ì��rFmuq	mlqoÌ�0�	muy	muz�i#p�i#~
δgνj

k	n!�=~#tlm�v
ν
{ª~#}|�¨Ìy!x�mlrF}|m±�	i©�#t�n�i#~¨Ì�r,¥Ï@� @ ò ¨�{

¥Ï@� @7@°¨�{��k�i#~�n�m<z#~#i�y+�wn�Ì?�°x�n�x�q	tui#~#i#r$��tui#i�z#qi���muq�Ì	� ¥Ï@��68Î#¨<�
ñ�i � k�x�olÁ¡Á¡mlpz�Ì	~#q	}|m|¦	muq	} P λ

ij

q!x��+k�mlq	}8k!n	��~#tum<v�y	}|q	p+i#~	{�i��	y	m�k�m<n!���z
z#i�z��	muy	muz�i#p

gij
{3��~�nmÌw�	q�Ì	m,��k!n!��p+i�z#i�y	i � i ∆Pij r;x�p+tÖÌr;xAn��#q	i{9ÌÛÌ��rFmuq�	��zm � i³k�i�z�m<v±�i#yª{��	i#pwxH~#m�nmÌ	s�Ìq!x ∆Pij q	m|i�pwx�£�muz�t½�±rFmlq	����m�{°s	mlrg��~AnmÌ�	qoÌ	m��k�y� � i � i±�	muy	muz�i#pwx�r;i���q	i�tuz¨Ì¤ÌwnmÌ k�i�z�m<v©�	i#yª{w�	i#p�x gij q	mH�	yoÌ	rFmuz � y!x�q�Ì	sw�q	i#m�k�i#��#tuz�Ì	rFi#m��lq!x�smlq�Ì	m��!�¡yoÌ©ouz�i#r � muq	mlyoÌ	y�#mlr;x���rFi���q	i�tuz#�±q!x i �ör Ìwn�Ì

j
�ör¹y	}|q	p�m�rFi�£�m<z�i#p�x��-x�z��#t½�jq!x � y!x�qoÌ	¦	m�{!z�i � k�x�mlm¡Á�Ì	p�t1Ì	y����z�{�x�¦	mlq�©q!xtli#i�z#~#m<z#tuz#~�������mlrNy	}|q	p�m�p�i#yy	mlpz�Ì	y�w��zP��x¶tlsmuz�k�i#�°x�~�n�muq�Ì�

λ
~#rFmlt<z#m t

Ì��rFmuq	mlqoÌ	mlr·�	muy	muz�i#p+i#~ k�i z#m�vP�	i�yª{��	i#p�xh��~�nmÌ�q�Ì	m,�
gij
�	muy	mlt<z�x�q	muz��#}«z��

r;x�p�t1Ì	r;xAn���q	}|r|�
MÀx�p�Ì	rêi#��y!x���i�röÌw��rFmlqw�	��zP�	i#i�s	mly	m�k�q	i?~#tlm �mly	m<z#i#p�Ì�k�ijz�m<v8�i#yª{��	i��

pwx©i�q�ÌPnmÌ	�#i©q	m±i�pwx�£��+z#t½�=q!x � y	x�q�Ì	¦!x�v¢{¢n�Ì	�#i¤Ìwvi�A~�nmÌ�q�Ì����q	m�i#pwxA£ �+z��t���y!x�~#q	}|rtÌ0q��n�������i�n!��s	muq	q	i#m�y	m<��mlqoÌ	m ��k�i#~�n�m<z#~#i�y+�	m<z?�#t�n�i#~¨Ì	��ñH��q!xA�
M$x�pp�muy!x�
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� ���#�	�+��J��°"��?Q����+�	�����w�#'���1UQ�S±"�'�L���'fJ	'jL��	'MQ�S±�KJ�´��J	'MQRL��#�À�#�����J
Æ8z#mlyrFi�k�Ì	q	x�rtÌ	s	mltlp�Ìwv�{+oup�i#q	i�rtÌ	s	mltup�Ìwv�Ì�k�yw� � Ìwv±r;x�p	yi#tÖÌ	t<z#mur;xAv��i�z#i��poÌ�y	mlt<��y	t�x¶y!x�~�q	}Çq�-n��){�p+i � k�x�v+x�y!x�pz�mly�Ì�u�w���ÛÌ	mh���	i�z�y	ml��q	i#t<z°�3�?~�q	mlrÌqz#muq	tÖÌ	~#q}¤m©�mly	murFmlq	q}¤m�i�k�Ì	q	x�p�i�~#}�{�xjq!x��y!x�~�n�muq�Ì	m��	i�z�i#pwxji#�	y	m�k�m<n	�w�

m<z��lq!x�p�y!xA��q	i�tuz¨Ì�ouz�Ìwv��	muy	mlrFmuq	q	}�v¢�PM$x�pª{°�	i�z#i#p z#mu�wn�i�~#i#��ouq	mly � Ì�Ì�~#tlm � k�xq	x��	y!x�~�n�mlq±i�z�z�m<n�x¡t|~�}|tli#p+i#�±p�z#m�n!��t|q�Ì�lp�i#��z#mlrF�mly!x�z���y!i��ª{+�i�z#i#p�z#i�~°xA�
yi#~	{�q!x�i#��i#y	i�z�{�i�z¡y	}|q	pwx�t¤qoÌ��p�ÌrtÌ ¦	muq!x�rtÌ�p±y	}|qp��t|~#}|tli�p�Ì	rtÌ�¦	muq!x�rtÌª�
Æ�~#m�k�mlr=k!n!��pwxA£±k�i � i i � � i�®«õ8i#¦	muq	p� θij rFi���q	i#tuz�Ì gij {°�	i�k�x�~°x�murFi#��i�z

j
� � iHy	}|q	p�x�+®�zAx�i#¦	muq	pwx³�-x�~¨Ì	tÖÌwz�i�z qi, di {�Á¡��q	p¦�Ì�Ì±�	i�z�mly	�¡~�tumuz-�wv Lij(gij)Ì?p+i#ouÁ�Á�Ì	¦oÌ	mlqzAx

αij
����y	m�k��i�n�i�£¼Ì	r|{�sz#i

gij
�-x�~¨Ì	t1Ìz�z#i�n���p�i�i�z

θij
Ì
θji
{

�y�Ì	s	mur
gij(θij, θji) = −gji(θji, θij) = 0

�	y�Ì
θij = θji,

k 
�.l gij = k 
 �.l (θij − θji) �	yoÌ
gij 6= 0.











¥�@� ð)A7A ¨

®�z��©�-x�~�Ì	tÖÌ	rFi�tuz#� q!x��l}|~°x���z p�Ì	q	m<z¨Ì	s	mltlp+i#�?Á¡��q	p¦�Ì	ml�¢�
Æ�}|�#muy	mlrjp�Ì	qmuz¨Ìs	mltlp�w�¹Á��wqp	¦�Ì	�'Ì

θij(qi, di, αij, Lij)
z�x�pª{-swz#i#��}8Á���q	pw�

¦oÌ	i#q�Ì	yi#~°x�qoÌ	m)t1Ì	t<z#mlrF}Ç®�õ$�²~	{!�	i�z#i�p�Ì?~�p�i�z�i#y	i#��v+x�y	x�pz#muy�Ì�l�w��z°t��?p�Ì	q	m��
z�Ì	s	mutlp�i��0Á��wqp	¦�Ì	mu�3¥�@� ð2A7A ¨<{���}�n�i�i#�z�Ì	r;xAn���q	i¶�i�p	y�Ìwz#muy�Ì	� ¥Ï@w��68�#¨<��¯³�w�
�y	i#p+tÖÌ	rtÌ	yw�#mlr

Lij(gij)
�-x�~¨ÌtÖÌ	rFi#t<z#���Ç~¨Ì+k�x

Lij(gij) =











l+ijgij +m+
ijg

2
ij

�	yoÌ
gij ≥ 0,

l−ijgij +m−
ijg

2
ij

�	y�Ì
gij < 0

¥�@� ð)Að ¨

Ìjk!n	� � n�x�k�p�ÌwvÁ���q	p	¦�Ì	� Ci(qi)
~©i�z�tu�+z#tuz#~¨Ì	m±i � y!x�q�Ì	s	muq�Ì	��q!x qi �	muy	ml��Ì����mlr��#t�n�i#~¨Ì	m ∂I

∂gij
= 0

t���s	muz�i#rµ¥Ï@� Î+6�¨�~�Á¡i#yrFm

Pi − Pj =
∂Lij

∂gij
(αijPi + (1− αij)Pj).

¥Ï@� ð)A �#¨
��ilk�tuzAx�~�n	��8¥Ï@w� ð2Að ¨<{�	i�n	�wsoÌ	r

gij =























1

2m+

[

Pi − Pj
αijPi + (1− αij)Pj

− l+ij

] �	y�Ì
gij ≥ 0,

1

2m−

[

Pi − Pj
αijPi + (1− αij)Pj

− l−ij

] �	y�Ì
gij ≤ 0.

¥�@� ð)A#È ¨

��y�Ì§o<z#i#r
l−ij < 0

{$x?�	mlymuz#i�p
gij

�i�n�i�£¼Ìz�m<n�muqª{$p�i � k�xPp	~°x�k�y!x�z�q!x��§tlp+i#���p�x±~±~#muy°vwq	mlrJy!x�~#muq	t<z#~#m��#i�n�����m¡q�-n	�ª{�Ì¶i�z�y�Ì	¦!x�z�m<n�mlqª{�p+i � k�x±p	~°x�k�y!x�z#q	x��tup�i��#pwx±~±q�Ì£ q	murJy!x�~#mlqtuz#~�m)rFmlq����m�q��n!�ª�
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MÀx�p�sz#i{�i��#i���q	x�s!xA�¶tuy	m�k�q	ml~���~#m<��mlq	q���»¦mlq�©pwx�p

P ij = αijPi + (1− αij)Pj,
¥Ï@� ð)A ò ¨

x±i#¦mlq	p�Ì
θij =

Pi
P ij

, θji =
Pj
P ij

, ∆θij = θij − θji,
¥Ï@� ð)A ��¨

rFi�£ q	i���x���Ì	tlx�z#�¼Ì	tup�i�r$�w�ïpoÌ	q	muz�Ì	s	mltlp�w�ÇÁ���q	p	¦�Ì�Ç~±Á¡i#y	rFm

gij(θij, θji) =































































1

2m+
(θij − θji − l

+
ij)

�	y�Ì
∆θij > l+ij ,

0
�	y�Ì

l−ij < ∆θij < l+ij ,

1

2m− (θij − θji − l
−
ij)

�	y�Ì
∆θij < l−ij ,

gmin
ij ≤ gij ≤ gmax

ij .

¥Ï@� ð)A �#¨

ó�n!�?t�n!��s!x��ª{�p�i � k�x ��x�~¨Ì	t1Ì	rFi#t<z¨Ì Ci(qi)
Ì	rFml��z�z#i�s	p�Ìy	x���y	}|~#x��	y	i¨Ìw�u�

~#i�k�q	i#�ª{-k!n!��y	}|qpwx{�~�p�i�z#i#y	}|�±q!x��y!x�~�n�muq±�	i�z#i#pj¥�~�q!xA��mlr�t�n!��s!x�m
i
�ö��k!n!�

gij > 0
¨�{w�	y	i¨Ì�l~#i�k�q���N�	i

qi
~�zAx�p�i��©z�i#s	p+m�q!xAv°ilk��z�pwx�p

P−i
{x¡k!n!��y	}|q	p�x

j
~0o<z#i#r,t�n!��s!x�mãD pwx�p

P+
j

�¬Æ�}|y!x�£�mlqoÌ	m�¥Ï@w� ð2A �°¨�i#tuzAx�muz�t��J~0t1Ìwn�mjt�z#i��
y!x��lq�Ì	¦	mu�ª{�swz#i

Pi
q�+£�q	i¶��x�rFmlqoÌz#�?q!x

P−i
{�x

Pj
q!x

P+
j

�	y�Ì
gij > 0

Ì
Pi�-x�rFmuq�Ìz��?q	x

P+
i

{
Pj
q	x

P−j
�	y�Ì

gij < 0
�/��y�Ì�o<z#i#rêy	x�tu�GÌ	y+�muz#t�����i�q!x{ª~

p�i�z�i#y	i#�¶i#�z�Ì	r;xAn���q	i#m¡�lq!x�s	muq�Ì	m��	mlymuz#i�pwx
gij = 0

�
Ä¡x�p+i#q	mu¦ª{�mlt<n�Ìjk!n	�Pqmlp+i�z#i#yi � i i � � i�y	}|q	p�x qi = qmax

i

{�z�i�~#m�nmÌ	s�Ì	qw�
θijq!x±o<z#i#rJy	}|qp�m�tls�Ìwz�x�mlr3�	i�Á¡i#yr$�-n�x�rÅ¥Ï@w� ð)A �#¨<{w�-x�rFmuq�Ì	~�~�q�Ì�v

Pi
q!x

P λ+

i = Pi + λ+, Pi = Pi(q
max
i ),

~#m<n�Ì	s�Ì	q�
P λ
i > Pi

q!xAv°i�k!�z �	i��#t<n�i�~¨Ì	�

qmax
i +

∑

i

gij(θij, θji)[1− αijLij(gij(θij, θji))] = di.
¥Ï@� ð)A 6�¨

¯³q!x�n�i � Ìs	q	i=k!n!�Jt�n!��s!x��¢{�p+i � k�x � muq	mlyoÌ	y�#mlr;x��3rFi���q	i�tuz�� qi q!x�q�Ì£ q	ml�� y!x�q�Ì	¦	m�{�¦	mlq�

P λ−

i = Pi + λ−, λ− < 0, Pi = Pi(q
min
i ),
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q	xAv°i�k!�z��i��#t�n�i#~¨Ì� ¥Ï@w� ð2A 6#¨<{+~�p�i�z#i#y	i�r
qmax
i

�-x�rFmuq�	��z�q!x
qmin
i

{wx
θij
Ì
θjiD ��x�~¨Ì	t½�z i�z

P λ−

i

�
��y�Ì�z�x�p+i#r´~#}|��i#y	m³i#¦	muq	i#p©rFi���q	i#t<z#mu���-x-k�x�s	x�i�pwx��l}|~°x�m<z#t½��k�mu¦	mlqz�y!xA�

n�Ì��i�~°x�q	q	i��ª�/ó�n!�0pwx�£�k�i � i?y}|q	pwx?q!x�v°i�k�Ìwz#t½�§¦	mlq	x Pi Ìwn�Ìª{�mut<nmÌ � muq	mlyoÌw�yw�#mlr;x��´rFi���q	i#t<z#��i�pwx���xAn�x�tu�=�y	m�k�m�n��#qi#�ª{�D
P λ
i

{$x?�-xAz#mlrÇ�i=Á¡i#y	r$��n�x�r
¥�@� ð)A#È ¨ Ì�¥Ï@� ð)A �#¨Öq!x�v°i�k��wz�i��z¨Ìr¬x�n��#q	}|m��	muy	m<z#i#p�ÌPrFi���q	i�tuz¨ÌPrFm<£±k���y}|qw�
p�x�rtÌª��ó�y� � Ì	rtÌ t<n�i#~#x�rtÌª{°~#rFmlt<z#i)i#�z¨ÌrtÌ�-x�¦oÌ�Ì�t1Ì	tuz�mlrF}¾�	i)�mly	m<z#i#p�x�r|{�mlmi��z¨Ì	rtÌw�PÌ	y����zP�	ijouÁ¡Á¡mlpz�Ì	~#q	}|rm��¦	muq!x�rB��{/��s�Ìz�}¤~#x����ÛÌ	rNi � y!x�qoÌ	s	muq�Ì�q	x±�	i�z�y	ml�An!�	murF���óÌ � muq	mlyoÌ	y�#mlr$�w�ÇrFi���q	i�tuz��	�z��Ìt<n�i��	muy	mlrFmuq	q	}�v§¥�¦	mlq!¨<{
p�x�p��y!x�~¨Ìwn!i	{°t<�+��mlt<z°~#muq!qi�rFmlq	����m�s�Ìt<n�x¡�	mlymuz#i�p�i#~	� � zAx�¦oÌ	i#q!x�yq	i#r$�±y	m<�
£¼Ì	r$�8zAx�p�i#�¹r;x�p	y	i#t1Ì	t<z#mlrF}¼tui#i�z�~#muz�tuz°~��°muz�i��z¨Ì	r;x�n��#q	i�mjy	x�tl�y	m�k�m�n�mlq�Ì	m
�i�z#i�p�i#~iÌ � muq	muy�Ì	y�#mlrF}«vjrFi���q	i#t<z#ml�?~±tÖÌ	t<z#mlrFm)olqmly � muz¨Ì	s	mltlp�Ìwvjy	}|q	p�i�~	�
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ÆÅ�y�Ìwn�i-£±muq�Ì�Ì=y!x�tlturFi�z#y	muq	}»y!x��<nmÌ	s	q	}|m�z�Ì	�	}Çolp+tuz�y	mlr;xAn���q	}«v�-x-k�x�s
Ì��#t<n�i�~¨Ì�¶i#�z�Ì	r;xAn��#qi#tuz�Ì Ìwv�y	mu��mlq�Ìw�ª�

Æ¹y!xA�<k�m�n�m³�±� ð �	y�Ì	~#m�k�mlq}ºy	x��unmÌs	q	}|m³�	i�tuzAx�q	i#~�p�Ì �-x�k�x�s¼Ì �#mu��p�x�p�i � i��nmÌ	�#i±i#�#i#tuq	i#~°x�q�Ì��q	mui#�-v°ilk�Ì	rF}|m¡�#t<n�i�~¨Ì�ji��z¨Ì	r;x�n��#q	i�tuz¨Ì�k!n	�¶pwx�£�k�i#�¤Ì�
�	i#t<z�x�qi#~#i#p¢��®�z�i¤k�x�m<z³~#i��lrFi�£ q	i#t<z#��s�ÌzAx�z#m�n��J���#m�k�Ìz��#t½�ª{Asz#i�~#tlm;�#t�n�i#~¨Ì�
�	i#t<z#y	i#muq	}»�	i���n�Ì��p+i#��t v°mlrFm�Ì=tl~�i�k��wz#t½��p�+z#~�mly+£�k�muq�Ì	� i©tu�+��mutuz#~#i#~°xA�
q�Ì�Ì�z�x�p�Ìwv�q	mui#�	y	m�k�m<n!mlq	q	}¤m¤rFq	i-£�Ìz�m<n�mu�ª{#sz�i¡�	i#t<z#y	i�mlq	q	x���t Ì�v��	i#rFi����#�
~#tl�i#rFi � x�z#m�n��#q!xA�p�i#qtuz#yw�wp	¦�Ì�hx�x � y!x�qw£±x q!x�i#�z�Ì	r;xAn���q	i#rºy	m<��muq�Ì�Ì�-xA�k�x�soÌ¶�lk�i#~�n!muz#~�i#y+�muz z#y	mu�#i#~#x�q�Ì�rJtuzAx�¦�Ì	i�q!x�y	q	i�tuz¨Ì¶nmÌ	�#i±r;x�p�t1Ì	r$��r;x�

�Hz#i��#}0�	i#q�wz#�	{�t;smlrjtl~���-x�q	}0ouz¨Ì¡z#y	mu�#i#~°x�q�Ì�ª{�pwx�p�Ì��i#s	mur$��i#�#y!xA�l����z
z��üÌ�nmÌùÌ	qw�w� ~�tl�	i�r;i � xAz#m<n!�#q��� p�i�q	tuz�y��p	¦�Ì	��{�q�+£�qi0�	i��lq!x�p+i#rtÌz#��t��Jt
�	y	mui#�#y!x��li#~°x�q�Ì�	rtÌ¹oup�t<z#y	mlr;x�n��#q	}�v¹�-x-k�x�sª�;ô q�Ì�v´y!x�tltupwxA�-x�q	i�~=y!x���k�m<n�m
�����w�
Ä¡x�Ì	��i�n����GÌ	m)~�i���rFi-£�q	i�tuz�Ì�k!n!�jp�i�q	p	y	m<z¨Ì�-x�¦�Ì�Ìouz�Ìwv?�	ymli#��y!x���i�~°x�q�Ì�

Ìwv � mli#rFm<z#y�Ìs!mut�p+i#� Ìwnn��³t<z#y!x�¦oÌ�Ì�Ì3i#�8Ô/�tlq	muq�Ì��n�i � Ì	s	mltup�i��·t v°mlrF} �	i��
n!��s	mlqoÌ�§�#t�n�i#~¨Ì	�§i#�z�Ì	r;xAn���q	i#t<z¨Ì¹p�x�p�q	mli��-v°ilk�Ì	rF}�v�zAx�p Ì�k�i#t<z�x�z�i#s	q}«v
k�x�m<z©p�i#q	mus	q	i#rFmuy	q!x��?�-x�k�x-s!x�q	m�nmÌ	q	mu�	q	i � i��	y	i � y!x�rFrtÌ	yi#~°x�q�Ìw�¹¥ÃÄ¡�)¨�ÌPmlmrFi�k�ÌÁ�Ìpwx�¦�ÌoÌª{$tu~����x�q	q	}|m©t��#tuy	m�k�q	mlq�Ì	mlr»�mly	murFmlq	q	}�v'ÌwnmÌ´Á���q	p	¦oÌ	�¹i�z
ouz�Ìwvj�mly	murFmlq	q}«v¢�¢®�z�i#�¶�-x-k�x�s	m¡�	i#tu~����mlq¶z�y	muz�Ì	�Py!xA�<k�m�n��

Ä¡x�p+i#q	mu¦�~¤�	i#t�n�m�k�qmlrPy	x��<k�m�n�m���� ò y!x�tlturFi�z#ymlq	}�q	mli��-v°ilk�Ì	rF}|m;�#t�n�i#~¨Ì�
i#�z�Ì	r;xAn��#qi#tuz�Ì©~)Á¡i#y	rFm��	y�Ìq	¦�Ì	�!x)r;x�p+tÖÌ	r$��r;x�k!n!� ~°x�y�Ì	x�¦�Ì	i�q	q	}�v��-x-k�x�s
t¡y!x��<nmÌ	s	q	}|rtÌjtli#s	m<zAx�q�Ì�r�Ìjp	y�Ìz�mly�Ì�ÕÌ¶i � y	x�q�Ì	s	muq�Ì	�ª�
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×vgÖÕ�g ´µ{E�"qEu ÈOy mzÜ�u~wx|C}���ØEs~Ýz�G��} Ú }M{¶�¶y�m	�4qntE�³Ù
qFÛ~Ü��p|C}��HØns~qnmdÜ��¶upw}|Çw"s~��~

��W���W���W���L��M�$�M�MLO���KQM��S����KJ?N�JQ�R�
Æ¾ouz.��v¶��x�k�x-s!xAv��	tup�i#rF}|r��~�n!�	m<z#t½�j~#mupz#i�y

x ∈ Rn �
��W���W � J?N�JQ�MJ �����RLO���ML	��Lm��J����.�R�p�}��J�âã�}�R�M�M�R�¨9��_��L	�,QRJ��M���M�7ä

�M�M��W
f0(x)→ max /fi(x) = 0, i = 1, ...,m.

¥ ��� ð ¨
N���q	p	¦3���

f0
�
fi

D � n�x-k�p��	m��¢Ä�mli#��v°i�k��	rFi#m��#t�n�i#~.�m�i#�wz.�	r;xAn!�#q	i#t<z.�Á¡i#y��r$��n��	y����z�s	muy	mu�)Á���q	p	¦��	��x)x � y!x�q£±x

L(x, λ) =
m
∑

i=0

λifi(x), λ0 = 0
�wn��

λ0 = 1.
¥ �����#¨

ôHq	i��-x�pwn��³s	x�muz�t���~�z�i#r|{sz#i ß!ç���J æ â±á î â�ç�ã+à��?ß æ ß F H æ é�à��Pé æ ã°â±à Ý
λ � å â±àß!ç�à-í!â Þ ä�ç2H��°ß�à½ä Ý�æ��±æ ß Þ!Þ

x∗ � F ß!ã+K Þ�î
L(x, λ)

á<â�ç8K Þ à-ß!ç Ý ß!ç�í�à
x

°
Æ¼q	mli�tli#��i#r t<n!��s!x�m=p�i�q	tuzAx�qzAx

λ0 = 1
�¤®�z�i�z�rFq	i-£��wz#m<n!�¹y!x�~�mlqºq�°�

n!��{«p�i � k�x��	tup�i#rFi#my	mu��mlq3�	m��	~An!�	m<z#t½�·olp+tuz�y	mlr;xAn��#qi#�·z#i#s	p+i#�·t`�tuz#murF}tu~���lml�¢{¢z��¢m��¢ilk�q!x��w��Á¡��q	p¦��	�
fi(x)

k�i#t<z.� � x�m<zj~ x∗ oup�t<z#y	mlr$��r;x�q!x�rFq	iA�£�mutuz�~#m�{!i#�	y	m�k�m<n!�mlrFi#rJi#tuzAxAn!�#q	}|rd�j�#t�n�i#~.�w�	rd�ª��MÀmH£�m�z�y	ml��i#~°x�q��w� � n�x�k!�p+i#t<z.��Á��wqp	¦��	�
f0
�
fi
{�z#y	mu�#i#~°x�q���=p=rFq	i-£��z�m<n!�

λ0
�	y��=p	y��z�mly��3�8i��w�

z��	r;xAn���q	i#t<z.�=~�Á���q	p	¦����hx)x � y!x�qw£�x��Pmum�i#�#i#����mlq3��wv�{�pwx�ph�?z�y	mu�#i#~°x�q3�	mqmli#��y!x���muq���§~?q�-n!�~�tlm<v8rFq	i-£��wz#m<n!ml�§i�k�q	i#~#y	murFmlq	qi	{R�	rFml��z#t½�´~j�#t<n!i��
~���wv�i#�wz.�	r;xAn!�#q	i#t<z.�±k�y� � �wv�oup�tuz�y	mlr;xAn���q	}�v��-x-k�x�sª{#�	i#o<z#i#r$��q��£�m|rF}�q	m����k�murg�wv�tl�	mu¦��!x�n��#q	i i � i#~°x�y��	~°x�z��	�

��W¡ �W � J?N�JQ�MJ���J���¢�L��RL�����S����gLz�,QRJ��M���R�K�R�X£}����W
�H�#tuz����mly	murFmlq	q	}|m)~±��x�k�x�sm�¥Ã�±� ð ¨�i � y!x�q��s	mlq}4�

xmin
j ≤ xj ≤ xmax

j , j = 1, ..., n.
¥ ��� È ¨

®�z��©i � y!x�q3�	s	mlq3���q!xAn�i-£�mlq	}3q!x)p�x�£�k����¸�	muy	mlrFmuq	q���N~)i�zlk�m<n!�#q	i#t<z.�0¥Ãx�~��z�i#q	i�r;qi+¨<�-ñ´�#t�n�i#~.�w�	rjt<z�x�¦��	i#q!x�y	q	i#t<z.�
L
�	i¤�	muy	mlrFmuq	q	}|r|{�n�m<£�xA�¤�	r¶~#q�+z��

y3�0i � y!x�q��s	mlq���¾¥ ��� È ¨<{�k�i#�°x�~�n!�	��z¶�#t�n�i#~���=n�i#p�xAn���q	i#��q	mu��n!��s��x�mlrFi#t<z_�
L
�	i��mly	murFmlq	q	}|r|{!n�m<£±x��¤�	r�q!x � y!x�q��¦	m���ôHq��)�	rFmu��z ~.��k

∂L

∂xj
δxj ≤ 0,

δxj ≤ 0
�	y��

xj = xmax
j ,

δxj ≥ 0
�	y��

xj = xmin
j .

¥ ��� ò ¨
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M$x�p3�	r�i��#y!x��li#r|{
∂L

∂xj
≥ 0

�	y��
xj = xmax

j ,

∂L

∂xj
≤ 0

�	y��
xj = xmin

j .

¥ �����#¨

��W¦¥�W � J?NdJQ�MJ����R�KQMJ����K�0�.¢���J����§W
Æï�-x�k�x�s	m¥Ã��� ð ¨

fi(x) ≤ 0
k!n!�

i = k + 1, ...,m
�$®�z�iP��x�k�x-s!x?qm<n��q	ml�w�

q	i � ij�	yi � y	x�rFrd�	y	i#~#x�q���¢��ôHq!x�tu~#i�k��z#t½�8p=�-x�k�x�s	m±�ª� ð ����t x�~�z#i#qi#rFq	}|rd�i � y	x�q��	s	muq���rd�¾~#~#m�k�mlq3�	mlrÇk�i#�°x�~�i#s	q	}�v��mly	murFmlq	q}«v zi ≥ 0
���-x����	tu�#�

i � y	x�q��	s	muq��	�j~�Á¡i#y	rFm¡qmly!x�~#mlq	t<z#~�p�x�p

f̃i(x, zi) = fi(x)− zi = 0, zi ≥ 0, i = k + 1, ...,m.
¥Ã�±� �°¨

N��wqp	¦���
L̃(x, z, λ) =

k
∑

i=0

λifi(x) +
m
∑

i=k+1

λi(fi(x)− zi).
¥Ã�±��6#¨

Ä�mli#��v°i�kO�rF}|m|�#t<n�i�~.��±i#�z��	r;xAn���q	i#tuz��P¥Ãt<z�x�¦��	i#q!x�y	q	i#t<z#�
L
�	i

x
�±q	m<�-n!��sw�

��x�murFi#tuz����i
zi
¨«t���s	muz�i#rµ¥Ã�±���#¨��	y3�	~#i�k!�z p¶qmly!x�~�mlq	t<z#~°x�r

∂L̃

∂zi
≤ 0, i = k + 1, ...,m.

¥Ã�±� Î°¨
åH�±¥ ����Î#¨;t<n�m�k�����z±z�y	ml��i#~°x�q3��©p�rFq	i-£��wz#m<n	�	r

λi
k!n	��~�z#i#yi � i�t<n�x � x�mlrFi � i~?¥Ã�±��6#¨

λi ≥ 0
�	y��

z∗i = 0 (fi(x
∗) = 0)

λi = 0
�	y��

z∗i > 0 (fi(x
∗) < 0), i = k + 1, ...,m,

¥ ��� @°¨
z�x�p?swz#i q!x±i#�z.�r;xAn��#qi#r3ymu��muq����Pp�x�£�k�i#m�t<n�x � x�murFi#m¨�)�wv�tu��rFr;x�y!x�~#q}q�-n��

m
∑

i=k+1

λifi(x
∗) = 0.

¥ ��� ð)A ¨
� i#i�z#q	i���mlq3��0¥ ��� @°¨<{¢¥ ��� ð)A ¨;~�rFmlt<z#m�t�z#yml�#i�~°x�q��	mur¹t<z�x�¦��	i#q!x�y	q	i#t<z.�

L̃
{

xH��q	x�s��z-{K�
L
�	i

x
{#�	y	m�k�tuzAx�~�n!���z�tui#�#i����#t<n�i#~��� ñH��q!xA�jM$x�pp�muy!x�LW;t<n�i�~.��

¥ ��� @°¨<{�¥Ã�±� ð)A ¨�q!x���}|~#x���z��#t�n�i#~.�w�	rd�©k�i��	i�n�q�����ml�jq	mu£�mutuz#p+i#tuz.�ª�
��Wª©XW � J?NdJQ�MJ«�MJ���J��}�.�M���R�§W
Æºo<z#i#�¶��x�k�x-s	m�py��z#muy��	�?i#�z��	r;xAn��#qi#tuz��

f0(x) = min
ν

(f01(x), f02(x))→ max
x
, ν = 1, 2.
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N���q	p	¦3��
f0(x)

q	m¬kO�	Á¡Á¡mlymlq	¦��y�°mlr;x³k	n!��z#m�v
x
{�~�p+i�z#i�y	}�v¶¥Ãtlr|��y3�	t��#�±� ð ¨

f01(x) = f02(x).
¥ ��� ð �#¨

0
f

01
f

02
f

*

0
z

x
Y}ZK[�\?¬�\®�\K¯�°`±�[]ZK²�³.²E´1µ¶²�Z+/_ZK²�³�²X°6·_¸K¹¤·Q&�³¥ý£�B³8/_±+3_Z+�

¿ªx�k�x-s!x�rFi�£�m<z���}«z#��tu~#m�k�muq!x©pP�-x�k�x-s	m ð � È ~#~#m�k�mlq��mlr¾k�i��°x�~#i�s	q	i#�P�	m<�
ymlrFmlqq	i#�

z0
����x����	tu�#�ï~±Á�i�y	rFm���x�k�x�s3�ji±r;x�p�t=�	r$��rFm)i � y!x�q��	s	muq���

z0 → max

/ f01(x)− z0 ≤ 0,
f02(x)− z0 ≤ 0,
fi(x) = 0, i = 1, ...,m.

¥Ã�±� ð-È ¨

N���q	p	¦3��)x)x � y!x�q£±x

L̃(x, z0, λ) = λ0z0 + λ01(f01(x)− z0) + λ02(f02(x)− z0) +
m
∑

i=1

λifi(x).

��i��#t<n!i#~.��r3ñH��q!xA� MÀx�p	p+mly!x
∂L̃

∂z0
= 0→ λ0 = λ01 + λ02,

¥Ã��� ð ò ¨

λ01 ≥ 0, λ02 ≥ 0,
¥ ��� ð �#¨

2
∑

ν=1

λ0ν(f0ν(x)− z0) = 0,
¥ ��� ð �°¨

∂

∂x

(

m
∑

i=1

λifi(x) +
2
∑

ν=1

λ0νf0ν(x)

)

= 0.
¥ ��� ð 6#¨

���	t�n�i�Á���q	p	¦��	�
f0ν

~j¥ ��� ð�ð ¨�rFi-£±m<z��#}«z��º�¶�#i�n!����m³k�~��°v��
®�z.���	y��rFmly	}J�i#pwx��l}|~°x���z�{°sz�i�~#~�m�k�muq��	mlrk�i#�#x�~#i#sq	}�v��	muy	mlrFmuq	q	}�v��

��x����tl�#�N~±t<z�x�q�k�x�yz�q	i#�jÁ¡i#y	rFm³�-x�k�x-s�� ð ����t¡x�~�z#i�q	i#rFq	}|rd�¶i � y!x�q3�	s	mlq3��w�rd���#t�n�i#~����i��z.�r¬x�n��#q	i�tuz.��y	x���q	i�i#�#y!xA��q	}�v p+i#q	mus	q	i#rFmuy	q	}�v�oup�tuz�y	mlr;xAn!���
q}�v¡�-x-k�x�s�rFi � �+z³�#}«z����	i�n	�wsmlq	}��#m<��p�x�p��wv+� n��	�#i�tl�ml¦��!x�n��#q	}�v)~�}|pwn�x�k�i#pª�
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��W���W¦ }W0»¶�.QM��Nd�M�K�R��S����?JKNdJQ�M�
 }W���W � J?N�JQ�RJ«�ã���.QM��Nd�M�K�R�M�K�Gâã�}�M�R�M�R�¬�

τf0 =

τ
∫

0

f0(x(t))dt→ max

/

fi =

τ
∫

0

fi(x(t))dt = 0,

xmin
j (t) ≤ xj(t) ≤ xmax

j (t), i = 1, ...,m.¥ ��� ð Î°¨
N��wqp	¦����

f0
�
fi
q	ml�y	mly	}|~�q	}N�	i

x
�

W;t�n�i#~.�w�¡i#�z��	r;xAn��#qi#tuz���o<z#i�����x�k�x-s��¡Á�i�y	r$�-n��	yw�w��z�s	mly	m<�¬z��H£�m$Á���q	pw�
¦��	�wx)x � y	x�q£±x�¥ �����#¨<{�sz�i4��~���x�k�x-s	m±¥Ã��� ð ¨�{�q	i�z#mu�	muy	�±ouz��©�#t�n�i#~.�w�©�#iAn�mlmt`�wn!�#q	}|m¡¥ÃrFq	i-£�mltuz�~#iHtly	x�~#q	muq���

∆
�¤�y	m-¨��°ôHq����+z#~#muy+£�k�x���z�{#sz�i ß!ç���J æ â�ë

á î ß æ ß F H æ é�à��jé æ ã°â±à Ý
λ
â�ç�ã+à�� � å â±à)ß!ç�à-í!â Þ ä�ç2H��°ß�à�ä Ý�æ=�±æ ß Þ!Þ � F ß!ã+K Þ+î

a ç7Z Ý ç�ß3¼êç
L

J�à�á<â Þ Z�ç æ â ä�ç�ã+á Þ ä F ä�ç í�à
x

J_H î í�à å â Þ é�á æ]½
t
�!Ä�mu�	y	mly}|~��

q	i#t<z#�
L
�	i

x
�·i � y	x�q��	s	muq���¢{¤q!xAn�i-£�mlq	q	}|m=q!x x(t) { � x�y!x�qz��	y����zA{¤sz#ir;x�p�t=�	r$��rJtu�+��mutuz°~��°muzA�	M$x�p3�	r�i��#y!x��li#r|{

x∗(λ) = `�¾ � max
x

L(x, λ) = `�¾ � max
x

m
∑

i=0

λifi(x), λ0 = 0
��n��

λ0 = 1.
¥ ��� ð @°¨

h?x�p+t`�	r$��r¸rFi�£�m<z©�#}«z#��m�k��	q	t<z#~#mlq	q	}|r|{ªz#i � k�x©i#qtli�~#�!x�k�x�muz�t�ymu��muq��	mlr�-x�k�x�s�� ð ���w�Q¯Ft<n�� £�m¤r;x�p�t=�	r$��rFi#~�qmltup�i�n���p�i	{°z#i���q!x-s	mlq3��
x∗
~�pwx�£�k�i#r���

q��wv�q	x���}|~#x���z��#x���i�~#}|rd�ª{�p�i�n��	s	mlt<z#~#i��°xA��i#~�}�v �lq!x�smlq��	�
x∗k(λ)

q	m³�y	ml~#}��
��x�m<z

(m+ 1)
��¿¢q!x-s	mlq3��

f0
�
fi
~�o<z#i#rJt�n!��s!x�m¶�	rFmu��z ~.��k

f
∗
0 =

m
∑

k=0

γkf0(x
∗
k(λ)), fi =

m
∑

k=0

γkfi(x
∗
k(λ)),

i = 1, ...,m, γk ≥ 0,
m
∑

k=0

γk = 1.

¥ ����� A ¨

hjq	i-£��z�m<n��
λ
~#}|�.�y!x���z�zAx�p¢{�sz�i#�#}

fi
i��#y!x���xAn��	tu��~�q	i�n!�	�

¿ªx�k�x�s!x¡¥ ��� ð Î°¨�y!x�tltlrFi�z#y	muq!x�q��£�mF�	ilk�y	i#�#qmlm���¿�k�mltu�|n��w�����	ilk�s	mlyp	q	mur¤{
sz#i��

x°¨¬��tly	m�k�q	mlq��	m��	y3�	~#ilkO�z�p©z�i#r$��{!sz�i±rFi�£ q	i�i�z#p�x��-xAz#�#t½�¶i�z � n�x�k�p+i#t<z.�Á��wqp	¦��	�����-x�rFmuq��z��±�#t<n!i#~.�	m�t<z�x�¦��	i#q!x�y	q	i#t<z.�
L
q!x��#t<n!i#~.�	m�r;x�p+t`�r$�wr;xw{

�+¨�i � y!x�q��s	mlq3��=q!x��	tup�i#rF}|m��	muy	murFmlq	q	}|m x ��s	mutuz#�¶t<�+��mlt<z°~#muq	q	i¶�	y	i����mL!
~+¨¬r;x�p�t=�	r;xAn���q	i#m�s��t<n�i±�°xA��i#~#}�v��lq!x�smlq��	�

x
��x�~.�	t=�z�i�z±y!x��lrFmly	q	i�tuz.�

f
{!x±qm

x
�
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¿ªx�k�x-s� ð ����z#i-£�m±rFi�£ q	i�ymu��xAz#�	{X�	tl�i�n����u���3¥ ��� ð @°¨<{ªp+i � k�x f0 ~#}|���pw�n�x=~#~�mly°v�{;x
fi

D n��	q	mu�	q	}��¬Æ ouz�i#r»t�n!��s!x�m¶r;x�p+t`�	r$��r
L
�	i

x
�-x�~#m�k�i�rFi

m�kO�	q	t<z#~#muq	q	}¤�ª{O����x�k�x-s�� ð ���¤�C�w� ð oup	~.�	~#xAn�mlqwz#q	}��
 �W¡ �W � J?N�JQ�MJ��û���.QR��Nd�M�K�R�M�K�À¿RLÆ�RJ��_¢3�Á¿R�KQM�K���?�M��S4ÂdW

τf0 =

τ
∫

0

f0(x(t), y)dt→ max

/

fi =

τ
∫

0

fi(x(t), y)dt = 0, i = 1, ..., k,

fi(y) = 0, i = k + 1, ...,m, ¥Ã�±��� ð ¨
xmin
j (t) ≤ xj(t) ≤ xmax

j (t), ymin
j ≤ yj ≤ ymax

j .
¥Ã�����7��¨

Æµouz�i#�0�-x�k�x-s	m�k�~°x©z.�	�	xj�	mlymlrFmlqq	}«vd��~#mlpwz#i#y��öÁ���q	p	¦���
x(t)

�0~#mlpz�i#y
y
{

y	x���rFmuy	q	i#t<z#��p+i�z#i#yi � i)�#i�n�����m�{+s	mur (m−k)
����y��±n����#i#r8Á:�	p+t`�	yi#~°x�q	qi#r

y = y∗
{A�lk�i#~�n�m<z#~#i�y+�	����mlrJ¥ �����7�#¨�{��-x�k�x�s!x�¥Ã�±��� ð ¨�tu~#i�k��z#t½��p��#tuy	m�k�q	mlq	q	i#�¢{

x�k!n	��n��³��i � i¡y	mu��mlq��w� x∗(t) {#p	y��wz#mly3�	� τf0 ��i � y!x�q��s	mlq3�� fi i�pwx��l}|~°x���z��t½�=Á���q	p	¦���rd�
y
{/x��-x-k�x�s	x0¥Ã����� ð ¨<{F¥ �����7�#¨hD ��x�k�x-s	ml�=z.��!x ð �����"MÀx�pª{¢sz#i

��t<n�i#~���¾mlm?i#�z.�r;xAn��#q	i�tuz��·~#}«z�mlpwx���zi��?�#t<n�i�~.�	�¾i#�z��	r;xAn��#qi#tuz��·o<z.�wv
k�~��°v���x�k�x-s)�)�	rFml��z�Á¡i#y	r$�

x∗(λ, y) = `�¾ � max
x

L(x, λ, y),
¥ ����� È ¨

L(x, λ, y) =

[

λ0f0(x, y) +
k
∑

i=1

λifi(x, y)

]

.

∂S(x, λ, y)

∂yj











≥ 0
�	y��

yj = ymax
j ,

= 0
�	y��

ymin
j < yj < ymax

j ,
≤ 0

�	y��
yj = ymin

j ,

¥Ã�±��� ò ¨

� k�m

S(x, λ, y) =

τ
∫

0

L(x, λ, y)dt+
m
∑

i=k+1

λifi(y).
¥ �����8�#¨

� i�~#mlyw��mlqq	i�i#s	ml~���k�q	i{�p�x�p^���rFmuq�z�t����#t<n!i#~.��©¥ ����� ò ¨<{w¥Ã�±���7�#¨�{�mlt�n���s	x�tuz��
y	x�~#muq	tuz�~·¥ ����� ð ¨��-x�rFmuq��z��´q	x0�#t�n�i#~���3~8Á¡i#y	rFmjq	mly!x�~#mlqtuz#~·¥Ãtur|�H¥Ã�±� @°¨�{
¥Ã��� ð)A ¨ ¨<�
ô³z#rFm<z.�	r|{+sz�i�Á���q	p	¦����

f
�	i

y
k�iAn!£�q}���}«z#� � n�x�k�p3�	rd�ª{+x��i x q	mu�	y	m<�y}|~#q	}|rd�ª{ª�	i©�	muy	mlrFmuq	q	}|r¸�#tuy	m�k�qmlq���

x
�	tu�	i�n����u�#muz#t��=z�y	ml��i#~°x�q3�	m±r;x�pw�

t=�	r$��r;x¶Á���q	p	¦3����x)x � y!x�q£±x{ªx��i¶~#mupz#i�y�=�!x�y	x�rFmuz�y	i#~ y D z#y	mu�#i#~°x�q3�	m
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tuzAx�¦��	i�q!x�y	qi#tuz.�jÁ���q	p	¦��i#q!xAn�x¤x)x � y!x�q£±x�	h?x�p+t`�r$�wr;x S �	i y rF}ºz#y	mu�#i��~°x�z��Hq	m«rFi-£�mlr|{�zAx�p�p�x�p�q	m � x�y	x�qz.�y	i#~°x�q	i�tu�+��mltuz#~#i#~°x�q����~#mlpwz#i#y!x λ, k!n!�p�i�z�i#y	i � i o<z#i�z�y	ml��i#~°x�q��m�y	m�x�n���l�#m<z°t½�ª�Æ �#tuy	m�k�qmlq	q	}«vê�-x-k�x�s	xAv¸p	y��z�mly��	�Ni#�z��	r;xAn���q	i#tuz��µrFi-£�muz���x�~.�	tumuz��
pwx�p�i�z�tly	m�k�q	m � i¡��q	x�s	muq���±Á���q	p	¦���ª{�zAx�p���i�z�Á���q	p	¦����tuy	m�k�q3�wv��lq!x-s	mlq����	mlymlrFmlqq	}«v��xW;t<n�i�~.��=i#�z��	r;xAn���q	i#tuz��=k	n!�=ouz�i � i¶t<n	�ws	x���y!x�tutlrFi�z#y	muq	},~Ã �7�@Ä �
��W���W¦¥}W�Â¤J�QM�RJ3�R�ML��R��S��h�KJ?N�JQ�R�
¥�W���W � JKNdJQ�MJ«���M�R¢3�$�,QRJ3�RÅ���S����=�����0L����M£}���§Æ0L	9OL	9�Ç��K�M�RL���QM�Kc��7ä

�R�M��W

τf0 =

τ
∫

0

f0(u(t), t)dt→ max

/

fi =

τ
∫

0

fi(u(t), t)dt = 0,

umin
j ≤ uj(t) ≤ umax

j (t), i = 1, ...,m,¥ �����L�°¨
� k�m u(t) D�p�#tui#s	q	iA�öq	mu�	y	mly}¤~#q}¡�

Æ·ouz�i#�?�-x-k�x�s	m)~�mlpz�i#y?È�Á���q	p	¦3��
f
��x�~.�	t=�z�q	m�z�i�n��#p+i�i�z

u
{�qi��ji�z

t
�

®�z�x�Á���q	p	¦��w��q	ml�	ymly	}|~�q!x±�	i
u
�©q	ml�	ymly	}|~�q!x���kO�Á¡Á�muy	mlq¦��	y�#mlr;x±�	i

t
�

W;t<n!i#~.��¶i#�z��	r;xAn��#qi#tuz��?�-x-k�x�s���¥Ã�����8�#¨É�	rFmu��z�Á¡i#yr$�#{!�	i�k�i��#q���&¥Ã�±� ð @°¨��
Ê áIH Þ à�í!â Þ ä�ç2H��°ß�à æ�Ý�æ��±æ ß Þ�æ èAçLJAç åwÞ¸¥ �����L�°¨ á F_Ë±æ á<â±é F+æ â � â�à©ß!ç���J æ â±á î
ß æ ß F H æ éAç î é æ ã°â±à Ý ë � F ß!ã+K Þ�î

λ(t) � â�ç�ã°ç îPå â±à�ß!ç à-í!â Þ ä�ç2H��°ß�à½ä Ý�æ=�±æ ß Þ!Þ
� F ß!ã+K Þ�îha ç8Z Ý ç�ß�¼¸ç

L(u, λ, t) =
m
∑

i=0

λi(t)fi(u(t), t)

JAàAá<â Þ Z�ç æ â ä�ç�ã+á Þ ä F ä�ç�í�à
u

J_H î í�à å â Þ é�á æÌ½
t, λ0 = (0; 1)

�

u∗(λ, t) = `,¾ � max
u

L(u, λ, t).
¥Ã�±���76�¨

� �+��mltuz#~��#muz¶zAx�p�i�m�y	m<��muq��	m�n������z#i � k�xw{ªp�i � k�x k	n!��	i#swz.�=~#tum<v t r;x�p�t=�w�r$��r�~�¥Ã�±���76#¨�k�i#tuz�� � x�muz#t����	y3��i�k�q	i#r0��q	x�s	muq���� u∗(t, λ) �$¯Ft�n�� £±m¤ouz��wv �°xA�
��i#~�}�v©�lq!x-s	mlq���

u∗ν(t, λ)
q	mutlp+i�n��#p+i	{	z�i�p�x�£�k�i#r$��tui#i�z#~�muz#t<z°~��°muz�~�mlt

γν(t)
�

õ�mu��mlq���µ~3pwn�x�tutlm§pw�#tli#s	qi��öqml�	y	muy	}¤~�q	}«vNÁ¡��q	p¦��	�µq	m�t<����mltuz#~��#muzA{Hq	i
rFi�£ q	i?�	i#t<z#y	i��z#�=�	i#t<n!m�k�i#~#x�z#m�n��#q	i�tuz#��Á���q	p	¦���

ũ(t, λ)
{�p�i�z�i#y!x����#} q!x

n��³��i#r´r;xAn�i#rÍ�qz#muy	~°xAn�m�i�z
t
k�i

t+∆t
tH~#muy	i��wz#q	i�tuz#���

γν(t)
�	y��	q��r¬x�n�x

��q!x-s	mlq3�	m
u∗ν(t, λ)

{���z�x�p����{�swz#i
fi
q!x±ouz�i#�?�i#t<n�m�k�i#~#x�z#m�n��#q	i#t<z_�?t½v°ilk��z�t½�
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p�q�-n��){	x
f0

D p�tl~#i�ml��~#mly#vwq	ml� � y!x�q��	¦	m��	��i�k�i#��q	i#m�i#�#i�����muq	q	i#m³y	m<��muq��	mq	x���}|~#x���zÁ��tup�iAn����l�w�¤�	r»y	mu£º�	rFi#rB���Fñ�i�n��s	mlt<z#~#i0�°xA��i#~#}�v���q	x�s	muq��	�
uν
{

p�x�p)�¶~��-x�k�x-s	mÀ�w� ð {	q	m¡�	y	ml~�}«��x�m<z
m+ 1

k	n!�©n����#i � i t �M$x�p��	r3i#�#y!xA��i#r|{�~#i���rFi�£ q	i#t<z#���	tl�i�n����li#~°x�q3��?�#t<n�i�~.�	�¹¥Ã�±���76#¨|~�Á¡i#y��
rFm�r;x�p�t=�	r$��r;x{/�	i���~�i�n!�	����x��=�	y	i#t<z#i¶��s	mutuz#�ji � y!x�q��	s	muq���0q!x u ��tuq�z��z�y	ml��i#~°x�q3�� � n�x-k�p�i#t<z.� f �	i u {°tu~����x�q!x¡t|z�mlr|{+swz#i)~¡i#p	ymltuz�q	i#t<z_��pwx�£�k�i � i
t
��x�k�x-s!xj¥ �����8�°¨��An����p�x±p¶��tly	m�k�q	mlq	q	i#�j��x�k�x-s	m�¥Ã��� ð Î#¨<�
¥�W¡ �W � J?N�JQ�MJ«L�¿M¢��R��J3�RÅ��RL	�,LÆ�}¿MQRJ����R�K�R�X£dW

T
∫

0

f0(x(t), u(t), t)dt→ max,
¥ �����8Î°¨

� k�m x ∈ Rm { u ∈ Rr {

ẋi = fi(x, u, t), xi(0) = xi0, xi(T ) = x̄i, i = 1, ...,m,
¥Ã�±���8@°¨

u(t) ∈M.
¥ ��� È7A ¨

¿�k�mltu�
f0
�
fi
q	mu�	y	mly}|~#q	}»�	i

u
{f�q	ml�	ymly	}|~#qi�kO�	Á¡Á¡mly	muq	¦��	yw�°mlrF}»�	i

x�
t
!
M

D �-x�rFpq�+z#i#m¨�¶i � y!x�q3�	s	mlqq	i#m�rFq	i�£�mlt<z#~�i ~ Rr �Ä�mli#��v°i�k��	rF}|m;�#t�n�i#~.�w��i#�z��	r;xAn��#qi#tuz��¡k�x���z#t½���	y��	q	¦3�	�	i#r?r;x�p�t=�	r$��r;x
��i�qz#y°� � �q!x��

Ê áIH Þ à-í!â Þ ä�ç2H��°ß�à æ�Ý�æ���æ ß Þ�æ
x∗, u∗

èAçLJAç åwÞê¥Ã�±���8Î°¨ÎÈ¢¥ ��� È7A ¨ á F_Ë±æ áuâ±é F ë
æ â \

u∗(t) Ï ã F áuà å ß�à-ëöß æ í Ý�æ Ý�Ð éAß!ç î � F ß!ã+K Þ�î ] � â±à©ß!ç���J F â±á î
ψ0 = (0; 1) �

ψi(t), i = 1, ...,m � ß æ;Ý ç�é�ß Ð;æ ß F HOÑ·à)J�ß�à�é Ý�æ ä æ ß!ß�à Þ â�ç�ã Þ�æ � å â±à � F ß!ã+K Þ�î

R = ψ0f0(x, u, t) +
∑

i

(ψifi(x, u, t) + ψ̇ixi)

á<â�ç8K Þ à-ß!ç Ý ß!ç�í�à
x
Þ JAà�áuâ Þ Z�ç æ â ä¡ç�ã+á Þ ä F ä¡ç í�à

u ∈M
�

M$x�p�sz#i
u∗(x, ψ, t) = `�¾ � max

u∈M
R = `�¾ � max

u∈M

[

ψ0f0 +
∑

i

ψifi

]

,
¥Ã��� Èð ¨

∂R

∂xν
= 0⇒ ψ̇ν = −

∂

∂xν

[

ψ0f0 +
∑

ψifi
]

.
¥Ã��� È ��¨

Æ o<z��´��x�k�x�sw�´�	mlymlrFmlqq	}¤m
x
�
u
~�v°ilk��z0y!x��<n��	s	q}|r i#�#y	x���i�r¤�E¯;t�n��

�mly	mu���	tlx�z#� ��y!x�~#q	muq����¥Ã�����8@#¨�~�qmltlp+i�n���p�i �#iAn�mlm¡i#����ml�¶Á¡i#y	rFm

xi(t) =

t
∫

0

fi(x(τ), u(τ), τ)dτ + xi0, i = 1, ...,m,
¥Ã�±� È#È ¨
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z#i©t<z�x�q	i#~.�wz#t½��i�s	ml~���k�q	i	{�sz�i©~�i�z�n��	s��	m�i�z
x
�mly	murFmlq	q	}|m

u(t)
~�i#p	y	mutuz��

q	i#t<z.�¶n����#i � i rFi�rFmlqzAx t ~�v°ilk��z�~±�-x�k�x-s��z�x�p¢{�pwx�p��	tup�i#rF}|m��	mlymlrFmlqq	}¤m~�v°i�k��wn��´~��x�k�x-s� È � ð {�z��$m��À��tly	m�k�q	mlq	q	i	�;��i#ouz�i#r$�«�§�#t<n!i#~.��´i#�wz.�	r;xAn!���
q	i#t<z.�º�i§q3�	rÒ�	rFml��z´Á¡i#y	r$��r;x�p�t=�	r$�wr;x«�3Á���q	p	¦����

f
rFi � ��z§�#}«z#�§q	mkO�	Á¡Á¡mly	muq	¦��	yw�°mlrF}�{�x±qml�	y	muy	}|~#q}N�	i

u(t)
�

��y��·�-x����	t`�ºkO�Á�Á¡muy	mlq	¦3�!xAn���q	i � i���y!x�~#q	muq���ê~¹Á�i�y	rFmJ¥ ��� È#È ¨��#t�n�i��~.��8i#�z.�r;xAn��#qi#tuz��¹�	y3�	r$�+z=Á¡i#y	r$�0�	y3�	q	¦��	�	xr;x�p�t`�r$�wr;xw{Àq	iPÁ���q	p	¦3��
R
�	rFmlm<z�~.�+k

R̃ = ψ0f0(x, u, t) +
∑

i

(fi(x, u, t)

t
∫

T

λi(τ)dτ + λi(t)xi).
¥ ��� È ò ¨

Ä¡x���k��+z#t½��zAx�p3�	m
ψ0, λ(t)

{+sz�i�Á���q	p	¦���¥Ã�±� È ò ¨�k�i#tuz�� � x�muz�r;x�p+t`�	r$��r;x)�	i u�¶t<z�x�¦��	i#q!x�y	q!x��i
x
��¯Ft<n��©k!n!��~#tum<v

t
tu�+��mltuz#~��#muz

ψ̇
~j¥ ��� È �#¨<{wz�i	{!i#��i���q	xA�

s��	~
ψ̇ = λ(t)

{	�	y��wv°ilkO�	rJp¶�	y��	q¦��	���r;x�p�t=�	r$��r;x ��i#qz�y+� � �	q!x�~±i#�#}|s	qi#�Á¡i#y	rFm�{	~��	yi�z.�	~�q	i#rJt<n	�ws	x�m¶�	tl�	iAn����u�w��z�Á���q	p	¦3�	�
R̃
�

ô³z#rFm<z.�	r|{Asz#i��<k�mutl�	{�pwx�p¶�)~���x�k�x�sm È � ð {-i � i#~#x�y��	~°x�muz�t��)tu�+��mutuz#~#i#~°x�q3�	my	mu��mlq��w�ª��¯;t�n��©r;x�p+t`�	r$��rFi#~��	i
u
q	mutlp+i�n��#p+i�q!x¨�	qz�mly	~#xAn�m�qmlq�-n!ml~#i���rFm��

y	}N~�q�+z#y��
(0, T )

{!z#i�~#i���rFi�£ q	i�y	m<��mlq3�	m�~�Á¡i#yrFm)tlp+i�n����l���m � i©y	m<£��r;x���y���ouz�i#r|{p�x�p���~)��x�k�x�sm È � ð {+s��	t<n!i��°xA��i#~#}�v���q	x�s	muq��	�
uν
qmH�y	ml~#}���x�m<z

(m+ 1)
�

¥�W¦¥�W � JKNdJQ�MJiL�¿R¢3�R��J3�RÅ��RL	��L·�}¿RQMJ����0�K�M�M£w�h���K�M¢�LOQML��Ó¿RJ�QMJ����K¢Pä
QRL��XW��H�#tuz���~´�-x-k�x�s	m�¥ �����8Î°¨�q	x�y+�+k��¾t=Á��wqp	¦��	i#q	xAn��#q}|rd�ê�	mlymlrFmlqq	}«�
rd�

x(t), u(t)
Á���q	p¦����

fi(i = 0, ...,m)
�-x�~��	t��wz´i�z´~#mupz#i�y!x§�!x�y!x�rFmuz#yi#~

y = (y1, ..., yn)
{!q!x�rFq	i�£�mutuz#~�i��lq!x-s	mlq���?p�i�z#i#yi � i�q!xAn�i-£�mlq	}·�#t�n�i#~.��

ϕν(y) ≤ 0, ν = 1, ..., r < n.
¥ ��� È �#¨

Æºs��	t�n�i �!x�y!x�rFm<z#y	i#~�rFi�£�muz�~Av°i�kO�wz#�º�
T
�

��y���p�x�£±k�i#r
y
��x�k�x-s!x¡~¡ouz#i�r�t�n!��s!x�m¤�~�n!�	m<z#t½����x�k�x�sml� i��z.�	r;x�n��#q	i � i���	y!x�~�n!mlq���¢{!x��y��©Á:�	p�t=�	y	i#~#x�q	q	}�v

x∗(t)
�
u∗(t)

D �-x-k�x�sml�©q	m<n��q	ml�	qi � i�	y	i � y!x�rFrd�	yi#~°x�q��w�¶�	i y �Ä�mli��-v°ilkO�	rF}|m��#t<n!i#~.��^�	rFml��z�t<z�x�q�k�x�yz�q�w�3Á¡i#y	r$�¡�+z#~�mly°£±k�muq����i�tu�°�
��mutuz#~�i#~°x�q��3��z�x�p3�wv)~#mlpwz#i#yw�²Á���q	p	¦��	�

ψ(t)
��~#mupz�i#y!x

λ
{�q	m¬i#�#y!xA��x����¤�wv°t½�

~�q��n�� ilk�q	i�~#y	mlrFmuq	q	i	{!~�Á���q	p	¦3���

R =
m
∑

i=0

[ψifi(x, u, t, y) + ψ̇ixi], ψ0 = {0; 1},
¥Ã�±� È �°¨
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�¶Á���q	p	¦3�	i#q!x�n�m

S =

T
∫

0

R(ψ, x, u, t, y, ψ̇)dt+
r
∑

ν=1

λνϕν(y),
¥ ��� È 6#¨

swz#i
u∗(x, ψ, t, y) = `�¾ � max

u∈M
R,

¥Ã��� È Î#¨

∂S

∂yi
= 0, λν ≥ 0,

¥ ��� È @°¨
r
∑

ν=1

λνϕν(y
∗) = 0.

¥ ��� ò A ¨
¯³q	xAn�i � �	s	q	i���x�k�x-s	m ð � ò ��x�k�x-s!x)q!x)r;x�p+t`�	r$��r§rd�	q��	r$��r;x©¥Ãq	x)rd�	q��	r$��rr;x�p�t=�	r$��r¬x#¨�q	mutlp+i�n��#p3�wvºÁ���q	p	¦3�	i#q!xAn!i#~´rFi-£�muz§�#}«z��´tl~#m�k�mlq	x´p¾~#x�y��!xA�

¦3�	i#q	q	i��¹�-x-k�x�sm¶t��!x�y!x�rFm<z#y	i�r,~#~#m�k�muq��	mlrµk�i#�	i�n!q��z#m�n��#q	i��J�	mly	murFmlq	qi#�
z0
�§z#y	mu�#i#~°x�q��	mlr»r;x�p�t=�	r$�wr;x=o<z#i#�¹�	mly	murFmlq	qi#�J�y��´�#t<n�i�~.��wv´~=Á¡i#yrFm

qmly!x�~#mlq	t<z#~	�
¥�WÔ©XW � J?N�JQ�MJ«LzQMJ����RL����KQR�ML��À¿RQM��9��R�MÕ��K�M�R�;âã�}�M�R�M�R�

f0(x) = max
0≤t≤T

∣

∣

∣

∣

∣

∣

ϕ0(t)−
n
∑

j=1

xjϕj(t)

∣

∣

∣

∣

∣

∣

→ min
x
,
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� k�m�~#mupz#i�y x ∈ Rn {|Á���q	p	¦3��� ϕj(j = 0, ..., n)
�-x�k�x�q	}�{¤q	mu�	y	mly}|~#q	}Ö�

k��	Á¡Á¡mly	muq	¦��	y�#mlrF}¸�	i
t
���y���n!�³�#i#r

x
rFq	i�£�mutuz#~�i���q!x-s	muq��	�

t
{+k	n!�©p+i�z#iA�

y}�v�rFi�k!�-n�� ∣
∣

∣ϕ0(t) −
∑

j

xjϕj(t)
∣

∣

∣

r;x�p�t=�	r;xAn!mlqª{0�	rFmumuz=q��n�ml~��w� rFmly����å�t<�
p+i#rF}|rN�~�n!�	m<z#t½�§p�i�q	mls	qi#rFmly	q}|�¹~#mupz#i�y´p+i#olÁ¡Á:�	¦��mlqz�i#~	{$qipy��z#muy��	�
i��z.�	r;x�n��#q	i�tuz.�?�	ym�k�t<z�x�~An!�	m<z�tli��#i#�¶Á���q	p	¦3�	i#q!xAnPq	x

[0, T ]
�

Æ�~#m�k�mlr�k�i#�°x�~#i#s	q���Å�	mlymlrFmlqq�w�
z0 > 0

{w��k�i#~An�muz�~#i#y°�	���)�w�µ�#t�n�i#~.��

f(x, t)− z0 =

∣

∣

∣

∣

∣

∣

ϕ0(t)−
n
∑

j=1

xjϕj(t)

∣

∣

∣

∣

∣

∣

− z0 ≤ 0 ∀t ∈ [0, T ].
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N���q	p	¦3��
f(x, t)

q	mu�	y	muy	}|~#q	i�k��	Á¡Á�muy	muq	¦��	y�#mlr;x³�	i
x
�)�	i

t
q!x�rFq	i-£�mlt<z#~#m

z�m<v
x
�
t
{�k!n!��p�i�z�i#y	}�v

f > 0
�

¿ªx�k�x-s!x¶¥ ��� ò ð ¨��y��	rFmuz Á¡i#y	r$�

z0 → min
x
/f(x, t)− z0 ≤ 0.
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ú±÷ ø#÷/Ë�û¥e-Ñ<Ð½ê�é!Ó�þ½Ð�Ï,��� É	Î#ý ü�ë e'�_���+Í ò ð-È

×���k�mur0mlm|y!x�tutlr;x�z�y��	~°xAz#�)p�x�p±~#x�y��!x�¦3�	i#q	q���3�-x-k�x�s��t«~#mlpz�i#y	i�r0�!x�y!x�rFmuz��
y	i#~	�	N���q	p	¦��i#q!xAn

S = λ0z0 +

T
∫

0

λ(t)[f(x, t)− z0]dt.
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��i#tlp+i�n��#pw�¾~´��x�k�x-s	m=z�y	ml���#muz#t��êq!x��z.�¸rd�	q��r$�wr|{¤x´q	m=r;x�p+t`�	r$��r|{«z#i¹~
q	ml~�}|y	i�£�k�muq	q	i#rJt�n!��s!x�m

λ0 = −1
{�x±qm�m�kO�	q��¦	m��

��i��#t<n�i�~.��	r�i#�z.�r;xAn��#q	i�tuz��?��x�k�x-s�� È � È �	i�n	�ws3�	r

∂S

∂xj
= 0→

T
∫

0

λ(t)
∂f

∂xj
dt =

T
∫

0

λ(t)ϕj(t)
k 
��l f(x, t)dt = 0, j = 1, ..., n.

¥ ��� ò �#¨
∂S

∂z0
= 0→

T
∫

0

λ(t)dt = −λ0 = 1.
¥ ��� ò �°¨

ô � y!x�q3�	s	mlq3����	rFml��z�Á¡i#yr$�©q	muy!x�~#muq	tuz�~	{��	i�ouz�i#r$� λ(t) ≥ 0
{�x

T
∫

0

λ(t)(f(x, t)− z0)dt = 0.
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ô³z#tl��k�x�t�n�m�k��#m<zA{�sz�iJrFmuy!x
λ(t) = dµ(t)

tli�tly	m�k�i�z�i#s	mlq!xJq!x´rFq	i�£�mutuz#~�m
W = {ti ∈ [0, T ] : f(x, ti) = z0}

�!��y	m�k�t<zAx�~.�	r
dµ(t)

~±Á¡i#y	rFm

dµ(t) =
k
∑

i=1

λiδ(t− ti),

z#i � k�x±�#t�n�i#~����¥Ã��� ò ��¨<{�¥Ã��� ò 6�¨��	y��	r$�+z�~���k

k
∑

i=1

λiϕj(ti)
k 
��l



ϕ0(ti)−
n
∑

j=1

xjϕj(ti)



 = 0, j = 1, ..., n,
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k
∑

i=1

λi = 1,
¥ ��� ò @°¨

∣

∣

∣

∣

∣

∣

ϕ0(ti)−
n
∑

j=1

xjϕj(ti)

∣

∣

∣

∣

∣

∣

= z0, i = 1, ..., k.
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N���q	p	¦3��
f(x, t)

~�z#i�s	pwxAv
ti
oup�t<z#y	mlr;xAn!�#q!x �	i

t
{zAx�pjsz�i

(

dϕ0

dt

)

ti

−
n
∑

j=1

xj

(

dϕj

dt

)

ti

= 0, i = 1, ..., k.
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p+i�n��s	mlt<z#~#i��#t<n�i#~��	�)i#�z��	r;xAn���q	i#t<z.�©¥ ��� ò Î°¨ØÈ�¥ ����� ð ¨�y!x�~#q	i¤s��	t�n!�¡q	m=���~#mutuz��
q}�v

ti
{
λi, xj

�
z0
{!p+i�z�i#y	}�v¶~±��x�k�x-s	m

(2k + n+ 1)
�

��W���Wª©XW ó �.�MLO����S���¿RL_N0ÂOLKN�Sb�Ù¿ML����x�M�K�R�MÚ �����RL��O�M�
L�¿M¢��M��J3�0Å��ML��.¢3�
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~�tlm � k�x)i#tlqi#~°x�q	}3q!x��	y	m�k��	i�n�i-£�mlq�����i)z#i�r|{�sz#i�i#�z.�r;xAn��#q	i�m³y	m<��mlq3�	m x∗t<�+��mutuz°~��#muz·¥ k!n!�¹ouz#i � i8q!x�-x�~��	t`�	rFi�tuz.�¢{�i#�y	m�k�m�n!�	���¤�	mj��x�k�x�sw�#{;q!x�p�n�xA�k�}|~°x���z�tli�i�z#~#m<z#t<z°~������¤�	m«z#y	mu�#i#~°x�q����¨���Æ�}|s��	t�n!�	��z¡~°x�y3�!x�¦��	��p	y��z�mly��w�
i��z.�	r;x�n��#q	i�tuz.�j�	y���~°x�y��	x�¦�����y	m<��muq���

δx
{+k�i#��#t<z.�	rFi��?�i��#t<n�i�~.��	r¹��xA�

k�x�s��¶��n���tlp�iAn��¤� � ilk�q	i��An����p+i#��pHk�i#�w�#tuz.�rFi#�ª��Ä¡x|rFq	i-£�mltuz�~#m ∆ zAx�p���v�~°xA�
y3�!x�¦��	��p	y3�z#muy��	��i#�z��	r;xAn���q	i#tuz���q	mÀk�iAn!£�mlq��-n!��s��xAz#�#t��¢��õ�m<��muq��	m

x∗
q	xA�

�l}|~°x���z�n�i�pwxAn���q	i��öqmu�-n	�wsw��x�murF}¤r|��ñ¡x�£±k�i#m)n�i#p�xAn��#q	iA�öq	m<�-n!��s��x�mlrFi#m�y	m<�
��mlq��m��	~An!�	m<z#t½�j�	y	m<z#muq�k�mlqz°i�r¾q	x�z#i	{!sz�i#�#}ê�#}«z��º�	tup�i#rF}|rJy	m<��muq��	mlr|�

hjq	i-£�mltuz�~#i�tly!x�~�q	mlq��w�
∆
{�t)ilk�q	i#�?t<z#i#yi#q	}�{�£�m<n�x�z�m<n���q	i�y!x�tu�^�	y��z#�{

swz#i#��}�s��t<n�i��	y	muz�mlq�k�mlqz#i#~���}�n�i�rFmlq	����m�{°xHt¬k�yw� � i#�±tuz�i#y	i#q}�{°i#q	i�k�i�n	£��qiH�#}«z��HzAx�p��r|{�sz�i#�#}§�#t�n�i#~���)n�i#pwx�n��#q	i���q	m<�-n!��s��x�mlrFi�tuz_�±�#}�n����y	i#tuz�}
k	n!�¶y	m<��mlq3��ª�
ó�n!� � n�x�k�p��wv?��x�k�x�sP�#m<��i � y!x�q3�	s	muq��	�=rFq	i-£�mltuz�~#i�tly!x�~#q	mlq3�� ∆

~#}|�.�w�
y	x���z=z�x�p¢{;sz�i#�#}���x�k�x�sw�§q!x=q	mur»rFi�£ q	i�#}�n�in��	qm�x�y��w��i#~#x�z#�	�EW;t�n�i#~.�w�
qmu�-n	�wsw�±x�mlrFi#tuz.�¶k	n!�©n��	q	mlx�y���li#~°x�q	q	i#�¶�-x-k�x�s��¶tl~�i�kO�wn��	tl� p�z�y	ml�#i�~°x�q���
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u(t)
{!��y!x�~�q	mlq��m±®���n�mly	x�q	m<n����l�?�#}�n�iº�	tl�	iAn����li#~°x�z��	�¢hjmu£�k��

z�mlr|{��	qw£±muq	mly}�t©q3�	rd�´t<z�xAn!p��	~°xAn��	tl��EMÀi{�sz#i=o<z.�´��x�k�x-s��§z�y	ml���w��z���u�
rFmuq	mlq3��©r;x�z�mlr;x�z��	s	mltlp�i � i�x���!x�y!x�zAx{w��}�n�i�i#tui���q!x�q	i�¯�� ¯���N�m�n��Ak��#x-��rFi#r|{
p+i�z�i#y	}|��ymu��x�n��-x�k�x-s�� q!x��#}|t<z#y	ilk�ml�	tuz#~.�	m�¥

T → min
¨�k!n	�±n��	q	mu�	q	}�v�t=�w�

t<z#mur
n
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�	i�n!��s���n��	y��	q¦��	��r;x�p+t`�	r$��r;x³pwx�p��#t�n�i#~.�	m�q	mu��n!��s��x�mlrFi�tuz_�±q	x³o<z#i#rrFq	i��
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ouz�i#rJk!n!�P�	i�n	�wsmlq����� � i�n���s!x�z�}�v~°x�y��!x�¦����i��w�y!x�~�n!mlq��	�,i#q��h�	tu�	i�n��A���i#~#xAn��§tl�ml¦��!x�n��#q	i#m©�	ymli#�#y	x���i�~°x�q��	m�~#y	murFmlq��ª�EåH�<n�i�£�muq��	m��	i�k!v#i�k�x¶ó)�+�
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∆
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D
k�i#�w�#tuz.�rF}«v�y	m<��muq��	�º�	t v°ilk�q	i#�±��x�k�x-s��±p±�#i�n!mlm«�^�	y	i#p+i��

r$�����#i�n!mlm��	y	i#t<z#i�r$��rFqi�£�mlt<z#~��
V
�!õÀx�tu�¤�y	mlq��	m�rFi�£�m<z±�#}«z����	y	i#~�m�k�muq	i

pwx�p���xHtls	m<z�i�z��#y!x�tu}|~°x�q��w�±s!x�t<z.�±i � y!x�q��	s	muq��	�ª{�z�x�p����-xHtlsmuz�y	x�tu�^�	y	muq���pwn�x�tut�x�k�i#��#t<z.�	rF}�v0Á���q	p	¦��	�3¥Ã~�rFmlt<z#i � n�x�k�p���v�D q	ml�y	mly	}«~#q	}¤m�{�~#rFmlt<z#i
q	ml�y	mly	}|~�q	}«v=D �w��rFmly3�	rF}|mE�Jz�� k��5¨��k¯;t�n��¾y	mu��mlq��m�-x-k�x�s��3q!x

V
¥�y!x�t<�

�¤�	ymlq	q	i���¨ �	i�n!��s	muq	i	{�z�i0n��	�#i8i#q	i0�~�n!�	m<z#t½�Ù�tlp�i�rF}|r|{�mut<n��¾i�pwx���xAn�i#tu�
k�i#��#t<z.�	rF}|r|{�n��	�#i�k�x�m<z�i#¦	muq	p���	ym�k�m�n��#q	i � i�q!x D ��q!x-s	mlq3���p	y3�z#muy���ª{wp
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p+i�z�i#y	i#��q�+£ q	i��i#tuzAx�y!xAz#�#t½�)�	y��	��n���1�wz#�#t½�ª{#�	tl�	iAn����u����k�i#�w�#tuz.�rF}¤m�y	m<��m��
q3����wn����	i�t<n�m�k�i#~°x�z�m<n!�#q	i#t<z°��zAx�p���v�y	mu��mlq3�	�ª��åH�³rFq	i-£�mltuz�~°x)~#i��lrFi�£ q	}�v
y	x�tu�^�	y	muq	q	}«v0�-x�k�x�s8q�+£ q	ijy	m<��x�z��?z�x�pw�w�){/k!n	�8p+i�z#i#yi#�8r;x�p�t=�	r;xAn���q	i#m
�lq!x-s	mlq��m�p	y3�z#muy���¹rd�q��	r;xAn���q	i	�F®�zAxi#¦mlq	p�x?n��	�#iPt�x�r;x��8z�i#s	q!xA�ª{�n��	��i
k�i#tuz��£º�	r;x��¶q!x

D
�

Æ«x�y3�!x�qz�{°p�i � k�x¡y	mu��mlq3�	m�y!x�t<�¤�	ymlq	q	i#���-x�k�x�s���k�i���#tuz��	rFi)~¶�t½v°ilk�q	i#�¢{q	x��	�#iAn�mlm©£�m<n�xAz#m<n!mlqª���Hz#i#�#}�ouz#i � ik�i#���z#�#t½�ª{Fq�+£ q	i=��s	mutuz#�0z�i0i#�#t<z#i-�w�z�m<n���tuz#~#i{«sz�i§mlt<z#�§i � y	i�rFq	i#m?p�i�n��	s	mlt<z#~#i§tl�	i#tui#�#i�~«���rFmuq��z��¹py��z#muy��	�i��z.�	r;x�n��#q	i�tuz.���Pi � y!x�q��s	mlq��w�PzAx�pª{�sz�i#�#}Ni#�z.�r;xAn��#q	i�m�y	m<��muq��	m�qm^��u�rFmuq��wn�i�tl�	�/ó�y� � �	rd�§t<n!i#~°x�rd�¢{�o<z.�§�y	mli#��y!x��li#~°x�q��w��k�x���zPrFq	i-£±mutuz�~#i?��xA�k�x�sª{	olp	~.�~°xAn�muqz#q}«v��	t v°ilk�q	i#�ª�
¯Ft<n����-x�y!x�q	mlm«k�i#p�x��-xAz#�	{+swz#i)�	y�� ~#}|�#y	x�q	q	i�r8tl�	i�tli#��m�y	x�tu�^�	y	muq����n����

��i#m�y	mu��mlq��m�y!x�tu�^�	y	muq	q	i#�P��x�k�x-s��¶n��	��i±k�i���#tuz��	rFi©~º�	t v°i�k�q	i#�jn���#i�rFiA�
£�m<z©�#}«z#��tup�iAn���� � i�k�qi©z#i#sq	i��	y3�	��n��£�muq	i©�	i#t�n�m�k�i�~°x�z�m<n��#qi#tuz#�#�»k�i���°�t<z.�	rF}�v�~¶�	t v°i�k�q	i#���-x-k�x�s	m¤y	m<��muq��	�ª{+z�i)q	mui#�-v#i�kO�	rF}|m¤�#t<n!i#~.���i#�z��	r;xAn��A�
qi#tuz��?y	m<��muq���?y	x�tu�^�	y	mlqq	i#�j�-x�k�x�s��¶tuzAx�q	i�~��z�t��jq	mli��-v°ilkO�	rF}|rd�j�#t�n�i#~��w�
�rd��i#�z.�r;xAn��#qi#tuz����	t v°i�k�q	i#��~³pwn�x�tutlm�i#�#}|sq	}�v�n��	�#i³i#��i#����muq	q	}�v�y	m<��m��
q3�	�ª�QM$x�p+i#���	ilk!v°i�k k�x�muz�m<��m�i�kO�q�tu�	i#tli��¡k�i#pwx���x�z�m<n��#t<z#~°x��	y3�	q	¦��	�	x�r;x�pw�
t=�	r$��r;x?k!n!�§��x�k�x�s3�¹i#�z��	r;xAn���q	i � i=�w�y!x�~�n�muq���¢{;~�pwn���s!x��´~=~#i���rFi-£�q	}|mymu��muq���)�©tup�i�n����l��^�	m¡y	m<£º�	rF} Ã � È Ä { Ã �8Î,Ä { Ã �+�#ÄC�!ôHqÛ�	rFmumuz��	muy	m�k�k�y� � �	rd��i�k!v°ilk�x�rd��z�i)tu�+��mutuz°~�mlq	q	i#m³�	ym`�	r$�+��mltuz#~#i	{�swz#i)rFi�£�muz��#}«z���i��#i#����mlq q	x
��x�k�x-s���t³�#t<n�i�~.��	rd��q	m³z#i�n���p�i±~�Á¡i#yrFm�kO�Á�Á¡muy	mlq¦��!xAn���q	}�v���y!x�~�q	mlq���ª{
qi��¶t¡i � y!x�q��	smlq���rd�?y!xA�un��s	q	i � i�z.�	�!xw���y��	~#m�k�mlqq	}|�~#}«��m)i#s	mlq���#m � n�}|�h�?q	ml�i�n�q	}|�Pi#���li#y?y!xA�un��	sq	}�vP~��w�k�i#~joup�tuz�y	mlr;xAn!�#q	}�v8��x�k�x�s0�	i#p�x���}|~#x�muz��wv�y!x���qi#i#�#y!xA�1�	m��8~#i���rFi-£�q	i�tuz#�
�i�n!��s��z����#t�n�i#~.�w�©i��z.�	r;x�n��#q	i#t<z.���	yi#tuz�}|r¹�	y��	~�m�k�muq��	mlr´��x�k�x-s���p�tuzAx�qw�
k�x�yz#qi#��Á¡i#yrFm�{�k!n!� p�i�z#i#yi#� z�x�p��	m���t<n�i#~������l~#mlt<z#q	}�{�i#tlym�k�t<z#~#i#r§~#~#m��
k�mlq����k�i#�#x�~#i#sq	}�v��	muy	mlrFmuq	q	}�v¢�

���	t<n!i�py��z#muy��	ml~�i#�wz.�	r;xAn!�#q	i#t<z.�)y!x��<n��	s	q}�v¡z.��	i#~�tuy!x�~�q��z#m�n��#q	i�q	ml~�m<�
n��	p�i{�pwx�p:�¡y!xA��q	i�~.��k�q	i�tuz#mu�)tl~��w��ml�:�¡i � y!x�q��	s	muq��	�ª{-q!xAn!i�£�mlqq	}�v¡q	x|Á��wqpw�¦3�	i#q!x�n��#q	}|mÍ�µ~�mlpz�i#y	q	}|m¹�mly	murFmlq	q}¤mê¥Ãp+i#q	mus	q	}|m´tli#i�z#q	i���mlq���¢{:�qz#m��
� y!xAn!�#q	}|m��PkO�Á�Á¡muy	mlq	¦3�!xAn���q	}|m��wy	x�~#q	muq���ª{ª�#t<n!i#~.���~�Á:�	p�t=�	y	i#~°x�q	q	}|�rFi�rFmlqz�~#ymlrFmlq3�ª{��	qz#m � y!x�n��#q	}|m|�#t�n�i#~.��!¨<��Ä�iHp�iAn��	s	mutuz�~#i¡~#i��lrFi�£ q	}�v�tui��smuzAx�q��	�¶p	y3�z#muy��	ml~	{!t³z#mlrd�)��n����	q	}|rd��i � y!x�q��	smlq���rd�ª{!t³z#murU�wn����q	}|ry	x�tl�y	m�k�m�n�mlq��	mlr8�	muy	mlrFmuq	q	}�v�rFm<£±k���py��z#muy��	mlrz��i � y!x�q��	s	muq���	rd��qmli#�#iA��ly��	rFi	�!Ä��£�m�¥Ãtlr|�!��� ò ¨;k�x�q!x�zAx�pwx���Á¡i#y	r$�-n��y	i#~#p�x��#t<n�i�~.�	�ji��z.�	r;x�n��#q	iA�
t<z.�ª{!p+i�z#i�y!x���q	mH�-x�~��	t`�wz i�z��#t<n!i#~.�	�¶p+i#q	p	y	m<z#qi#�¶�-x�k�x�s��ª{!x�k�x�muz��y!x�~.�wn!i
tui#t<z�x�~An�mlq��w�¾�	i8q3�	r p�i�q	tuz�y��p	¦����¾z��	�!x8Á��wqp	¦����

R
�3Á���q	p	¦3�	i#q!xAn�x

S
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~��-x-k�x�sm È � È {/x©z�x�p£�m��y!x�~.�wn!ijy	x��<k�m�n�muq���8�	muy	mlrFmuq	q	}�v8q	x©z#m�{��	i¶p+i�z#iA�
y	}|r¶k�i#��#t<z.�	rFi³z#yml�#i�~°x�q��	m�r;x�p+t`�	r$��r;x

R
{#�)z�m�{A�	i�p�i�z#i#y	}|rPouzAx³Á���q	p	¦3��

k�i�n!£ q!x|�#}«z���t<z�x�¦3�	i#q!x�y	q!x{�sz�i#�#} � x�y!x�qz.�	yi#~°x�z��³t<�+��mlt<z°~#i�~°x�q��	m¬q	mli��	y	m<�k�m<n!mlq	q	}�v�rFqi�£º�z#m�n�ml�¢����i��	muy	mlrFmuq	q	}|r��	muy	~#i � i�z.�	�!x�i�z��#t<n�i#~��	�±�-x-k�x�s��z#y	mu���#muz#t��±n������q	ml�y	mly	}«~#q	i#t<z°�¨��i � y!x�q3�	s	mlq3�� q	x¡o<z.� �mly	murFmlq	q}¤m¤n!m � p+i��s	mlt<z#��	y��8~#}|s3�	t<n�muq����§r;x�p+t`�	r$��r;x{�x¶�	i?�	muy	murFmlq	q	}|rµ~�z#i�y	i � ijz��	�!xUD
q	ml�y	mly	}|~�q!x��©kO�	Á¡Á¡mly	muq	¦��	yw�°mlrFi#t<z°�	�

ÆÅt<n!m�k������¤�wv=y!x���k�m<n�xAvrF}ïi#tuzAx�q	i�~.�	rFt½�=�	i�k�y	i#�#qmlm�q!x n�i � �	p+m±�i�n!�°�s	mlq3����)�	tu�	i�n�����i#~#x�q�����#t�n�i#~.�	�ji��z.�r¬x�n��#q	i�tuz.�¢�

×�g ikg Û y tE�~t�}��pw"s~Ü�spÝ·w¸Û?upwxqn{Eup}E��q�tn}Es~��~ �¶up}nmf|Á�~u~w"s~�~w
È�y mzÜ�u~wx|C}���ØEs~Ýz�G��} Ú }M{

�¡ilk�olp�t<z#y	mur;xAn��#q	i��=�-x�k�x�s	mu�=�	i�q��	r;x���z©�-x-k�x�sw�?i©r;x�p�t`�r$�wrFm�qmlp�i�z#i��
y	i � i�p	y��z�mly��� I(x) q	x±rFq	i�£�mutuz�~#mHk�i���#tuz��	rF}«vjy	m<��muq��	� x ∈ D

I(x)→ max
/

x ∈ D.
¥ �����7�#¨

hjq	i-£±mutuz�~#i
D
rFi-£±m<z��	y��q!x�k!n�m<£±x�z#��~#mlpwz#i#y	qi#r$���	y	i�tuz#y	x�q	tuz#~��

Rn n���#i�	y	i#t<z#y!x�q	tuz#~��8Á¡��q	p¦��	�ª{�q!xjp�i�z�i#y	i#rNi#�y	m�k�m�n�mlq§Á���q	p	¦��	i�q!xAn
I(x)

�À®¬n�m��
rFmlqz

x∗
rFq	i-£�mlt<z#~°x

D
{$q!xp�i�z�i#y	i#r

I
k�i#t<z.� � x�m<z�r;x�p+t`�	r$��r;x{Fq	x���}|~#x���zà-í!â Þ ä¡ç'HO�°ß Ð ä Ý�æ=�±æ ß Þ�æ ä {�x�~#m�n��	s��q�jp	y��wz#mly3��

I(x∗)
q!x o<z#i#r3y	mu��mlq����

D èAß!ç åwæ ß Þ�æ ä,èAçLJ�ç å�Þ!�
¯Ft<n��±ymu��muq�����-x�k�x�s���q	m�tu�+��mutuz°~��°muzA{�q	iHq!x��+k�mlq!x³�	i#t�n�m�k�i#~°x�z�m<n���q	i#tuz#�

k�i#��#t<z.�	rF}�v±y	m<��muq��	�ª{°q	xHp+i�z#i#yi#�±py��z#muy��	��i#�wz.�	r;xAn!�#q	i#t<z.��t<z#y	murd�z°t½��p
��q!x-s	mlq3�	��{��#i�n!����mur$�#{�s	mur

I(x)
k	n!��n��³��i � i x ∈ D {!z�i ��q	x�s	muq��	mur¾��x�k�x-s��q!x��l}|~°x���z z�i#s	q���ï~#mly#vwq	�³� � y!x�q	��p	y��wz#mly3�� ( kÌÝ ¼

I(x)/x ∈ D)
�

��W¦ �W���W�T¨�R���M��J3�0�K�M¢���S��h¿MQM�?L	9�QRJ��KLO��J��M�M£á�_���.¢�QR�K��J3�RÅ���S4ÂÍ�KJ?NdJQ�
¿ªx�k�x-s��¥ �����7�#¨¤rFi�£ q	i�~.��k�i.�w��rFmlq3�z#�©z�x�p��	r·i#��y!x���i�r|{�sz#i��#}ïmlm�i#�wz.�w�

r;xAn��#qi#m�y	m<��muq��	m
x∗
{¢��q	x�s	muq��	m

I∗
�wn��E�z#i	{��?k�y� � i#m�qm���lrFmlq���n��	tl���Æ�	mly~#i#r,t�n!��s!x�m?�y	mli��#y!x��li#~°x�qq��� ��x�k�x-s�¹q!xA��}|~°x���z0z#i�£�k�mutuz#~�mlq	q	i��Ù�	t��

v°i�k�qi#����x�k�x-s	m��	i?y	mu��mlq��	�){$~#i?~�z#i#yi#r�D �	i?�lq!x�smlq��	�){Fxj~?z�y	muz#��mlr�D
�	y	i#t<z#i)z�i�£�k�mlt<z#~#muq	q	i#�¢��¡y3�	~#m�k�mlr�q	mutlp+i�n��#p+i��	y��rFmly	i#~)�	i�k�i#�#q	}�v��	ymli#���
y!x��li#~°x�q���ª�

ð �#hji#qi�z#i#qq	i#m|�	y	mui#�#y!xA��i#~°x�q��	m|py��z#muy���ª{#�	y��±p+i�z#i�y	i#r=��x�k�x-s!x±¥ �����8�#¨
�	y	mui#�#y!x��u�#muz#t½�?~±��x�k�x-s�

F0(I(x))→ max / x ∈ D,
¥ ����� È ¨
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� k�m�Á���q	p	¦3�� F0

rFi#q	i�z�i#q	q	i�y!x�t<z#m<z�t)y	i#t<z#i#r
I
¥Ãmut<n��

F0

kO�	Á¡Á¡mly	muq	¦��	yw�+�
mur;x{¢z#i¶�	yi.���~�i�k�q	x���o<z#i#��Á¡��q	p¦����0�	i

I
{ª�	i#sz��0~#tu��k���	i�n�i-£º�z#m�n��#q!x°¨��

¿ªx-k�x�s	x§¥ ����� È ¨�z#i-£±k�mutuz�~#mlqq!xE�	t v°ilk�q	i#�§��x�k�x-s	m=¥ �����7�#¨¡i�z#qi#t`�z�m<n��#q	i=y	m<�
��mlq��w�ª�

�w�!Æ�~#m�k�mlq3�	m)~±p	y��z�mly���Pi#�wz.�	r;xAn!�#q	i#t<z.���	tus	mu��x�����m � i�t<n�x � x�murFi � i
I(x) + ϕ(x)→ max / x ∈ D,

¥Ã����� ò ¨
� k�m�Á���q	p	¦��w� ϕ(x) i#��y!x���x�muz#t½�j~�q�-n���k!n	��n!�³�#i � i x ∈ D ��¿ªx�k�x�s!x¶¥ ����� ò ¨z�i�£�k�mutuz#~�mlq	q!xº�t½v°ilk�q	i��ª�
È ��hji#qi�z#i#qq	i#m��	ymli#�#y	x���i�~°x�q��	m�tu��rFrF}§p	y��z�mly����i#�z��	r;xAn���q	i#tuz���t��	t<�

smu��x����^�	r3t<n�x � x�mlrF}|r
F0(I(x) + ϕ(x))→ max / x ∈ D.®�zAx ��x�k�x-s!x{�p�x�p��j��x�k�x-s!xP¥ ����� È ¨�{!z#i-£±k�mltuz�~#muq	q!x��	t v°i�k�q	i#�Pi�z�q	i#t`�wz#m<n��#qi

ymu��muq���¢�
��i#q�wz.�	m�z#i-£�k�mlt<z#~#muq	q	i#tuz.�±oup�tuz�y	mlr;xAn!�#q	}�v��-x-k�x�s�rFi�£ q	i�i#��i#���¤�wz#�Hq	x

t�n!��s!x��¢{�p�i � k�xjrFqi�£�mlt<z#~°x�k�i#��#t<z.�	rF}�v�y	mu��mlq3�	���	t v°i�k�q	i��«�8�	y	mui#�#y!xA��i��~#x�q	q	i����-x-k�x�s¶y!x��<n��	s	q}���õÀx�tltlrFi�z#y��	r¹k�~�m��-x�k�x�s��"�
¿ªx�k�x-s!x

A : IA(y)→ max / y ∈ DA

�
¿ªx�k�x-s!x

A1 : IA1(z)→ max / z ∈ DA1

�
ôH�	y	m�k�m<n�muq��	m8�¤Þ ã+á<â Ý�æ ä�ç2H��°ß Ð;æ èAç8J�ç å�Þ

A
Þ
A1

ß!çAè�à�é æ äºâ±à1¼§J æ áuâ±é æ ß!ë
ß Ð ä Þ à-â�ß�à�á Þ â æ H��°ß�à Ý�æ��±æ ß Þ�î � æ áIH Þ ä æ ¼ J F6ß H æ ä æ ß!â�ç�ä Þ ä¡ß�à1¼ æ á<â±é

DAÞ
DA1

ä¡à1¼êß�à F áuâ�ç�ß�à�é Þ â4��â�ç�ã+à æ é-èAç Þ ä�ß�à)à)J�ß�àlèAß!ç å ß�à æ álà�à-â±é æ â±á<â±é Þ�æ �å â±à Þ è�ß æöÝ ç#é æ ß�á<â±é�ç
IA(y1) ≥ IA(y2), (y1, y2) ∈ DA

¥Ã�±���7��¨
áIH æ J F+æ â¼ß æ Ý ç#é æ ß�áuâ±é�à

IA1(z1) ≥ IA1(z2), (z1, z2) ∈ DA1,
¥Ã�����8�#¨

� k�m z1 tli�i�z#~�muz#t<z°~��°muz y1 {¬x z2 tui#i�z�~#muz�tuz#~��#muz y2 ¥�y��	t���������¨<�;Æ�tlm¶��x�k�x�s3�ª{z�i�£�k�mutuz#~�mlq	q	}|mP�-x�k�x�s	m
A
i�z#qi#t`�z�m<n��#q	i§y	mu��mlq��w�ª{�����k�mlr i#�LÔ�m�kO�q�z#��~

p�n�x�tut
A
�¬Ä�mly	x�~#mlqtuz#~#x¾¥ �����8�#¨<{�¥ �����L�°¨ � x�y!x�qz.�	yw�w��zA{�sz�i�i��z.�	r;x�n��#q	i#r$�ymu��muq��	�ï��x�k�x-s��

A
tli#i�z#~#m<z#t<z°~��#muz�i#�z��	r;xAn���q	i#m�ymu��muq��	m��-x-k�x�s3�

A1
�

��QM�M���?Q§W/õÀx�tltlrFi�z#y��	rJ��x�k�x-s�
A
~.��k�x

f0(x)→ max
/

f0(x) ≥ 0, a ≤ x ≤ b

����x�k�x-s�
A1

b
∫

a

√

f0(τ)δ(t− τ)dτ → max
/

f0(τ) ≥ 0.
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N��wqp	¦���
f0
q	ml�	ymly	}|~#q	xé��i � y!x�q��	s	muq!x�q!x [a, b] �¥¯Ft<n���~#~#mutuz���tui#i�z#~�muz#t<z°~��	m

rFmu£�k���rFq	i�£�mutuz�~°x�rd��k�i#�w�#tuz.�rF}«v©ymu��muq��	��o<z.�wv���x�k�x-sª{w�y���p�i�z�i#y	i#r§y	m��
��muq��	�

x0
��x�k�x-s��

A
tui#i�z#~�muz#t<z°~��°muz�y	mu��mlq��	m

δ(x0 − τ)
~=�-x�k�x-s	m

A1
{Fz�i

i#q���i#p�x�£���z�t�� z�i�£�k�mlt<z#~#muq	q	}¤rd�©i�z�q	i#t`�wz#m<n��#qi�y	mu��mlq����~�tlrF}|t�n�m�k�x�q	q	i��
� i�~#}���m�i#�	y	m�k�m�n�mlq��w�ª�
��W¦ �W¦ }W0ê6J��.c��MQR�K�M�R� �_���.¢�QM�?��J��0Å���S4ÂÍ�KJ?NdJQ�

ó�x�n�mlm�s	x�tuz�i=���lk�muzE�tl�	i�n!����i�~°x�q§�	y3�	mlr|{À�	y��§p+i�z#i�y	i#r��	t v°i�k�q!x��§olp+t<�
z#y	mur;xAn��#q	x����-x�k�x-s!x¡��x�rFmuq�	m<z#t½��k�yw� � i#� ��x�k�x�sml��D»t��#i�n!mlm¤�^�	y	i#p��r�rFq	i��
£�mltuz�~#i#r0k�i���#tuz��	rF}«v�y	mu��mlq���ª�!��y	i#t<z#mu��¤�	��tl�i#tli���zAx�p�i � i��	mly	m�v°i�k�x��-xA�pwn���s!x�muz�t��?~ i�z��#y!x�tu}|~°x�q3���jz#i � i��wn����	q	i � i i � y!x�q��	smlq���?~��	t v°i�k�q	i��j�-xA�k�x�sm��n>�tlqi	{Fsz�i0�i�n!��s��	~���x��	t½���	i�t<n�m�ouz�i � i���x�k�x-s!xE�	rFmumuz0�#i�n�mum©�¤�	yi��p�i#m�rFq	i�£�mutuz�~#ijk�i#�w�#tuz.�rF}«v´y	m<��muq��	�

D
�/ó�yw� � �	m©tl�i#tli��#}�D i�z��#y	i#t=�z��

�#t<n�i�~.�	m��	i#tuz�i��q	tuz�~°x©~#i�~#ymlrFmlq3�E�	tup�i#rFi � i©y	m<��muq���E��mly	mu�z.��i�z��	i.�	t��pwx¡~�mlpz�i#y!x�p��	i��	tlpw�±~#mupz#i#y��öÁ���q	p	¦�����!�i#t�n�x��.�z���z�y	ml��i#~°x�q��w� p � n�x�k�p+i#t<z.�
�	tlp+i#rFi � i¶ymu��muq�����=�	yª�/Æ�i©~#tlm�vt<n!��s!x���v=rF}ï�	y��wv°ilkO�	r¸p=y!x�t<�¤�	y	muq��	�olp+tuz#ymlr;xAn��#qi#�j�-x�k�x�s��ª�

å�t v°i�k�qi#�©olp+tuz�y	mlr;xAn���q	i#�©�-x-k�x�smHtli�i�z#~�muz#t<z°~��#muz�¦	m�n�}|�©pwn�x�tutH¯êmumHoupw�
~.�	~°x�n�mlqz�q	}�v3�	ymli#�#y	x���i�~°x�q��	�3��i#ouz�i#r$��y	x�tu�^�	y	mlq3�	mlrm�	t v°ilk�q	i#�J�-x-k�x�s��
����k�murJtls3�z�xAz#��y!x�t<�¤�	ymlq��	m¡n����#i#�)��¡��x�k�x�s¶o<z#i � i pwn�x�tut�x�ôï��y¶m³k?mHn?m�q)�¶mL�Më çLJ�ç å ç

B
\
IB(y)→ max / y ∈ DB

]±ß!çAè Ð éAç æ â±á î
Ý ç#á ��Þ�Ý�æ ß Þ�æ ä J�H î èAç8J�ç åwÞ

A
\
IA(y) → max / y ∈ DA

] � æ áIH Þ´Þ è�ä�ß�à1¼ æ ë
áuâ±éAç

DB

ä¡à�¼¸ß�à=é Ð J æ H Þ â4�8â�ç�ã+à æ í�à)Juä¡ß�à1¼ æ á<â±é�à
D̃B � å â±àjèAç8J�ç å ç

B̃\
IB(y) → max / y ∈ D̃B

]�â±à1¼ J æ áuâ±é æ ß!ß!ç�í�à Ý�æ=�±æ ß Þ ÑïèAç8J�ç åæ
A
�dM$x�p��r

i#�#y!xA��i#r|{��x�k�x�s	x
B̃
�	y��	q	x�k!n�m<£��wz�pwn�x�tlt<�

A
�

��y	i#p+i#rFrFmlqwz.�	y�#mur¹o<z#i�i#�	ym�k�m�n�mlq��m�� � i � n�x�tuq	i�mlr$��rFq	i-£±mutuz�~°x¨�	t v°i�k!�q	i#���-x�k�x-s��
DA

�´y	x�tu�^�	y	mlqq	i#�
DB

rFi � �+z��rFmuz#�=y!x��lq��� �	y��y	i�k����FÄ�x��
�	y��	rFmuyª{|rFq	i-£±mutuz�~#i´~#mlpz�i#y	i#~Í�ºr;qi�£�mlt<z#~�i�k�mu�	tuz�~.�z#m<n��#q	}�v·Á¡��q	p¦��	�ª�
ñ�y��z#muy����i#�z��	r;xAn���q	i#t<z.���	t v°i�k�q	i����?y!x�tu�¤�y	mlq	qi#�P�-x�k�x�s

IA
�
IB
~�i#�A�
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��mlr�t<n!��s!x�m=y!x��un��	s	q	}�{¤qi´zAx�p+i#~#}�{|sz�i�q	x´rFq	i-£�mlt<z#~°x�v
DA

�
D̃B

i�q��
�lk�i#~�n!muz#~�i#y+���z0q	mly!x�~#mlqtuz#~#x�r ¥Ã�����7��¨<{|¥ �����8�°¨�{Àz��$m��$q!xouz.��v¹rFq	i�£�mutuz#~#xAv
i�q���rFi#qi�z#i�q	q	i�tl~���-x�q	}Jk�y� � t¤k�yw� � i#r|�ÆJs!x�tuz�q	i#tuz��ª{	mlt�n�� DA

�
D̃B

tli#~A�
�	x�k�x���z�{�p	y��z�mly3���´i#�z��	r;xAn���q	i#tuz��´rFi � �+ztli�~#�!x�k�xAz#�¶k�y� � t�k�y� � i#rP�wn����}«z#� rFi�q	i�z#i�q	q	i�tl~��w�-x�qq	}|rd�jq!x

DA

�
Æµy!x�t<�¤�	ymlq	q	i��8��x�k�x-s	m�p	y3�z#muy��	�z���#t�n�i#~.�w�ª{/i#�	y	m�k�m<n	�	���^�	m�rFqi�£�m<�

t<z#~�i
D
{#rFi � �+z¡�-x�~.�	tlm<z#��i�z¡qmlp�i�z#i#y	i � i��!x�y!x�rFm<z#y!x λ {��	y��	smlr�zAx�pª{#sz�iHk!n	�n!�³�#i � i��lq!x�s	muq��� λ ∈ Vλ �-x-k�x�s	x Bλ

�~�n!�muz#t½�0y	x�tu�^�	y	mlq3�	mlr|��M$x�p�i#m�y!x�t<�
�^�	y	muq��	m

Bλ

¥
IB(λ, y)→ max / y ∈ DBλ)

q!x���}|~#x���z í!ç Ý ç-ä æ â Ý!Þ!åæ áuã Þ ä �
ó�x�kO�	r i#�	y	m�k�m�n�mlq��w�·oup	~.�	~#xAn�mlqwz#q	i � iÍ�¾ouÁ�Á¡mupz.�~#q	i � i´y!x�tu�^�	y	muq���ª{�y	m�k��i�n�i-£��	~{�swz#iPp	y��wz#mly3���

IA
�
IB
z�x�p�i#~�}�{�sz#iPq!xjtli�i�z#~�muz#t<z°~������¤�wv

k�y� � k�y� � ��o�n�mlrFmuqz�xAvjrFqi�£�mlt<z#~ DA
�
D̃B

i#q3�¶tli#~#�	x�k�x���z��
ô¼��y�m�k¹m�n¹m�q���m�ì,�îí ç�á ��Þ�Ý�æ ß Þ�æ èAç8J�ç åwÞ

A
ß ã+é Þ éAç2H æ ß!â�ß�à � æ á H ÞèAß!ç åwæ ß Þ�îÞ á ½ à)J�ß�à#� Þ�Ý ç�á ��Þ�Ý�æ ß!ß�à��?èAç8J�ç å à)J Þ ß!ç�ã+à�é Ð � â±à æ áuâ4�

I∗A = sup
y∈DA

IA(y) = I∗B = sup
y∈DB

IB(y).
¥ �����86#¨

ï ç Ý ç-ä æ â Ý!Þ!åæ áuã+à æ�Ý ç�á ��Þ�Ý�æ ß Þ�æ�ß ã+é Þ é�ç'H æ ß!â�ß�à � æ á H Þ³Ý ç#é æ ß�á<â±é�à ¥ �����86#¨ é Ð ë
í�àæH�ß æ ß�à ½ à-â îEð#Ð J_H î à)J�ß�à�Z�à�èAß!ç åæ ß Þ�î

λ ∈ Vλ
°

ô �=y=m)k8m�n0m�qE�=m4ìñì,�Rï à-ã°çAèAç�â æ H æ ä ß �X� æ ã°â Þ é�ß�à�á<â Þ¶Ý ç#á ��Þ�Ý�æ ß Þ�îß!ç�è Ð é�ç,Ñ|â é æ H Þ!å�Þ ß F
∆ = I∗B − I∗A ò J_H î í!ç Ý ç�ä æ â Ý�Þ!åæ áuã+à�Z�à Ý ç#á ��Þ�Ý�æ ß Þ�î

í�à-ã°ç�èAç�â æ H�� ß �X� æ ã°â Þ é�ß�à�á<â Þ ∆ = inf
λ∈Vλ

I∗B(λ)− I
∗
A

°
M$x�p�pwx�p0rFqi�£�mlt<z#~#i

DB

�¤�	y	m�{�s	mlr
D̃B

{�x¶q!x��	i#t�n�m�k�qmlrNr;x�p+t`�	r;x�n����
qi#m¤�lq!x�smlq��	m

IB
tui#~#�!x-k�x�m<z�t

I∗A
{°r;x�p�t`�r$�wr

IB
q!x

DB

rFi�£�m<z)��}«z#��z#i�n���p�i
��i�n�����m�{�s	mlr

I∗A
��M$x�p3�	rêi#�#y!xA��i#r|{/~#m<n��s��	q!xj�	i#p�x��-xAz#m<n	��olÁ¡Á¡mlpwz.�	~�q	i#tuz.�

∆
�-x�~�m�k�i�r;ijq	mui�z�y��	¦!x�z#m<n���q!x{Àx�k	n!�0olp	~��	~°xAn�muqz#qi � iPy!x�tu�¤�y	mlq��w��y!x�~#q!xqw�-n��)�;ô³z#rFm<z.�	r|{$sz#ijk�x�q	q	}|m�~#}«��m©i��	y	m�k�m<n�muq���´tl�	y!x�~#m�k!n��	~#}m��z#i � k�x{p+i � k�x¶i�k�q	x)�wn��0i#�#m±��x�k�x-s��ª{X�	t v°i�k�q!x��z�0y!x�tu�¤�y	mlq	q	x��ª{M�	rFml��zPi#��i#����mlqw�q}|m�y	mu��mlq��w�ª{�zAx�p�p�x�p ~)ouz���i#�y	m�k�m�n�muq����~�v°ilk��z)~#mly#vq3�	m � y!x�q���tui#i�z�~#muzA�t<z#~��w���¤�wvjp	y��z�mly��m�~ i#�z��	r;xAn��#qi#tuz��ª�
��mly	mus��	t�n��	r3i#tlqi#~#q	}|m¡¦	m<n����tl�	iAn�����i�~°x�q���¶y	x�tu�^�	y	muq���"�
ð ¨$tl~#m�k�muq��	m���x�k�x-s�� �#t�n�i#~#qi#��i#�wz.�	rd���x�¦�����p���x�k�x-s	m��#mu�u�#t<n�i�~#q	i � i�i��w�z��	r$��r;x�!
�#¨¬i#�	y	m�k�m<n�muq��	m¡�	y��	��n��£�mlq	qi � i±ymu��muq���)��n���y	m<��mlq3��¶~�pwn�x�tltum¡r;x�pw�t=�	rd��`�	y�����¤�wv�	i#t�n�m�k�i#~°x�z�m<n���q	i#tuz#ml�?k!n!�?z�m<v?��x�k�x-sª{�p+i�z#i#y}|m�i��#}|s	q	i � iymu��muq���jq	m:�	rFml��z�!
È ¨ �	iAn!��s	mlq��m=�#t�n�i#~.��·i#�z��	r;xAn���q	i#t<z.�¸y	m<��muq���p�ºi#¦mlq	i�pº�lq!x-s	mlq��w�

��x�k�x-s��"!
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ò ¨¤�	i#t<z#y	i�mlq��m��Pi#�#i�tlq	i�~°x�q��	m)q	mlp+i�z#i�y	}�vPz.��	i#~©~#}|s3�	t<n��z#m<n��#q	}�v=xAn	�
� i#y3�z#rFi#~�Ä¡x��	��i�n�mum)y	x�tl�	yi#tuz�y!x�q	muq	q!}|rºtu�	i#tui#�#i#rJy!x�tu�¤�y	mlq��w�?�	~�n	�	muz�t��¶z�x�p�i#�ª{
�	y��0p+i�z�i#y	i#r¸�lq!x�smlq��	m�p	y��z�mly���

IA
q!x�n����#i#r¸o<n!mlrFmlqwz#m�rFq	i-£�mltuz�~°x

DAy!x�~#qi±�lq!x�s	muq��	�ïp	y��wz#mly3��
IB
q!x±tui#i�z#~�muz#t<z°~��w����mlr3o<n�murFmlqz#m)�	ilk�rFq	i-£±m��

tuz�~°x
D̃B

�O¯;t�n��
DA

�
DB

i#�	ym�k�m�n�mlq} q	x8o�n�mlrFmuqz�xAv3i�k�q	i � i«��z#i � i�£�m�	y	i#t<z#y!x�q	tuz#~°x{ªz�i
DA

�
D̃B

tli#~��!x�k�x���z�{��
∀y ∈ DA IA(y) = IB(y)

��ó�n!�
ouz�i � i tu�	i#tli��°x±y!x�t<�¤�y	mlq���jtl�	y	x�~#m�k	n��	~#}êt<n�m�k������¤�	m)tl~#i#�tuz#~#x��

ð ��ôï¦¶m¡q¶i±sjq¶i±m t¡~�i±�¶t�z ~±i��
I∗B = sup

y∈DB

IB(y) ≥ I∗A = sup
y∈DA

IA(y),
¥ �����8Î°¨

�wn��
∆ ≥ 0

��MÀx�p��	rji#�#y	x���i#r|{��lq!x�smlq��	m�y!x�t<�¤�	ymlq	q	i����-x�k�x�s���k�x�m<z³~#muy°vwq	�³�
i#¦	muq	p��k	n!����q	x�s	muq�����	t v°ilk�q	i#�¶�-x-k�x�s3�ª�
ó�n!���!x�y!x�rFmuz#y3�	s	mltlp+i � i�y!x�tu�¤�y	mlq��w�

I∗B(λ) ≥ I∗A ∀λ ∈ Vλ.
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�w��Ä,m)yPx�~�m)q?t�z�~�x t)m�kPni�~ i�� z�i�s?p��"�k!n!�?oup	~.�	~#xAn�mlqwz��
q	i � i��!x�y	x�rFmuz�y��	s	mutlp�i � i)y!x�t<�¤�	ymlq��� tl�y!x�~#m�k!n��	~#}Jq	muy!x�~#muq	tuz�~°x�tlm�k!n�i#~#i��z#i#sp��

IB(y, λ
∗) ≤ IB(y

∗, λ∗) = IA(y
∗) ≤ IB(y

∗, λ),
� k�m y∗, λ∗ D ��q!x-s	mlq��w�J�	mlymlrFmlqq	}«v�{�q!x�p�i�z#i#y	}�v

IB = IA
{;�	y3�Jouz�i#r

y∗�	~�n	�	muz�t��¶y	mu��mlq��mlrÙ�t½v°ilk�q	i#�¶��x�k�x-s��ª�
®�z��ºqmly!x�~�mlq	t<z#~°x�t<n!m�k�����zi��?z�i � i�Á�x�pzAx{¬sz#i�k!n!�¹n��³��i � i λ tl�	y	xA�~#m�k	n��	~#iº¥ �����L@°¨<{�x=k!n!�

λ∗
o<z#i§q	mly	x�~#muq	tuz�~#i´�	y	ml~�y!x���x�muz#t½�·~�y!x�~#mlq	t<z#~�i	�

h?x�p+t`�	r$��r
I∗B(λ)

Á¡��q	p¦����
I(λ, y)

�	i
y
~�z#i�s	p�m

λ∗
�	y��	q��r;x�muz±tu~#i#m³rd�	q3�w�

r;xAn��#qi#m��lq!x�s	muq��	m��
È � � ~��j��� qPm�i���v?i±k��Pr¾}êv �jt�n=i�~��?� i��?z��Prºx�n���

q�iHt�z��ª�#ôH�z��	r;xAn���q	i#m«y	mu��mlq��m
y∗
�	t v°i�k�qi#����x�k�x-s�����k�i#~�n�m<z#~#i�y+�	m<z�q	mui#���

v°i�kO�rF}|rj�#t�n�i#~.�w�	rji#�wz.�	r;xAn!�#q	i#t<z.�)q	m$z#i�n!�#p�ió�	t v°i�k�q	i��ª{-q	ió�¡oup	~.�	~#xAn�mlqwz��
q	i#�¶y!x�tu�¤�y	mlqq	i#�j�-x�k�x�s��ª�
ò ��óÇi)t¤z�x¡z�i)s q�}3m �±t¤n�i)~¨��� i)��z^��r�x�n©�)q i)t¤z^�¥ n�mlrFr;x

ñ�y	i�z#i�~°x°¨ Ã � È ÄÏ�L��z�i#�#}
y∗
��}�n�iHy	m<��muq��	mlr��	t v°i�k�q	i#���-x-k�x�s3�

A
{�k�i#tuzAx�z�i#s	q	i{

sz#i��#} i�q	ij�#}�n!i?ymu��muq��	mlrNy!x�t<�¤�	y	muq	q	i#�8��x�k�x�s3�z�0�	y��	q	x�k!n�m<£±xAn�ijrFq	i��
£�mltuz�~��

DA

�
�w�	W t)n=i�~Û�Pm o�pP~Û�P~©x n=m�qPz©qPi©t)zÛ� y=x�t��ô�Pym�qh�P�ª�

ó�n!�±oup	~.�	~°x�n�mlqwz#q	i#t<z_� y!x�t<�¤�	y	muq����k�i�tuzAx�z#i�s	q	i	{°sz#i#��}¹n!�³�#i#m|y	m<��muq��	m
y∗y!x�t<�¤�	y	muq	q	i#����x�k�x-s��

B
{���k�i�~�n�muz�~#i#y°�	����mlm|q	mli#��v°i�k��	rF}|r=�#t�n�i#~.�w�	r=i#�wz.�w�

r;xAn��#qi#tuz��ª{�rFi�£ q	i|�#}�n�i��	y����n���`�z#�³�	i�t<n�m�k�i#~°xAz#m<n!�#q	i#t<z°�#�
{yi}

{�pwx�£�k�}|�
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o�n�mur;muqz�p�i�z#i#y	i��j�	y3�	q!x�k	n�mu£º�z rFq	i�£�mutuz#~���k�i#��#t<z.�	rF}�vjy	mu��mlq��	���t½v°ilk!�
qi#�

DA

{	�	y��	smlr
lim
i→∞

IB(yi) = IB(y
∗)
�

��y	i#p+i#rFrFmlqz��	y�#mlr3ouz��?tu~#i#�	t<z#~°xP�
D ôH¦	mlq	i�s	q	i#m¡tl~#i��	tuz�~#iº�¶~#}«z�mlp�x����^�	m^�w�)qm � i q	muy!x�~#muq	tuz�~°x tum�k!n!i#~#i#�z�i#s	p��¹t�n�m�k!�w��z8q	mu�	i#tuy	m�k�tuz°~�mlq	q	i����i#�	y	m�k�m�n�mlq���¹y!x�t<�¤�	y	muq���¢{FzAx�p¹pwx�p

r;x�p�t=�	r$��rïq	x?�#i�n!mlm �¤�	yi#p�i�rµrFq	i�£�mutuz�~#m�q	m�rFmuq	����m�r;x�p�t=�	r$�wr;x?q!x?m � i�i�k�rFqi�£�mlt<z#~#m��
D � ~#i#�	t<z#~#i È q	m�z#y	mu���#muz0k�i�pwx���x�z#m�n��#t<z#~°x�Oå��¶i#�	y	m�k�m<n�muq���3oup	~.�	~#xA�

n!mlqz�q	i#t<z_�jy!x�tu�¤�y	mlq��w�jt�n�m�k��#m<zA{!sz#i±i#�z��	r;xAn��#qi#m¡y	m<��muq��	m¶�	t v°ilk�q	i#����xA�
k�x�s���	~�n	�	muz�t½��i�k�q3�	rw��±i#�z��	r;xAn���q	}�v�y	m<��muq��	�0olp	~.�~°xAn�muqz#qi#�0y!x�tu�^�w�
ymlq	q	i��)�-x-k�x�s��¢{At�n�m�k�i#~°x�z�m<n���q	i	{���k�i#~An�muz�~#i#y°�	muzHq	mui#�-v°ilkO�	rF}|r?�#t<n�i�~.��rPmlm
i��z.�	r;x�n��#q	i�tuz.�¢�°®�z�iHtl~�i#�	t<z#~#i³�	i��l~#i�n!�muz³~#}|y!x��`�z#�³q	mli#��v°i�k��	rF}|m��#t<n�i�~.��
i��z.�	r;x�n��#q	i�tuz.�)�	t v°i�k�q	i�����x�k�x�s3��s	mlymu��q	mui#�-v#i�kO�	rF}|m��#t�n�i#~����i#�z��	r;xAn��A�
qi#tuz��¹y!x�tu�^�	y	muq	q	i#�ª{�k�i#p�x��-x�~�	y	m�k�~°x�y3�z#m�n��#q	i0oup	~.�	~#xAn�mlqwz#q	i#t<z°��y!x�tu�^�w�
ymlq���¢�wó)n	�¶o<z#i � i�k�i#pwxA�-x�z�m<n���tuz#~°x�s!x�tuz�iº�	tu�	i�n����u����z�tl~#i��	tuz�~#i��w�

D åH�©n�murFrF} ñ�y	i�z�i#~°x~#}«z#mupwx�muz�{¬sz�ik!n	�¹q!x�v°i�£�k�mlq3��¹y	m<��muq���U�	t<�
v#i�k�q	i��´�-x-k�x�s3��k�i�tuzAx�z#i�s	q	i0�	i�tuz�y	i.�z#�=z�x�pw�w� y!x�tu�¤�y	mlqq�w� �-x�k�x�s��{Fi��w�
z��	r;xAn���q	i#m�y	mu��mlq��m�p�i�z�i#y	i#�0i#p�x���xAn�i#tu�j�#}µk�i#��#t<z.�	rF}|r¸k!n!��q	mlp+i�z#i�y	i#�
��x�k�x-s��h���pwn�x�tut�x

A
��Æ·z#i#r¾t�n!��s!x�m�{�p�i � k�xº�	t v°i�k�q	x��?��x�k�x�s	x�qm^�	rFmlm<z©y	m����mlq��w�ª{�k!n!���	i#tuz�y	i#muq���´mlm�i#��i#����muq	q	i � iy	m<��mlq3��´~Á¡i�y	rFm�r;x�p+t`�	rd�w�1�w�yw�w����mu�§�	i#t<n!m�k�i�~°x�z#m�n��#q	i�tuz.�ª{�k�i#t<z�xAz#i#s	qi	{Àswz#i#�#} y	m<��muq��	m n��	��i?�	y	m�k�m<n

r;x�p�t=�	rd��1�y������ml�±�	i�t<n�m�k�i#~°xAz#m<n!�#q	i#t<z_��y!x�t<�¤�	y	muq	q	i#����x�k�x-s���rFi-£�qi��#}��
n!i�tup�iAn��8� � ilk�q	i8z#i�s	q	i��	y����n���`�z#�§�	i#t�n�m�k�i�~°x�z�m<n��#qi#tuz#�#� k�i#��#t<z.�	rF}�v
ymu��muq��	���	t v°ilk�q	i#�ª�

I�m<n�}|��y°��k��	i�tuzAx�q	i#~�i#p�oup�t<z#y	mlr;xAn!�#q	}�v��-x�k�x�s�tlilk�mly°£��wz�q!x�y°��k��)t�~�mlpw�
z�i#y	q	}«rî�z�0Á¡��q	p¦��	i#q	xAn��#q	}|rd�8�	mly	murFmlq	q}¤rd�«�wv�tly	m�k�q��m ��q!x-s	mlq3��z�wn��
tuy	m�k�q��	mj�lq!x-s	mlq��w�JÁ��wqp	¦��	�ª{;��x�~.�t��w�¤�wv�i�z0o<z.�wv��	muy	mlrFmuq	q	}�v Ã ò ÄC{ Ã ð2A �@ÄC�
Ä��£�m¬rF}§�	i�pwx�£�mur|{Aswz#i³��x�k�x-s��t��#tuy	m�k�q	mlq��	mlr�rFi-£ q	i�y!x�tutlr;x�z�y��	~#x�z#��pwx�p
y	x�tu�^�	y	muq��	m�olp�t<z#y	mlr;x�n��#q	i�����x�k�x-s�����tli#�	i�tuzAx�~.�	r´ouz�i�z±tu�	i#tui#��t¤k�y� � �	rd�tu�	i#tui#�°x�rd�Jy!x�tu�^�	y	muq���Jk	n!�J��x�k�x-s��3q	m<n��q	ml�	qi � i§�	y	i � y!x�rFrd�	yi#~°x�q��w�Á�~#x�y��!x�¦��	i#q	qi#���-x�k�x�s��¶tli�tupwxAn	�	y	q	}|r3x�y � ��rFmlqz#i�r|�

×vg��¦g õÀ} Ú }M{~}�spw��~�~s~wªÙ~s~q��zq»Û?upqn�	up}n|C|U�~u~q�tn}Es~��~
ôHtuzAx�q	i#~.�rFt����	i�k�y	i#�#q	mum�q	xj�-x-k�x�s	m�q	m�n��	q	mu�	q	i � i=�	y	i � y!x�rFrd�y	i#~°x�q3��¥ÃÄ¡�)¨�{	tl�i#tli#�#xAv�mlm¡�	y	mui#�#y	x���i#~#x�q���)�¶y	x�tu�^�	y	mlq3��ª�
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��W¦¥�W���W0»¶���RL��O�X£UL�¿M¢��R��J��0Å��ML��.¢��gQM�Kc��K�M�M£U�KJKNdJQ�M�j�R�_�R�R�M�K�R�ML	��L
¿RQML	��QMJ������RQML���J��R�M£
��i�k��x�k�x�sml�Ä¡�,�	i#q��r;x���z���x�k�x-s�ji�r;x�p�t=�	r$��rFm�Á���q	p	¦��3�

f0(x)
�y��

q!xAn�i-£�mlq	q}�v¶q	x±~#mlpwz#i#y
x
�#t<n�i�~.��wv�~�Á¡i#yrFm¡y!x�~#muq	tuz�~º�¶q	mly!x�~#mlq	t<z#~�

N�i#y	r;x�n��#q	i

f0(x)→ max

/ x ∈ Vx,
fi(x) = 0, i = 1,m,
ϕv(x) ≥ 0, v = 1, 2, . . .

¥ ����� A ¨

��y�� o<z#i#r8rFq	i�£�mutuz�~#i
Vx
�	y	i#t<z#y!x�q	tuz#~°x

Rn i��	y	m�k�m<n!�muz#t���i � y!x�q��s	mlq��w�	rd�ª{q!xAn�i-£�mlq	q}|rd�jq!x�pwx�£�k��������tli�tuzAx�~�n!����^�wvj~#mupz#i#y	x
x
{z.�	�	x

ak ≤ xk ≤ bk, xk ≥ 0.
z���m����	ym�k�t<z�x�~An!�	m<z)tli��#i#���!x�y!xAnn�m<n�mu���	�	m�k©~H�	y	i�tuz�y!x�q	t<z°~#m

X
�8�:�t<n�iH�#t�n�i��

~.�	��~�Á¡i#yrFm«y!x�~#mlq	t<z#~
m < n

��Æ��	yi�z.�~#q	i#r�t�n!��s!x�m|ymu��muq���rd�±�	~An!�	��z#t½�
n��	�#i?p�i�y	q���t`�tuz#murF}

fi(x) = 0 (i = 1,m)
n��	�#i?rFq	i�£�mutuz�~#i¶k�i#�w�#tuz.�rF}«v

y	mu��mlq���J��#t<z#i	�ON���q	p	¦��3�
f0, fi, ϕv

{$mut<n��¹ouz#i�tl�ml¦��!x�n��#q	i�q	m�i � i#~#i�y	mlq	i{�	y	m�k��	i�n�x � x���z#t½�?q	mu�	y	mly}|~#q	}|rî���¶q	mu�	y	muy	}|~#q	i±k��	Á¡Á¡mly	muq	¦��	y�#mlrF}|rî�ª�¿ªx�rFm<z.�	r|{Fsz#i��#t�n�i#~.�w��~�Á¡i#y	rFm�q	muy!x�~#muq	tuz�~8~#tlm � k�x�rFi-£�qi=tl~#mutuz.�Jp�#t<n�i�~.��	r ~§Á¡i#y	rFmPy!x�~#mlq	t<z#~{|~�~#m�k!��k�i#�	iAn�q��z�m<n���q	}¤m=�	muy	mlrFmuq	q	}|m��¤Ä�x��
�	y��	rFmuyª{

ϕv(x) ≥ 0⇒ ϕv(x)− yv = fm+v(x, yv) = 0, yv ≥ 0.
��i#ouz�i#r$��k�xAn�mlm�k!n!�©tui#p	y!xA��mlq3���~#}|pwn�x�k�i#p�����k�mlr¹y	x�tltur;x�z#y3�	~°x�z��±�-x�k�x�s�
t��#t<n�i�~.��	rd��z#i�n���p�i�~�Á¡i#yrFm¡y!x�~#muq	tuz�~	�

÷«í!â Þ ä�ç2H��°ß Ð ä Ý�æ��±æ ß Þ�æ äïèAçLJ�ç å�ÞPÄ¡��¥ø�	q	i � k�x��	yi#tuz�i±y	m<��muq��	mlr¬¨�q!xA���}|~°x���zPzAx�p�i��§o�n�mlrFmuqz
x∗ ∈ D

{ªk!n!�8p�i�z�i#y	i � i f0(x∗) ≥ f0(x) ∀x ∈ D
�

¯Ft<n���rFq	i-£�mlt<z#~#i
D
qm���#tuz�i	{��-x�rFpq�+z#i���i � y!x�q��	smlq	i{#x�Á���q	p	¦��� f0 i � y!xA�q��	s	muq!x��¶q	mu�	y	muy	}|~#q!x q	x

D
{z#i

x∗
tu�+��mltuz#~��#muzA�

ùC�}�R�M�R�X£iú�J��,QRJ3�MÕ�J�Wª�H�#t<z#�
x∗

D o<n�murFmlqz�rFq	i-£�mlt<z#~°x�k�i#�w�#tuz��	rF}«v
y	mu��mlq���

D
zAx�p+i#�ª{#sz#i¡�lq!x�s	muq��	m

f0(x
∗)
qm¤rFmuq	����m|��q	x�s	muq���

f0
k!n!��n����#i��

� i�k�y� � i � i o<n�murFmlqzAx D {z#i mutuz#� x∗ D&i#�wz.�	r;xAn!�#q	i#m�y	m<��muq��	m��-x�k�x-s��jÄ����
Æ�}«�	tuq��	r|{�p�x�p��	r¹�#t�n�i#~.��r|{�py	i#rFm¡q	muy!x�~#muq	tuz�~°x

f0(x
∗) ≥ f0(x) ∀x ∈ D,

¥Ã�±� � ð ¨
k�i�n!£ q	i³��k�i#~An�muz�~#i#y°�z#��o<z#i¡y	mu��mlq��m��+�¡i�z#y	mu�#q	i#t<z#��~HzAx�p��wv��#t�n�i#~.���v�tl~��w�
�-x�q	x©t�z#mlr|{ªsz�i¶qmly!x�~�mlq	t<z#~#i8¥Ã�±� � ð ¨�q	m�p+i#q	t<z#y��pz.�	~#q	i	{ªz��ªm��ªqm)k�x�m<z¶q����
pwx�p+i � i�k�y� � i � i ��+z.��k	n!�¶i#�	ym�k�m�n�mlq��w� x∗ {	p	y	i#rFm¡�	i�n!q	i � i��mly	mu�#i#y!xw�
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ôH����xA��n�i � �pwx±�	i�n	�wsmlq���¶q	mli#��v°i�k��	rF}�v��#t<n!i#~.�	���-x�p�n��³s!x�muz#t½�j~±z�i#r|{swz#i����rFq	i-£�mltuz�~°x
D
~�}�k�m<n!�muz�t�� í�à�Juä�ß�à1¼ æ áuâ±é�à á Ý ç�é�ß æ ß Þ+î

L
{�~#pwn���s!xA�

����mum¡~�tuml�-�
x∗
�	®�z#i±�	i�k�rFq	i�£�mutuz#~�i�k�iAn!£�qi��#}«z���z�x�p��	r|{	sz�i#�#}º�#t<n�i�~.��

i��z.�	r;x�n��#q	i�tuz.�©q	x)q	mlr��#}�n���~�i�z-n��s��	m³i�z�q	mly!x�~#mlqtuz#~°x©¥ ��� � ð ¨Fp+i#q	t<z#y��pw�
z��	~#q	}«rî�¢�

�Hz#i#��}
x∗
�#}�n�i?y	m<��mlq3�	mlrµ��x�k�x�s3��i?r;x�p�t=�	r$��rFm

f0(x)
q	x

D
{�q	mui#�-v°iA�

k��	rFi	{/sz#i��#}
x∗
k�i#tuzAx�~�n	�wn�ijr;x�p+t`�	r$��r

f0(x)
q	x

L
{ªzAx�p0sz�ij�#t�n�i#~.�w�0i#�w�

z��	r;xAn���q	i#t<z.��q!x
L

D q	mui#�-v°ilkO�	rF}|m��#t�n�i#~.���i#�z.�r;xAn��#q	i�tuz.�=k!n!�=�-x�k�x�s��
Ä¡���-��y���ouz�i#r?i#q��¡z#murP��n��£�m;p�q	mui#�-v°ilkO�	rF}|r��Hk�i#t<z�x�z�i#s	q	}|r´¥�z#murÍ�At`�wn��A�
qmlm,�+¨<{�smlr��^�	y	m�rFq	i-£�mltuz�~#i�tly!x�~#q	muq���ª�
Æ�pwx-s	mlt<z#~#m

L
y!x�tltur;x�z#y3�	~°x���z±rFqi�£�mlt<z#~#i�o<n!mlrFmlqwz#i#~

D
{�i�z�n��	s!x����^�wv��

t½�¶i�z
x∗
q	x±tlp+i�n��±� � ilk�q	i r;x�n�}|�j�	i±rFi�k���n��ï~�mlpz�i#y δx {	zAx�p¶sz#i

1) x∗ + δx ∈ D, ∀δx ∈ l; 2) |δx| ≤ ε
�

h¶q	i�£�mutuz#~�i ~°x�y��	x�¦��	�
l
i#�#y	x��l�#m<z#t½����

L
~�}|s��zAx�q��	mur

x∗
��)~�tlm<v�m � i o<n�m��rFmuqz#i�~	�

� q!x-s!xAn�x��	ym�k��	iAn�i�£º�	r|{wswz#i�Á���q	p	¦3���
f0
�
fi
qml�	y	muy	}|~#qi�kO�	Á¡Á¡mlymlqw�

¦3�	y�#murF}3~¡z�i#s	p�m
x∗
{+x�t�x�rFi�o<z#i)ymu��muq��	m�q!x�v°i�kO�z�t½��~�q�+z#y��

Vx
��¿ªx�rFmlq��	r|{

�i�n����u���	tu��r¬x�n�i#t<z#�#�
ε
{�Á���q	p	¦����

f0
�
fi
n��	q	mu�	q	i#�±s	x�tuz��#�Á�wv�y	x��un�i-£�mlq��w�

~±y+�+k MÀmu�wn�i#y	x��
f0(x) = f0(x

∗) + (∇f0(x
∗), δx),

fi(x) = fi(x
∗) + (∇fi(x

∗), δx), i = 1, 2, . . . .

¥Ã�±� �+��¨

WFt<n�i#~���¶�	y��q!x�k!n�m<£ q	i#tuz��?p¶rFq	i�£�mutuz#~��
L
rFi�£ q	i���x����	tlx�z#� p�x�p

fi(x)− fi(x
∗) = 0,

��n��jt���s	m<z#i#rN¥ �����7�#¨
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f0(x)

�©~#}|�#y	x�z#��z#i	{
k	n!�¶p�i�z#i#y	i � i�¦	m<n�mu~°x��¶Á���q	p	¦��w�ji#p�x�£�muz#t½�¶�#iAn�����m��ô³z#rFm<z.�	r|{�sz�i�~#mupz#i�y

λ = (λ0, λ1, . . . , λm)
~±q��n���qm¡i��#y!x���x�muz�t��¢{	z��!m��

v#i�z��¶�#}¸i�k�q	x±m � i tui#tuzAx�~An!�	����x��ji�z�n��	sq!x�i�z�q�-n!�¢�¯Ft<n��±i#�wz.�	r;xAn!�#q	i#m|ymu��muq��	m
x∗
n�m<£��wz¡q!x � y!x�q��¦	m Vx {�q!x��y��	rFmly¢{#q	mui�z��y3�	¦!x�z�m<n���q!x��êtli�tuzAx�~�n!�����x��

xv
~�mlpz�i#y!x

x
~¹z�i#s	p+m

x∗
y!x�~�q!x¹qw�-n���{|z#i

�i�ouz#i��ºtui#tuzAx�~�n	�	����ml�Jk�i#��#t<z.�	rF} z�i�n��#p+i§q	mui�z#y��¦!x�z#m<n��#q}¤m=~#x�y��!x�¦����
δx ≥ 0

{¢�y��	y!x���mlq��m�¦	m�n�ml~#i���Á���q	p	¦��3�ª{�x��lq!x�s3�z)�=Á���q	p	¦3���Ex)x � y	x�q£±xq	x¶ouz.��v8~°x�y3�!x�¦����vPk�i�n	£�q	i¶�#}«z��?q	ml�	iAn�i�£º�z#m�n��#qi	��W;t<n�i�~.��0i#�z��	r;xAn��A�
qi#tuz��?~±ouz�i#rJt<n!��s!x�m)rFi-£ q	i±�	muy	ml�3�	t�x�z#��~±Á¡i#y	rFm

(∇xR(x
∗, λ), δx) ≤ 0,

¥ ����6 ò ¨
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åH�Ho<z.�wv��#t<n�i�~.�	�©~#}«z�mlp�x�muz�{	sz#i�rFq	i�£º�z�m<n���x)x � y!x�q£±x)�y��©i � y!x�q3�	s	m<�q����v¢{�p+i�z#i�y	}|m�t¬~#~#m�k�mlq3�	mlrP~#tu�	i#rFi � x�z�m<n��#q}�v�q	mui�z#y��¦!x�z#m<n��#q}«v��	muy	mlrFmuqw�q	}�v��#}�n��¶�	ymli#��y!x���i�~°x�q	}¸~±y!x�~�mlq	t<z#~°xw{k�iAn!£�q}¸�#}«z�� y	x�~#q	}¸q��n���{!mut<n��
q!xPi#�z��	r;xAn���q	i#rïy	m<��muq�����~�tl�	i�rFi � xAz#m<n!�#q!x��´�mly	murFmlq	q!xA�¹�	i�n!i�£º�z#m�n��#q!x
�=k�iAn!£�q},�#}«z#�?q	mui�z#y3�	¦!x�z#m<n���q	}¡{�mlt�n���i#�wz.�	r;xAn!�#q	i#m���q!x-s	muq��	m�ouz�i#���	m��
y	mlrFmuq	q	i#�jy!x�~#q	i�qw�-n�� D F á H�à�é Þ�î J�à-í�àæH�ß î Ñ Ë±æ ��ß æ ¼��uá<â�ã+àAá<â Þ!�

õÀx�tutlrFi�z�y	muq!q	}|m�~#}«��m��#t<n!i#~.��=i#�wz.�	r;xAn!�#q	i#t<z.�0tui#tuzAx�~�n	�	��z¶tlilk�mly°£±xA�
q��	m�z m¡i±y¶m¡r�} ñH��q!x#È$MÀx�p	p+mly!x��

Ê áIH Þ
x∗ Ï Ý�æ=�±æ ß Þ�æ èAç8J�ç åwÞ=¥ ��� � A ¨�{ â±à�ß!ç,��J æ â±á î â�ç�ã+à��©é æ ã°â±à Ý ä¡ß�à-ë

¼ Þ â æ H æ � a ç7Z Ý ç�ß�¼¸ç
λ
á)álà�áuâ�ç�é'H î Ñ Ë�Þ ä Þ

λ0, λ1, λ2, . . . , . . .
\
λ0 Ï Ý ç#éAß�àß F HOÑ Þ H Þ�æ J Þ ß Þ K æ ò é�á æ áuà�áuâ�ç#é�H î Ñ Ë�Þ�æ é æ ã°â±à Ý ç

λ
ß æHÝ ç�é�ß Ð ß F H�Ñ à)J�ß�à-ë

é Ý�æ ä æ ß!ß�àæ] � å â±à�é�â±à å ã æ x∗ é Ð í�àæH�ß æ ß ÐÃF á H�à�é Þ�î´¥Ã�±��6 ò ¨¤Þ�F á H�à�é Þ�î JAà-í�àæH�ë
ß î Ñ Ë±æ �=ß æ ¼ æ áuâ�ã+à�áuâ Þ!�

��LO�.¢�����J3�?¢Á�R� âã�}�R�M�R�X£ ú�J��,QRJ3�MÕ�Jw��J����.�R�p�}��Jp�s¢�L	�M���
x∗ �W;t<n!i#~.�	m±¥ ����6 ò ¨;z�mli#ymlrF}êñH�wq	xA� MÀx�p	p+mly!x�tli�~#�!x�k�x�muz��	i�Á¡i#y	rFm³tHq	mli��-v°ilkO�w�

rF}|rÇ�#t�n�i#~.�	mur,r;x�p�t`�r$�wr;x=Á��wqp	¦����ix)x � y!x�q£±x R q!x=rFq	i-£�mlt<z#~#m
Vx
�;Æ

tl~��w�1�¶t¡ouz��	r3~#i���q��	p�x�m<z £�m�n�x�q��	m���x�rFmlq3�z#���#t<n�i�~.�	m�¥Ã�±��6 ò ¨¬�#t<n�i#~��	mlr
x∗ = argmax

x∈Vx
R(x, λ∗),

¥ ����67�#¨
��y!x�~#i#rFmuy	q!x�n���z�x�p�x�����x�rFmlq!x þô³z#rFm<z.�	r|{wswz#i��	muy	m<v°ilk¶i�z��#t<n�i�~.��P¥ ����6 ò ¨$p¥Ã����68�#¨$i#s	muq	�)��x�r;x�qs��	~)�	i
k�~���rJ�y��	s��	q	x�rr�

ð ¨rW;t<n!i#~.�	m�¥Ã����6 ò ¨¤tlilk�mly°£��wz � y!x�kO�mlqz R �Pz�y	ml���#m<z�kO�	Á¡Á¡mlymlq	¦��y�°m<�
rFi#tuz��

f0(x)
�Á���q	p	¦3�	�ª{¢��x�k�x����¤�wv

D
�zW;t�n�i#~.�m¶¥Ã����67��¨��	ilk�i#��q	}�v?z#yml�#i��

~°x�q���¶q	m¡tli�k�mly°£��z-�
�#¨pN��wqp	¦���

R(x, λ)
k�i�n!£ q!x©��}«z#�©n�����¶q	ml�y	mly	}«~#q!x¶�	i

x
�=i � y	x�q��w�s	mlq	x�q!x

Vx
�EMÀi � k�xq!x=i � y	x�q��	s	muq	q	i#rÇ�-x�rFp	qw��z�i#r,rFq	i�£�mutuz#~�m Vx i#q	x?k�i��tuz�� � x�muz�z#i#s	p3�=r;x�p�t=�	r$��r;x�¥ z#mui#y	mlr;x�Æ�ml�	muy��z#y!x�tut�x°¨<��hjq	i-£�mltuz�~#i Vx �	y3��	tl�i�n����li#~°x�q3����¥Ã�±��67�#¨¤rFi�£�m<z©tli�tuz#i-�z��)��4�w��i�n��y	i#~°x�q	q	}�vi#�An�x�tuz�ml�E�wn��

i�zlk�m<n���q	}�v¶z�i#s	mlp¢�
È ¨£WFt<n�i#~��	m§¥ ����6 ò ¨��	~�n!�muz�t���n�����§qmli#��v°i�kO�rF}|r»k!n!�3r;x�p�t=�	r$��r;x

R�	i
x
�¢hjq	i�£�mutuz#~�i©tly!x�~#q	mlq3��

L
�	y��h�	tl�	iAn�����i�~°x�q��3��¥Ã����6 ò ¨¤�+£�m�{�s	mlrº�	y3�

�	tl�i�n����li#~°x�q3���µ¥Ã�±��67�#¨�{î�J~0i#����mlr t�n!��s!x�mjz�y	ml�#i�~°x�q��	m�¥ ����6 ò ¨�~#}�k�m<n!�muz
�#i�n�����m����y	muz�mlq�k�mlqz°i�~�� q!x�y	m<��mlq3�	m�{�tuy	m�k��¶p�i�z�i#y	}�v©z�y	ml���#m<z°t½�j�	yi.���~�m<�
tuz���k�i��	i�n�q��wz#m<n!�#q	}|�P~�}|�#i#yª�

ñgtli-£±xAn�muq��	��{«�	muy	m<v°ilkNi�z´t<n�x��#i � i§�#t�n�i#~.�w�»¥ ����6 ò ¨ tuzAx�¦3�	i#q!x�yq	i#tuz.�~#q�+z#y3����n��?n�i#p�xAn��#qi � i�r;x�p+t`�	r$��r;x�q!x � y	x�q��	¦	m Vx p?�#t<n!i#~.�	�,r;x�p+t`�	r$�°�r;x
R
k	n!�?�-x-k�x�s3�=Ä¡� ~�i#����mlr¾t<n!��s!x�m�t k�m�n�x�z���q	m�n����u�ª{�z���m���q	m�q	x���k�m<z#t½�
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zAx�p+i � i~#mupz#i�y!x λ∗ {�k	n!�§p�i�z#i#yi � iy	mu��mlq��m x∗(λ∗) {��	i�n	�wsmlq	q	i�m��	i?�#t<n!i��~��	�N¥ ����67�#¨<{��lk�i#~�n�m<z#~�i#y+��n�i¡��}§��y!x�~#qmlq���r�tu~���`�4��i � y!x�q��	s	muq���	r|�#Ä��£�mi��#tu�lkO�	rJt�n�m�k������¤�	m�~#i��	y	i#tu}4�
ð ¨/ó)n	�±p�x�p��wv��-x�k�x�s±rFi�£ q	i��	tu�	i�n�����i#~#x�z#�¡�#t�n�i#~.�m�r;x�p�t=�	r$�wr;x�¥ ����68�#¨ þ�#¨/ñ¡x�p�q�+£ q	i�rFi�kO�	Á:�	¦3�	y	i#~°xAz#��Á���q	p	¦��	�Íx�x � y!x�q£±x R {-sz�i#�#}�rFi-£�q	i��}�n�i�tl~�mltuz��j�-x�k�x�s��Ä¡�Çp���x�k�x-s	m���mu�l�#t�n�i#~�q	i#�ji#�z.�rd��-x�¦3��� þÈ ¨ªhji�£ q	i�n��:�	tu�	i�n!����i#~#x�z#�¤p�i#q	t<z#y��p	¦����ª{Ax�q!xAn�i � �	s	q	}«m¬Á���q	p	¦��3�¶x)x � y!x�qw�£±xw{�k!n	�¶i#¦	muq	i#p���q!x-s	mlq3�	�j��x�k�x-s��?Ä¡�Çtu~#mly#v����jtuq���u� þ

��W¦¥}W¦ �W�T¨�R���M�OJ��0�K�R¢3��S��h¿MQR�KL	9�QRJ3�KL���J��M�M£Á� âU�}�M�R�M�M£
N�LO�.¢��XÕ��R��LO�.¢3�i�KJ?N�JQ�R�����
ñ¡x�ph�y!x�qmlm�{¢�	y	m�k��	iAn�i�£º�	r|{¢sz�i�~�tlm�q	muy!x�~#muq	tuz�~°x©~��#t�n�i#~.�w�wv?�-x�k�x�s��

tu~#m�k�mlq	}Åp¶y	x�~#mlqtuz#~#x�rg�¶y!x�tlturFi�z�y��	rÁ�	t v°i�k�q���ï�-x�k�x�s��Ä¡�Ç~±Á�i�y	rFm

f0(x)→ max

/

x ∈ Vx,
fi(x) = 0, i = 1,m

¥Ã�±��68�#¨

¯Fm¡y	mu��mlq��m^���lq!x-s	mlq��m)i#�#i���q!x-s��	r�p�x�p
x∗
�
f ∗0 = f0(x

∗)
�

¿ªx�k�x-s!x{�z#i-£±k�mltuz�~#mlqq!x��ê¥ ����68�°¨)i�z#q	i�t`�z�m<n��#q	i�y	mu��mlq��w�ª{FrFi�£�muz�#}«z��
�i�n!��s	muq!x)�	i#tuy	m�k�tuz#~�i#r���x�rFmlq}

f0(x)
q!x

R(f0(x), f(x), λ)
{°mut<n���k!n!���	i#sz��

~�tlm�v
x
Á��wqp	¦���

R
rFi#q	i�z�i#q	q	i¶~�i���y	x�tuzAx�muzj�	i

f0
q	x©rFq	i�£�mlt<z#~�m�k�i#��#t<z.�w�

rF}�v�y	m<��muq��	���	t v°i�k�qi#�¶�-x�k�x-s��ª����y	mui#�#y!xA��i#~°x�q	q!x��©��x�k�x-s!x±�	y��	rFm<z�~.�+k

R(f0, f, λ)→ max /x ∈ D,
¥Ã�±��676#¨

� k�m R(f0, 0, λ) q	mu�	y	muy	}|~#q!xh�8rFi#q	i�z�i#q	q	i?~#i���y	x�tuzAx�m<z=�	i f0 k!n	��~�tlm<v λ ��i#sz.�¹~#tlm�v
f0
¥Ã�	y��¹qmlp�i�z#i#y	}�v´��q!x-s	muq���wv

f0
{d�	rFmu���^�wv¹q�-n�mu~���� rFmuy�#{

�y	i.��l~#i�k�q!x��
∂R/∂f0

rFi�£�m<z��#}«z#��y!x�~#q	x±q��n��%�wn��¶i�z�tu�+z#tuz°~�i#~°x�z��+¨<�
ÆÅs!x�t<z#qi#tuz.�ª{/~�Á¡i#y	rFm�¥Ã����676�¨�rFi � �+z��#}«z��©�-x����	t�x�q	}Ç�y	mli#��y!x��li#~°x�q��w���x�k�x-s��ª{!t¡�	y3�	rFmlq	muq��	mlrJ��z�y!x�Á¡q	}�vjÁ���q	p	¦���

R(f0, f, λ) = f0(x)− Φ(λ, f(x))→ max /x ∈ D.
¥ ����68Î°¨

ô �ºyºm¶kêm?n¸mqj�ºmL� N���q	p¦��	�
Φ(λ, x)

q	x���}|~°x���z � â Ý ç � ß�à��
� F ß!ã+K Þ�æ � ä�ß�à1¼ æ áuâ±éAç

D ∈ V � æ áIH Þ
Φ
à-í Ý�æ J æ H æ ß!ç Þ ß æ à�â Ý!Þ K!ç�â æ H��°ß!ç�ß!ç

V � Ý ç�é�ß!ç?ß F H�Ñ J_H î
x ∈ D

Þ áuâ Ý�æ ä Þ â±á î ã ð�æ áuã+à-ß æ<å ß�à�á<â Þ í Ý�Þ
λ → ∞J_H î HOÑ ð à�Z�à

x /∈ D
�

Ä¡x��	y��rFmlyª{
Φ(λ, f) = λf 2(x)

D�p	~°x-k�y!x�z��	s	q	}|�j�)z#y!x�Á�!
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Φ(λ, f) = λ|f(x)|
D�rFi�k!�-n��#q	}«�j�)z#y!x�Á��

å�q	i � k�xº�	tl�i�n����u�w��z�p�i�rF�.�	q!x�¦��	�Ç�)z#y!x�Á¡q	i��Á��wqp	¦����t¨�	tlsmu�-x����¤�w�rd�¶t<n�x � x�murF}|rd��k�yw� � i � i�~���k�x�!Ä¡x��	y��	rFmuyª{

R(f0, f, λ) = f0(x) + λ1f(x)− λ2f
2(x)

D&p+i#rF�.�q!x�¦����Á¡��q	p¦����)x)x � y!x�q£±x�t¡p	~°x-k�y!x�z��	s	q	}|rJ�)z#y!x�Á¡i#r|��H�#tuz��
x∗ ∈ D

Dfi#�z��	r;xAn���q	i#m?y	m<��muq��	m��t½v°ilk�q	i#�J�-x-k�x�s3�µ¥ ����68�°¨�{¬x
f ∗0 = f0(x

∗)
D mlm=�lq!x�s	muq��	m��?å¡r�tli�i�z#~�muz#t<z°~��#muzJ��q!x-s	mlq3�	m

R(f ∗0 , 0, λ) =
R∗(λ)

�y	mli#��y!x���i�~°x�q	qi#�¶��x�k�x-s��ª��MÀx�p�pwx�p

f0(x
∗) ≥ f0(x) ∀x ∈ D,

z#i�~�t=�wn!��rFi�q	i�z#i�q	q	i#t<z.�
R
�	i

f0
q	x

D

R∗(λ) ≥ R(f0, f, λ) ∀x ∈ D.

ÆÇtl~�i#��i#s	mlym�k��Pr;x�p+t`�	r$��r
R
q!xjrFq	i-£�mlt<z#~#m

V ⊃ D
qm�rFi�£�m<zP��}«z#�

rFmlq	����m�{�smlr
R∗(λ)

��MÀx�p�sz�i

max
x∈V

R(f0, f, λ) ≥ R∗(λ).
¥ ����68@°¨

�H�#tuz#���y��
λ = λ∗

r;x�p�t`�r$�wr¾~±n�mu~#i#�?s	x�tuz��qmly!x�~�mlq	t<z#~°x¥ ����68@°¨«�	y��	q!x-k!�
n�mu£º�z

D
{z�x�pjsz#i�q	mly	x�~#muq	tuz#~�i��	yml~#y!xAz.�wn�i�tl��~±y!x�~�mlq	t<z#~#i

max
x∈V

R(f0, f, λ
∗) = R∗(λ∗)

M$x�p3�	r´i��#y!x��li#r|{°k!n!�©�y	mli��#y!x��li#~°x�qq	i#���-x�k�x�s��©tl�y!x�~#m�k!n��	~#}·q	mly	x�~#mlqtuz#~#x

R(f0(x), f(x), λ
∗) ≤ R(f0(x

∗, f(x∗), λ∗) ≤ R(f0(x
∗(λ)), f(x∗(λ)), λ),¥ ����Î A ¨

� k�m x∗(λ) = argmax
x∈V

R(f0(x), f(x), λ)
�

ô³z#rFm<z.�	r|{�sz�i
f(x∗(λ∗)) = 0

{¢zAx�p�pwx�p
x∗(λ∗) ∈ D

{/x
f0(x

∗(λ∗)) = f ∗0
�

x�ml~#i#m��w��q	muy!x�~#muq	tuz�~t�n�m�k��#muz����z#i � i	{�swz#i x∗ D z�i#s	pwxjr;x�p�t=�	r$�wr;x
R
{�x

�	y!x�~�i#m~Dm��¡q	muy!x�~#muq	tuz�~°x?¥Ã����68@#¨<�	��y!x�~#i#mHq	mly	x�~#mlqtuz�~#i ~¶¥ ����Î A ¨Fk�x�muz�~#i��u�
rFi�£ q	i#t<z#�¡q!x��wz.� i�¦	mlqp����q!x-s	mlq3��±�-x�k�x-s�� Ä¡��{#~�}|s��	t<n��	~�k	n!��qmlp+i�z#i#yi � i~#mlpwz#i#y!x

λ
r;x�p�t`�r$�wr

R
�i

x ∈ V
�h�tl�	i�n!����i�~°x�~ z#i�i#��tuz�i��z�m<n���tuz#~#i	{¢swz#i

ouz�i�z�r;x�p+t`�	r$��rJ�#i�n!����m�{!s	mlr
R(f ∗0 , 0, λ

∗)
�

x�i � �	s	mltupwxA�§t v°mlr;x?rFmuz�i�k�i�~y	m<��muq�����-x-k�x�s��§Ä¡��{�tu~����x�q	q	}�v8t��	muy	m<�v°i�k�i�rJp¶��mu�l��t<n�i#~�q	i#�ji#�z��	rd��-x�¦����ª{�~±i#���^�wv�s	mlywz�x�v¶zAx�p+i#~°x��
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ð ��å¡t v°ilk�q	i#�´��x�k�x-s	m¶Ä¡�
A
tuzAx�~��z�~tli#i�z�~#muz�tuz#~.�	m¶pwn�x�tut©�-x-k�x�s

A(λ)z�i�£�k�mutuz#~�mlq	q	}�v
A
i�z�q	i#t`�wz#m<n��#qi�y	mu��mlq��w�¾k!n!�3n!�³�#i � iÍ��?k�i#���tuz.�rF}«v�lq!x-s	mlq���?�!x�y!x�rFmuz�y!x
λ
�

�w� � z#yi��z�y!x�t<�¤�	y	muq��	m
B(λ)

��x�k�x-s
A(λ)

{|i�z#�#y!x�tl}|~°xA�·z�m��wn��p�	q	}|m
i � y!x�q��	s	muq���ª{�q	x��	y��	rFmuyª{!�#t�n�i#~.�w� f(x) = 0

�
È ��åH�)��z�z�x�p+i#m³��q	x�s	muq��	m

λ
{w�	y3�©p�i�z�i#y	i�r¹ymu��mlq��	m�y!x�t<�¤�	y	muq	q	i#�©�-x-k�xA�

s3�
B(λ)

i#p�x���}|~°x�muz�t���k�i#�w�#tuz��	rF}¤r8�	i�i � y	x�q��	s	muq���r A(λ) ¥Ã�	y3�	q!x�k!n!mu£º�z
DA

¨<��Æ¸ouz#i�rºt<n!��s!x�m�~�tui#i�z�~#muz�tuz#~.���=t�n�murFrFi#�ñ�y	i�z�i#~°x y	mu��mlq��m�y!x�tu�^�w�
ymlq	q	i����x�k�x-s��tui#~#�!x�k�x�muz©t�y	mu��mlq��	mur·�-x�k�x�s����w�

A(λ)
{¢x �lq!x�s3�z�{��Pt�y	m��

��mlq��mlr
A
�

¿ªx�k�x-s���	i.�tlp�x
λ
{�p�i�z#i#y!xA�¾y	m<��x�m<z#t��ºq!x��i#t<n�m�k�q	mur|{�z#y	m<z#�#mlr�o<z�x��m�{

q	x���}|~#x���z8k�~#i#�	t<z#~�mlq	q	i��¸p3�-x�k�x�s	m
A
�|ôHq!x{�p�x�pºt�n�m�k!�#muzU��=q	muy!x�~#muq	tuz�~

¥Ã����Î A ¨<{¢tu~#ilkO�z#t½��p=rd�	q��rî�w�-x�¦3���0�i
λ
r;x�p�t=�	r$��r;x��	i

x
p	y��wz#mly3��0i#�z��w�

r;x�n��#q	i�tuz.�jy	x�tu�^�	y	mlqq	i#�j�-x-k�x�s��
B(λ)

�
ñ�i#q	p	ymuz.�w�1�	y�#mlr¾o<z���t v°mlr$��k!n!����x�k�x-s��?Ä¡�&¥ ����6L�°¨<�
¿ªx�k�x-s!x

A(λ)
�r;mumuz ~.��k´¥Ã�±��676#¨��

¿ªx�k�x-s!x
B(λ)

�
R(x, λ) = R[f0(x), f(x), λ]→ max

x∈Vx
.

¥Ã����Î ð ¨

Æ·ouz�i#�?��x�k�x-s	m)i � y	x�q��	s	muq��� f(x) = 0
i�z��#y	i���mlq	}��ªôHq!x��	y	m�k�tuzAx�~�n!�muz©tli��

��i#�¶y	x�tu�^�	y	muq��	m
A(λ)

�
¯Ft<n��=��k�x�tuz�t��0q!x��z.��~#mupz#i#y�q	mui#�	y	m�k�m<n!mlq	q	}«v��!x�y	x�rFmuz�y	i#~

λ = λ∗
z�xA�

p+i#�ª{ªsz�i#�#}»y	m<��muq��	m���x�k�x�s3�
B(λ)

��k�i�~�n�m<z#~#i#y°�wn�i��#t<n�i�~.��	r
f(x) = 0

{¢z��
m��ª��t<n�i#~�q	}|�0r;x�p+t`�	r$��rê~0¥Ã����676�¨³tui#~#�!x�n8t��#mu�u�#t<n!i#~#q	}|r|{/z�i¶�	i�n!��s��	r¸y	m<�
��mlq��m¨�	t v°i�k�q	i#�¶�-x-k�x�s3�ª�

��y	mu£�k�m�s	murÁ�	tu�	i�n�����i#~#x�z#� zAx�p���Çt v°mlr$�¶y	m<��mlq3��ª{�q�+£�q	i�tlÁ¡i#y	r$��n��w�
yi#~°x�z��±z#y	mu�#i#~#x�q���¶p¶~#}|�#i#yw�©Á���q	p	¦����

R(f0, f, λ)
�

ð ��Æ�mupz#i�y
λ∗
k�i�n!£�mlq tu�+��mltuz#~#i#~°xAz#��k!n!��k�i#t<z�x�z�i#s	q	i��^�	y	i#p+i � i�pwn�x�tlt�xÁ���q	p	¦3�	�

f0
�
f
�

�w�!õÀx��lr;muy	q	i�tuz#��~�mlpz�i#y!x��!x�y!x�rFmuz�y	i#~
λ
k�iAn!£�q	x��#}«z#� rd�q��	r;xAn���q!x�

õÀx��<n��	s	q	}|m¬~���k�}0Á���q	p	¦���
R(f0, f, λ)

~|y!x��lq	i#�¡tuz�ml�	muq���i�z#~#mus!x���z�ouz��	r
z�y	ml��i#~°x�q3��	r|�O�Hz#i��#}¼~#}|��y!x�z���tu�	i#tui#�8y!x�t<�¤�	ymlq���Á�Ji#�#i�tlq	i#~#x�z#�0tu�+��m<�
t<z#~�i#~°x�q��m

λ∗
{�~#x�£ q	i�y!xA��i#��y!x�z#��t��P~�z�i#r|{¢p�x�ph��lrFmlq�muz#t½�=r;x�p�t=�	r;xAn���q	i#m

�lq!x-s	mlq��m±Á���q	p	¦��3�
f0
�	y3�=�	muy	m<v°ilk�m±i�z�ilk�q	i#�?n��	q������y	i�~#q�Á���q	p	¦��3�

fp�k�y� � i#�ª�
ù �}�M�M�R�X£ N�LO�.¢��MÕ«�R��LO�.¢3��W���y��i�	tut<n�m�k�i#~°x�q����Joup�tuz�y	mlr;xAn!�#q	}�v���xA�

k�x�sPs	x�tuz�i�z�y	ml���#m<z°t½�=q!x��wz.�P��x�~.�	t=�	rFi#t<z#�Û�wv?i��z.�	r;x�n��#q	i � i©ymu��muq�����wn��
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��q!x-s	mlq3��¶i�z±q	mup�i�z#i#y	i � i��!x�y	x�rFmuz�y!x{!~Av°i�k��w��m � i�~��#t<n�i#~���©�-x�k�x-s��ª�!Ä��£�my!x�tutlrFi�z�y��	r=�-x�~.�	t`�rFi#tuz����lq!x�s	muq������x�k�x�s3�±Ä¡�¾i�zH�	y!x�~�}�v�s!x�tuz#mu����y!x�~#qm<�
q��	�

f(x) = 0
{Aouz��)�-x�~.�	t=�	rFi#tuz��¡����k�mur=q!x��l}|~°x�z���Á���q	p	¦��	mu��k�i�tuz.�w£��r;i�tuz��

Ã � ò Ä;¥�~�n��z�mly!x�z���y	m�mlm�q!xA��}|~°x���z�Á���q	p	¦3�	ml�¶q	mu~���li#pª{Á¡��q	p¦��	ml�¶~#i���r$�+��m��
q��	�)�¶�	yª� ¨<�

¿ªx�rFmuq��	rP~��-x�k�x-s	m�Ä¡�J�#t<n�i�~.��
fi(x) = 0

�#t�n�i#~.�w�	rd�
fi(x) = C

������k�mlr
�	tlp�x�z#�Hr;x�p�t`�r$�wr¦	m�n�ml~�i#��Á��wqp	¦����

f0
k!n!��~#tum<v���q!x-s	muq��	��~#mupz�i#y!x

C
{A�	y3�

p�i�z�i#y	}�v�y!x�~#muq	tuz�~°x
f(x) = C

���#t<n!i#~.��
x ∈ Vx

tli#~�rFmltuz�q	}§k�y� � t¬k�y� � i#r|�ôHs	ml~.�+k�q	i	{swz#i±r;x�p�t=�	r;xAn��#qi#m�k�i#t<z.�£º�	rFi#m³��q!x-s	mlq3�	m
f0(x)

��x�~.�	t=�z±i�z
C
�

N�i#y	r;xAn���q	i � F ß!ã+K Þ�î JAàAá<â Þ ¼ Þ ä�à�áuâ Þ èAçLJ�ç å�Þ	��ï

f ∗0 (C) = max f0(x)

/

x ∈ Vx,
fi(x) = Ci, i = 1,m.
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��y��
C = 0

�lq!x-s	mlq��m
f ∗0 (0)

y!x�~#q	ij��q!x-s	muq��	�Ó�	t½v#i�k�q	i��§��x�k�x-s��´Ä¡����ñ¡x�p
����k�m<z��	i#p�x��-x�q	i�k�xAn�mum�{+�#t<n!i#~.�� i#�z.�r;xAn��#q	i�tuz.����ouÁ¡Á�mupz.�~#q	i#t<z°��~#}|s3�	t<�
n��z�m<n��#q}«v?x�n � i#y3�z#rFi#~�~#i±rFq	i � i�r���x�~.�t��wz i�z�~.��k�x f ∗0 (C)

�
��y	m�k��	i�n�i-£º�	r|{	sz�i�k!n	��n��³��i � i x ∈ Vx Á��wqp	¦���� f0(x) � fi(x) �y��	q��w�r;x���z�i � y!x�q��s	mlq	q}|m���q!x-s	mlq��w�ª�dMÀi � k�x rFq	i-£�mltuz�~�� Vx tui#i�z#~�muz#t<z°~��°muz�rFq	i��£�mltuz�~#i

VC
��q!x-s	mlq3�	�¶~#mupz#i#y	x

C
{�	y��s	mlr�qmltlp+i�n���p��	r�o<n!mlrFmlqwz�x�r

Vx
~�i#�A�

��mur3t�n!��s!x�m�tui#i�z#~�muz#t<z°~��°muz�ilkO�	q)��z#i�z £�m�o�n�mlrFmuqz
VC
�

Ä¡x��	y3�	rFmlyª{wk!n!�©�-x�k�x-s��

f0(x1, x2)→ max

/

|x1| ≤ 1, |x2| ≤ 1,
f1(x1, x2) = x1 + x2 − 1 = 0
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n��	q��3�8��y	i�~#q���0rFq	i�£�mutuz�~#i�k�i#��#tuz��	rF}�v�y	m<��muq��	�«���i��#y!x�£�mlq},q!xjõd�	t��
������$h¶q	i�£�mutuz#~�i

VC
k	n!�§o<z#i#�§��x�k�x-s��§�	y	m�k�tuzAx�~�n	�	muz�tli#��i#��i�z#y	m<��i#p8k�mu�w�

tuz�~.�z#m<n���q	i#�?i#t=�
−
√
2− 1 ≤ C ≤

√
2− 1,

�	y��	smlr0p�x�£±k�i#��z#i�s	p�m|ouz#i � i¡i�z#y	m<��p�x¡tli#i�z�~#m<z#tuz#~�����z�~#tum«z�i#s	p��±�wn�i#tup�i#t<z.�
x
{/n�m<£±x��¤�m�q!x�n��	q����

x1 + x2 = C + 1
~#q�+z#y��§p~°x�k�y!xAz�xw{�~#}�k�m�n!�	murFi � iq	mly	x�~#mlqtuz#~#x�rd�?~j¥ ����Î È ¨<�

Æ�}«�tlq��r|{�p�x�p�tu~����x�q�v+x�y!x�pz�mly)Á¡��q	p¦�����k�i�tuz.�w£��	rFi�tuz.�)t;�	i�~#m�k�muq��	mur
¦	m<n!ml~#i#�©Á���q	p	¦��3�

f0(x)
��Á¡��q	p¦��	�ª{i#�	y	m�k�m<n	�	���^�wv©rFq	i�£�mlt<z#~�i)k�i#�w�#tuz.���

rF}�v¶ymu��muq��	�ª��õÀx�tlturFi�z#y3�	r3��x�k�x-s�z�

f0(x)→ max /fi(x) = Ci, i = 1,m.
¥ ��� Î ò ¨
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const
0

=f

0

1

1

1
x

2
x

max1
Cf =

min1
Cf = 0

1
=f
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ãKå]ýKåç²}å./+/_è�ý

�H�#tuz��
x∗(C)

D y	mu��mlq��	m�ouz#i��8�-x-k�x�s3�ª{�x¶~#mupz#i�y
λ∗(C) = (λ∗1(C), . . . ,

λ∗m(C))
D·tli#i�z�~#muz�tuz#~��w���4�	�)ouz�i#r$��y	m<��muq��	�¹~#mupz#i�y)rFqi�£º�z#m�n�ml�:x)x � y	x�qw�£±xw���H�#tuz#��z�x�p£�m�y	m<��muq��	m�qml~#}|yi�£�k�mlq	qi��Pp�x�p

x∗
{�z�x�ph�

λ∗
q	mu�	y	mly}|~��

q} �=q	ml�y	mly	}|~�q	i�k��	Á¡Á�muy	mlq¦��	y�#mlrF},�	i
C
~
ε
�²i#p	y	mutuz#qi#tuz.�8q	mup�i�z#i#y	i � i�lq!x-s	mlq��w�

C0 ��Æ�}|s��	t�n��	r§s!x�t<z#q���ê�y	i.��l~#i�k�q���êÁ���q	p	¦3����k�i#tuz��£º�	rFi#tuz��
f ∗0 (C)

~±z�i#s	p�m
C0 �	i Ci

�

∂f ∗0
∂Ci

=
n
∑

j=1

∂f0
∂x∗j

∂x∗j
∂Ci

.
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W;t<n!i#~.��¢{�i#�	y	m�k�m<n!����^�	mïrFq	i-£�mlt<z#~#i
D

~ ¥Ã�±� Î ò ¨�{ �	mlyml�����mlr pwx�p
f̃i(x,Ci) = fi(x) − Ci = 0

�´~#}«s��	t<n��	r»s!x�tuz�q	}|m¶�	y	i.�w��~#ilk�q	}|m�pwx�£�k�i � i
�w�)q3�wv��	i

Ci

�
∂f̃i
∂Ci

=
n
∑

j=1

∂fi
∂x∗j

∂x∗j
∂Ci

− 1,
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∂f̃v
∂Ci

=
n
∑

j=1

∂fv
∂x∗j

∂x∗j
∂Ci

, v = 1, . . . , i− 1, i+ 1, . . . ,m.
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λv(v = 0,m)

��	y	iA�
t<��rFrd�	y�#mlr¹k�y� � t³k�yw� � i#r|{�~±y	mu�u�-n��-z�x�z#m)s	m � i �i�n!��s��	r

λ0
∂f ∗0
∂Ci

=
n
∑

j=1

∂x∗j
∂Ci

(

λ0
∂f0
∂x∗j

+
m
∑

v=1

λv
∂fv
∂x∗j

)

− λi =
n
∑

j=1

∂x∗j
∂Ci

∂R

∂x∗j
− λi.
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M$x�p�pwx�p
x∗

Dïz�i#s	pwx¡t<z�x�¦3�	i#q!x�y	q	i#t<z.��Á¡��q	p¦�����x)x � y	x�q£±x{�z#i ∂R/∂x∗j = 0
�¶~#tl��k���{ � k�m��	yi.��l~#i�k�q}|m ∂x∗j

∂Ci

tu�+��mutuz°~��w��zA{

−
∂f ∗0
∂Ci

=
λi
λ0
, i = 1,m.
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{
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Æ§t�n!��s!x�m¤~#}|y	i-£±k�muq	q	i � i�ymu��mlq����Á¡��q	p¦����k�i�tuz.�w£��	rFi�tuz���rFi-£�muz:��<�rFmlq�wz#�#t½��tlp�x�s	p+i#r|���y��s��	q!x)��x�pwn���s!x�m<z#t��©~)z�i#r|{wsz�i�~#}|y	i-£±k�mlq	q	i�r$� y	m��

��muq��	� tli#i�z#~#m<z#tuz#~��#muz���li�n��	y	i�~°x�q	q	x��8z#i#spwx
a
q!xj�wn�i#tup�i#t<z.�

x
�ÀÄ¡xjy��	t��

����6w{	x±�i#pwx���x�q	i±y!x�tu�	i�n�i-£�mlq��m�n��	q��	����y	i#~#q�¢{!tui#i�z�~#muz�tuz#~��w���¤�wv¶��x�k�x-s	m�{
���i��#y!x�£�muq	q	i#�Pq	x�y��	t��¢�±� ò ����y��?��x�rFmlq	m�y!x�~#muq	tuz�~°x

f1 = 0
q!x

f1 = C
�	i��

~#mly#vwq	i#t<z#�
f1
�	mlymlt<z�x�q	muzjpwx�tlx�z��#t��=t��wn�i#tup�i#t<z#�#�){/tli#i�z#~#m<z#tuz#~�������ml����q!xA�

s	mlq3�	�
C
�r¯Ft<n��·z�i#s	p�x´pwx�t�x�q��w�

a
�	y3�·tlp+i�n��§� � ilk�q	i´r¬x�n�i#rm�w��rFmlqmlq����

C
�	tus	mu�lq	muz�{�z�i8�	y	i����i���k�muz�tlp�x�si#pJi#�z��	r;xAn���q	i � i8y	mu��mlq���Á��Á���q	p	¦����k�i#t<z.�£º�	rFi#t<z.�Å¥�y��	t��F�±��6w{ ð�¨<�$Æ�}|y	i-£±k�mlq	q	i�m�ymu��muq��	m¶rFi-£�muz��´q	m©�#}«z��

���iAn��	y	i#~#x�q	q	}|r|{�zAx�pª{�~8�-x-k�x�smPt?q	mly	x�~#mlqtuz#~#x�rd�º~#}|y	i-£±k�mlq	q	i�r$�Jymu��m��
q��	�·tui#i�z�~#muz�tuz#~��w��z�z#i�s	p��ª{+~�p�i�z�i#y	}�v � y!x�q��¦	}¹k�~��°v�q	muy!x�~#muq	tuz�~�p�x�t�x���z��t���k�yw� � k�y� � x�7å¾~Houz#i�r�t�n!��s!x�m|r;x�n�i#m ��lr;muq	muq��	m¤ilk�q	i#�¤�� � y!x�q��	¦¶¥Ãr;xAn�i�m
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�w��rFmlqmlq��m
C
�	y3�	~#i�k��z¡p�z#i#r$��{�sz#i�y	m<��muq��	m¤�mly	mutuz�x�muz��#}«z#��k�i#�w�#tuz��	rF}¤r

n��	�#i�t<�+��mlt<z°~#muq	q	i����rFmuq��z#t½�ª�
Ä�muz�y��k�q	i�k�i#pwxA�-x�z�� t�n�m�k�������mlm
W,z�~�m�yP£¼k8m�q��m Ã � ò ÄÏ� é©â±à½ä¼á H F°å ç æ � ã+à�Z,J�ç©èAç8J�ç å ç ��ï é Ð í F ã�H�ç

\ � F ß!ã+K Þ�î
f0
é Ð í F ã�H�ç�é�é æ Ý?½Þ ä�ß�à1¼ æ áuâ±é�à

D
é Ð í F ã�H�àæ] � ä¡ß�à1¼ æ á<â±é�à VCÞ � F ß!ã+K Þ�î J�à�á<â Þ ¼ Þ ä¡à�áuâ Þ

f ∗0 (C)
â�ç�ã.¼ æ é Ð í F ã�H ÐF�

� ��£f�KÅ����_Õ�N��^âã�}�R�M�R�X£}���ÍN�L��.¢3�MÕ��M��LO�.¢3�i�R�#ÂOL_Nd�ML��Á�g¿RQM�KL	9�ä
QMJ3�KL���J��M�RL����KJ?N�JQ�R�§W	��y	i#t�n�m�k��	r�tl~��w����rFm<£±k!��Á���q	p	¦��w�	rd��k�i#t<z.�£º�	rFi��
t<z.�¶�-x-k�x�s��jÄ¡�

f0(x)→ max /x ∈ Vx, fi(x) = Ci, i = 1,m.

���y	mli��#y!x��li#~°x�q	qi#�±�-x�k�x�s���t|z#murd� £�m|i � y!x�q3�	s	mlq3��	rd�ª{+q	i¡t¤rFi�kO�Á¶�¦��	y	i��~#x�q	q	i���¦	m�n�ml~�i#��Á���q	p	¦3�	ml�
R(f0, f, λ)

�@×���k�mur�	y	m�k��	i�n�x � xAz#�	{�sz�iHÁ���q	p	¦3��
R
rFi#qi�z#i#qq	i���x�~.�	t=�z�i�z

f0
�	y���n!�³�#}�v�k�i#��#t<z.�	rF}�v¶�i��#t<n�i#~���	r

x ∈ Vx�lq!x-s	mlq��w�wvP~#mupz#i#yKÈ�Á��wqp	¦����
f
�"N���q	p	¦��ml�?k�i#t<z.�£º�	rFi#t<z.�=�	y	mui#�#y	x���i#~#x�qw�

qi#���-x-k�x�s��¶q!xA��i#~#murJÁ���q	p	¦3�	�

R∗(λ,C) = max
x∈Vx

R(f0(x), λ, f(x))/f(x) = C.

MÀx�p?p�x�pP�	y3�
f(x) = C

i�z
x
��x�~.�t`�z©~

R
z#i�n!�#p�i

f0
{¢x Á���q	p	¦���

R
rFi#q	iA�

z�i#q	q!x��	i
f0
{°z�i�r;x�p�t`�r$�wr

R
k�i#t<z.� � x�m<z°t½�ª{wp+i � k�x f0 k�i#tuz�� � x�muz�r;x�p�t=�	r$��r¬x�i

x
�y��

x ∈ Vx
�
f(x) = C

{z#i�mlt<z#�

R∗(λ,C) =
{

max
x∈Vx

R(f0(x)C
/

f(x) = C
}

= R(f ∗0 (C), C).
¥ ��� Î7@°¨

MÀx�p��r¾i#�#y	x���i�r¤{	k!n	�P�	i�n!��s	muq���Á��wqp	¦����jk�i#t<z.�£º�	rFi#t<z.�=�	y	mui#�#y	x���i#~#x�qw�
qi#�?�-x�k�x�s��Pq�+£�qi	{�~�i#tl�	iAn�����i�~°x�~��^�	tl��y!x�~#mlq	t<z#~#i�r»¥Ã�±� Î7@#¨<{��	ilk�tuzAx�~��z#��~
R
~�rFmltuz�i

f
�lq!x�smlq��	m

C
{�x�~#rFmlt<z#i

f0
Á¡��q	p¦��	�¹k�i#t<z.�£º�	rFi#t<z.����x�k�x�s3�±Ä¡���

õÀx�tutlrFi�z�y��	r´t�n!��s!x��ª{wp+i � k�x)�#m<�l�#t�n�i#~#q	}|��r¬x�p�t=�	r$��r§¦	m<n�mu~#i#��Á¡��q	p¦����i�pwx��l}|~°x�m<z#t½�±q!x³rFqi�£�mlt<z#~#m
D
¥Ãq!x³�i#~#muy°vwq	i#t<z.�

f = 0
¨���Æ0z#muy	rd�	q!x�v�Á��wqpw�

¦3����k�i�tuz.�w£��	rFi�tuz�� o<z#i�z�Á�x�pwz¡~#}|y	x��1�z�t½��~Hz#i#r|{�sz�i¡Á��wqp	¦���
f ∗0 (C)

�	rFm��
m<z�x��#tui�n���z#q	}|��r;x�p�t`�r$�wr�q!xHrFqi�£�mlt<z#~#m

VC
~³z#i#sp�m

C = 0
��ó�ml�tuz#~��z#m<n����

qi	{x��#tui�n���z#q	}|��r;x�p�t=�	r$��r¹Á��wqp	¦����
f0(x)

q!x�rFq	i-£±mutuz�~#m
Vx
k�i#t<z.� � x�m<z°t½�~³qmlp+i�z#i#yi#��z#i�s	p�m

x0
{Ap�i�z#i#y	i���tui#i�z�~#muz�tuz#~��w��z¡�lq!x�s	muq���

fi(x
0) = C0

i

¥Ãy��t��
��� Î{ ç ¨<��¯Ft<n��

x0
�~�n!�muz#t½�§y	m<��mlq3�	mlrï�-x-k�x�s3�¹Ä¡��{�z#i

C0
i

y!x�~#q	} qw�-n��Ó�
z�i#s	p�x

C = 0
i#pwx��l}|~°x�m<z#t½��z�i#s	p+i#�§x��#tui�n���z#q	i � iPr;x�p+t`�	r$��r;x f ∗0 (C)

¥�y��	t��
��� Î{�ð¢¨��
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*0x

0 C

const
0

=f

xV

)(
1

*
0

Cf

min11
Cf =

min1
C

max1
C

max11
Cf =

0
1

=f

áàY}ZK[�\?¬�\�#.\ � ¸K³L-?°'�º[]´2&�ã�°=·?å./_Z_¹�³#[Ì¸?´2&)/K´1ü!´:Z�1�å.*ç³@[Ì¸?´2&)/K´1ü!´¶²X°`±�[]ZK²�³.²}´2&��
ö��s¸KZ+/_Z_Z�³�ýK´2&)/_¹Ä3KåÌ¸?å.&#´2�Õ�B³8/_±+3_Z_Z4Z�´1ü]ý�°'/_Z+-Kå./_Z_¹��zø��§ý�°`ý?°`±_µ#å]ý±�B³8/_±+3_Z_Z

·?´�[]µ�Z_æ�ZK²}´�[]µ�Z

ÆÁ�	t v°i�k�qi#����x�k�x-s	m¡Ä¡�µzAx�p+i#��~°x�y3�!x�qz±rFi-£�muz�~#i��lq��	p	q�+z��±n�����±~4�	t��
pwn���s��z#m�n��#q	}�v�t<n	�ws	x��wv���ô�k�q	x�p�i{�mlt<n��±��k�x�n�i#tl�¡�i#tuz�y	i.�z��)�y	mli#��y!x���i�~°x�qw�
q���J�-x-k�x�sw�#{-k!n!��p�i�z#i#y	i���y	m<��muq��	mó��n����lq!x�smlq��	m¡¥��wn��4��z#i{���k�yw� � i#m-¨�tui#~���!x�k�x�n���t±y	m<��muq��	mlr�=�lq!x�smlq��mlr·k!n	���	t v°ilk�q	i#����x�k�x-s��0Ä¡�±{f���	y���o<z#i#r
x��#tui�n���z�q	}|�Pr;x�p+t`�	r$��r3Á���q	p	¦�����k�i#t<z.�£º�	rFi#t<z.�P�	y	mui#�#y!xA��i#~#x�q	q	i#�¶��x�k�xA�
s���i#pwx�£�m<z#t½��~�z#i#sp�m

C = 0
{ªz#i�k!n!��q	mum�rFi�£ q	i��mly	mu�z.�8i�z¶z�y	ml��i#~°x�q3��

�#t<n�i�~#q	i � i r;x�p+t`�	r$��r;x�p�z�y	ml��i#~°x�q3�	�ïr;x�p+t`�	r$��r;x��#m<�l�#t�n�i#~#qi � i�Æ�}|��i#y8~.��k�xjÁ���q	p	¦3���
R
tu~#i�kO�wz#t½��p0z�i#r$�#{�sz�i#�#}Çk!n	�8~#i���rFi-£�q	i¶�#iA�

n�mlm��^�	y	i#p+i � i=pwn�x�tut�xÁ���q	p	¦����k�i#t<z.�£º�	rFi#t<z.� f ∗0 (C)
tu�+��mltuz#~#i#~°x�n�i�ym<�

��muq��	m�q	mupwn�x�tut`�	smltlp�i � iP¥�~#pwn���s!x�����m � i i#�	muy!x�¦���µ~��l�wz.���r;x�p�t=�	r$��r;x±�	i
C
¨���y!x�~#qmlq���

`�¾ ��� ` �
C

R∗(λ,C) = 0
¥Ã�±� @ A ¨

i�z#qi#t`�z�m<n��#q	i
λ
�h¯Ft<n��êÁ���q	p	¦��w�

R∗
k�~°x�£�k�}¼k��	Á¡Á�muy	mlq¦��	y�#mlr;x��	i

C
{

z#i§k!n	�·z�i � i{¤sz#i��#} λ∗
�#}�n!i�y	m<��mlq3�	mlr ��y!x�~�q	mlq��w� ¥Ã�±� @ A ¨�q	mui#��v°i�kO�	rFi

~#}|�	i�n!q	mlq��w�¶�#t<n�i�~.�	�
∇cR

∗(λ∗, C)|
C=0

= 0.
¥ ��� @ ð ¨

ñ�y	i#rFm¶z#i � i	{�r;x�z�y��	¦!x¸B�mltutlmP~�z#i#y}�v3�	yi.���~�i�k�q}�v3o<z#i#�3Á¡��q	p¦����¾�	i
Ck�i�n!£ q!x��#}«z�� �	y��

C = 0
i�z#y3�	¦!x�z�m<n��#qi�i#�	y	m�k�m<n!mlq	q	i��ª�

õÀx�tutlrFi�z�y��	r´s!x�tuz#q}|m�~���k�}3��x�k�x-s�z��	�!x©¥Ã����676�¨d��tli#i�z#~#m<z#tuz#~������¤�!m6�	r
y!x�t<�¤�	y	muq���¢�

êéJ��.c��MQM�?�M�M�hú�J��,QRJ��XÕ�J�W��H�#t<z#� ~?¥Ã�±��676#¨�Á¡��q	p¦���

R(x, λ) = f0(x) +
∑

i

λifi(x),
¥ ��� @+�#¨
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� k�m λi D n!�³�#}|m�i � y!x�q3�	s	muq	q	}|m)s��	t�n�x�N��wqp	¦���&¥ ��� @+�#¨jtli�~#�!x�k�x�muz·t´Á���q	p	¦3�	ml�%x)x � y!x�q£±x�H¿ªx�k�x�s	xï¥Ã�±��676�¨
�y��	rFmuz ~.��k

R(x, λ)→ max

/

fi(x) = 0, i = 1, 2, . . . ,
x ∈ Vx,

¥Ã�±� @ È ¨
x�y!x�t<�¤�	ymlq	q!xA�j��x�k�x�s	x��-x��3���m<z#t��?p�x�p

R(x, λ)→ max /x ∈ Vx.
¥Ã����@ ò ¨

¿ªx-k�x�s	xP¥Ã�±� @ È ¨|z�i�£�k�mlt<z#~�mlq	q!x��-x-k�x�sm�Ä¡�£!�rFq	i-£�mltuz�~#i�mum¡k�i���#tuz��	rF}«vPy	m<�
��mlq��� z#i�£�m�{#sz#i¨� ~¶�	t v°ilk�q	i#���-x�k�x-s	m�{K��k!n	�±n����#i � i¨���o<n�murFmlqz#i�~�o<z#i � irFqi�£�mlt<z#~°x

R(x, λ) = f0(x)
{!z�x�p?pwx�p

fi(x) = 0
��Æ�i#�y	i#t)i#� olp~.�	~°xAn!mlqz�q	i��

t<z.��y	x�tu�^�	y	mlq3��3¥Ã����@ ò ¨�tu~#i�kO�wz#t½��p=~�i#�	y	i#t<�Pi�z�i#r|{ª�	y��=p�x�p��wvP��t<n�i#~���wv
q	x���k��+z#t½��zAx�p3�	m±i � y!x�q��	s	muq	q	}|m λ �örFq	i-£��wz#m<n��ª{�k!n!�=p+i�z#i�y	}�v=y	mu��mlq��m���xA�k�x�s��jÄ¡�Nk�i�tuzAx�~�n!�muz�Á���q	p	¦3���

R
r;x�p�t`�r$�wrJq!x�rFq	i�£�mutuz�~#m

Vx
�

N��wqp	¦���Pk�i#t<z.�£º�	rFi#t<z.�
f ∗0 (C)

��x�k�x�s3�0Ä¡�m�=Á��wqp	¦��	m<�k�i�tuz��£��rFi��
t<z.�¶�-x-k�x�s��8¥ ��� @ È ¨��

R∗(C, λ) = maxR(x, λ)

/

x ∈ Vx,
fi(x) = Ci, i = 1,m,

tu~����x�q	}ºk�y� � t³k�y� � i�rµ¥�tlr|��¥Ã�±� Î7@°¨ì¨

R∗(C, λ) = f ∗0 (C) +
m
∑

i=1

λiCi.
¥Ã����@+��¨

M$x�p��	rïi#�#y!xA��i#r|{$Á���q	p	¦3��§k�i#tuz��£��rFi#tuz����-x�k�x�s��ê¥Ã�±� @ È ¨)i�z�n��	s!x�m<z#t½�
i�z

f ∗0 (C)
k�i#�°x�~�n!mlq��mlr

m
È�rFmlyq	i#���wn�i#tup�i#t<z.�ª{��	y	i�v°i�k��w��ml�0s	mlymu� q!x�s!x�n�i

p+i#i#y�kO�	q!xAz���hjq	i-£��wz#m<n��
λi
i#�y	m�k�m�n!�	��zjq!x�pwn!i#q=ouz�i#���wn�i#tup�i#t<z.�3¥�tli#t<z�x�~A�

n	�	���^�	m�mlm � y	x�kO�	muqz�x#¨<�WÇz�~�m)yj£ k=m)qh�?m8�}í ç#á ��Þ�Ý�æ ß Þ�æ¨a ç8Z Ý ç�ß�¼¸ç ¥ ����@ ò ¨ èAç8J�ç å�Þ���ï ß ã+ë
é Þ é�ç'H æ ß!â�ß�à±â±à�Z,J�ç Þ â±àæHO�°ã+à±â±à�Z,J�ç � ã+à�Z,J�ç±ä�à1¼¸ß�à�í Ý àAé æ á<â Þ íQH�àAá<ã+à�áuâ4�
M(C) =

∑

i

kiCi + f ∗0 (0)
â±ç�ã F Ñ � å â±à£J_H î HOÑ ð à�Z�à

C ∈ VC

M(C) ≥ f ∗0 (C).

Æ¾ouz#i�r3t�n!��s!x�m
λ∗i = −ki

�
�³n�i#tup�i#t<z#�

M(C)
{�p+i � k�x (df ∗0 /dC)C=0

tu�+��mltuz#~��#muzA{w�	~�n	�	muz�t½��pwx�tlx�z#m�n����
qi#�¶p

f ∗0
�!Æº�#i�n�mum¡i#����murJt�n!��s!x�m�ouz����wn�i#tup�i#t<z#� q!x��l}|~°x���z à-í�à Ý ß�à��z°
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0

f *
0

f )(*
0

Cf)(*
0

Cf

),( ** lCR

),( ** lCR

kCf +)0(*
0

C
V

C
V

C C

00

C*lkCC -=*l

à áY}ZK[�\?¬�\�ô.\�G�³L/_±+3_Z_Z�·?´�[]µ�Z_æ�ZK²}´�[]µ�Z  ·_¸K¹¤±.´1µ#´1ý_è�ý¤ý?°1[.0éZ_ýKå./_ZKåh®�°`üçý?°'/_æ6°
5 ±+&�Z+&@°=¸?å./_µ)/K´��

ö���/KåÌ·KZQ�h�óå]ýKå./+3_Z_ý_³@åç²X°`¹£&:µ#´2-_±�å
C = 0

�
ø��w·KZQ�¦�óå]ýKå./+3_Z_ý_³@åç²X°`¹Ä&:µ#´2-_±�å

C = 0

õd�	t��¤��� @«�wn	n���tuz#y3�	y�°muz�tl�	y!x�~#m�k!n��	~#i#t<z#�¹ouz#i � i´�+z�~#mly°£±k�muq���¢{|p�i � k�x
�	rFmlm<z#t½�¹n��w���0ilk�q!xtl~��w���	�nN��wqp	¦���

f ∗0 (C)
rFi-£�muz���}«z#���¹qm � n�x�k�p+i#��~z#i#sp�m

C = 0
{��	i#o<z#i#r$� pwx�tlx�z�m<n��#qi#�©~�o<z#i#��z#i#s	p+mHq	m³t<�+��mlt<z°~��#muzA{q	i�i��	i#yw�

q!x��J�	y+�r;x��JrFi�£�muz8�#}«z#���	y	i#~#m�k�mlq	x�k¯Fm?q!x�pwn�i�q3y!x�~#muq
k
{��3i#q!x0~#tu��k��

~#}«��m�{�s	mur
f ∗0
�z¯Ft<n��?p�i�~#tlmur3i�y#kO�	q	x�z�x�r

f ∗0 (C)
k�i��°x�~.�wz#� ~�m<n��	s3�	q�

−kC
{

z�� m��
R∗(C) = f ∗0 (C)+λC (λ = −k),

z#i��	i#t<z#y	i#muq	q!xA� zAx�p��	r8i��#y!x��li#r0Á���q	pw�
¦���«�rFmlmuz~jz#i#s	p+m

C = 0 � i#y��w��i#qwz�xAn!�#q���¼i#�	i#yq��� �	y°�	r$����{�q�� � k�m�qm�	mlymltlmupwx������w�³t��3t
R∗(C)

�nMÀx�p��r»i#�#y!xA��i#r|{
R∗(0) ≥ R∗(C) ∀C ∈ VC

{
z���m��!r;x�p�t=�	r$��rJÁ¡��q	p¦�����k�i#tuz��£º�	rFi#tuz��j�-x�k�x�s��8¥ ��� Î7@°¨�i#p�x��-x�n�t½�j~�z#i�s	p�m
C = 0

{�t�n�m�k�i#~°x�z�m<n��#qi	{��!x�y!x�rFmuz#y3�	s	mltlp+i#m�y!x�tu�¤�y	mlq��	m�x)x � y!x�qw£�x0¥ ��� @ ò ¨olp	~��	~°xAn�muqz#qi)�-x�k�x-s	m�¥Ã�±� Î7@°¨�{°x���q!x-s��z^���	t v°i�k�q	i�� ��x�k�x�sm�Ä¡�±�+ôHs	ml~.�+k�q	i	{
sz#i��	y���n!�³�#i#r��lq!x�smlq����

λ
{wi�z�n��	s	qi#r¹i�z

−k
{���q	x�s	muq��	m�y	x�tu�^�	y	muq	q	i#�©�-xA�

k�x�s3�ª{¢y	x�~#q	i#m�r;x�p+t`�	r;xAn!�#q	i#�i�y#kO�	q	x�z#m�Á���q	p	¦3���?k�i#t<z.�£º�	rFi#t<z.�ª{ª�#i�n!����m
��q!x-s	mlq3��¶�-x-k�x�s3�?Ä¡���

ñ�i � k�x�¥Ãy��	t��+��� ð)A ¨<{�zAx�p+i#� i��	i#y	q	i����	y°�	rFi#��qm<n����u���	i#tuz�y	i.�wz#�	{+q��	p�x�p�i#m
��q!x-s	mlq3�	m

λ
q	m;i#�#mutl�	mus��z³turFmu��mlq��	m�r;x�p�t=�	r$��r;x

R∗(C)
~¤z#i�s	p�

C = 0
�)MÀx�pª{

q!x³y��	t����±� @�ù{ ç x��#tui�n���z�q	}|�±r;x�p�t=�	r$��r�Á���q	p	¦�����k�i#tuz��£º�	rFi#tuz����	t v°ilk�q	i#�
�-x�k�x�s��±i#p�x���xAn�t½�±q!xH�	y!x�~�i#r=p�i#q	¦m|i�z#y	m<��p�x

VC
�8MÀx�p�p�x�p�z�i#s	p��r;x�p�t=�	r$��r;x

rF}3v°i�z��	r´tlrFmlt<z.�z#�±~�z�i#s	p�
C = 0

{+z#i�~#}|�.�	y	x�mlr
λ
i�z�y��	¦!xAz#m<n���q	}¤r|�!��y��

ouz�i#rê�	y!x�~#}|��p�i#qml¦
R∗(λ,C)

i#�w�#tuz��z°t½�ª{���x�z#i©n�ml~�}|�8�i�k�q��rFmuz#t½�ª{X���	y��
q	mlp+i�z#i�y	i#r

λ0
k!n!��k�~��°vj�lq!x�s	muq��	�

C
{�i�k�qi����p+i�z�i#y	}�v?�#i�n�����m�{�x�k�y� � i#mrFmlq	����m�q�-n	�ª{	��q!x-s	muq���

R∗(λ0, C)
i#pwx�£��+z#t½�¶i�k��	q!x�p+i#~#}|rd�ª��x��³��i#m:�w��rFm<�
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{ {
C

V C
V

C C0 0

)(*
0

Cf

)(*
0

Cf

0arctg k

C0l

)(* CR

)0(*
0

f
),( 0* lCR

*
0

f *
0

f
)(*

0
CfC

Cn

áàY}ZK[�\K¬�\®��.\�G�³8/_±+3_Z_¹¤·?´�[]µ�Z_æ�ZK²}´�[]µ�ZÕ&¶[ñ¸?³L-?°`¹8ý  ±�´1ü ·�°6ý?°1[.0éZ_ýKå./_ZKåh®�°`üçý?°'/_æ6°
/Kå 5 ±+&�Z+&@°=¸?å./_µ)/?´��

ö��§&�èdã_³�±.¸�°`¹£&)/_Z+*¦�B³8/_±+3_Z_¹���ø�� �B³L/_±Q3_Z_¹þ&�èdã_³�±.¸�°`¹£&)/_Z+*h&:´1±_ý?å][]µ)/K´�[]µ�Z
µ#´2-_±_Z

C = 0

qmlq��	m
λ
�	y��~#i�kO�wz�p·�i#~#}«��muq��	� �lq!x�s	muq���·y!x�t<�¤�	ymlq	q	i#�·�-x�k�x�s��¢�¤��y��

λ = λ0
�lq!x-s	mlq��m�y!x�t<�¤�	y	muq	q	i#���-x�k�x�s��

maxR∗(λ0, C)
rd�	q��	r;x�n��#q	i��	i

λ
{

qi�~#}«��m¡��q!x-s	mlq3����	t v°i�k�qi#�¶�-x�k�x�s��
f ∗0 (0)

�
ôH�#tu�lkO�	rÅq	mlp+i�z#i�y	}|m�t�n�m�k�t<z#~.��«����#t<n�i�~.��8oup	~.�	~#xAn�mlqwz#q	i�tuz_��y!x�tu�^�w�

ymlq����x)x � y	x�q£±x��
ð ¨�mlt�n���Á��wqp	¦���³k�i#tuz��£º�	rFi#tuz��

f ∗0 (C)
~#}|���pwn�x{�z#i¤y!x�t<�¤�	ymlq��	mîx)x � y!x�qw�£±x��-x�~�m�k�i#rFi±olp	~.�~°xAn�muqz#qi¥Ãy��t�������@{Ôð¢¨�!

�#¨«mlt�n��?Á¡��q	p¦����k�i#tuz��£��rFi#tuz��
f ∗0 (C)

tuz#yi � i�~#i � q�+zAx¥ k�x�£�m�z#iAn��#p�i~i�p	y	mutuz#qi#tuz.�
C = 0

¨<{�z�i=y!x�t<�¤�	y	muq��	m�x)x � y!x�q£±xj�-x�~#m�k�i�rFi=q	m�olp	~.�~°xA�n!mlqz�q	i¥�y��	t������ ð)A {Ôð¢¨��
Æ z#i#r t<n	�ws	x�m�{�p�i � k�x8y	x�tu�^�	y	muq��	molp~.�	~°x�n�mlqz�q	i	{�rFi-£�qi8~�i#tl�i�n����li��~#x�z#��t��?tl~�i#�	t<z#~#i#r¾tlm�k!n�i�~#i#�?z�i#s	p��h�?i#�	y	m�k�m<n��wz#�©y	mu��mlq��	m

x∗
�-x�k�x�s��PÄ¡�

�w���#t�n�i#~���
f0(x

∗) = min
λ

max
x∈Vx

R(x, λ).

��y��jouz�i#r¾Á���q	p	¦��3�
f0(x)

�
f(x)

rFi � ��z��#}«z#���?qm�kO�	Á¡Á¡mly	muq	¦��	yw�°mlrF}|rd�¥ k!n!�©t<����mlt<z°~#i�~°x�q����r;x�p+t`�	r$��r;x)k�i#t<zAx�z#i#sq	i��wv�q	mu�	y	mly}|~#q	i#t<z_�ª{!i � y!x�q��w�smlq	q	i�tuz��h����x�rFp	q�+z�i#tuz.�PrFq	i-£�mlt<z#~°x
Vx
¨��

ô³z#rFm<z.�	r|{�sz#ijp+i � k�x¶y	x�tu�^�	y	muq��	m�q	m±olp	~��	~°xAn�muqz#qi	{�rFq	i-£��wz#m<n��ª{��	y��p+i�z�i#y	}�v�r;x�p+t`�	r$��r
R(x, λ)

�i
x
rd�	q��	r;x�n�mlqª{;q	m¶y!x�~�q	}&tli#t<z�x�~�n!�	���¤�	r

� y!x�k��	mlqzAx)�wn!i#tlp+i#tuz��ª{�p�x�t�xAz#m<n!�#q	i#� p�Á��wqp	¦���� f ∗0 (C)
~�z#i#sp�m

C = 0
��ôHq��

tui#i�z�~#muz�tuz#~��w��zjy!x�~�mlq	t<z#~��Pr;x�p+t`�	r;x�n��#q	}�v?��q!x-s	mlq3�	�
R∗(C)

~�q	mltup�i�n!�#p��wv
z�i#s	p�xAv�{���rFmu£�k��O�Hp�i�z#i#y}|rd��q!xAv°ilkO�z�t���z#i#spwx

C = 0
��ó�n!���-x�k�x�s���t�ilk�q��	r
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�#t<n�i�~.�	mur�z�x�p��wv�z#i#smlp�r;x�p+t`�r$�wr;x)i#p�x��-x�n�i#tu�¡k�~#m���ó�n!� t<n	�ws	x��
m
�w��rFmlym<�

q��	�?rFi-£�q	i��	ym�k��i�n�i�£º�z��	{�sz#i�s��t<n�i�r;x�p+t`�	r$��rFi#~�qm)����k�muz��	y	mu~#}«��x�z#�
(m+ 1)

�!ñ�x�p�k�i#p�x���xAnPñ�x�y!x�z�mli�k�i#y��ª{!ouz�i���z�~#muy+£�k�mlq��m�tu�	y!x�~#m�k!n��	~#i	�
�óÐ í F ã�H�à��8à ð àæH�à å ã+à�� � F ß!ã+K Þ!Þ ß!ç�è Ð é�ç,Ñ|â é æ Ý�½ ß�ÑBÑ Z Ý ç�ß Þ K F é Ð í F ã°ë

H�à���à ð àæH�à å ã Þ ä�ß�à1¼ æ áuâ±éAç � H æ ¼êç Ë�æ Z�à�í�à)J~Z Ý ç � Þ ã+à½ä � F ß!ã+K Þ!Þ \ í�à)J¥Z Ý ç � Þ ëã°ç_]8° �BÐ í F ã�H�à���à ð àæH�à å ã+à�� ä�ß�à1¼ æ áuâ±éAç
D
é¡í Ý àAá<â Ý ç�ß�á<â±é æ

Rm ß!ç�è Ð é�ç,Ñ|â
ä¡ß�à1¼ æ á<â±é�à � é�ã�H�Ñ å ç,Ñ Ë±ælæ é�á æ�ß H æ ä æ ß!â Ð

D
Þzß H æ ä æ ß!â Ð

Rm � ã+à-â±à Ý�Ð;æä�à�Z F â ð#Ð â4�3í�àæH F°åæ ß Ð í�à�á Ý�æ JAáuâ±é�à½ä à-í æöÝ ç8K Þ!Þ�F á Ý�æ JAß æ ß Þ�îpß H æ ä æ ß!â±àAé
ä¡ß�à1¼ æ á<â±é�ç

D
°

��i#t<z#y	i.�r,~�}|���pwn!��� i#�#iAn�i#s	p�
CoVCf

∗
0 (C)

Á���q	p	¦��3�´k�i#t<z.�w£��	rFi�tuz.�
q!x=rFqi�£�mlt<z#~#m

VC
�FÆ q	mup�i�z�i#y	}�v¹z�i#s	p�xAv´i#q!xtli#~��!x�k�x�muz0t

f ∗0 (C)
{F~?k�yw�+�

� �wvP�y	i-v°ilkO�z�~�}«��m��ªÆ¸z#m<v?z#i#spwxAv�{ � k�m�~�}|���pwn�x��i#��i�n�i#s	p�x�tui#~#�!x-k�x�muz©tÁ��wqp	¦��	mu��k�i#t<z.�£º�	rFi#t<z.�ª{�n��³�°xA�§i��	i#y	q!xA�§p
f ∗0 (C)

��n�i#tlp+i#t<z#�=�~�n!�muz#t½�
i#�	i#yq	i#���?p?~�}|���pwn�i#�Pi��#i�n�i�s	p�m�{	k	n!��k�y� � �wvj�lq!x�s	muq��	� C i�q!x��	y	i�v°i�kO�wz
~#}«��m�{�s	mur

CoVCf
∗
0 (C)

{Ax��lq!x�s3�z�{Az#mlr�#iAn�mlm�~#}«��m�{�s	murÁ���q	p	¦3���k�i#t<z.�£º�w�
rFi#tuz��ª�"M$x�p3�	rºi#�#y	x���i�r|{¸æ á H Þ é©â±à å ã æ

C = 0 � F ß!ã+K Þ�î JAà�áuâ Þ ¼ Þ ä�à�á<â Þ
Þ0æuæ é Ð í F ã�H�ç î à ð àæH�à å ã°ç¶álà�é�í!çLJAç,Ñ|â � â±à Ý ç#á ��Þ�Ý�æ ß Þ�æ¶a ç8Z Ý ç�ß�¼¸ç ß ã+é Þ é�ç�ë
H æ ß!â�ß�à ¥ k�i#t<z�x�z�i#s	q	i�m��#t<n!i#~.�	m�oup	~.�	~#xAn�mlqwz#q	i#t<z_��¨��
Ä�muz�y��k�qi)�	i#p�x���x�z#�	{#sz�i�o<z#i��#t<n�i#~��	mó�±q	mui#�-v°ilkO�	rFi{�z��#m��#~Hz#i#r�t<n	�ws	x�m�{

p�i � k�x
CoVCf

∗
0 (0) > f ∗0 (0),

¥ ��� @7�°¨
y!x�t<�¤�	y	muq��	m¶x)x � y	x�q£±x�q	m¡olp~.�	~°xAn!mlqz�q	i	�

MJm�i)y�m�r�xµñ¡x�y	x�z#mui�k�i�y��"��� H î í�à�áuâ Ý à æ ß Þ�î HOÑ ð à��jâ±à å ã Þ é Ð í F ã�H�à��
à ð àæH�à å ã Þ ä�ß�à1¼ æ áuâ±éAç

D
éHí Ý àAá<â Ý ç�ß�á<â±é æ

Rm ß F ¼¸ß�à F á Ý�æ J�ß î â4��ß æÉð àæH ælæ
(m+ 1)

ëIZ�à ß H æ ä æ ß!â�ç
D
�

õÀx��lrFmly	qi#tuz#���i�k � y!x�Á:�	p�x�y!x�~#q!x (m+ 1)
{!q	i�rF}¸tuz#yi.�	r3m � i � y!x�q3�	¦��{z�x�pjsz�i s��	t�n�i��#tuy	m�k�q�	murF}«v¶��q	x�s	muq��	�

f ∗0 (C)
q	m¡�#i�n�mum

(m+ 1)
�

êéJ��.c��RQM�?�M�M�Ó�Ò�R�.¿RL��RÅ��KLO��J��M�R�K� �R�7�R�_�KJ�Ú�Ç��Q��Lb���RJ���J3�?��L	�,L��
ôH�#i#����mlq��	murJy!x�t<�¤�	ymlq����x)x � y!x�qw£�x�k!n!����x�k�x�s3�?Ä¡�ï�~�n!�muz#t½�¶��x�k�x-s!x

R̂ = f0(x) + Φ(f(x))→ max
x∈V

,
¥ ����@76#¨

� k�m Φ D&�	y	i.�w��~#i�n!�#q!x��¶q	ml�y	mly}|~#q!x��?Á���q	p	¦���¢{��y��	s	mur
Φ(0) = 0.

M$x�p��	r
i#�#y!xA��i#r´q!x�rFq	i-£�mltuz�~#m

D
{	p+i � k�x f(x) = 0

{¦	m<n!ml~#}|m¡Á¡��q	p¦����)�	t v°i�k�q	i��)�
y!x�t<�¤�	y	muq	q	i#�j��x�k�x-sjy	x�~#q	}�{�x�t<n�x � x�mlrFi#m Φ(f) �	tls	m<�-x�muz��
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õÀx�t<�¤�	y	muq��	�µ¥ ����@76#¨/tli�i�z#~�muz#t<z°~��#muz���x�k�x-s!x{�z�i�£�k�mlt<z#~#muq	q!x����-x�k�x�s	m�Ä¡�
~���k�x

R̂ = f0(x) + Φ(f(x))→ max

/

f(x) = 0,
x ∈ Vx.

¥Ã�±� @7Î#¨
N���q	p	¦3��©k�i#t<z.�£º�	rFi#t<z.�j�-x-k�x�s��8¥ ��� @7Î°¨

R̂∗(C) = f ∗0 (C) + Φ(C).

B/y!x-kO�	muqz���o<n�murFmlqz�}êr;xAz#y��	¦} Bwmutltlm�k!n!��o<z#i#�©Á���q	p	¦����Û�	rFmu��z±t�n�m�k!�w�¤�
�^�	�j~.�+k��

∂R̂∗

∂Ci

=
∂f ∗0
∂Ci

+
∂Φ

∂Ci

, i = 1, 2, . . . ,
¥Ã�±� @7@°¨

∂2R̂∗

∂Ci∂Cj

=
∂2f ∗0
∂Ci∂Cj

+
∂2Φ

∂Ci∂Cj

∀i, j.
¥Ã�±� ð)A7A ¨

MÀx�p��r�i#�#y!xA��i#r|{	r;x�z#y3�	¦!xÕBwmutltum�k!n!�¶Á���q	p	¦��3��k�i#t<z.�£º�	rFi�tuz.�?�	y	mui#�#y!xA��i��
~#x�q	q	i����-x-k�x�s��¶�	y	m�k�tuzAx�~�n	�	muz�tli#��i#�¶t<�wrFr$�

Γ = γ +∆,

� k�m γ � ∆
D�r;xAz#y��	¦}�Bwmltutlm¡Á��wqp	¦�����k�i#tuz��£º�	rFi#t<z.���	t½v#i�k�q	i��¶��x�k�x-s��)�

�tls	m<�-x�����m � i�t<n�x � x�murFi � i�tui#i�z#~�muz�tuz°~�mlq	q	i	�AÆ=s	x�tuz�q	i#r?t�n!��s!x�m�{�p�i � k�x|Á¡��q	p��¦3��
Φ
n��	qml�	q!xw{y!x�tu�^�	y	muq��	m ¥Ã����@+6�¨;tli#~#�	x�k�x�m<z�tHy	x��¤�	ymlq��	murix)x � y!x�q£±x{r;xAz#y��	¦	x

∆ = 0
�¶~#}|���pwn�i#t<z#�

R∗(C)
i��	y	m�k�m<n!�muz#t��j~#}|���pwn�i#t<z#�#�

f ∗0 (C)
�

��J3�Í�	S�9�LOQML���âã�}�M�R�M�R�
Φ
N�Lz9��M¢�ÅO��£½�_�M�O�M��J3�0�K�M¢��ML��.¢3��QMJ��.c���ä

QM�K�R�X£ � �H�#tuz���Á¡��q	p¦��� R∗(C)
k�~°x�£�k�}»kO�	Á¡Á¡mlymlq	¦��y�#mlr;x{Fz�i � k�xjk!n!�oup	~.�~°xAn�muqz#q	i�tuz.�Jq	mli#��v°i�k��	rFi	{Fsz�i#�#}&~z�i#s	p+m

C = 0
i�q!x�#}�n�x=t<z�x�¦��	i��

q	x�y	q!xj¥�tlr|��¥Ã����@ ð ¨ ¨_�
(

∂R∗(C)

∂Ci

)

C=0

= 0⇒

(

∂f ∗0
∂Ci

)

C=0

= −

(

∂Φ

∂Ci

)

C=0

∀i.

� n!m�k�i�~°x�z#m�n��#q	i{°~Hz#i�s	p�m
C = 0 � y!x�kO�	muqz#}JÁ���q	p	¦��	� f ∗0 � Φ k�i�n	£�q	}´�#}«z#�y	x�~#q	} �	i���q!x-s	muq��	� �J�	yi�z.�	~�i#�	i�n!i�£ q	} �	i0�lq!x�p���Fó�i�tuzAx�z#i#sq	}|r �#t<n!i��

~��	mlr�oup	~.�	~#xAn�mlqwz#q	i�tuz_�¶�	~�n!�muz�t��¶~#}|�	iAn�q	mlq3�	m¡�#t<n�i�~.�	�jt<z�x�¦��	i#q	x�y	q	i#t<z.���
~�}|���pwn�i#t<z#��~#~#muy°v�Á���q	p	¦3���

R̂∗(C)
�

ó�y� � �	r=i����¤�	rtui#i#��y!x�£�mlq3�	mlr|{Ai#�	ym�k�m�n!�	���¤�	r�~#}«�#i#y Φ {��	~An!�	m<z#t½��z�i	{swz#i©q!x rFq	i�£�mutuz#~�m
D
{��	y��

C = 0, R∗(0) = f ∗0 (0)
�Pq	m)��x�~.�	t=�z�i�z©~.�+k�x��
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�!x�y!x�rFmuz#yi#~¶Á��wqp	¦����
Φ
�x�Hz#i��#}

R̂∗(0)
i#pwxA�-xAn�i�tl��r;x�p+t`�	r;xAn!�#q	}|r·��q!x-s	m<�

q��	mur
R∗
{�Á¡��q	p¦���

Φ(C)
k�iAn!£ q!x �wrFmuq	����x�z#�

f ∗0 (C)
pwx�p=�y��

C < 0
{�zAx�p

�=�y��
C > 0

�ª��y��ouz#i�rêx���tli�n!��z#q}|��r¬x�p�t=�	r$��r
R∗(C)

��x�~#m�k�i#rFi���rFmlq	���
��x�m<z#t½�ª{!x�z�x�p©p�x�p�i#q�i � y!x�q��	smlq�tuq���u���lq!x�smlq��	mur R∗(0) {�z#i�rFi�£ q	i�q!x�k�m<��z��#t��¢{+sz�i)~��	y	m�k�m<n�m�i#q�tuz�y	mlrd�wz°t���p�ouz#i�r$�±�lq!x�smlq��	�)��N���q	p	¦��3�

Φ(f(x))
{

y!x�~#q}|m�q�-n!�µq	x�rFq	i�£�mutuz#~�m�k�i#��#t<z.�	rF}�v�y	mu��mlq��	�)���wrFmuq	����x����^�	m�p	y3�w�
z#muy��	�=y!x�t<�¤�	ymlq	q	i��=��x�k�x-s��jk	n!�jn����#i � i�qm�k�i#�w�#tuz.�	rFi � i©y	mu��mlq���¢{ªq!xA��}��~°x���z � â Ý ç � ß Ð ä Þ � F ß!ã+K Þ�î ä Þ!�$Æ y!x�t<�¤�y	mlq	q	i��¹�-x-k�x�s	m�n����#i#�§~#mlpwz#i#y
x ∈ Vx

k�i���#tuz��	r|{¢q	i�mlt�n��Pi#q?q	m)�lk�i#~�n!muz#~�i#y+�muz©y!x�~#muq	tuz�~°x�r
f(x) = 0

{!z#i
��z�y!x�Á¡q!x���k�i#�°x�~�pwx

Φ(f)
t<z#y	murd�z°t½� t k�m<n�xAz#��zAx�p+i#m¤y	m<��muq��	m�q	ml~�} � ilk�q	}|r|�Ä¡x�p+i#q	mu¦ª{-�i#t<n!m�k�q	mum�tui#i#��y!x�£�mlq��m�{��	i���~#i�n	�	����mlm;~¤y+�+k�m;t�n!��s!x�mu~�q!x��z.�

~.��k¶Á���q	p	¦����
Φ
{�i#tlqi#~°x�q	i�q!x�n�murFrFm�ñ�y	i�z�i#~°x©¥�tlr|�w�ª���#¨<�#ó�n!��oup	~.�	~°x�n�mlqwz��

q	i#t<z.�jy!x�tu�^�	y	muq����k�i�tuzAx�z#i#sq	i	{�sz#i#��}Åi��z.�	r;x�n��#q	i#m¡y	mu��mlq��	m)y!x�t<�¤�	ymlqw�
q	i#�¡�-x-k�x�s3�¨�wn���i�k�qi����i��z.�	r;x�n��#q	}�v�y	mu��mlq��	�¢{Amlt<n��^�wv¡rFq	i � i	{-i�pwx���xAn�i#tu�k�i#��#t<z.�	rF}|r§k!n!�Û�	t v°i�k�q	i#�©�-x-k�x�s��¢{z-�	m��w��k�i#~An�muz�~#i#y+��n�i±tl~���l�r

f(x) = 0
�

��i#ouz�i#r$�#{À~#}|�#y!x�~
Φ
z�x�pª{$swz#i#�#} Á���q	p	¦3��

R̂
~Py!x�t<�¤�	y	muq	q	i#�´��x�k�x-s	m�k�i��

tuz�� � x�n�x�r;x�p�t`�r$�wr;x�k!n!�ji#smlq	� rFq	i � �wv���q!x-s	mlq3�	�P~#mupz#i�y!x x ∈ Vx {�rFi-£ q	ii�£º��k�x�z��	{#swz#i�v°i�z-���#}�ilk�q	i:��¤q��wv�i#pwx�£�m<z#t½��k�i#��#tuz��	rF}¤r|{°z�i � k�x{°tli � n�x�t<�q	i�n�murFrFm)ñ�y	i�z�i#~°x{	y!x�t<�¤�y	mlq��	m)olp~.�	~°x�n�mlqz�q	i	�
ê6J��.c��MQR�K�M�R�E���R�.¿ML��RÅ��KLO��J��M�R�K�Óc�¢�QRJ�â���S�ÂÃâU�}�M�M�R�M��W�õÀx�tu�¤���

y	mlq3�	m|k!n!�±�-x-k�x�s���Ä¡�¸i#�#y	x��l�#m<z#t½��t��	tl�i�n����li#~°x�q3�	mlr0��z#y	x�Á¡q	i#��Á���q	p	¦����
rFq	i�£�mutuz�~°x�k�i#��#t<z.�	rF}�vjy	mu��mlq���Po<z#i#�¶��x�k�x-s��

R̂(x, a) = [f0(x) + Φ(a, x)]→ max /x ∈ Vx.

��y��Á¶�p�t`�y	i#~°x�q	q	i#r
a
y	m<��mlq3�	m�o<z#i#���x�k�x�s3�

x∗(a)
q	m�i#�-��-xAz#m<n!�#q	i��y��w�

q!x�k!n!mu£º�z
D
{�x�t<n�m�k�i#~°xAz#m<n!�#q	i	{

R̂(x∗(a), a) ≥ max
x∈D

f0(x).

��i´rFmly	m=y	i�tuzAx
a
�)z#y!x�Á �-x´q	x�y�+��muq��	m0i � y!x�q3�	s	mlq3�	�·�-x�k�x-s��·y!x�tuz�muzg�r;x�p�t=�	r$��r�	i

x
Á¡��q	p¦����

R̂(x, a)
t<z#y	murd�z°t½��p)�lq!x�smlq��	�¹�-x�k�x-s���Ä¡�

f0(x
∗)�	y��¶q	mlp+i�z#i�y	}�v¶�#t�n�i#~.���v�{�p�i�z�i#y	}|m��	y��	~�m�k�mur3�#m<�Hk�i#p�x��-x�z�m<n���tuz#~°xP�

ï¢F á<â4�´í�àAá H æ JAàAéAç�â æ HO�°ß�à�á<â4�
x∗(a)

Þ ä ælæ â í Ý�Þ
a → ∞

í Ý�æ J æ H��°ß F Ñ
â±à å ã F ò ä�ß�à1¼ æ áuâ±é�à � à-í Ý�æ J æ H î�æ ä�à æ·F áIH�àAé Þ�î ä Þ

|f(x)| ≤ ε � à¥Z Ý ç�ß Þ!åwæ ß�à
í Ý�Þ ß æ ã+à-â±à Ý à½ä

ε > 0 ò � F ß!ã+K Þ!Þ
f0, fi

à-í Ý�æ J æ H æ ß Ð,Þ ß æ í Ý�æ Ý�Ð é�ß Ð é
Rn �ç

f0
à�Z Ý ç�ß Þ!åæ ß!çjáué æöÝ�½�F ò � F ß!ã+K Þ�î

Φ(a, x)
î é'H î�æ â±á îz� â Ý ç � ß�à�� � F ß!ã+K Þ ë

æ �3ä¡ß�à1¼ æ á<â±é�ç
D
é´áÖä Ð áIH æ J�ç�ß!ß�à�Z�à§é Ðd�±æ à-í Ý�æ J æ H æ ß Þ�îNÞ J_H î H�Ñ ð à�Z�à



ò�ò#ò ú¤Ð¢Í É Ñ�¡�Ï ý Í�Ï�÷»èEé	Ó�þ�Ð�Ï,��� É!Î#ý ü³Ï4e2�_���+Í�Í

a
ß æ í Ý�æ Ý�Ð é�ß�à Þ ä�à-ß�à-â±à-ß!ß�à8èAç#é Þ á Þ â à-â

fi
°��	à�Z,J�ç

lim
a→∞ x

∗(a) = x∗ � ç
lim
a→∞ f0(x

∗(a)) = f0(x
∗)

°
ô³z#rFm<z.�	r|{/swz#i�s3�	t<n�i©�!x�y	x�rFmuz�y	i#~�y	x�tu�^�	y	muq����~�ouz�i#r·t<n!��s!x�m�q	m�tl~����

��x�q	i¡t¤s��	t�n�i#r8i � y!x�q3�	s	mlq3�	�ª{+pwx�p±�	y���y!x�t<�¤�	ymlq����ºx)x � y!x�q£±x�#Ä¡x��	y��rFmlyª{
a
rFi�£�m<z��#}«z�� tlp�xAn!�y	q	}|r|{�pwx�p�i#~�}|rJ��}êq3�j��}�n�i�s��	t�n�i i � y!x�q��s	mlq���ª�ôHtuzAx�q	i#~��	rFt½�Å�	i�k�y	i#�#q	mum8q!x�qmlp�i�z#i#y	}�vN~���k�xAv·�)z#y!x�Á¡q	}�vÅÁ¡��q	p¦��	�

k	n!���-x-k�x�s3�jt��#t�n�i#~.��rd�j~±Á�i�y	rFm¡y!x�~�mlq	t<z#~	�
ð �! é�çLJ Ý ç�â Þ!å ß Ð � � â Ý ç � °

Φ(a, x) = −a
∑

i

f 2i (x),
¥Ã�±� ð)Að ¨

� k�m a > 0
�	Æ¾Á���q	p	¦3����k�i#t<z.�£º�	rFi#t<z.�¶tli#i�z�~#muz�tuz#~��w����mlm¡t<n�x � x�murFi#m��	rFmlm<z~���k

Φ(C, a) = −a
∑

i

C2
i .

¥ ��� ð)A �#¨
ñ¡xA�-xAn�i�tl�©�#}�{ª�	y3�Pk�i�tuzAx�z#i�s	q	i¶�#i�n�����i#r

a
rFi-£�q	i�k�i#���z#�#t½�ª{ªswz#i#�#}Çr;x�pw�

t=�	r$��r
R∗(C)

i#p�x��-x�n�t½�¶~±z�i#s	p�m
C = 0

�!�¡i�pwx�£�mur|{	sz�i ouz�i q	m�z�x�pª�

)(*
0

Cf

)(* CR

C

0

)(CF

Y}ZK[�\K¬�\®��\3G�³L/_±+3_Z_Z�·?´�[]µ�Z_æ�ZK²}´�[]µ�ZºZK[Iý,´!·Q/K´2��Z4ý�°1[æ0éZ_ýKå./+/K´2�±*�°=·�°�-º[
±+&@°=·Ký?°`µ�Z+-+/_è§²»0�µ�ý?°2�ó´�²

Ä¡x�y��t��!��� ð#ð �	i#pwxA�-x�q©~.��k
f ∗0 (C)

�!®�zAx�Á���q	p	¦����~�}|���pwn�x{��©y!x�t<�¤�	ym<�
q3�	m�x)x � y!x�q£±x)~¡k�x�qq	i#r§t�n!��s!x�mH�#}�n�i��#}¾oup	~.�	~#xAn�mlqwz#q	i��	y���p+i#q	mlsq	i#r λ �õ�x�tu�^�	y	mlq3�	m�£�m tº�	tu�	i�n�����i#~#x�q��	murµÁ���q	p	¦��3����z�y!x�Á�x§¥ ��� ð)Að ¨Hi#pwx�£�m<z#t½�
oup	~.�~°xAn�muqz#q	}|r�n����� ~±�	y	m�k�m<n�m)�y��

a→∞
�wó�mu�	tuz�~.�z#m<n��#q	i{�~#}|s3�	t<n��r

�y	i.��l~#i�k�q���ïÁ¡��q	p¦����
R∗(C)

�

dR̂∗

dC
=
df ∗0
dC
− 2aC.
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ÆNz#i#sp�m
C = 0

~�z�i#y	i#m±t<n�x � x�mlrFi#m�k	n!�n����#i � i�p�i#q	mus	q	i � i a y!x�~#q	i�q�-n!�����i#ouz�i#r$��mut<n��
df ∗0 /dC 6= 0

{�z#i¡Á��wqp	¦���
R∗(C)

q	m|rFi-£±m<z:�	rFmuz��)r;x�p�t=�	r$��r
~¹q��n�m�{|zAx�p¸p�x�p·q	m=~#}|�	i�n!q	mlq	i�qmli#��v°i�kO�rFi#m=�#t�n�i#~.�	m�mum�r;x�p+t`�	r$��r;x·D
�#t<n�i�~.�	m�t<z�x�¦3�	i#q!x�yq	i#t<z_�ª�

� y	i#t<z#i�r
a
Á���q	p	¦���

Φ(a, C)
t<z�x�qi#~.�z�t���~#tum|p	y��s	m�{#z#i�s	pwx�r;x�p+t`�	r$��r;x

R∗
q!x)rFq	i-£�mlt<z#~#m

VC
tuzAx�q	i#~��z#t½�©~#tlm���n��w£±m�p�qw�-n��)�	ô�¦mlq	p�x{w�i�n!��s	mlqq!x��

���y	mu��mlq��w�j�-x-k�x�s��

R∗(a) = max
x∈Vx

[

f0(x)− a
m
∑

i=1

f 2i (x)

]

,

t¤y	i�tuz#i�r
a
��rFmlq����x�m<z#t��º��t<z#y	murd�z#t�� p±�lq!x�s	muq��	�º��x�k�x-s�� Ä¡�·�	y��

a→∞¥Ãy��t������ ð ��{ ç ¨��

C

)(*
0

Cf

00

)(* CR*
0

f

)(* aR

a

à áY}ZK[�\?¬�\®!à.\�"k*!²}å./Kå./_ZKåh*,/?°�-?åæ/KZ_¹4ä?°1[.0éZ_äKå./+/K´2�±*�°=·�°�-_Zº[ÉäK´�[]µ#´�²�0�µ�ä?°2�r/K´1ü!´
±�´ 5 �h�BZ+3_ZKå./_µ1°�õ ö8ù0Z�[Ì¸K³L-?°'��&�èdã_³�±.¸?´2��&)/_Z+*�Z�[]µ1°'3_ZK´2/?°`ä+/K´2�Õ&Y/_³�¸?åh�B³L/K±+3_Z_Z

·?´�[]µ�Z_æ�ZK²}´�[]µ#ZCõ ø�ù
Æ�rFmutuz�m8tz#mur q	mu~#}|���pwn�i�tuz#�

f ∗0 (C)
s!x�tuz#i�q	m=�	y	mu��z�tuz#~��#muzÁ�	tl�	iAn����

��i#~#x�q��	�Vp~°x�k�y!xAz.�	s	qi � iº��z�y!x�Á�x�¡�H�#t<z#�	{�q	x��	y��	rFmuyª{ f ∗0 (C) = 1 + C2¥Ãy��t������ ð ��{:ð¢¨�{�Á���q	p	¦���ê~#}|���pwn�xJ~�q���z�s�	tu�	i�n����li#~°x�q��	m8y	x�tu�^�	y	muq���
x)x � y!x�q£±xJq	m8�	i���~�i�n!�	m<zºtu~#mutuz.�N�-x�k�x�s�¸�#t�n�i#~�q	i#�Ni#�z.�rd��-x�¦3���ïpÅ�#mu�<��#t<n�i�~#q	i#�¢��N���q	p¦����k�i�tuz��£��rFi#tuz��§~¶�-x-k�x�s	m�tº�	tu�	i�n����li#~°x�q��	mlrÅp	~°x�k�y!xA�
z.�	sq	i � i��)z#y!x�Á�x��	rFmumuz ~.��k

R∗(C) = (1 + C2)− aC2.

ó�i#tuzAx�z�i#s	q	i��	y��q�z��
a = 2

{sz#i��#}¸mlm¡x��#tui�n���z�q	}|�jr;x�p+t`�r$�wr�i#p�x���xAn�t½��~
z#i#sp�m

C = 0
{�zAx�p=pwx�p

R∗(C)a=2 = 1 − C2 �/ôHz�rFmuz��	r|{/sz#i�~�z#i�s	p�m C = 0Á��wqp	¦���
f ∗0 (C)

tuzAx�¦��	i#q	x�y	q!xw�nå¡rFmuq	q	i=ouz�i�z0Á�x�pz��´�	i���~#iAn��wn§k�i#�.�z��#t½�
olp	~��	~°xAn�muqz#qi#tuz.�Py	x�tu�^�	y	muq���?�	y3�jp+i#q	mlsq	i#r��lq!x�smlq����

a
�



ò�ò � ú¤Ð¢Í É Ñ�¡�Ï ý Í�Ï�÷»èEé	Ó�þ�Ð�Ï,��� É!Î#ý ü³Ï4e2�_���+Í�Í

�w�# à½ä ð�Þ ß!çLK Þ�î ä¡à-ß�à-â±à�ß!ß�à�Z�à¤í Ý�æ à ð½Ý ç�è�àAéAç�ß Þ�î K æ H æ é�à�� � F ß!ã+K Þ!Þ á�ã+é�çLJ�ë
Ý ç�â Þ!å ß Ð ä � â Ý ç � à½äÀ° MÀi�z¤Á�x�pz�{�sz�i�y!x�tu�¤�y	mlq��m�td�	tu�	i�n�����i#~#x�q��	mur?p~°x�k!�
y	x�z.�	sq	i � iP��z�y!x�Á�x?r;i-£�muz?�#}«z��oup	~.�	~#xAn�muqz#q	}|rï�	y3��p�i#q	mus	q	i�r a

z�i�n����
p+i�k!n	���-x-k�x�s��¢{	�©p�i�z#i#y	i��jÁ���q	p	¦��w�©k�i#t<z.�w£��	rFi�tuz.�?t<z�x�¦��	i#q!x�y	q!x�~�z#i#s	p+m
C = 0

{/�y��	~#ilkO�zjp�rF}|t<n��0i¶¦	m�n�mltui#i#�#y	x���q	i�tuz.�8�	y	m�k�~°x�y��z�m<n��#qi � i?�	muy	m<�v#i�k�x±i�z��	t v°i�k�q	i#�¶�-x-k�x�s3�?Ä¡�Çt¡¦	m�n�ml~�i#�jÁ���q	p	¦��	mu�
f0(x)

p¶olp	~��	~°xAn�muqz#qi
�y	mli��#y!x��li#~°x�qq	i#�¾�-x�k�x-s	mt=¦m<n�mu~#i#�·Á���q	p	¦��ml�

F0(f0(x))
{«~´p+i�z#i�y	i#�

F0rFi�q	i�z#i�q	q	i§~#i��ly!x�tuzAx�����x��¢�hN���q	p¦���Jk�i#t<z.�£º�	rFi#t<z.�ºzAx�p�i��¾�-x�k�x�s��ï¥Ãtur|�
¥Ã��� ð)A �#¨ ¨

F ∗0 (C) = F0(f
∗
0 (C)).¯Fm¡�	y	i.�w��~#ilk�q!x��¶�y��

C = 0

dF ∗0
dC

=

(

dF0

df0

)

f∗
0
(0)

(

df ∗0
dC

)

C=0

.

®�z�i�~�}|y!x�£�mlq3�	m|i#�#y	x���x�m<z#t½��~�q��n��¡�	y��±rFi#qi�z#i#qq	i#�±Á���q	p	¦����
F0

{�q	x��	y��w�
rFmuyª{!~.��k�x

F0(f0) =
(

f0 − f
∗
0 (0)

)3
.

¥ ��� ð)A#È ¨
õ�x�tu�^�	y	mlqq!x��j��x�k�x-s!x±�	y��rFmuz�Á¡i#yr$�

R = F0(f0(x), β)− a
∑

i

f 2i (x)→ max
x∈Vx

,
¥ ��� ð)A ò ¨

x8tli�i�z#~#m<z#t<z°~�������x��ºÁ¡��q	p¦���Jk�i#tuz��£��rFi#tuz��3k!n!�
F0

{���x�k�x�q	q	i#�¾~§~���k�m
¥Ã��� ð)A�È ¨<{

R∗(C) = (f ∗0 (C)− β)3 − a
∑

i

C2
i .

��y���o<z#i#rµ�!x�y!x�rFm<z#y
β
qw��£ q	ih��lrFmlqw�z#�zAx�p��rïi#��y!x���i�r|{�sz�i#�#} i#q�i#pwx��

��xAn�t½�¶y!x�~#muq
f ∗0 (0)

�
È �+� à)J F HO�°ß Ð � � â Ý ç � ° åH��tlp�x��-x�q	q	i � i�~�}«��m�t<n�m�k��#muz�{#swz#i�k�i#t<z.�£�muq��	�oup	~.�~°xAn�muqz#q	i�tuz.�¶y!x�tu�^�	y	muq�����	y��Û�	tu�	i�n�����i#~#x�q����©p	~°x-k�y!x�z��	s	q	i � i��)z#y!xA�Á�x t�p+i#q	mus	q	}|r

a
�	y	ml�w�z#t<z°~��°muz©z#i	{�swz#i�~�o<z#i�rºt<n!��s!x�m � y!x�k��	mlqz Φ

�i
C�y��

C = 0
i#��y!x���x�muz�t���~�q�-n��	�¬®�z#i0£�m�v+x�y!x�pwz#mlyq	i�k	n!�´n����#i#�¹Á��wqpw�

¦3������z�y!x�Á�x{�kO�	Á¡Á¡mly	muq	¦��	yw�°mlrFi#�´~Pq�-n�m�{ÀzAx�p§pwx�p8z#i#s	p�x
C = 0

~#tum � k�x�~�n!�muz#t½��z#i�s	p�i#� r;x�p+t`�	r$��r;x
Φ
��ô�k�q!x�p�i�rFi�£ q	i:�	tu�	i�n����li#~°xAz#����z�y!x�Á¡q	}|m

Á���q	p	¦3���ª{Àq	m�k��	Á¡Á�muy	mlq¦��	y�#mlrF}¤m©~?z#i#sp�m
C = 0

�ÀÄ¡x��	�#iAn�����mum�y!x�tl�	y	iA�
t<z#y!x�q	mlq3�	m±�	i�n!��s��wn0rFilk��-n!�#q	}|���z�y!x�Á±��ó�n!�Po<z#i � i�t<n!��s!xA�=Á���q	p	¦3��?k�i��t<z.�£º�	rFi�tuz.�

R∗(C, a) = f ∗0 (C)− a
m
∑

i=1

|Ci|.
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Ä¡x�y3�	t������ ð-È �	i#pwxA�-x�q	ié��lrFmlqmlq��	m���q!x-s	muq����y!x�t<�¤�	y	muq	q	i#���-x-k�x�s��¢{Az��Am��
x��#tui�n���z�q	i � i�r;x�p+t`�	r$��r;x R∗(C, a) q!x¡rFq	i�£�mutuz#~�m VC t�y	i#t<z#i#r8�)z#y!x�Á¡q	i � ip�i#ouÁ¡Á:�	¦��	muqz�x

a
�+��y�� qmlp+i�z#i#yi#r�p+i#q	mus	q	i#r

a = a0
�	y	i����~#ilk�q!xA�

R∗(C, a)�	i
C
t�n�mu~°x�i�z�q�-n	��i�pwx��l}|~°x�m<z#t½���	i�n�i-£��wz#m<n!�#q	i#�ª{Ax¤tu�	y!x�~#xrDêi�z#y3�	¦!x�z�m<n����

q	i#�ª{�x���tli�n���z#q	}«�=r;x�p+t`�	r$��r
R∗

k�i#tuz�� � x�muz#t��~�z�i#s	p+m C = 0
{�q	m<�-x�~.�t`�	rFi

i�z�~#m�n��	s��	q}µk!n	�Pn����#i#�=qml�	y	muy	}|~#q	i��0Á���q	p	¦����
f ∗0 (C)

t�i � y!x�q��s	mlq	q}|rq!x�pwn!i#q	i#r|�

a0a0

),(* aCR

Y}ZK[�\?¬�\®��.\�"k*!²}å./Kå./_ZKå¦*,/?°�-Kå./_Z_¹4ý?°1[.0éZ_ýKå./+/K´2�±*�°=·�°�-_Zº[ÉýK´�[]µ#´�²
a
·_¸K¹

²}´�·K³�¸Q()/K´1ü!´Y0éµ�ý?°2��°
Ä�mu�lk�i#�#t<z#~#irFi�k!�-n��#q	i � iP�)z#y!x�Á�xPtli�tuz#i��z�~?z�i#r|{Àswz#i¦	m<n!ml~°xA�§Á���q	pw�¦���Jy!x�t<�¤�y	mlq	q	i��¾��x�k�x-s��3q	m¶�	~�n	�	muz�t½� � n�x-k�p�i��Á�3mum � y!x�kO�	muqz§�	i x q	mtu�+��mutuz°~��°muz��	y��¶~#tlm�v

x ∈ D
�

ò �$ à�ä ð�Þ ß!ç8K Þ�î � F ß!ã+K Þ!Þ)a ç8Z Ý ç�ß�¼¸ç�á¡ã+é�ç8J Ý ç�â Þ!å ß Ð ä � â Ý ç � à½äÀ°z� i��
tuzAx�~.�	rJy	x�tu�^�	y	mlqq�w�ï�-x-k�x�s�©~±Á¡i#y	rFm

R(x, a, λ) = f0(x) +
∑

i

λifi(x)− a
∑

i

f 2i (x)→ max
x∈Vx

�¶tli#i�z#~#m<z#tuz#~��������w�Çml�¶Á¡��q	p¦��	�Åk�i#t<z.�£º�	rFi#t<z.�

R∗(C, a, λ) = f ∗0 (C) +
∑

i

λiCi − a
∑

i

C2
i .

¥Ã�±� ð)A �#¨

¯Ft<n��j~#}|��y!x�z#�
λi = −

(

∂f ∗0
∂Ci

)

C=0

,

z#i � y!x�kO�	muqz�t<��rFrF}¼�mly	~�}�v§k�~��°v¹t�n�x � x�mlrF}�v¹~3¥Ã��� ð2A �#¨�~=z#i#sp�m
C = 0i#pwxA£�muz#t½�8y	x�~#q	}|rÅqw�-n��){Àx¶~jo<z#i#rÅt<n	�ws	x�m�{�pwx�p0�	i#p�x��-x�q	i?y	x�q	mlm�{��	y��8p+i��

q	mlsq	i#r
a
r;i-£�muz���}«z#�³k�i�tuz.� � q�+z�x��#tui�n���z�q	}|��r;x�p+t`�	r$��r R∗ �i C ~Hz#i�s	p�m

C = 0
¥��	y���o<z#i#r�rFq	i-£±mutuz�~#i

VC
�	y	m�k��	i�n�x � x�mur§i � y!x�q��	smlq	q	}|r|{x¡mlt<n���o<z#i
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qm�z�x�p¢{�z�i?�	y��
C → ∞

tls��zAx�mur|{Àswz#i
f ∗0 (C)

y	x�tuz�muzq	m �#}|t<z#y	mum�p	~°x�k�y!xA�
z��	s	q	i��?�	x�y!x��#iAn�}�¨<�

ñ³n�x�tutF��x�k�x-sª{<k!n!��p�i�z�i#y	}�v¡p�i�rF�.�	q��	yi#~°x�qq	i#mFy!x�t<�¤�	ymlq��	m¬olp~.�	~°xAn!mlqzA�
qi��	y��Pp+i#q	mlsq	}�v

λ
�
a
{ � i#y!xA�<k�i��¤�y	m�{¢s	murJk!n	�Py!x�t<�¤�	ymlq���hx)x � y!x�q£±x

��k	n!�¹y!x�tu�¤�y	mlq��w�Jt��	tl�i�n����li#~°x�q3�	mlr»p	~#x�k�y!x�z��	s	q	i � i���z�y!x�Á�x�¬ô�k�q!x�p+i
��~¶o<z#i�rÅt<n	�ws	x�m qm�k!n	�0~�tlm�v=�-x-k�x�s=��k�x�muz#t½�=k�i��.�z#��t���olp	~.�~°xAn�muqz#q	i�tuz.�ª�
��y��rFmly	i�rµrFi�£�m<zPt<n	��£º�z��P�-x�k�x�s!x{�Á���q	p	¦����k�i#t<z.�£º�	rFi#t<z.�

f ∗0 (C)
k!n!�

p+i�z�i#y	i#��i#pwx���x�q!x�q	x�y��	t��¢��� ð ò �Pó�mu�	tuz�~.�z#m<n��#qi	{ªq��P�	y��Ppwx�p+i#r¾i � y!x�q��w�

0

C
V

C

)(* CR

Y}ZK[�\?¬�\®.«K\�%0Z.·±�ó³L/_±+3_Z_Z¤·?´�[]µ�Z_æ�ZK²}´�[çµ�Z  ·_¸K¹¤±�´1µ#´1ýK´2��±�´�²x11Z+/_Z_ýK´2&@°'/Q/K´�å
ý?°1[.0�Z_ýKå./_ZKåh/?å 5 ±+&�Z+&@°=¸?å./_µ)/K´

smlq	q	i�r
a
k�i#�°x�~�n�muq��	m±t�n�x � x�mlrFi � i −aC2 q	m±�	y3�	~#m�k�muzjp=z�i#r$��{�swz#i¶t<�wrFr;x

f ∗0 (C) − aC2 ����k�m<z~#}|���pwn�x?~?i#p	y	mutuz�q	i#tuz.� C = 0
{Àxjo<z#iPi���q!x-s!x�m<z¹¥Ãtur|�

y	x�q	mum-¨<{!sz#i�q	m¡tu�+��mutuz°~��°muz z�x�p+i � i λ �örFq	i-£��wz#m<n	�ª{wk	n!�¶p�i�z#i#y	i � i

R∗(C) = f ∗0 (C)− aC2 + λC

��}�n�x)�#}3r;x�p�t=�	r;xAn���q!x)~)z�i#s	p�m
C = 0

�whjmu£�k��±z#mur´y!x�tu�^�	y	mlq3�	m�t��	tu�	i�n��A�
�li#~°x�q��	mlrNrFilk��-n��#qi#��Á��wqp	¦������)z#y!x�Á�x?~¶k�x�q	q	i#rÅt<n!��s!x�m�oup	~.�~°xAn�muqz#q	i
�y��jp+i#q	mus	q	i#r

a
�

ñ�y	i#rFm¤z�i � i�y	x���rFmuy	q	i#t<z#���!x�y!x�rFmuz�y	i#~	{+~#~#ilkO�	rF}�v�~)Á���q	p	¦3�	� R
{°�-x�~.�w�

t=�zi�z?y!x���rFmuy	q	i#t<z.�´tu~���lml�«��rFi�£�m<zP�#}�z#�P~#m<n��pwx?~?i�z�n��	s��	m�i�zPp�i#rF���w�
q	x�¦�����p	~°x�k�y	x�z.�	sq	i � i±��z�y!x�Á�x±t�r;i�q	i�z�i#q	q	}|rJ�y	mli��#y!x��li#~°x�q3�	mlr�¦	m�n�ml~#i��Á���q	p	¦3���ª{ � k�m¡zAx�p���v¶�!x�y!x�r;m<z#yi#~ ~#tum � i�k�~°xw�
��W¦¥}W¦¥�W0»¶�.QM�.N��M�?�M�MLO�hQMJ��.c��MQM�?�M�M�h�KJ?N�JQ�R�����
õÀx�tlturFi�z#y��r¾~±pwx-s	mlt<z#~#m¶�	t v°i�k�q	i��¶�-x�k�x-s�

f(x)→ max /x ∈ D,
¥ ��� ð2A �°¨

�tlp+i#rF}|rJy	mu��mlq��	mur¾p+i�z#i#yi#�¶�~�n!�muz#t½�j~#mupz#i�y
x ∈ D ⊂ V ⊂ Rn �
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�H�#tuz��é��¬o<n�murFmlqz�i#~³rFq	i�£�mutuz�~°x
V
rFi�£�m<z���}«z#���	y	i����~#m�k�mlq	x�~#}|�#i�y	pwx¤t

�	tl�i�n����li#~°x�q3�	mlr8t�n!��s!x��	q	i � i)rFm<v+x�q3���r;xw���³n�i�z#qi#tuz���y	x�tl�	ym�k�m�n�mlq��� P (x)ouz�i#�0~�}|�#i#y	p3�=z�y	ml���#m<z°t½�0q!x��z��0�i�q	mlp+i�z#i�y	i#r$�p	y��z�mly������ÆNs!x�t<z#q	i#t<z.�ª{
P (x)

rFi-£ q	i¶~#}|�.�	y	x�z#�?�	i¶�#t�n�i#~.���r;x�p�t=�	r$��r;xjÁ¡��q	p¦����
f
i�z?tuy	m�k�qm � i�	i x�qt�x�rF��n!�N��q!x-s	muq���

x
��Æºo<z#i#rJt�n!��s!x�m¡�-x�k�x�s!x±�y��	rFmuz Á¡i#y	r$�

f(x) = f





∫

V

xP (x)dx



→ max
P (x)

¥Ã�±� ð)A 6�¨

�	y����#t<n�i�~.��wvd�
∫

V

P (x)dx = 1, P (x) ≥ 0.
¥Ã��� ð2A Î°¨

ó�y� � i��¾tl�i#tli���i#¦	muq��z#�§��n�i�z#qi#tuz��´y!x�tu�	y	m�k�m<n�muq���áDVr;x�p+t`�	rd��`�	y	iA�
~°x�z���tly	m�k�q	mum���q!x-s	mlq��m)Á���q	p	¦��3�

f
q!x�x�q	t�x�rF�An�m¡y	mu��mlq���

f(x) =
∫

V

f(x)P (x)dx→ max
P (x)

¥Ã�±� ð)A @#¨

�	y��¡z#m<v¡£�m$�#t<n�i�~.��wv ¥ ��� ð)A Î°¨��-��y���ouz�i#r?q	mFz#y	mu���#muz#t��¢{Asz#i��#}8pwx�£�k�}|��o�n�m<�
rFmlqzHx�qt�x�rF��n	�)y	m<��muq��	���	y��	q	x�k!n�m<£�x�n

D
�ló�i#t<z�xAz#i#s	qi	{Asz#i��#}�{Aq!x��	y��	rFmuyª{

tly	m�k�q	mum���q!x-s	mlq3�	m
x =

∫

V

xP (x)dx ∈ D.
¥ ��� ð#ð)A ¨

¯Ft<n�����x�k�x�s	x§¥Ã��� ð)A �°¨�~#}|���pwn�xh�8mlm�i#�wz.�	r;xAn!�#q	i#m�y	m<��muq��	m©y	x�~#q	i
x∗
{

z#i�i#�z��	r;xAn���q	}|m�ymu��muq���
P ∗(x)

~)�-x�k�x-s!xAvP¥ ��� ð)A 6#¨�{¢¥Ã��� ð)A @°¨;tui#~#�	x�k�x���z4�
y!x�~#q}

P ∗(x) = δ(x− x∗),
¥Ã��� ð#ð�ð ¨

� k�m δ DgÁ��wqp	¦���8ó¤�y!x�p�x�;¿¢q	x�s	muq���§��x�k�x-s¸¥ ��� ð2A �°¨<{«¥ ��� ð)A 6�¨<{«¥ ��� ð2A @°¨�~
ouz�i#r t�n!��s!x�m§i�kO�q!x�p+i#~#}��HÆÂi#����mlr t�n!��s!x�m§rFmu£�k��¸��q	x�s	muq���	rd�N�-x-k�x�s��
¥ ��� ð)A �°¨���pwxA£±k�i#�¨����-x-k�x�s©¥Ã��� ð)A 6#¨<{�¥ ��� ð)A @°¨ª~#}|�i�n�q	muq	iHq	muy!x�~#muq	tuz�~#i	{�x�q	xA�
n�i � �	s	q	i#m ¥ �����LÎ°¨<�

hjqi�£�mlt<z#~°x�k�i#�w�#tuz��	rF}«vPymu��muq��	�P��x�k�x-s§¥ ��� ð2A 6#¨�{�¥Ã�±� ð)A @°¨|qm)�	y��	q!x-k!�
n�mu£±x�z¹�	y	i#t<z#y!x�q	tuz#~��

Rn {«z�mlr q	m=rFmlq	mum0tli � n�x�tlq	i�i#�	ym�k�m�n�mlq��� y!x�t<�¤�w�
y	mlq3��ª{��	y��	~�m�k�muq	q	i#r$�ê~#}«��m�{³pwxA£±k�xA�s��8�-x-k�x�s ¥ ��� ð)A 6�¨<{)¥ ��� ð2A @°¨©�~�n!���
muz�t��0y!x�tu�^�	y	muq��	mlr¸k!n	�=�-x�k�x-s��3¥Ã�±� ð)A �°¨<��ó�mu�	tuz�~.�z#m<n��#q	i{�~¶tli#i�z#~#m<z#t<z°~.���
t±o<z.�	r¸i#�	y	m�k�m<n!mlq��	mlrêrFi�£ q	i��#tuzAx�qi#~.�z#�j~��-x��	rFqi��öilk�q	i��lq!x�sq	i#m�tli#i�z#~#m<z��
tuz�~.�	m�rFmu£�k���o<n�murFmlqzAx�rd�

x̃
rFq	i�£�mutuz�~°x

D
�-x�k�x�s��8¥ ��� ð)A �°¨��¶rFqi�£�mlt<z#~#i�r
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��n�i�z#qi#tuz�ml�Py!x�tl�	ym�k�m�n�mlq���
D1

~.��k�x

Px̃(x) = δ(x− x̃).
¥ ��� ð#ð �#¨

ñ¡xA£±k�i�r$�¸~#mupz#i#yw�
x̃0 ∈ D

tui#i�z�~#muz�tuz°~��°muz¸y!x�tl�	ym�k�m�n�mlq��	m¹~���k�x
Px̃0

(x)¥Ã��� ð#ð �#¨}��i��#y!x�z�q	i	{A�	y��	smlr�lq!x�smlq���
f(x)

~�¥ ��� ð)A �°¨�{
f(x)

~�¥ ��� ð2A 6#¨}�
f(x)~0¥ ��� ð2A @°¨³q!x�tui#i�z#~�muz�tuz°~��w���¤�wv8o�n�mur;muqz�x�v8ymu��muq��	�8tli#~��!x�k�x���z�{/zAx�p0sz#i

��x�k�x-s!x?¥ ��� ð2A �°¨«olp~.�	~°x�n�mlqz�q!x �-x�k�x�s!x�rN¥ ��� ð)A 6#¨�{�¥ ��� ð2A @°¨�{!~ p�i�z�i#y	}�v?rFq	iA�
£�mutuz�~#i0k�i#��#tuz��	rF}«v¾y	m<��muq��	�·i � y!x�q��	s	muq	i´ymu��muq���rd�ª{É�	rFml���¤�	rd�º~���k¥Ã��� ð#ð �#¨<{	x

x
�#muy	muz�t������rFq	i�£�mutuz#~#x

D
�

¿ªx�k�x-s���¥Ã�±� ð)A 6�¨��&¥Ã�±� ð)A @#¨<{³~ºp+i�z#i�y	}�v
P (x)

��k�i�~�n�m<z#~#i#y°�	m<z¸z#iAn��#p+i
��t<n�i#~���	r ¥ ��� ð2A Î°¨<{|¥ ��� ð#ð)A ¨<{��	~�n!���z�t��¹y!x�t<�¤�	ymlq��	mlrïk!n	�´�-x�k�x�s¹t�y	m<��m��
q3��	rd�¶~.��k�xj¥ ��� ð#ð �#¨�{!x���q!x-s��z�{���k!n	���-x�k�x�s��8¥ ��� ð)A �°¨��

� ¢�Q����R¢���QRJ�LO¿M¢��M��J3�0Å��ML	��L�QR�Kc��K�M�M£����.QR��N��R�K�M�RL��«�KJ?N�JQ�R�&����W
ÆNpwx-s	mlt<z#~#m±�-x-k�x�s��

A
y!x�tutlrFi�z�y��	rê��x�k�x-s�=Ä¡��{ª~¶p+i�z�i#y	i#�Pk!n!�=�	y	i#t<z#i�z�}

i � y!x�q��	s	muq�����	rFml��z Á�i�y	r$�©y!x�~#mlqtuz#~

f0(x)→ max
x

/

f(x) = 0, x ∈ Vx ⊂ Rn,
¥ ��� ð#ð-È ¨

� k�m x ∈ Rn { f0 D tupwxAn	�	y	q!xA�ª{/�	i�n	�wqml�	y	muy	}¤~�q!x��8tu~#mly#v�����i � y!x�q��	smlq	q!xA�q	x
Vx

!
f

Dµ~#mupz#i#y��öÁ���q	p	¦���±y!xA��rFmlyq	i#tuz��
m < n

!�rFqi�£�mlt<z#~#i
Vx
��x�rFp	q�+z#i

�¶i � y!x�q��	s	muq	i	� � i��	i#tuzAx�~.�rJ��x�k�x-s	m ¥ ��� ð�ð-È ¨���x�k�x-s�©~.��k�x

f 0 =
1

T

T
∫

0

f0(x(t))dt→ max
x(t)

/

f =
1

T

T
∫

0

f(x(t))dt = 0,

x(t) ∈ Vx ∈ R
n ∀t ∈ [0, τ ].

¥ ��� ð#ð ò ¨

õ�mu��muq��	m
x(t)

��)�+z�~�pwn�x�tltum¶���rFmuy��	rF}�vjÁ���q	p	¦��	�¢�
¿ªx�k�x-s!x¶¥ ��� ð#ð ò ¨��~�n!�muz#t½�jy!x�tu�¤�y	mlq��m�r¹k!n!�8¥Ã�±� ð#ð-È ¨<{zAx�pjp�x�p)��)rFq	iA�

£�mutuz�~°x�mlm¡k�i���#tuz��	rF}«vPy	mu��mlq��	�rFi�£ q	i ~#}�k�m<n��z#�©�	i�k�rFq	i�£�mutuz#~�i�Á¡��q	p��
¦3�	�P�	i�tuz#i-�	q	q}�v¶k!n!�?�	i�sz.�P~#tlm�v

t ∈ [0, τ ]
�?pwx�£�k�i�r$�¶~�mlpz�i#y�

x0 ∈ Vx
~

��x�k�x-s	m�Ä��&¥ ��� ð�ð-È ¨�tli#�	i�tuzAx�~.�z��
x(t) = x0

�
ñ¡x�£�k�i#��Á���q	p	¦����

x(t)
rFi�£ q	i±�	i�tuzAx�~.�z���~�tli�i�z#~�muz#t<z°~.�m�~#muy	i��wz#q	i#t<z��

qw�w�¼rFmuy�
µ(y) =

1

T
µ{t : x(t) ≤ y}

� � �	tl�	iAn����li#~°x�q��mlrÇ~#muy	i��wz#q	i�tuz#qi#�
rFmuy	}¸�-x-k�x�s!x¶¥ ��� ð�ð ò ¨�rFi-£�muz���}«z#� �	muy	mu���	t�x�q!x ~±Á�i�y	rFm

f 0 =
∫

Vx

f0(x)dµ(x)→ max
µ(x)

/

f =
∫

Vx

f(x)dµ(x) = 0,
¥ ��� ð#ð �#¨
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�wn��¶t¡~#~#m�k�mlq��mlr3��n�i�z�q	i#tuz��PrFmuy	}
Pi(x) =

dµi
dxi

f 0 =
∫

Vx

f0(x)P (x)dx→ max
P (x)

/

f =
∫

Vx

f(x)P (x)dx = 0.
¥Ã�±� ð#ð �#¨

ÆPz#i#spwxAv�y!x��ly	}|~°x|�	mly	~�i � i¤y	ilk�x µ(x) mlm;��n�i�z�q	i#tuz���tlilk�mly°£��wz δ �²tli#t<zAx�~�n!����¤�m��Æºt=�wn!�©tl~#i��	tuz�~ Á��wqp	¦����
µ(x)

{!ymu��muq��	m���x�k�x-s��8¥ ��� ð#ð �°¨Fk�i�n	£�q	i���k�i#~An�m<�
z#~#i�y+�z���z#yml�#i#~#x�q���rN¥ ��� ð)A Î°¨��

W;tuy	m�k�q	mlq	q��� �-x�k�x�s�Ç¥ ��� ð�ð �°¨<{|�y	m�k�t<z�x�~An!�	�����w�ftui#�#i#�¸y!x�t<�¤�	ymlq��	m
k!n!�8��x�k�x-s��´Ä¡��{�i#�#i��lq!x-s!x���zPpwx�p Ä¡���$ôH�z��	r;xAn��#qi#r$�8y	m<��muq��	� �-x-k�x�s��
¥ ��� ð#ð �°¨

P ∗(x)
tui#i�z�~#muz�tuz#~��w��z�tlp�iAn���� � i�k�q	i±rFq	i � i�Á���q	p	¦��	� x∗(t) ~���x�k�x��s	mP¥ ��� ð#ð-È ¨<{�k!n!�0pwxA£±k�i������p+i�z#i�y	}�v

P (x) = P ∗(x)
� � ~����x�q	ijouz�iPt�z�mlr|{

sz#i
P ∗(x)

i#�	ym�k�m�n!�	m<z z�i�n��#p+i�k�iAn��)�qz#muy	~°xAn�x
(0, T )

{	~�z�mls	muq��	m)p+i�z#i�y	}�v
y	mu��mlq��m

x∗(t)
�	y��	q��r;x�muz=z#iE��n��Í�	q	i#m���q	x�s	muq��	m�{Fqi=qm©i#�	ym�k�m�n!�	m<z0�	i��

t<n�m�k�i#~°xAz#m�n��#q	i#t<z°� þ ~)p�i�z�i#y	i���i#q	i)ouz����lq!x-s	mlq��w���	y��	q3�	r;x�muz-��å�tlpwn!�³s	muq��	m
tli#t<z�x�~�n!�muz�t<n!��s!x��ª{¬p�i � k�x P ∗(x) = δ(x − x0)

�¬Æ o<z#i#r,t<n	�ws	x�m?Á���q	p	¦3��
x∗(t) = x0

�	i�tuz�i��	qq!x��¶m�k��	q	tuz�~#mlq	q!x�
åH���	y��	~#m�k�muq	q	i � i�k�x�n�mlmFk�i�pwx���x�z#m�n��#t<z#~°x³t<n�m�k��#muz�tuz�y��pz#��y!xHi#�wz.�	r;xAn!���q	i � i�y	mu��mlq��w�j�-x-k�x�s�� Ä¡�£�
' ° ÷«í!â Þ ä�ç2H��°ß�à æ|Ý�æ=�±æ ß Þ�æ èAçLJ�ç å�Þ

P ∗(x)
Þ ä ælæ â é Þ J

P ∗(x) =
m
∑

ν=0

γνδ(x− x
ν),

¥Ã��� ð#ð 6#¨
Z,J æ

γν ≥ 0,
m
∑

ν=0

γν = 1.
¥Ã��� ð#ð Î°¨

( ° Ê á H Þ
P ∗(x) Ï à-í!â Þ ä¡ç'HO�°ß�à æ|Ý�æ=�±æ ß Þ�æ � â±à�ß!ç,��J æ â±á î â�ç�ã+à��Pß æ ß F ë

H æ é�à��8é æ ã°â±à Ý ä¡ß!à�¼ Þ â æ H æ �
λ = (λ0, ..., λm) � å â±à é�â±à å ã°ç ½ xν � F ß!ã+K Þ�î

a ç7Z Ý ç�ß3¼êç
R =

m
∑

ν=0

λjfj(x)
¥Ã��� ð#ð @°¨

JAà�áuâ Þ Z�ç æ â¼ç ð álàæH�Ñ|â�ß�à�Z<à�ä�ç�ã+á Þ ä F ä�ç�í�à
x ∈ Vx

�
¿¢q!x-s	mlq3��

xν
q!x���}|~#x���z �°xA��i#~�}|rd�¶�lq!x-s	mlq��w�	rd�

x
�

) ° Ê áIH Þ à�í!â Þ ä�ç2H��°ß�à æ�Ý�æ��±æ ß Þ�æ èAçLJAç åwÞ ��ïºÝ�æ ç'H Þ è F+æ â±á î é�à�é Ý�æ ä æ ß Þ �â±à � F ß!ã+K Þ�î
x(t)

áuã°ç å ã+à�à ð½Ý çAèAß�à Þ èlä æ ß î�æ â±á î ä æ ¼ J Fºð çAè�à�é Ð ä Þ èAß!ç åæ ß Þ ë
î ä Þ � í Ý�Þ ß Þ ä¡ç î ν ë æPÞ è8ß Þ?½ é�â æuåwæ ß Þ!æ J�àæH Þ

γν
à-â à ð#Ë±æ Z�à Þ ß!â æ Ý éAç2H�ç

é Ý�æ ä æ ß Þ
T

°
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� J?N�JQ�MJ ��� �����.QR��Nd�M�K�R�M�K�À¿MLÆ�MJ��.¢��g¿M�KQR�K���K�R��S4ÂdW�W;tuy	m�k�qmlq��	m
~��-x�k�x�s	m³Ä¡�ÅrFi�£�muz���}«z#���	yi#~#m�k�mlq	i�qm³�	i)~#tlmur|{x��	i�s!x�t<z.���	mlymlrFmlqq	}«v��
õ�x���i#���#mlr¾�	mly	murFmlq	q}¤m�~��-x�k�x�s	m©¥ ��� ð�ð-È ¨¤q!x±k�~�m � y���	�	} D&k�m<z#mlyrd�	q��	y	i��
~#x�q	q	}|m

x
��y!x�q�k�i#rd��`�	y	i�~°x�q	q	}|m

u
�QW;tly	m�k�q	muq��	m��	y	i#~#ilkO�z�t���z�i�n��#p+i��	i

u
�

¿ªx-k�x�s	x Ä�� u �	rFmlm<z�Á¡i#y	r$�

f0(x, u)
u
→ max

x,p(u)

/

f(x, u)
u
= 0, j = 0, 1, ...,m.

¥ ��� ð � A ¨
��y��¶o<z#i�r

fj(x, u)
u
=

1

T

T
∫

0

fj(x, u(t))dt =
∫

Vu

fj(x, u)P (u)du.
¥ ��� ð � ð ¨

P (u) ≥ 0;
∫

Vu

P (u)du = 1.

N���q	p	¦3���
fj
qml�	ymly	}|~#q} �	i

u
�´qml�	y	muy	}|~#qikO�	Á¡Á¡mly	muq	¦��	yw�°mlrF} �i

x
�

WFt<n�i#~���¶i#�z��	r;xAn���q	i#t<z.�j�-x�k�x�s��8¥ ��� ð � A ¨��	rFml��z t<n�m�k��������w�ÇÁ¡i#y	r$�z�
' °f÷«í!â Þ ä¡ç'HO�°ß�à æ/Ý ç�áuí Ý�æ J æ H æ ß Þ�æ�Ý ç�ß�JAà�ä Þ è Þ�Ý à�é�ç�ß!ß ÐM½ í æ Ý�æ ä æ ß!ß ÐM½±Þ ä æ ë

æ â é Þ J
P ∗(u) =

m
∑

ν=0

γνδ(u− u
ν),

¥ ��� ð �7��¨

γν ≥ 0,
m
∑

ν=0

γν = 1.

( ° Ê á H Þ
(x∗, P ∗(u)) Ï Þ áuã+à½ä�à æ à�í!â Þ ä�ç2H��°ß�à æ�Ý�æ=�±æ ß Þ�æ � â±à)ß!ç���J æ â±á î

â�ç�ã+à��¸ß æ ß F H æ é�à��Åé æ ã°â±à Ý
λ = (λ0, ...λm) � å â±à8à ð½Ý ç�è�à�é�ç�ß!ß!ç î á æ Z�à8í�à-ëä¡à Ë �_Ñ � F ß!ã+K Þ�îÙa ç8Z Ý ç�ß�¼¸ç
R =

m
∑

j=0

λjfj(x, u)
H�à-ã°ç'HO�°ß�à�ß æ�F H F°å?� ç æ ä�ç

í�à¸J æ â æ Ý ä Þ�Ý à�éAç�ß!ß Ð ä í æöÝ�æ ä æ ß!ß Ð ä Þ JAà�áuâ Þ Z�ç æ â ä�ç�ã+á Þ ä F ä�çJß!ç8ä¡ß�à-ë
¼ æ á<â±é æ

Vu
J_H î ã°ç,¼ JAà¥Z�à Þ è ð ç�è�à�é ÐM½ èAß!ç åwæ ß Þ �

uν
�

δ

δx

{

m
∑

ν=0

γνR(x, u
ν)

}

δx ≤ 0,

uν = argmax
u∈Vu

R(λ, x∗, u), ν = 0,m,

¥ ��� ð � È ¨

� k�m δx D�~°x�y��!x�¦���ª{�k�i���#tuz��	r;x��j�	i±�#t<n!i#~.��r
x ∈ Vx

�
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Æ«x�y��!x�qz�i#~��#tuy	m�k�q	mlq	q	i � i�y!x�tu�¤�y	mlq3��j�-x�k�x-s��?Ä¡�ÇrFi-£±m<z��#}«z#� i#smlq	�rFq	i � i	{�zAx�p�pwx�p�qm�~#tlm�i � y!x�q��s	mlq��w�§rFi � �+zP�-x�~.�	tumuz#����i�z¶k�muz#muy	rd�	q��	y	i��~°x�q	q}�v¢{��´i�z=y	x�q�k�i#rd�w�1�	y	i�~°x�q	q}�v´�	mly	murFmlq	q}«v�{;q!x�y°��k��8t��#tly	m�k�q	mlq��	mlr
Á��wqp	¦��	�´rFi � ��z=��}«z#��#t�n�i#~���§~Á¡i#y	rFm�Á��wqp	¦��	�´i�ztuy	m�k�q3�wv§�lq!x-s	mlq����	mlymlrFmlqq	}«v�� �	yª�#ó�i#p�x���}|~#x�z#�)�#t<n!i#~.���i#�wz.�	r;xAn!�#q	i#t<z.� k!n	��pwx�£�k�i � i)~°x��y��!x�qwz�x¹�	i�tuzAx�q	i#~�p��êqmuz�tlrF}|t<n�x��I¡m�n�mutli#i#��y!x���qi¹�-x��3�	t�x�z����#tuy	m�k�q	mlq	q	i#m
y!x�t<�¤�	y	muq��	m|�-x�k�x�s��±Ä¡�º~Hpwx�qi#q��	s	mutlp+i#��Á¡i#yrFmÉ���	i�n	�ws3�z#�³k!n!��q	mum|q	mui#���
v°i�kO�rF}|m±�#t<n!i#~.��=i#�z.�r;xAn��#q	i�tuz��ª{M�w��p+i�z#i#y}�v�~#}«z�mlp�x���z?~©s!x�tuz�q	i#t<z.�z�
y	mu�u�-n��-z�x�z#}�{¢�	y3�	~#m�k�mlq	q	}|m�k!n	�?y!x�tutlrFi�z�y	mlqq	}«v¶k�~��+v¶z��	�	i#~ �#tlym�k�qmlq	q	}«v
�-x�k�x�sª�

ñ¡x�q	i�q��	s	mutlp�x��ºÁ¡i#yr¬x0�#tlym�k�q	muq	q	i � i¹y!x�tu�¤�y	mlq��w�º�-x�k�x�s��ºÄ¡�e�	rFmlm<z
~.��k

F0

[

f(x, u), x
]

→ max
¥Ã��� ð � ò ¨

�	y����#t<n�i�~.��wv

Fj
[

f(x, u), x
]

= 0, j = 1, r; x ∈ Vx,
¥Ã�±� ð �8�#¨

s	mlywz�x�q	x�k�Á���q	p	¦3�	ml�
f
tui#i�z#~�muz�tuz°~��°muz©�#tlym�k�qmlq��	� �	i

u
q!x��-x�rFp	q�+z#i#rj�

i � y	x�q��	s	muq	q	i#r�rFq	i�£�mutuz�~#m Vu �!õÀx���rFmuy	q	i#t<z#� ~#mupz#i#yKÈ�Á��wqp	¦���� f y!x�~�q!x m {Á��wqp	¦���
F
q	ml�	ymly	}|~#qi0k��	Á¡Á�muy	mlq¦��	y�#mlr;x8�	i8tui#~#i�p���	q	i#t<z.�¾x�y � ��rFmuqw�z#i#~{�x

f
q	ml�y	mly	}|~�q!x �	i

u
�¶q	ml�y	mly}|~#q	i±kO�Á�Á¡muy	mlq	¦3�	y�#mlr;x �	i

x
�

*��KLOQM�K��Jz��W��P¥ W;t�n�i#~.���i#�z.�r;xAn��#q	i�tuz��?�#tuy	m�k�q	mlq	q	i#�j��x�k�x�s3�?Ä¡��¨��
' °§÷«í!â Þ ä�ç2H��°ß!ç î íQH�à-â�ß�àAá<â4� Ý ç#á<í Ý�æ J æ H æ ß Þ�î�Ý ç�ß�JAà½ä Þ è Þ�Ý à�éAç�ß!ß ÐM½ í æ ë

Ý�æ ä æ ß!ß ÐM½Þ ä æuæ â¼é Þ J

P ∗(u) =
m
∑

ν=0

γνδ(u− u
ν)

¥Ã�±� ð �L�°¨

Z,J æ
γν

F JAà�é'H æ â±é�à Ý�î Ñ|â â Ý�æ=ð à�é�ç�ß Þ�î ä ¥ ��� ð�ð Î°¨��
�w�@Ê áIH Þ

x∗, P ∗(u) Ï à�í	â Þ ä¡ç'HO�°ß�à æ�Ý�æ��±æ ß Þ�æ � â±à|ß!ç,��J æ â±á î â�ç�ã+à���ß æ ß F ë
H æ é�à��3é æ ã°â±à Ý

λ = (λ0, λjν)(j = 1, r; ν = 0,m) � å â±àCJ_H î ã°ç,¼ JAà�Z<à Þ è
ð çAè�à�é ÐM½ èAß!ç åæ ß Þ �

uν
é æ ã°â±à Ý ç

u
JAàAá<â Þ Z�ç æ â ä�ç�ã+á Þ ä F ä�ç�ß!ç

Vu
� F ß!ã+K Þ�î

L = λ0
δF0

δf
f(x, u) +

r
∑

j=1

λj
δFj

δf
f(x, u),

Z,J æ
f =

m
∑

ν=0

γνf(x, u
ν).
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�ç�ã å â±à
uν = argmax

U∈Vu
L(x∗, λ, u).

¥Ã��� ð �86#¨
È �,+~F ß!ã+K Þ�î

R =
r
∑

j=0

λjFj
¥ ��� ð �8Î°¨

H�à-ã°ç2H��°ß�à±ß æ_F H F°å?� ç æ ä¡ç�í!à�J æ â æ Ý ä Þ ß Þ�Ý à�é�ç�ß!ß Ð ä í æ Ý�æ ä æ ß!ß Ð ä

δR

δx
δx ≤ 0.

¥Ã�±� ð �8@#¨

��i#t<n!m|�	y��	~�m�k�muq���±��x�k�x-s Ä¡�Ç¥ ��� ð#ð �#¨M� Ä¡� u ¥Ã��� ð � A ¨�p±Á¡i#yrFm�¥Ã��� ð � ò ¨<{
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i��	y	m�k�m<n!�muz#t��©z#i�n���p�i

y	x���rFmuy	q	i#t<z#�#�ï~#mlpz�i#y?È�Á���q	p	¦3���
f
�

� à-ã°çAèAç�â æ H��+áuâ±é�à�â æ à Ý�æ ä Ð '�- ��y��¶Á:�	p+t`�	y	i�~°x�q	q	i�r
x ∈ Vx

�lq!x-s	mlq��w�
~�mlpz�i#yw�²Á¡��q	p¦����

f
~³��x�k�x-s	m�¥ ��� ð � ò ¨�{¥Ã�±� ð �7��¨��	y3�	q!x�k!n!mu£±x�z�rFqi�£�mlt<z#~��

Q
{

p+i�z�i#y	i#m¬�	y	m�k�tuzAx�~�n	�	muzHtli��#i#��i�z#i#��y!x�£�mlq3�	m¬rFq	i-£�mltuz�~°x
Vu
~
m
�örFmuy	q	i#m¬�y	i��

t<z#y!x�q	tuz#~#i
f
�ª¿¢q	x�s	muq���?£�m)~#mlpz�i#y!x

f
�	y��	q!x-k!n�mu£±x�z©~�}|���pwn�i#�i#�#i�n!i#s	p+m

Q
� � i � n�x�tuq	i�z#mui#y	murFm ñ�x�y!x�z�mli�k�i#y���pwxA£±k�}«��o�n�mur;muqzj~#}|���pwn�i#��i#�#iAn�i#sw�p3�¸rFi-£�muz¹��}«z#���y	m�k�t<z�x�~�n�mlqêpwx�p¾n��	q	mu�	q!x��·p�i#rF���	q!x�¦��w�·q	m=�#i�n!mlm=s	mlr
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� � i�o�n�mlrFmuqz�x Q ��MÀx�p��	r¹i#�#y!xA��i#r|{

f(x, u)
rFi-£�qi±�	ym�k�t<z�x�~��z#��pwx�p

f(x, u) =
m
∑

ν=0

γνf(x, u
ν),
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F0

(

m
∑

ν=0

γνf(x, u
ν), x

)

→ max
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Fj

(

m
∑

ν=0

γνf(x, u
ν), x

)

= 0, j = 1, r, x ∈ Vx,
¥ ��� ð-È �#¨



ú±÷³��÷föz�_���QÍ+� ý Ï É Í ý Ï,� ý Ñ�DAÑ�Ì°Ð�Ñ#D½Ðx�¥�E�FÍ°Ð�Ñ�ÿQ� ý Í3Ü ò �7�

m
∑

ν=0

γν = 1, γν ≥ 0.
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R =
r
∑

j=0

λjFj

[

m
∑

ν=0

γνf(x, u
ν), x

]

− Λ

(

m
∑

ν=0

γν − 1

)

.
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γν
�y��	~#ilk��z�p���z�~#muy+£�k�mlq��w�	rJz�mli#y	murF}µ��� ð �	¯��	rFmuq	q	i���

∂R

∂γν
δγν ≤ 0, δγν ≥ 0

t<n�m�k��#muz�{�sz#i�k!n!�¶�#x���i�~#}�v©��q	x�s	muq��	�
u = uν

Á���q	p	¦���

L =
r
∑

j=0

λj
∂Fj

∂f
f(x, u) = Λ

�y��
γ∗ν > 0
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γν = 0.M$x�p3�	r¶i��#y!x��li#r|{�k!n!�¡~�tlm<vH��q	x�s	muq��	�
uν
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t��	iAn�i�£º�z#m�n��#q}|rµ~#mltui#r|{�Á���q	p	¦3���
L
r;x�p�t=�	r;xAn���q!x?�	i

u
q!xjrFq	i�£�mutuz�~#m

Vu
{!z���m���~�}|�	i�n�q	muq	i�z#y	mu�#i#~°x�q��	m�¥Ã��� ð �86#¨<��¯Ft<n��?q!x±i#�z��	r;xAn��#qi#r3ymu��mlq����

f(x, u∗) ∈ Q,
z�i

u∗
k�i#t<z�x�~�n!�muz�r;x�p+t`�	r$��r

L
�

W;t�n�i#~.�w��i#�z��	r;xAn���q	i#tuz����	i
x
�	ym�k�t<z�x�~An!�	��zHtui#�#i#���#t<n�i�~.���n�i#p�xAn���q	i#�

q	mu��n!��s��x�mlrFi#t<z_�
∂R

∂x
δx ≤ 0⇒

r
∑

j=0

λj

[

∂Fj

∂f

m
∑

ν=0

γν
∂f(x, uν)

∂x
+
∂Fj
∂x

]

δx ≤ 0.
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ν=0

γνf(x, u
ν)
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q	i m
∑

ν=0

γν
∂f(x, uν)

∂x
=
∂f

∂x
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�3���murêÁ¡��q	p¦��	�Òx)x � y!x�qw£�x�k!n!��-x-k�x�s3�J¥ ��� ð#ð �°¨��=t±mum��tl�	iAn�����i�~°x�q��mlr��t<n�i#~���ji��z.�r¬x�n��#q	i�tuz.�?o<z#i#�¶��x�k�x�s3�"�

R =
m
∑

ν=0

γνf0(x
ν) +

m
∑

i=1

λi
m
∑

ν=0

γνfi(x
ν) + Λ

(

1−
m
∑

ν=0

γν

)

=

=
m
∑

ν=0

γν

[

f0(x
ν) +

m
∑

i=1

λifi(x
ν)− Λ

]

+ Λ.

� y	x�~#q��~°x���ouz�i�~#}|y!xA£�mlq��	m�t¤Á¡��q	p¦��	ml�ºx)x � y!x�q£±x R = f0(x)+
m
∑

i=1

λifi(x)
�t½v°ilk�q	i#�¶��x�k�x-s��?Ä¡��{	~.��k��	r|{!sz#i

R =
m
∑

ν=0

γν(R(x
ν , λ)− Λ) + Λ,
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� k�m R(xν , λ) D Á���q	p	¦���ix)x � y!x�q£±xP�-x-k�x�s���Ä��¼k!n	���#x���i#~�}�v´�lq!x-s	mlq���
~�mlpz�i#y!x

x
�

� ��s	muz�i#r0z#i � i	{°sz�i ∑
ν

γν = 1
{�Á¡��q	p¦����x)x � y	x�q£±x³�#tly	m�k�q	mlq	q	i#���-x-k�xA�

s3�©y!x�~#q	x�tly	m�k�q	mlr$����q	x�s	muq��	�NÁ���q	p	¦��3�Ûx�x � y!x�qw£±x¡k!n!���	t v°i�k�q	i#�©��x�k�x�s3�ª{�y��	s	mur,�#tuy	m�k�q	mlq��	mP~�m�k�m<z#t½�3�	i0~�tlmlr»�°x��li#~#}|rÇ��q!x-s	muq���	r
xν
��¿ªx�rFm<z.�	r|{

swz#i�qmlp�i�z#i#y	}|m���H~#mutli#~�}�v�rFq	i-£��wz#m<n!ml�
γν
rFi � ��z��#}«z���y!x�~#q}ºq��n����!®�z�ii���q!x-s!x�m<z�{#sz#i�s��	t�n�i¡�°xA��i#~#}�v)z#i#s	mup±rFmlq	����m
m+1

��Æ�}«�	tuq��	r|{#p�x�p��r=�#t�n�i��
~���	r�k�i�n!£ q	}=��k�i#~�n!muz�~#i#y+�wz#��z#m

xν
{�p�i�z#i#y}|m�~Av°i�k��wz�~�~�}|y!x�£�mlq3�	m�¥ ��� ð-È �°¨

t�qmlq�-n!ml~#}|rJ~#mutli#r|��ó�n!�©ouz�i � i±�-x������mur��#t<n!i#~.���i#�z��	r;xAn���q	i#tuz��¶�-x�k�x�s��¥Ã��� ð-È �°¨À�	i��	mly	murFmlq	q}¤r
γν
{+~�i#tl�i�n����li#~°x�~��¤�	tu��z#mui#y	mur;i��©ñH��q!x�D�M$x�pp�muy!x��
(

∂R

∂γν

)

δγν ≤ 0.

MÀx�p0pwx�p
γν
i � y!x�q��	s	muq	} z�i�n��#p+iPt�ilk�q	i#�8tuz�i#y	i#q	}

(γν ≥ 0)
{�z�i

δγν ≥ 0
{

t�n�m�k�i#~°x�z�m<n���q	i	{
∂R

∂γν
= R(xν)− Λ ≤ 0

¥Ã�±� ð-È 6#¨
��n��

R(xν) ≤ Λ
��¯Ft<n��

γ∗ν > 0
{z�i

δγν
rFi�£�m<z±�#}«z#��n!�³�#i � i���q	x�pwx{	t�n�m�k�i#~°xA�z�m<n���q	i	{�qmly!x�~�mlq	t<z#~#iP¥ ��� ð�È 6#¨��	y	ml~�y!x���x�muz�t��?~�y	x�~#muq	tuz�~#i��

R(xν) = Λ.
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ó�n!�§~�tlm<v�i#t<z�xAn!�#q	}�v
x
~#mutli#~�i#�§p�i�olÁ¡Á:�	¦��	muqz�rFi�£ q	iPtus��zAx�z#�=q�-n�mu~#}|r

¥
γν = 0

¨<{	�	y��¶ouz�i#r
∂R/∂γν < 0

�
R(x) < Λ

�
MÀx�p��	r�i#�#y!xA��i#r|{ J_H î é�á æ]½ â æ]½ èAß!ç åæ ß Þ �

xν � ã+à-â±à Ý�Ð;æ é ½ à)J î â é F á Ý�æ J�ë
ß æ ß!ß F Ñ¸èAç8J�ç åPF á�ß æ ß F H æ é Ð ä é æ áuà½ä � � F ß!ã+K Þ�î�a ç7Z Ý ç�ß�¼êç

R
Þ á ½ à)J�ß�à��PèAç�ë

J�ç å�Þ/��ï JAà�á<â Þ Z�ç æ â ç ð álàæH�Ñ|â�ß�à¥Z�à0ä�ç�ã+á Þ ä F ä�ç �¤®�z#i�zJr;x�p�t`�r$�wr|{|mltuz�m<�
tuz�~#mlq	qi	{�i�kO�	q	x�p�i�~�k!n!��~#tlm�v

xν
¥Ãy��t������ ð ��¨<{	i�z�p��k�x t�n�m�k!�#muzA{�swz#i

R(γ∗ν , x
ν∗, λ) =

m
∑

ν=0

γ∗ν [R(x
ν∗, λ)− λ] + Λ = sup

x∈Vx
R(x, λ).
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W;t<n!i#~.��¹y	x�~#mlqtuz#~#x=��q!x-s	muq��	�

R
~=z�i#s	pwx�v

xν∗
�´�#t<n�i#~���¹mlm�r;x�p�t=�	r$��r;x

~�q���v¸�	i���~#i�n	�	��z�~#}|���	tlx�z#����y!x�~#qmlq���ºk	n!�¸y!x�tus	muzAxJtui#i�z�~#muz�tuz°~��w���¤�wv
��q!x-s	mlq3�	�?�mly	murFmlq	q	}�v¢�

R

x1x 2xY}ZK[�\?¬�\®�º.\�G�³L/_±+3KZ_¹Ä®�°`üçä?°'/_æ6°:ã_ä_Z�&�èn1�´1äKå
λ
Z+*ó³#[Ì¸?´2&�Z_¹�²�Z+/_ZK²�³.²X°6ãK´

λ
Z

²X°`±�[]ZK²�³�²X°
R(x, λ)

ãK´
x

åH�«z#mui#y	mlrF}JñH�wq	x#È$MÀx�p	p�muy!x�k!n!���-x-k�x�s3� Ä¡�·~�}«z#mupwx�m<zA{#zAx�p��	r�i#�#y!xA��i#r|{
sz#i³q!x���k�m<z#t½��~�mlpz�i#y

λ
�²rFq	i�£º�z�m<n�mu�^x)x � y	x�q£±x{lk	n!��p�i�z#i#y	i � i³Á¡��q	p¦��� Rk�i#t<z.� � x�m<z�x��#tli�n!��z#qi � i±r;x�p+t`�	r$��r;x��	i��	mlymlrFmlqq	}|r xν ∈ Vx � γν ∈ Vγ q!xo<n�murFmlqz#m�rFq	i�£�mutuz�~°x
D
k�i#��#t<z.�	rF}�v8y	mu��mlq��	�8�-x-k�x�s�� Ä¡����ô³z#tu��k�x?t�n�m<�

k��#muz-{wswz#i)y!x�t<�¤�	ymlq��	m�x)x � y!x�qw£�x�k!n!�±��x�k�x�s3� Ä¡�êoup	~.�	~#xAn�mlqwz#q	i	��ñ�x�p�k!n!�n��³��i � i¹olp	~.�~°xAn�muqz#q	i � i3�	x�y!x�rFm<z#y��	smltlp�i � i3y!x�t<�¤�	ymlq���¢{ λ È�rFq	i-£º�z#m�n����k�i#~An�muz�~#i#y°�	��z �#t�n�i#~��	�
R(λ∗, γ∗ν , x

ν∗) = inf
λ∈Vλ

sup
γν ,xν

R(λ, γν , x
ν).

� �wsmuz#i�r3y!x�~#muq	tuz�~°x?¥ ��� ð-È Î#¨��	i�n	�ws3�	r
R(λ∗, γ∗ν , x

ν∗) = inf
λ∈Vλ

sup
x∈Vx

R(λ, x).
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áué�à æ ��é Ð í F ã�H�à#�8à ð àæH�à å ã+à��´é©â±à å ã æ
C = 0

�¢ÆÅo<z#i#r·t�n!��s!x�m�q!x���k!��z�t½�=z�x��
p3�	m

λ
�²rFq	i�£º�z#m�n��ª{�q	m�i#��y!x���x����^�	mlt½��~�q��n���ilk�q	i�~#y	mlrFmuq	q	i�¥

λ0 = {0; 1}
¨�{

swz#i´z�y	ml�#i�~°x�q��m�t<z�x�¦��	i#q!x�y	q	i#t<z.�êÁ���q	p	¦��3�px)x � y!x�q£±x�rFi�£ q	i���x�rFmuq��z#�z�y	ml��i#~°x�q3�	mlrJmlm¡r;x�p�t=�	r$��r;x��	i
x
�
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~#x�z#���#t<n!i#~.��¶i��z.�	r;x�n��#q	i#t<z.�j~±Á�i�y	rFm��	y��	q	¦3�	�!x�r;x�p�t=�	r$�wr;x�k!n	�¶�y	i.��<�
~�i�n��#qi � i?tli#smuzAx�q���§p	y��z�mly���§i#�z.�r;xAn��#q	i�tuz.�Í��i � y!x�q��	smlq��	��z#i � i��wn��
�q	i � iz��	�!x�$��y	m�k�~°x�y��z�m<n���q	i��	y3�	~#m�k�mlrï~#tl�i#rFi � x�z#m�n��#q	}|m©�+z�~#mly°£±k�mlq���
�¶i��	y	m�k�m<n�muq���¢�
�H�#tuz���~��-x-k�x�sm

A
�
IA(y) → max

/

y ∈ DA

k	n!�Ppwx�£�k�i � i j � � i�����#t<n!i��~��	�ª{ªi#�	ym�k�m�n!�	���¤�wv�rFq	i�£�mutuz�~#i
DA
{ªrFi�£�m<z¶��}«z#�¶~#~#m�k�mlq	x�q	i#yr;x

∆j
i�z��

p�n�i#q	muq����ouz�i � i³�#t<n�i�~.���i�z³m � i³q	i#rd�	q!x�n��#q	i � i³�lq!x�smlq����¥Ãq	i�y	r;x�q	ml~����p3��¨<�ô·��y�m�k�m«n�m¤q���m ð ��ë ç8J�ç å$F ß!ç�è Ð é�ç,Ñ|â ã+à Ý#Ý�æ ã°â�ß�à���à-â�ß�à�á Þ â æ H��°ß�à
èAß!ç åwæ ß Þ�î � æ á H Þ J_H î H�Ñ ð à¥Z�à

ε > 0
ß!ç���J æ â±á î â�ç�ã+à æ

δ � å â±à Þ è�ß æöÝ ç#é æ ß�áuâ±éAç
max
j

(∆j) ≤ δ
á H æ J F+æ â � å â±à à-â�ã�H�à-ß æ ß Þ!æ èAß!ç åwæ ß Þ�î

I∗A
èAç8J�ç åwÞ í�à�ä�à)J F H�Ñ

ß æ í Ý�æ é Ðd� ç æ â
ε

°
Æ ��x�k�x-s	m¶Ä¡� p+i#y	y	mupz#q	i�tuz#�8~=tlrF}|t�n�mji��	y	m�k�m<n�muq��� ð tui#i�z�~#muz�tuz#~��#muz

qml�	y	muy	}|~#qi#tuz.�PÁ���q	p	¦3����k�i#tuz��£��rFi#tuz��ª�
ôµ��y�m�k?m³njm�q��©m¢�P�Oí ç#á ��Þ�Ý�æ ß Þ�æ

B
-
IB(y)→ max

/

y ∈ DB

èAç8J�ç åwÞ
A
ß ã+é Þ é�ç'H æ ß!â�ß�à � æ á H Þ

I∗
A
= sup

y∈D
A

IA(y) = sup
y∈DB

IB(y) = I∗
B
.

¥ ��� ð ò A ¨

ô³z�rFmuz.�r|{«swz#i�~�n�ml~�i#�3s!x�tuz.�3ouz#i � i�y!x�~#muq	tuz�~°x�t<z#i.�wz´qm I∗
A

�
D

A

{�x
I∗
A�

D
A

{�z-� m��ªp	y��wz#mly3�	��i#�z��	r;xAn��#qi#tuz����rFqi�£�mlt<z#~#i�k�i#��#t<z.�	rF}�v=y	m<��muq��	�
n!�³�#i����-x�k�x-s��)���pwn�x�tut�x±olp	~.�~°xAn�muqz#q}«vj�	y	mui#�#y	x���i#~#x�q��	�

A
�

Ä�ml�	i�tly	m�k�tuz#~#muq	q	ig��=i#�	y	m�k�m�n�mlq���ê~#}«z#mupwx���zJt�n�m�k!�w���¤�	m��+z#~#muy+£�k�m��
q3��"�
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x�m�rºr·x ð ��� H îEß ã+é Þ é�ç'H æ ß!â�ß�à�áuâ Þ�Ý ç#á ��Þ�Ý�æ ß Þ�î JAà�áuâ�ç�â±à å ß�à � å â±à-ëð#Ð H�Ñ ð à½ä F¶Ý�æ��±æ ß Þ Ñ Ý ç#á ��Þ�Ý�æ ß!ß�à��§èAç8J�ç åwÞ
y0 ∈ DB

ä�à1¼¸ß�à ð#Ð H�àPáuà-í�à-ë
áuâ�ç�é Þ â4� â�ç�ã F Ñêí�à�á H æ J�à�éAç�â æ H��°ß�à�áuâ4�

{yi} ⊂ DA

JAà-í F áuâ Þ ä ÐM½ Ý�æ=�±æ ß Þ �
Þ á ½ à)JAß!à#�?èAç8J�ç å�Þ � å â±à

lim
i→∞

IA(yi) = IB(y
0).

¥Ã��� ð ò ð ¨
ó�n!���-x�k�x�sª{°p+i#y	ymlpz�q	}«v i�z#q	i#t=�z#m<n���q	i)�lq!x�s	muq���¢{+�	i#t�n�m�k�i#~°x�z�m<n���q	i#tuz#�

{yi}
rFi�£�m<z0q	mj�	y3�	q!x�k!n!mu£±x�z��

DA

{;q�+£�qi=n�����{¬sz�i#�#}¼~��	y	m�k�m<n�m?�	y3�
i → ∞

n��³�#i�mÍ��¹i � y!x�q��	s	muq��	� �t½v°ilk�q	i#�ï��x�k�x�s3�Ç~#}|�i�n�q��n�i#tu�¸tup�i�n��
� � i�k�q	i=z�i#s	q	i��W³z#~�mly+£�k�muq��	m�n�mlrFrF} ð t<n!m�k��#m<zz���i��	y	m�k�m<n�muq���á����¯Ft<n��
i#�z��	r;xAn��#qi#m�y	m<��muq��	m

y∗
y!x�tu�¤�y	mlq	qi#�j�-x�k�x�s��¶tu�+��mltuz#~��#muzA{�z#i

y0
rFi-£ q	i

�-x�rFmuq��z���q!x
y∗
�

xÅm¤r0r8x¢�P��Ê á H Þ
y∗A Ï à-í!â Þ ä¡ç'HO�°ß�à æ;Ý�æ��±æ ß Þ�æ èAçLJ�ç å�Þ

A � Ý ç�á ��Þ�Ý�æ ß Þ�æ
B
ß ã+é Þ éAç2H æ ß!â�ß�à

A
Þ
DB ⊃ DA � â±à y∗A F JAà�é'H æ â±é�à Ý�î�æ â ß æ à ð`½ à)J Þ ä Ð ä

F áIH�à�é Þ�î ä�à-í!â Þ ä�ç2H��°ß�à�áuâ Þ Ý ç#á ��Þ�Ý�æ ß!ß�à��?èAçLJAç åwÞ °
x�mlrFr;xC��t<n�m�k��#muz��� z�i � i?Á�x�pzAx{�sz#i y∗A q	mu��n!��s��x�mlrFiPq!x DA

{�x¶�	i��
t<n�m�k�q	mumH�~�n!�	m<z#t½���	ilk�rFq	i�£�mutuz�~#i#r§rFq	i-£�mltuz�~°x�k�i#��#t<z.�	rF}�v©ymu��muq��	�©y!x�t��
�¤�	ymlq	q	i��j�-x-k�x�s��¢�

Ä¡x��li#~#mur�~°x�y��!x�¦��	i#q	qi#���-x-k�x�s	mu�j~�p�x�q	i�q��	s	mutlp�i��?Á¡i#y	rFmH�-x�k�x�s�©~.��k�x

I =

T
∫

0

[

f01(t, x(t), u(t), a) +
∑

l

f02(t, x(t), a)δ(t− tl)
]

dt→ max
¥ ��� ð ò �#¨

�	y����#t<n�i�~.��wv

Jj(τ) =

T
∫

0

[

fj1(t, x(t), u(t), a, τ) + fj2(t, x(t), a, τ)δ(t− τ)
]

dt = 0
¥ ��� ð ò È ¨

∀τ ∈ [0, T ], j = 1,m, u ∈ Vu, a ∈ Va,
� k�m a DÇ~�mlpz�i#y��!x�y!x�rFmuz#yi#~	{#�	i#tuz�i��q	q	}�v±q!x

[0, T ]
!#Á���q	p	¦��3�

fj1
�
fj2 (j =

0,m)
q	mu�	y	muy	}|~#q	i±k��	Á¡Á¡mly	muq	¦��	y�#mlrF}N�	i

x
{
a
�
t
�¶q	mu�	y	mly}|~#q	}N�	i

u
�

xJmFr¶r?x È ��ï¢F á<â4��èAç8J�ç å ç ¥Ã��� ð ò �#¨<{#¥ ��� ð ò È ¨ ã+à Ý#Ý�æ ã°â�ß!çHà-â�ß�à�á Þ â æ HO�°ß�à
èAß!ç åwæ ß Þ�î èAç8J�ç åwÞ é¡áÖä Ð áIH æ à-í Ý�æ J æ H æ ß Þ�î ' � é�ã+à-â±à Ý à½äNé æ H Þ!å�Þ ß!ç�é�ç Ý�Þ ç8K Þ!Þ
ã°ç,¼ JAà¥Z�à Þ è F á H�à�é Þ � ¥Ã��� ð ò È ¨ à-í Ý�æ J æ H æ ß!ç¹ã°ç�ã

∆j = max
τ
|Jj(τ)| � â±à�Z,J�ç

F á Ý�æ J�ß æ ß!ß�à æ¤Ý ç#á ��Þ�Ý�æ ß Þ�æ6ß â±à��jèAç8J�ç å�Þ

I =

T
∫

0

[

f01(t, x, u, a)
u
+
∑

l

f02(t, x, a)δ(t− tl)
]

dt→ max
¥ ��� ð ò#ò ¨
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í Ý!Þ�F áIH�à�é Þ�î?½

J j(τ) =

T
∫

0

[

fj1(t, x, u, a, τ)
u
+ fj2(t, x, a, τ)δ(t− τ)

]

dt = 0
¥Ã�±� ð ò ��¨

∀τ ∈ [0, T ], j = 1,m, u ∈ Vλ, a ∈ Vaß ã+é Þ éAç2H æ ß!â�ß�à�èAçLJ�ç åwæ©¥Ã�±� ð ò �#¨<{/¥ ��� ð ò È ¨��
ë J æ á��

fj1
u
=
∫

Vu

fj1(t, x, u, a, τ)P (u, t)du.
¥Ã��� ð ò �°¨

ï H�à-â�ß�à�áuâ4��é æ Ý à î â�ß�à�áuâ�ß�à��jä æ Ý�Ð
P (u, t)

F JAà�é'H æ â±é�à Ý�î�æ â F áIH�à�é Þ�î ä

P (u, t) ≥ 0,
∫

Vu

P (u, t)du = 1 ∀t ∈ [0, T ].
¥Ã��� ð ò 6#¨

� �	y!x�~#m�k!n��	~#i#t<z#��n�murFrF} È t�n�m�k��#m<z����n�murFrF} ð ��z#i � i�Á�x�pwz�xw{wsz#i)n������i#r$�Hymu��muq��	�
P 0(u, t), x0(t), a0

rFi�£ q	i|tui#�	i#t<z�x�~.�z#���	i#t<n!m�k�i#~#x�z#m�n��#q	i�tuz#�
ymu��muq��	�

{zi} = {ui(t), x
0(t), a0},

q	x±p�i�z#i#y	}�v

I(zi)→ I∗, Jj(τ, zi)→ Jj(τ) = 0, i→∞, j = 1,m.

ó�ml�	t<z#~.�wz#m<n��#q	i	{!tui#~#muy��muq	q	i x�q!xAn!i � �	sq	i�z�i#r$�#{	p�x�p�o<z#i±�#}�n�i�t k�m<n�x�qi~�}«��m �	y��=k�i#pwxA�-x�z�m<n��#t<z#~#m z#mli�y	mlrF} ð {�rFi-£�qi�k�i#p�x��-x�z��?tl�y!x�~#m�k!n��	~�i#tuz��
�mly	~�i � iº�����z�~#mly°£�k�mlq���?n�murFrFrF} È ����y���n����#i#rJÁ:�	p+t`�	yi#~°x�q	qi#rJ�lq!x�s	m��q3���

t, x, a, τ
�lq!x�smlq��w�0~#mupz�i#y!x

f = (f 0, f 1, ..., fm)
�	y��q!x�k!n�m<£±x�z¶~#}|���pw�

n!i#�´i#�#i�n�i�s	p�m
Q
rFq	i-£�mltuz�~°x

Q
{$�	i�n	�ws	x�����m � i�t����	y��¹i�z#i#��y!x�£�mlq��3� Vu ~

(m+ 1)
�örFmuy	q	i#mH�	y	i#t<z#y!x�q	tuz#~#i

f
��å¡tup�i�rFi#m�y	m<��muq��	m�r;x�p�t`�rd��1�	yw�#muz

f0
�i

u
�w��i#o<z#i#r$� i�q	i��	y��q!x�k!n�m<£��wz�~#muy°vwq	ml� � y!x�q��¦	m Q ��rFi�£�m<z��#}«z#���	iAn!��s	m<�
qi�pwx�p©n��	q	mu�	q!x��¶p�i#rF�.�q!x�¦��w�

(m+ 1)
� � i±o<n�murFmlqz�x Q �ó�n!��n!�³�#i � i±y	m<��muq��� P 0(u, t)

~�Á�i�y	rFm�¥ ��� ð ò 6#¨¬rFi�£ q	i��i#tuz�y	i.�z�� �	i��
t�n�m�k�i#~°x�z�m<n���q	i#t<z°�

{ui(t)}
y	m<��muq��	�8��x�k�x-s��3¥ ��� ð ò �#¨�{;¥ ��� ð ò È ¨³t�n�m�k������¤�	r

i��#y!x��li#rr�°y!x��li#�#�#mur
[0, τ ]

q!x
i
�qz#muy	~°xAn�i�~

∆1,∆2, ...,∆i

� �y��	rFmlr�q!x¡pwx�£±�
k�i#r�����	qwz#mly~°xAn�i�~

γν(t)
�
uν(t)

�	i#t<z#i-�	q	q	}|rd�¢���H�#tuz#�Hk!n!�
r
� � i:�	qwz#muy	~°xAn�x

��v��lq!x�smlq����y!x�~#q	}
γνr

�
uνr (ν = 0,m)

�°��i�n!��s	muq	q���·�	y���o<z#i#r��-x-k�x�s��q!xA�
�li#~#mur´k��	tlp	ymuz.��-x�¦��	ml�j��x�k�x-s���¥Ã��� ð ò�ò ¨<{/¥ ��� ð ò �#¨��
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¯�q!xAn�i � �	s	q	i�m�y!xA���.�mlq��	m�i�z#y	m<��p�x [0, τ ]
�	yi#~#m�k�mlrÂ~º��x�k�x-s	mê¥ ��� ð ò ��¨<{

¥ ��� ð ò È ¨$t�z#i#��y	x���q3�	¦	ml�¢{sz�i�p�x�£±k�}|����é�	qz#muy	~°x�n�i#~�y!x��li#�#�#mur�q!x
(m+1)�#i�n�mumHrFm<n�p���v¢��MÀx�pª{

∆r

y!xA��i#���#mlr´q!x
∆r0,∆r1, ...,∆rm

{�	y3�	s	mlr¹i�z�q	i���muq��	m
∆rν/∆r = γνr,

x¶�	mly	murFmlq	q}¤m
u(t)

~¶�-x�k�x-s	mP¥Ã�±� ð ò �#¨<{¬¥Ã�±� ð ò È ¨H����k�mlrÅtls��w�
z�xAz#��p�#tui#s	q	iA�ö�	i�tuz#i-�	q	q}|rî�����	y��	q��r¬x����^�	rd��~¶�	qz#muy	~°x�n�m

∆rν

�lq!x-s	mlq��m
uνr
�ªó�n!�8�	i�tuz#yi#mlq	q}«v8z�x�p3�	rµi#��y!x���i�rNymu��muq��	�´q	x?p�x�£�k�i#r�w���	qz�mly	~°x��

n�i#~
∆r(r = 1, ..., i)

��q!x-s	mlq��w�8Á¡��q	p¦��	i#q!x�n�i#~
I
�
J(τ)

~��-x�k�x�s	m?¥ ��� ð ò �#¨�{
¥ ��� ð ò È ¨¬y	x�~#q	}¾��q!x-s	mlq3��	r¹tli#i�z�~#m<z#tuz#~������4�wv�Á���q	p	¦��	i�q!xAn�i�~�k!n!� kO�tlp	y	m��
z.���x�¦�������x�k�x-s��J¥Ã�±� ð ò�ò ¨<{F¥Ã��� ð ò �#¨<�¢�¡y3�

i → ∞
��~�m<n��	s3�	q!x�rw�	qz�mly	~#xAn�i#~

∆r

{	y!x�~�q	i#rFmlyq	i±�	i
r
tuz�y	mlr$�w�¤�	rFt��jp�q��n���{	~#m<n��s��	q	}

ID
�
JD(τ)

~�k��	t<�
p	y	m<z.���x�¦����j�#tly	m�k�q	mlq	q	i��?��x�k�x-s��¶tlp�iAn��±� � ilk�q	i ��n����p��¶p I � J(τ) {�x���q	xA�s��z�{	z#i±£�mHi�z#qi#t`�z�t�����p

I
�
J(τ)

~��-x-k�x�sm ¥ ��� ð ò �#¨�{/¥ ��� ð ò È ¨�tH��s	muz�i#r3mum
p�i#yy	mlpz�q	i#t<z_�?i�z#qi#t`�wz#m<n��#q	i���q!x-s	mlq3��ª��x�murFr;x È k�i�pwx���x�q!x�

å�tlp+i#rF}|r�ymu��muq��	mlr���x�k�x-s��0¥ ��� ð ò#ò ¨ØÈ�¥ ��� ð ò �#¨F�	~An!�	��z#t½�¶rFmuy!x
P ∗(u, t)

{
~#mlpwz#i#yw�²Á��wqp	¦���

x∗(t)
�)~�mlpz�i#y

a∗
�A®�z�i³y	m<��muq��	m��lk�i#~�n�m<z#~#i�y+�	m<z³�#t�n�i#~.��r

Mïm�i©ym�r·}Ç�����P�Mï¢F áuâ4�
P ∗(u, t), x∗(t), a∗ Ï Þ á<ã+à�ä¡à æ�Ý�æ=�±æ ß Þ�æ ò à-í!ëâ Þ ä¡ç'HO�°ß�à æ|Ý ç#á<í Ý�æ J æ H æ ß Þ�æ�Ý ç�ß�JAà½ä Þ è Þ�Ý à�é�ç�ß!ß ÐM½ í æöÝ�æ ä æ ß	ß ÐM½=Þ ä ælæ â¼é Þ J

P ∗(u, t) =
m
∑

ν=0

γν(t)δ(u− u
ν(t)),

¥ ��� ð ò Î°¨

Z,J æ
∀t ∈ [0, T ]

ã F áuà å ß�à-ëöß æ í Ý�æ Ý�Ð éAß Ð;æ � F ß!ã+K Þ!Þ
γν(t) ≥ 0

{ m
∑

ν=0

γν(t) = 1
�

� ç���J æ â±á î â�ç�ã+à��©á<ã°ç2H î#Ý
λ0 ≥ 0

Þ â�ç�ã°ç î é æ ã°â±à Ý ë � F ß!ã+K Þ�î
λ(τ) = (λ1(τ),

...λm(τ))
{ ß æ|Ý ç#é�ß	ç î ß F H�Ñïà)J�ß�à�é Ý�æ ä æ ß!ß�à�á

λ0
ß!ç�à-â Ý�æ èAã æ

[0, T ]
Þ�Ý ç�é�ß!ç î

ß F HOÑêèAç æ Z�à±í Ý�æ J æ H�ç-ä Þ � å â±à�J_H î � F ß!ã+K Þ à-ß!ç2H�ç

S = λ0I +
m
∑

j=1

T
∫

0

λj(τ)Jj(τ)dτ =

T
∫

0

Rdt
¥Ã��� ð ò @°¨

Þ=æ Z<à�í�à)J Ð ß!â æ Z Ý ç2H��°ß�à�Z<à�é Ð¢Ý ç,¼ æ ß Þ+î

R = λ0R0 +
m
∑

j=1

Rj,
¥Ã�±� ð � A ¨

R0 =
m
∑

ν=0

γν(t)f01(t, x(t), u
ν(t), a) +

∑

l

f02(t, x(t), a)δ(t− tl),
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Rj =

T
∫

0

λj(τ)

[

m
∑

ν=0

γν(t)fj1(t, x(t), u
ν , a, τ) + fj2(t, x(t), a, τ)δ(τ − t)

]

dτ

¥ ��� ð � ð ¨
á<í Ý ç#é æ J_H Þ é Ð álà�à-â�ß�à �±æ ß Þ�î

δS

δa
δa ≤ 0,

¥Ã�±� ð �7��¨

δR

δx
= 0,

¥ ��� ð � È ¨

uν(t) = argmax
u∈Vu

R(x, λ, a∗, u).
¥Ã�±� ð � ò ¨

ó�n!��k�i#pwxA�-x�z�m<n���tuz#~°x ~�i#tl�i�n����u�#mlrFt½�jt<n�m�k�������ml�jz#mui#y	mlrFi����� Ã �8Î,ÄÏ�
ï¢F áuâ4�

y∗(t) Ï Ý�æ=�±æ ß Þ�æ èAçLJAç åwÞ à�ä¡ç�ã+á Þ ä F ä æ � F ß!ã+K Þ à-ß!ç'H�ç

I =

T
∫

0

f0(y, t)dt
¥ ��� ð �7�#¨

í Ý!Þ�F áIH�à�é Þ�î?½

Jj(τ) =

T
∫

0

fj(y, t, τ) = 0, j = 1,m, τ ∈ [0, T ],
¥ ��� ð �8�°¨

éjã+à�â±à Ý à��
f
ß æ í Ý�æ Ý�Ð éAß!ç Þ ß æ í Ý�æ Ý�Ð éAß�àãJ Þ �X� æ Ý�æ ß�K Þ�Ý	F+æ ä¡çí�à¶áuà�é�à-ã F í!ë

ß�à�á<â Þ ç Ý Z F ä æ ß!â±àAé8°5�	à�Z�J�ç�ß!ç���J æ â±á î â�ç�ã+à��Pß æ¤Ý ç�é�ß Ð �Pß F HOÑµé æ ã°â±à Ý

λ = (λ0, λ1(τ), ..., λm(τ)), λ0 ≥ 0,

å â±à£J_H î
y = y∗

á<í Ý ç#é æ J_H Þ é�à±ß æ Ý ç�é æ ß�á<â±é�à
(

∂R

∂y

)

δy ≤ 0,
¥Ã�±� ð �76�¨

Z,J æ
R = R0 +

m
∑

j=1

Rj = λ0f0 +
m
∑

j=1

T
∫

0

λj(τ)fj(y, t, τ)dτ ;

δy Ï J�à-í F á<â Þ ä¡ç î é�ç Ý�Þ ç8K Þ�î
y(t)

í�à F áIH�à�é Þ Ñ
y ∈ Vy(t)

°
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¿ªx�k�x�s!xP¥ ��� ð ò#ò ¨<{À¥Ã��� ð ò �#¨�k!n!�Py	x�tl�	ym�k�m�n�mlq���
P (u, t)

~�Á�i�y	rFm©¥ ��� ð ò Î°¨
�	rFmlm<z�Á¡i#y	r$�=¥ ��� ð �7�#¨�{�¥Ã�±� ð �8�#¨<{�	y��	s	mur

R = R +Rm+1 = λ0R0 +
∑

j

R
tu~
j −Rm+1,

� k�m R0

�
R
tu~
j

�	rFml��z§Á¡i#y	r$�¸¥ ��� ð � ð ¨�{¬x�t<n�x � x�murFi#m Rm+1

tli#i�z#~#m<z#tuz#~��#muz
�#t<n�i�~.�	�

m
∑

ν=0

γν(t)− 1 = 0 ∀t ∈ [0, T ],
¥ ��� ð �8Î°¨

p�i�z�i#y	i#m¡rFi�£�m<z��#}«z#�±�-x��3�	t�x�qi ~�Á¡i�y	rFm ¥ ��� ð �8�°¨�pwx�p

Jm+1(τ) =

T
∫

0

(

m
∑

ν=0

γν(t)− 1

)

δ(t− τ)dτ = 0 ∀τ ∈ [0, T ].

M$x�p�swz#i

Rm+1 =

T
∫

0

λm+1(τ)

(

m
∑

ν=0

γν(t)− 1

)

δ(t− τ)dτ = λm+1(t)

(

m
∑

ν=0

γν(t)− 1

)

.

W;t<n!i#~.��8¥Ã��� ð �86#¨;k!n	�¶�	mlymlrFmlqq	}«v
γν

∂R

∂γν
δγν ≤ 0, γν ≥ 0

�	y��	~�i�k��wz p�z#i�r$�#{�swz#i�k!n	�¶�°x��li#~#}�v©�lq!x-s	mlq���
uν(t)

¥ k!n!��q��wv
γν(t) > 0

¨�{
R(x, λ, a∗, uν) = λm+1(t), ν = 0,m,

x�k!n	�
u 6= uν(t) γν(t) = 0

�
δγν > 0

{ªx��lq!x�s3�z
R(x, λ, a∗, u) ≤ λm+1(t),i�z#pw��k�x�t<n!m�k��#m<z��#t<n�i�~.�	m�r;x�p+t`�	r$��r;xj¥ ��� ð � ò ¨<�

W;t�n�i#~.�mH¥Ã��� ð � È ¨¢t<n�m�k��#muz6��H¥ ��� ð �76#¨¢t;��s	m<z#i#rPi�z#t<�+z#tuz°~.�w��i � y!x�q3�	s	mlq3�	�q!x
x
{��#t�n�i#~.�w��£�m�¥ ��� ð �7��¨;~#}«z�mlp�x���z���³z#i � i	{wsz#i��	i�i�z#q	i���mlq���Np�~#mlpwz#i��y���!x�y!x�rFmuz�y	i#~

a
�-x�k�x�s!x©¥ ��� ð ò#ò ¨<{¢¥Ã��� ð#ð Î°¨F�	~�n!�muz�t����-x-k�x�s	mu��q	m�n��	q	mu�	q	i � i�	y	i � y!x�rFrd�	yi#~°x�q��w�ª{�x S D&mum�Á���q	p	¦3�	ml��x)x � y!x�qw£�xw�MÀx�p�p�x�p�y!x�t<�¤�	y	muq��	m¥Ã��� ð ò�ò ¨<{;¥Ã��� ð ò �#¨³olp~.�	~°x�n�mlqz�q	ij�-x-k�x�s	mj¥ ��� ð ò �#¨�{

¥ ��� ð ò È ¨�{�z�i)~�t=�wn!��n�mlrFrF} ��i��z.�	r;x�n��#q	i#m¤y	mu��mlq��	m�o<z#i#� �	i#t�n�m�k�q	ml�
(u∗(t),

x∗(t), a)
{/mut<n��0i#q	i�tu�+��mutuz°~��°muz�{���k�i�~�n�m<z#~#i#y°�	m<zj�#t<n�i�~.��	r¸i#�z��	r;xAn���q	i#tuz��

¥ ��� ð �7�#¨ÎÈ¢¥ ��� ð � ò ¨���W;t<n!i#~.�	m|tu�+��mltuz#~#i#~#x�q����i#�wz.�	r;xAn!�#q	i � i�ymu��muq���±�-x-k�x�s��¥ ��� ð ò �#¨�{�¥ ��� ð ò È ¨�~?pwn�x�tltum�p�#tui#s	q	iA�öq	mu�	y	mly}¤~#q}«v§Á���q	p	¦3�	�
u(t)

�	y	m�k��	i��
n�x � x�m<z�{|swz#i γ0(t) = 1

{«x8i#tuzAxAn��#q}|m=rFq	i-£��z�m<n��
γj(t)

~·¥Ã��� ð ò Î°¨�y!x�~�q	}
q�-n��)�
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� i#i�z�q	i���mlq���º¥ ��� ð �7�#¨ÎÈ¢¥ ��� ð � ò ¨³�i���~�i�n!�	��zP�i�n!��s��z��P�#t�n�i#~.�w�8~?Á¡i#y��
rFm±�	y��	q¦��	�!x¶r;x�p�t=�	r$��r;x©k	n!����x�k�x-s��0t��	yi.���~�i�n��#q}|rÅtli#smuzAx�q��	murNp	y��w�
z�mly��w��i��z.�	r;x�n��#q	i#t<z.����i � y!x�q��	s	muq��	��y!xA��q	i � i�z��	�!x��ó)n	��ouz�i � i�k�i�tuzAx�z#i�sw�qi�p�x�£�k�i#r$�¶z.�	��Pp	y��z�mly�����pwx�£�k�i#r$�¶z.�	�w�i � y!x�q��	smlq���0tui#�	i#t<z�x�~.�z#�t�n�x � x�murF}|m R0

�
Rj

{�i#��i���q!x-s��z��©s	mly	m<�
u(t)

¥��	mly	murFmlq	q}¤m±�mly	~#i�� � y���	�	}~�p�i#q	py	muz�q	i#�0�-x�k�x�s	m�¨Hz#iAn��#p�i�z#m��	mlymlrFmlqq	}¤m�{�p+i�z#i#y}|m �	y��0�y��	~#m�k�mlq3���
��t<n�i#~��	��-x-k�x�s3�=pp�x�q	i#q3�	s	mltup�i���Á¡i#y	rFm�i#pwxA�-xAn��	tl�©~ n��³�#i�rj����#t<n!i#~.�	�ª{
pw��k�x�i#q3�P~#i��)n��P~�tui#t<z�x�~�m�Á���q	p	¦���

fj1
k!n!�

j = 0, ...,m
¥�z���m���i�pwx���xAn��	tu�

y	x�q�k�i�rî�w�1�	yi#~°x�q	q}|rd�J�i�i�z�q	i���muq��	� pwx�p¹p´p	y��z�mly��	� i#�z.�r;xAn��#q	i�tuz.�¢{
zAx�p���p�n����#i#r$����³i � y!x�q��s	mlq�����-x-k�x�s3��¨<{+��x����	tlx�z#��Á���q	p	¦3�	� R

tui � n�x�tlqi¥Ã��� ð � A ¨ �¶�i�k�t<z�x�~.�z#� mlm¡~?¥ ��� ð �7��¨<{�¥Ã��� ð � ò ¨<�
Æ¹�	y��	p�n�x�k�q	}�v��-x�k�x-s!xAv�rFi � �+z�~#t<z#y	mus!x�z#��t���y!x��lq	i#i��#y!x��lq	}|m�tli#s	m<z�x�q���z��	�	i#~¶p	y��z�mly��	ml~ji#�z.�r;xAn��#q	i�tuz.�z�=�#t�n�i#~.�	�¢{�i#�	ym�k�m�n!�	���¤�wv0rFq	i-£±mutuz�~#i

k�i#��#t<z.�	rF}�vÇy	m<��muq��	�ª�)h?x�z�mlr;x�z��	s	mltlpwx��ÇrFilk�m<n!�·i#�8Ô�mupzAxºrFi-£±m<z¾��z�i#sw�
qw�z#��t��·~�v°ilk�m=y	m<��muq���ª{|�	y��·ouz�i#r����rFmuq�	��z#t��¸q	mPz#i�n!�#p�i¹�	x�y!x�rFm<z#y	}�{
qi4��t<z#y��pz��wy!x±i � y!x�q��	smlq��	�¢��Ä�muz�y��k�q	i��y	i#t<n!m�kO�z#�{!pwx�p���lrFmlq	muq��	m:�wn��k�i#�°x�~An�mlq��m)q	mup�i�z�i#y	i � i�i � y!x�q��	s	muq���?~�n���muz�q!x±�#t�n�i#~.�w�?i#�z��	r;xAn���q	i#t<z.�ymu��muq���¢{FrFmuq��§ilk�q	ih��©t<n�x � x�murF}�v§Á¡��q	p¦���� R �ª{À~�i���rFi-£�q	i{��y��	q!x�k	�
n!mu£ q	i#t<z#� �mly	murFmlq	q	}�vjp¶�	muy	~#i#� � y���	�m��¿�k�mutl�¡rF}¹�	y��~#m�k�mlr0y!x��<n��	s	q	}«m¤z��	�	}��#t�n�i#~��	����p	y��z�mly��	ml~�i#�z��	r;xAn��A�
qi#tuz��¹~P�-x-k�x�s!x�v§tui=tupwxAn	�	y	q	}|rÇx�y � ��rFmuqz#i#r t

�8k�x�kO�	rï~�}«z#mlp�x�����mlm)��
z�mli�y	mlrF},�������y!x�~.�wn!i��	i�n	�wsmlq����tui#i�z�q	i���mlq��	�ª{/�	y	m�k�tuzAx�~�n!����¤�wv�tui#�#i#�
qmli#��v°i�k��	rF}|m��#t�n�i#~.�w�ji��z.�	r;x�n��#q	i#t<z.�?ouz��wv��-x�k�x�sª�

×���k�mlr´tus��zAx�z#�{sz#i�x�y � ��rFmlqz t ∈ [0, t]
� � i#t<z�x�~�n!�	���¤�	m�{��x�~.�	t½��^�	mHi�z

t
{�q!x��l}|~°x���z � F ß!ã+K Þ à-ß!ç'HO�°ß Ð ä Þ!�#Ä¡x�y°��k���t|q��	rd���	tup�i#rFi#m|y	m<��muq��	m�rFi�£�m<z
tui�k�mly+£±xAz#� ~#mupz#i�y	q	}|m�tui#t<z�x�~An!�	���¤�	m�{��	y3�	q��	r;x����¤�	m)�	i#t<z#i-�	q	q	}|m��lq!x�s	m��
q3���q!xH~�tlmlrE�	qz#muy	~°xAn!m

(0, t)
{���v�q!x���}|~#x���z í!ç Ý ç-ä æ â Ý�Þ!åwæ á<ã Þ ä Þ!�#õÀx�tutlrFi�z��

y3�	r·y!xA�un��	sq	}|m±~.��k�}ïpy��z#muy��	ml~¶i#�z��	r;xAn��#qi#tuz����tl~����mu�ª{ªq!x�n�i�£�muq	q	}�v
q	x��	tup�i#rF}|m��	muy	mlrFmuq	q	}|m��
��Wª©MW¦ �W§ù�L�QM�4SbL�¿M¢��R���X�K�MQ��O�K�4S4Â=âã�}�M�R�M�RL��MJ3�0L��
ð ��ñ�i#rF���	q!x�¦��w�)�qz#m � y!xAn!�#q	i#����z�mly	rd�	q	xAn��#q	i��?tli�tuzAx�~�n!����^�wv��

I =

t
∫

0

f0[a, y(t), t]dt+ F0[a, t, y(t)]→ sup .
¥ ��� ð �8@°¨

¿�k�mltu�
y(t)

D Á���q	p	¦��i#q!xAn���q	}|m8!
a

D �	x�y!x�rFm<z#y��	smltlp��	m�tui#tuzAx�~�n	�	���^�	m�y	m��
��mlq��w�ª�¬ñ s��	t�n!�´�!x�y!x�rFm<z#y��	smltlp��wv�tli�tuzAx�~�n!����^�wv�rFi-£±m<z�i�z#q	i#t=�z#��t��U�
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�	y	ilk�i�n!£º�z#m�n��#qi#tuz����	y	i�¦	mltut�x
t
�!Æºs!x�tuz�q	i#tuz��ª{�Á���q	p	¦����

f0
�wn��

F0

{	i#�	y	m��
k�m<n	�	���^�	mé�qz#m � y!xAn!�#q�w�w��z#muy	rd�	q!xAn!�#q���êtli�tuzAx�~�n!����^�	m³p	y��z�mly3��ª{�rFi��
� �+z��#}«z��±y!x�~#q	}ºq�-n��)�!Æ3z�i#r¹t<n!��s!x�m�{	p�i � k�x F0 = 0

{	x
f0 = −1

{p	y��wz#mly3�	�
¥ ��� ð �8@°¨��	y��	rFm<z�Á¡i#y	r$�

I = −

t
∫

0

dt→ sup ∼ t→ inf .
¥Ã�±� ð � A ¨

¿ªx�k�x-s��©t�p	y��wz#mly3�	mlrN¥ ��� ð � A ¨¬q!x��l}|~°x���z èAç8J�ç å ç-ä Þ ä¡ç�ã+á Þ ä�ç2H��°ß�à�Z<à ð#Ð á<â�ë
Ý à)J æ ��á<â�é Þ�î!�

�w�!ñ�y��z�mly���ª{��-x�~.�	t½��¤��?i�z �	x�y!x�rFm<z#y	i�~��
I = f0(a)→ sup,

¥ ��� ð � ð ¨
q	m¡~#pwn���s!x�m<z�Á���q	p	¦��	i�q!xAn���q	}�vjtui#tuzAx�~�n	�	���^�wv¢�¢ô�k�q	x�p�i�mut<n��j�!x�y!x�rFmuz�y	}
a
tl~��w�-x�q} t

y(t)
�#t<n�i�~.��rî�¢{�i#�	y	m�k�m<n	�	���^�	rd�·rFq	i-£�mltuz�~#i0k�i#��#t<z.�	rF}�v

y	mu��mlq���ª{�z#i±�-x-k�x�s!x��~�n!�muz#t½�j~#x�y��!x�¦��	i#q	qi#�ª�
È �!ñ�y��z�mly���?rd�	q��	r;x�p+tlq	i � i�z.��!x��

I = min
t∈[0,t]

f0[a, y(t), t]→ sup .
¥Ã�±� ð �7�#¨

ñ�y��z�mly��3��i�k�q	i � i|z.�	�	x�rFi�£ q	i|�	y��	~�mlt<z.��pHk�yw� � i#r$��z��	���{�~#~#m�k!��~|�#t�n�i��~.��P��x�k�x-s��=~#tu�	i#rFi � x�z�m<n���q	}|m��	muy	mlrFmuq	q	}|m��jk�i#�°x�~.�	~�z#m4�wn��E�	q}|m±i � y!xA�q��	s	muq���¢��Ä�x��	y��	rFmuyª{;z�mly	rd�q!xAn��#qi#m?t�n�x � x�mlrFi#m¶~3¥ ��� ð �8@°¨�~�z#i�r,t<n	�ws	x�m�{
p�i � k�x¶Á���q	p	¦3�� F0

�	y��
t = t

q	mu�	y	muy	}|~#q!xj�	i
t
{/rFi�£�m<zj�#}«z��j��x����	tlx�q	ij~

�	qz�m � y	xAn��#q	i��PÁ¡i�y	rFm¡pwx�p

F0(a, t, y(t)) =

t
∫

0

F0(a, t, y(t))δ(t− t)dt.

��Wª©XW¦¥}W§ùhLOQM�4S¨���.�RL����R�§Æ�L�¿RQM��Nd�_�R£�Ú�Ç��XÂg���RL?Õ��?�.¢���L
NdL�¿����.¢��R�4S4ÂiQM�Kc��K�M�R�

W;t�n�i#~.�w�ª{�i��	y	m�k�m<n!����^�	m´rFqi�£�mlt<z#~#i¹k�i#��#t<z.�	rF}�vNy	mu��mlq���ª{HrFi � ��z
�	rFmuz���p�x�p�Á¡i#yr$��y	x�~#mlqtuz�~	{�zAx�p���Á¡i#yr$��qmly!x�~�mlq	t<z#~	�Ä��£�m«k	n!��py!x�z#p+i��
tuz��?���lk�mlr���x����	tu}|~°x�z�� z�i�n��#p+i y	x�~#mlqtuz#~#x�

ð ��å�qz�m � y	xAn��#q	}|m)i � y!x�q��	smlq�����

J =

t
∫

0

f(a, y(t), t)dt− c(a) = 0.
¥ ��� ð � È ¨
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�w�!ñ�i#q	mus	q	}|m�tli#i�z#q	i���mlq��w�?q!x��qz#muy	~°xAn�m
(0, t)

�
f(a, y(t), t) = 0, ∀t ∈ (0, t).

¥ ��� ð � ò ¨
È ��ñ¡i�q	mlsq	}|m¤tui#i�z�q	i���muq����k!n	��Á¶�p�t=�	y	i#~°x�q	q	i � i���q	x�s	muq��� t = t0

{��	y��w�
q	x�k!n�m<£±x���m � iº�	qwz#mly~°xAn!� [0, t]

�
f(a, y(t0), t0) = 0.

¥Ã�±� ð �+��¨
Æ¾pwx-s	mlt<z#~#m¡��q!x-s	mlq3��

t0
{�k!n!��p�i�z�i#y	i � i tu�	y!x�~�m�k!n��~#i��#t�n�i#~.�m�¥ ��� ð �+�#¨�{	s	xA�

t<z#i ~�}|tuz����!x���z��lq!x�smlq���
t0 = t

�wn��
t0 = 0

�
¯Ft<n��±p�i#qmls	q	}|m¤tui#i�z�q	i���muq���±��k�x�muz#t½��y!x��ly	mu�^�z#�)i�z#q	i#t=�z#m�n��#q	i�i�k�q	i��

�w�¡tui#tuzAx�~�n	�	���^�wv�y	mu��mlq��w�ª{	z�i±y!x��lrFmly	qi#tuz��±�-x�k�x-s���rFi-£�qi�tlq��w�1�z#���ô�k!�
q	x�p�i�k�xAn�mup�i�q	m¡~#tlm � k�x�ouz�i���k�x�muz#t½�?tìk�m�n�x�z#��ò ��ôH�#}|p	q	i�~#mlq	qi#mHkO�Á�Á¡muy	mlq	¦3�!xAn���q	i#m���y!x�~#q	mlq3�	m8�

ẋ = f [a, x(t), u(t), t],
¥ ��� ð �7�°¨

��n��j~��	qz�m � y!xAn��#q	i��?Á�i�y	rFm8�

x(t) =

t
∫

0

f(x(τ), u(τ), τ)dτ + x0.
¥ ��� ð �+6#¨

¿�k�mutl�PÁ¡��q	p¦��	i#q!x�n��#q	}|m©tui#tuzAx�~�n	�	���^�	m©y	mu��mlq��w�´�	i��öy	x���qi#r$�0~�v°ilk��z
~?�#t�n�i#~.��·¥Ã�±� ð �7�#¨<{�¥ ��� ð �+6#¨�� � i�tuzAx�~�n!����^�	m

u(t)
D ���	y!x�~An�mlq��w�ª{$~Av°i�k��wz

z�i�n���p�i)~¡�	y!x�~�}|m�s!x�t<z.� ��y!x�~#q	mlq3�	�ª{+tli#t<z�x�~�n!����¤�m
x(t)

~�v°i�k��wz)pwx�p�~��	y!xA�
~�}|m�s	x�tuz��ª{!z�x�p��¶~�n!ml~#}|m�s	x�tuz��j��y!x�~�q	mlq3�	�§¥Ã��� ð �8�°¨<{/¥ ��� ð �+6#¨��

�w��å�qz#m � y!x�n��#q	i#m¡��y!x�~#q	muq��	mL�

x(t) =

t
∫

0

f [a, x(τ), u(τ), τ, t]dτ.
¥Ã��� ð �7Î°¨

���å�qz#m � y!x�n��#q	}|m)�	y	mui#�#y!x��li#~°x�q���"�

y(t, t) =

t
∫

0

f(u(τ), τ, t)dτ.

Æ�~#ilk��¶k�i��°x�~#i#sq	}|m��mly	murFmlq	q	}|m�{/rFi-£ q	i�tlx�rF}|m�y!x��<n��	s	q	}|m�i � y!x�q��	sm<�q3��?��x����t�x�z��©~�tuzAx�q�k�x�yz#q	i#�Á¡i#y	rFm�����y��	~�m�k�murºq	mutlp�iAn��#p+i©�	y3�	rFmly	i�~�z�xA�
p3�wv��y	mli#��y!x���i�~°x�q���ª�¢ó^�	Á¡Á¡mlymlq	¦��	xAn��#q	i�m���y!x�~�q	mlq��m rFi�£�muz¶��}«z#�¶�-x-k�xA�
qi�~�q	mu�~#q	i#�PÁ¡i#y	rFm

F (ẋ, a, t, x, u) = 0.
ó�n!�P�	y3�	~#m�k�mlq���pt<z�x�q�k�x�ywz#q	i#�

Á¡i�y	rFm¡~#~#m�k�mlr��	mlymlrFmlqq	}¤m
ẋ = v(t)

¥Ã��� ð �7@°¨
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�¶�	mlyml�����mlr3��y!x�~#q	mlq3�	m)~±Á¡i#y	rFm¡p+i#q	mus	q	i � i tli�i�z#q	i���mlq3��
F (v, a, t, x, u) = 0 ∀t ∈ [0, t].

¥ ��� ð 6 A ¨
W;t<n!i#~.��¸¥ ��� ð �7@#¨<{|¥Ã�±� ð 6 A ¨)tli#i�z#~#m<z#t<z°~�����z8q	m<�	~#q	i��¹Á¡i#y	rFm kO�Á�Á¡muy	mlq¦��w�
xAn��#qi � i��wy	x�~#q	muq���ª���mlymlrFmlqq	}|m�{#~#~#ilkO�	rF}|m;k!n!��z�i � i	{�swz#i#�#}´�	ymli#�#y	x���i�~°x�z#�HÁ¡i#y	r$��tl~��w�1�ª{q!x��l}|~°x���zÞ á<ã F álá<â�é æ ß!ß�à�é�é�à)J Þ ä Ð ä Þ í æöÝ�æ ä æ ß!ß Ð ä Þ!�¢ôHq3�P~�v#i�k��wz�z#iAn��#p�i
~±z�m¡�#t<n�i�~.����-x�k�x�s��ª{!p+i�z#i�y	}|m)�y	mli��#y!x��u�w��z#t��jt:�wv��	tl�i�n����li#~°x�q3�	mlr|�

W;t�n�i#~.�m
min
t∈[0,t]

f(a, t, y(t)) = 0
¥Ã�±� ð 6 ð ¨

olp	~��	~°xAn�muqz#qi¶k�~���r¸z#y	mu�#i#~°x�q���	r|{�ilk�q	i��w��p+i�z#i�y	}�v��	rFmlm<zPÁ¡i#y	r$�q	mly!x��
~#mlqtuz#~#x

f(a, t, y(t)) ≥ 0 ∀t ∈ [0, t],xH~�z�i#y	i#mODïÁ¡i#y	r$��y!x�~#mlqtuz#~#x{#tlilk�mly°£±x���m � i:�	tlp+i#rF}|�±�!x�y!x�rFm<z#y t0 ∈ [0, t]
{

f(a, t0, y(t0)) = 0.å�qz�m � y	xAn��#qw�w� tli#t<z�x�~�n!�������� p	y��z�mly���Çi��z.�	r;x�n��#q	i#t<z.�Ç~Ç¥Ã�±� ð �8@#¨
rFi�£ q	i©�y��	~#mutuz.�0pz�mly	rd�q!xAn��#qi#�0Á¡i#y	rFm�{ª~#~�m�k��tl~��w����~©Á¡i#y	rFm)kO�Á�Á¡m��
y	mlq¦��!xAn���q	i � i���y!x�~#q	muq���

ẋ0 = f0(a, t, y(t))tHq!x-s!xAn��#q}|r´�#t�n�i#~.�mlr
x0(0) = 0

�	ñ�y��wz#mly3�	�¶i#�z��	r;xAn���q	i#tuz��¶�	y��r;m<z±�	y��
ouz�i#rJ~.��k

I = x0(t) + F0[a, t, y(t)]→ sup .¯�q!xAn�i � �	s	q	i)py��z#muy��	�¥ ��� ð �+�#¨Àrd�	q��r;x�p�tuq	i � i)z��	�!x�rFi�£�m<z��#}«z#�)�	muy	m<����	tlx�q�pwx�p=z�y	ml��i#~°x�q��m�r;x�p�t`�r$�wr;x�qmlp�i�z#i#y	i � i)�	tlpw�#tltuz#~#mlq	q	ij~#~�m�k�muq	q	i � i�!x�y!x�rFmuz#y	x
b
t³k�i#�	iAn�q��z�m<n���q	}¤r3i � y!x�q��s	mlq��mlr

I = b→ sup
/

f0[a, y(t), t]− b ≥ 0.
¥Ã�±� ð 67��¨

��Wª©XWª©MW6�)�?L	9?ÂOLKN��R�4S��������0L����M£UL�¿R¢3�R��J3�RÅ��RLO�.¢��g��J�QR�MJ��M�RL��M��S4Â
�KJ?NdJQ�Ù�z�M�RJ��_�.���.�fL��RÅ��_£}Ç��XÂUQM�KÕ«�R��L��

MÀmui#y	mur;x�����j�	i��l~#i�n!�muz�	i�n!��s��z��=�#t�n�i#~���§i#�z��	r;xAn��#qi#tuz��¹~PÁ�i�y	rFm
�	y��	q¦��	�!xjr;x�p�t=�	r$��r;x©k!n!����x�k�x�s0t�p	y��z�mly��	mlrP�8tu~���u�	rd�0y!x���qi � i¶z.�	�!xw���y��	s	mur,o<z.���#t�n�i#~���¹��k�i��#q	i��	i�n!��s��wz#�8pwx�p�t�n�m�k�tuz#~.�m���j��i�n�mlm�i#����m � i�+z#~#muy+£�k�mlq3��½D �#t<n�i�~.�	�8i#�wz.�	r;xAn!�#q	i#t<z.��~°x�y��	x�¦��	i#qq	}�v���x�k�x-s8~¶pwn�x�tutlm
tlp+i�n����u��¤��vjymu£º�	rFi#~	�
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798;:;<>=>?>8A@AB � B;6��'32#/`�3'�'�*@&32�'�-0�DC�E�$3*�(!2�'Û'�(�*�*,2�+�/`2#(�2�+GF�H5I^'�/6'3-Í(JC��� ]�#/1-0AB/
+4">F_$3>LK�'3'NM:�� ��3��$LO¨�

P Q6R =TSVU R =TW>XZYTS�=#[�8�<#\V]TX_^`S�= ab<G8Vc8VUd[�XVU
R0

7e=TY�^<�8Jf
I → max

c8VUd[�XZcgX
�

T
∫

0

f0(y(t), a, t)dt λ0f0(y(t), a, t) R0I

h
F0(y(t0), a, t0) λ0F0(y(t), a, t)δ(t− t0) R0IIi
min

t∈[0,T ]
f0(y(t), a, t) = z

λ0z

T
+ λ(t)[z − f0(y(t), a, t)] R0II

λ(t) ≤ 0 j
λ(t)[z∗ − f0(y(t), a, t)] = 0.@ R =>[kU6lm8;]n=>UVB,o!^<#=

I =
∑

k

akIk j S�X R0 =
∑

k

akR0k
B

798;:;<m=n?m8A@AB h Bp (�$3*,+,$3AB/62�'3&�Ap(�+Gq_<`/_rÛ'�(�*�*,2�+�/`2#(�2�+GF�H5I^'�/6'3-Í(JC��� ]�#/1-0AB/+4">F_$3>LK�'3'NM:�� ��3��$LO¨�
P 7!=#Yse=Dtu^`v�wTxd= ab<G8�c`8�Uy[LXZU

RCB

^<G8�c`8JfUd[�XVcdX
�

T
∫

0

f(y(t), a, t)dt = 0 λf(y(t), a, t)
Y R =

t ∈ (0, T ) RI

z Y R =
t /∈ (0, T )h

f(y(t), a, t) = 0, λ(t)f(y(t), a, t) j Y R = t ∈ (0, T ) RII

∀t ∈ (0, T )
z Y R =

t /∈ (0, T )i
f(y(t0), a, t0) = 0 λf(y(t), a, t)δ(t− t0) RII{
ẋ = f(x(t), u(t), a, t) j ψ(t)f(x(t), u(t), a, t) j RI

ψ(t) = 0
Y R =

t /∈ [0, T ]Y R =
t ∈ [0, T ] ψ̇(t)x(t) + (x(0)/T )ψ(0) RII

|
x(t)=

t
∫

0

f(x(τ), u(τ), τ)dτ + x0 f(x, u, t)

t
∫

T

λ(τ)dτ RI

λ(t) = 0
Y R =

t /∈ [0, T ]
λ(t)(x(t)− x(0)) RII

}
x(t) =

T
∫

0

f(x(τ), u(τ), a, τ, t)dτ

T
∫

0

λ(τ)f(x(t), u(t), a, t, τ)dτ RI

−λ(t)x(t) RIIó�n!�?Á¡i#y	r$�-n��	y	i#~#p3�P�#t�n�i#~.��i#�wz.�	r;xAn!�#q	i#t<z.�=q	x�r¾�	i�z#y	mu������z#t��~#tu�	i��
rFi � xAz#m<n!�#q	}|m)p�i�q	tuz�y��p	¦����ª{�tli#��y!x�q	q}|m�~±zAx���n������ ð �j�����w�
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Æ¼o<z.�wv¾zAx���n��	¦!xAv¾q	mlp+i�z�i#y	}|r&q!x,�	�#i�n�mums!x�tuz�ii�	tu�	i�n����l�#murF}¤r&~.�+k�x�r
¦	m<n!ml~#i � i¶Á��wqp	¦��	i�q!xAn�x���#t<n!i#~.��r·z.�	�!x�y	x�~#muq	tuz�~jtui#�	i#t<z�x�~An�mlq},t<n�x � x��mlrF}|m

R0

�
R
~©Á���q	p	¦�����x�x � y!x�qw£±x R ��×���k�mur¸y!x�tutlr;x�z�y��	~°xAz#���-x�k�x-s��ª{¢~p�i�z�i#y	}�v�z#y	mu���#m<z°t���i��#mltu�	mls��wz#��r;x�p+t`�	r$��r0py��z#muy����i#�wz.�	r;xAn!�#q	i#t<z.�ª{°tui#~��

�!x�k�x�����m � i³t;i�k�q��r����p	y��z�mly��m�~�zAx���n��A��� ð �	y��)�	y	i.�w��~#iAn��#q	i#r?tui#s	m<z�x�q�����#t<n�i�~.�	�ª{	i#�	y	m�k�m<n	�	���^�wv¶rFq	i-£�mltuz�~#i�k�i#�w�#tuz��	rF}«v��lq!x�smlq��	�¶�	muy	mlrFmuq	q	}�v¢{
�� zAx���n/������������mlymlrFmlqq	}|m��-x-k�x�s3�8y!x��li#�8Ô�murÅq!x�k�~#m � y���	�	} �	ijt<n�m�k��������mur$���	y!x�~��wn!�z�

 í æ Ý é�à��^Z Ý	F í!í æ à-â�ß�à�á Þ ä â æ � F ß!ã+K Þ à-ß!ç2H��°ß Ð;æ áuàAá<â�ç#é�H î Ñ Ë�Þ�æ � ã+à-ëâ±à Ý�Ð;æ é¶álà�à-â±é æ â±áuâ±é Þ!Þ á±â�ç ð Hd° ��� ð {ª����� é�à � H Þ é¶áIH�ç7Z�ç æ ä Ð;æ
R0I

Þ
RIã°ç�ã�J_H î ã Ý�Þ â æöÝ�Þ�î à�í!â Þ ä�ç2H��°ß�à�áuâ Þ

I � â�ç�ã Þ J�H î é�á æÌ½ÃF á H�à�é Þ � � Þ ä æ Ñ|ëË�Þ?½ á î é±èAçLJAç åæ ° � á æ à�áuâ�ç2H��°ß Ð;æ � F ß!ã+K Þ à�ß	ç2H��°ß Ð;æ álà�áuâ�ç�é'H î Ñ Ë�Þ�æ�Ý�æ��±æ ë
ß Þ�î à-â�ß æ á æ ä»ã+à�éAâ±à Ý à�� Z Ý	F í!í æ ° ôH�#i���q!x-s��	r§�mly	murFmlq	q}¤m��	muy	~#i#� � y���	�	}s	mlymu�

u(t)
{|x§~�z#i#yi#� D s	mly	m<�

x(t)
�¬ó�n!�ºtl�	y	x�~#m�k	n��	~#i�tuz.�êtuÁ�i�y	r$�-n��y	i��

~°x�q	q}�v=q��£�m��#t<n!i#~.�	��i#�z��	r;xAn��#qi#tuz��8�	i�z�y	ml���#mlr|{�sz#i#��}»�	y���p�x�£�k�i#r
t��q!x-s	mlq3��

u(t)
�	y��	q!x-k!n�mu£±xAn�����x�rFp	q�+z#i��8i � y	x�q��	smlq	q	i��8i#�An�x�tuz�� V �	y	iA�

tuz�y!x�q	t<z°~#x
Rn {¢x Á���q	p	¦��3� f0 � f �#}�n��i#�y	m�k�m�n�muq	}Çq!x �	y°�	rFi#r¾�	yi.���~�m<�k�mlq3���0rFqi�£�mlt<z#~�k�i#��#t<z.�	rF}�v��lq!x�smlq��	��tl~#i.��v�x�y � ��rFmuqz#i#~	{/q	ml�y	mly	}|~�q	}�	i�tli�~#i#p���	qi#tuz���o<z.�wvx�y � ��rFmlqz#i�~��Pq	ml�y	mly}|~#q	i�kO�	Á¡Á¡mlymlq	¦3�	y�#mlrF}Ç�	i

x, t
�zN���q	p	¦��i#q!xAn

I
i � y	x�q��	s	muqjq!x±rFq	i-£�mltuz�~#mHk�i#��#t<z.�	rF}�v?ymu��muq��	�ª�Æ�~#}|y!x�£�muq����©¥ ��� ð 6 ò ¨ª~#}�k�m�n��	rt�n�x � x�mlrF}|m�{�tui�k�mly+£±xA�¤�	m u(t) {#��tu��rFr$�ouz��wvt�n�x � x�murF}�vi#��i���q	x�s��	r¾s	muy	mu� H �ªôHt<z�x�~��¤�	mut��=t�n�x � x�murF}|m�i#�#i���q!x-s��	rs	mlymu�

N
��MÀx�p�sz#i

R = N(x, λ, t) +H(x, u, λ, t)
�	Ä¡x�y°��k���tHouz�i#��Á¡��q	p¦��	ml�

�-x��3���mur3Á��wqp	¦��	��x)x � y!x�q£±x)k	n!�¶y!x�t<�¤�	ymlq	q	i��?��x�k�x-s��"�

R̃ = N(x, λ, t) +
m
∑

k=0

γk(t)H(x, uk, λ, t),

� k�m m D,i#����mlm�s��	t�n�i)�#t<n!i#~.�	� �-x-k�x�s��¢{�tlilk�muy+£±x��¤��v
u(t), (m ≤ n)

{�x
γk(t)��k�i#~An�muz�~#i#y°�	��z�tui#i�z�q	i���mlq���r

γk(t) ≥ 0,
m
∑

k=0

γk(t) = 1.
¥ ��� ð 6 È ¨

÷«í!â Þ ä¡ç'HO�°ß Ð ä Ý�æ��±æ ß Þ�æ ä&èAç8J�ç åwÞ é¶ã�H�ç#álá æ áuã+àæHO��è î�Ë�Þ?½?Ý�æ ¼ Þ ä¡àAé¶ß!çAè�à-ë
é æ ä â�ç�ã Þ�æ � F ß!ã+K Þ!Þ

γ∗(t)
á álà�á<â±ç�é'H î Ñ Ë�Þ ä Þ

γ∗k(t) ò u∗(t) á�áuàAá<â�ç#é�H î Ñ|ë
Ë�Þ ä Þ

u∗k(t)
Þ
x∗(t) � å â±à u∗k ∈ V, γ∗k(t) F JAà�é'H æ â±é�à Ýwî�æ â ¥ ��� ð 6 È ¨<{ ç)é æ ã°â�à Ý ë

� F ß!ã+K Þ�î
x∗(t)

ä¡à1¼ æ â ð#Ð â4�½J_H î H�Ñ ð à�Z<à
t ∈ [0, t]

á<ã+àæHO� F Z�à�J�ß�à?â±à å ß�à
í Ý�Þ�ð H Þ ¼ æ ß!ç�í�à�áIH æ J�à�éAç�â æ H��°ß�à�áuâ4�_Ñ

{xr(t)}
J�à-í F á<â Þ ä ÐM½ í�à FlÝ ç�é�ß æ ß Þ�î ä
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áué î è æ � Ý�æ��±æ ß Þ ��èAç8J�ç å�Þ � æ áIH Þ ß!ç ß â±à½ä Ý�æ��±æ ß Þ!Þ � F ß!ã+K Þ à-ß!ç'H
I

JAàAá<â Þ Z�ç�ë
æ â álé�à æ �§é æ Ý?½ ß æ �µZ Ý ç�ß Þ!��hjmuy	i#�0�An���li#tuz��8Á���q	¦��	�

x∗(t)
�
xr(t)

t<n	��£º�z
r;x�p�t=�	r;xAn��#qi#m¡�	i

t
��q!x-s	mlq3�	m)rFilk��-n!�)��v�y!x���qi#tuz��ª�

��mly	murFmlq	q}�v3�	muy	~#i#� � y���	�	}¼~��-x�k�x�s	mjrFi-£�muz��Jqmji#p�x��-x�z��#t½�ª{¬mut<n��¢{
q	x��	y��	rFmuyª{�~#tlm��mly	murFmlq	q}¤m©tu~����x�q	}Çk�y� � t±k�y� � i#rµp+i#q	mus	q	}|rd�§tli�i�z#q	iA���mlq��w�	rd��¥Ãt<z#y	i#p�x È {z�x���n���������¨<�
ó�n!�PpwxA£±k�i��Pp�i�q	p	y	m<z#q	i��=�-x-k�x�s3�ª{f�	tu�	i�n����l���Pz�x���n��ª��� ð �=�����w{�rFi-£�q	i

tui#t<z�x�~��z#� Á¡��q	p¦��	�
R
{!p�x�p

R = λ0R0 +
n
∑

ν=1

Rν .
¥ ��� ð 6 ò ¨

Ä�mli#��v°i�k��	rF}|m|�#t�n�i#~���±i#�wz.�	r;xAn!�#q	i#t<z.��~�pwn�x�tltlm|tlp+i�n����u��^�wv±ymu£º�	rFi#~
k�x�muz t�n�m�k!�w����mlm

W¹z�~�m¬y�£¸k�m¬q¨�)m³¥�t<n�m�k�t<z#~.�	m ��¬z�mli#y	murF}´�����#¨���Ê á H Þ
γ∗k(t), u

∗
k(t)(k =

0,m), x∗(t) Ï Ý�æ=�±æ ß Þ�æ èAç8J�ç åwÞ àjä�ç�ã+á Þ ä F ä æ � F ß!ã+K Þ à-ß!ç2H�ç
I
Þ è=â�ç ð H�°

ï ° ' � ß!çHä�ß�à1¼ æ áuâ±é æ JAà-í F áuâ Þ ä ÐM½�Ý�æ=�±æ ß Þ � � à-í Ý�æ J æ H î�æ ä¡à�ä F á H�à�é Þ�î ä Þ©Þ è
â�ç ð H�° ï ° ( � é?ã�H�ç#áuá æ á<ã+àæHO��è î�Ë�Þ?½Ý�æ ¼ Þ ä¡àAé � â±à¶á F_Ë±æ áuâ±é F+æ â ß æ�Ý ç#é�ß!ç î
â±à1¼ J æ á<â±é æ ß!ß�à�ß F HOÑïí Ý�Þ

t ∈ [0, t]
Þ à ð½Ý ç Ë ç,Ñ Ë ç î á î é�ß F H��©èAç�í Ý�æ J æ H�ç�ë

ä Þ�ß â±à�Z�à�à-â Ý�æ èAã°ç�é æ ã°â±à Ý ë � F ß!ã+K Þ�î
λ = (λ0, λ1(t), . . . , λm(t)); λ0 = (0; 1)â�ç�ã°ç î � å â±à í Ý!Þ í�à å â Þ é�á æÌ½ t � F J�à�é�H æ â±é�à Ýwî Ñ Ë�Þ?½ÆF á H�àAé Þ�î ä

t ∈ [0, t] � Þ
γk(t) ≥ 0 � JAà�áuâ Þ Z�ç æ â¼ç ð áuà.H�Ñ|â�ß�à�Z�à�ä¡ç�ã+á Þ ä F ä¡ç í�à

u
é�â±à å ã+ç ½

u∗k
� F ß!ã°ë

K Þ+î
H(x∗, u∗k, λ, t) = max

u∈V
H(x∗, u, λ, t),

¥ ��� ð 67�#¨
ç Ý ç�á ��Þ�Ý�æ ß!ß!ç î � F ß!ã+K Þ�î

R̃
á<â�ç8K Þ à-ß!ç Ý ß!ç�í�à

x
�

∂N(x, λ, t)

∂x
= −

m
∑

k=0

γk(t)
∂H(x, uk, λ, t)

∂x
.

¥ ��� ð 68�°¨
Ê áIH Þ é�èAçLJAç åæ«Þ ä æuæ â±á î é æ ã°â±à Ý í!ç Ý ç-ä æ â Ý à�é

a � â±à�é F áIH�à�é Þ�îP¥Ã��� ð 68�#¨<{
¥Ã��� ð 6L�°¨ é ½ à)J Þ â æ Z�à)à-í!â Þ ä�ç2H��°ß�à æ èAß!ç åæ ß Þ�æ

a∗ � J�H î ã+à-â±à Ý à¥Z�à)é Ð í�àæH�ß æ ß Ð
F á H�à�é Þ�î H�à-ã°ç'HO�°ß�à��ß æ�F H F°å�� ç æ ä¡àAá<â Þ � F ß!ã+K Þ à-ß!ç2H�ç

L
í�à

a
�

∂L

∂a
δa =







∂

∂a

t
∫

0

[

N(x, λ, a, t) +
m
∑

k=0

γk(t)H(x, uk, a, λ, t)

]

dt





 δa ≤ 0,

¥ ��� ð 676#¨
Z,J æ

δa Ï éAç Ý�Þ çLK Þ�î � JAà�í F á<â Þ ä¡ç î í�à±à�Z Ý ç�ß Þ!åwæ ß Þ�î ä ß!ç�é æ ã°â±à Ý
a
�

ô³z©~�tlm�vPÁ���q	p	¦���ª{¢i#�	ym�k�m�n!�	���¤�wvP�#t�n�i#~.��?��x�k�x-s��ª{�z#yml���#m<z°t½�=q	ml�y	m<�
y}|~#q	i#t<z#�¡�	i

u
��q	ml�	ymly	}|~�q!x���kO�	Á¡Á¡mly	muq	¦��	yw�°mlrFi#t<z°���i

x
�
a
��ó�n!��tu�+��m<�

t<z#~�i#~°x�q��w��r;x�p�t=�	r$�wr;x©~0¥Ã�±� ð 68�#¨|k�i�tuzAx�z#i�s	q	i	{/sz#i��#}ÇrFq	i�£�mutuz�~#i
V
��}�n�i

��x�rFp	q�+z�i��¶i � y!x�q��s	mlq	i{�x±Á���q	p	¦3�� H i � y!x�q��	smlq!x��	i u �
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Æ¸z#i#rºt<n!��s!x�m�{ªp+i � k�x�~©y	x�tltur;x�z#y3�	~°x�murFi#�=��x�k�x-s	m�r;x�p�t=�	r$��r·Á���q	p	¦����
H
�i

u
k!n!�P�	i�sz.�~#tlm�v

t
k�i#t<z.� � x�m<z°t��=~�i�k�qi#�?z#i#sp�m�¥ γ0(t) ≡ 1

¨<{��-x-k�x�s!x
�	rFmlm<z�ymu��muq��	m

u∗(t)
~�Á¡i#y	rFm¤p�#tli#sq	i��öqml�	ymly	}|~#q	i#��Á���q	p	¦3���ª{wx:���tli�i�z��

q	i���mlq��	�?¥ ��� ð 67�#¨<{	¥ ��� ð 676#¨�t�n�m�k!�w��zÀWºt�n�i�~:�±� i¡��z¶�±r0x³n �¡q±i¡t|z:�"�
H(x∗, u∗, t, λ, a∗) = max

u∈V
H(x∗, u, t, λ, a∗),

¥Ã��� ð 6LÎ°¨

∂N

∂x
= −

∂H

∂x
,

¥Ã�±� ð 6L@°¨

∂L

∂a
δa =







∂

∂a

t
∫

0

[N(x, λ, a, t) +H(x, u, a, λ, t)] dt





 δa ≤ 0, .
¥ ��� ð Î A ¨

åH��ouz��wv�tli#i�z#q	i���mlq����~�}«z#mlp�x�m<z¤��<n�i�£�muq	q!x��±q��£�m|�	y	i#¦	m�k���y!x��	i�n!��s	muq���
�#t<n�i�~.�	�ji#�wz.�	r;xAn!�#q	i#t<z.��k!n!����x�k�x-s¶tli�tupwxAn!�y	q	}|r3x�y � �wrFmuqz#i#r|�

��Wª©XW�~}W�V�����L�QR�M¢��m¿ML����x�M�K�R�X£=�����RL��O�M�ÙL�¿R¢��M��J3�RÅ��RLO�.¢��g�¸â�L�QM���
¿RQM�R�M�M�R¿MJz��J��}�.�M�p�}��J
ó)n	���	i�n	�wsmlq���)q	mli��-v°ilkO�	rF}�v¡�#t<n�i�~.�	�)i#�z��	r;xAn��#qi#tuz���~¤��x�k�x-s	m¬t;Á��wqpw�

¦��	i#q	xAn�i#r3p�i�q	p	y	m<z#q	i � i©~.��k�xº�?p�i#q	py	muz�q	}¤rºq!x���i#y	i#rJtl~��w��mu�PrFi�£ q	i ~#i�t<��	i�n�����i#~°xAz#�#t½���#t<n!i#~.��rd�¥ ��� ð �7�#¨ÎÈ¢¥ ��� ð � ò ¨�{��-x��3�	t�x�~)Á���q	p	¦��i#q!xAn©~�Á�i�y	rFm
¥ ��� ð ò#ò ¨�{�x�pwx�£�k�i#mî����#t�n�i#~.�	��~�Á¡i#y	rFm³¥ ��� ð ò �#¨�����y!x�pz��	s	mltup�����k�i��#q	i�q!x��w�
�#i�n�mum�y	x�tl�y	i#tuz�y!x�q	muq	q	}¤m�z.�	�	} py��z#muy��	ml~E��i � y	x�q��	s	muq��	�´�mly	mu���	tlx�z#�=~pwx�qi#q��	s	mutlp+i#�JÁ¡i#yr;m��¹tli��	i#tuzAx�~��z#�z�	rÇt<n�x � x�mlrF}|m R0

�
R
~�Á���q	p	¦����

x)x � y!x�q£±x
R0 = λ0f0(y(t), a, t),

¥ ��� ð Î ð ¨

R =
∫

Vτ

λ(τ)f(y(t), a, t, τ)dτ.
¥ ��� ð Î+�#¨

��y��	~�m�k�mur�q	mutlp+i�n��#p+i)�	y��	rFmuy	i#~�zAx�p�i � i)�	muy	m<v°ilk�x{+�	i#pwxA��}|~°x����¤��v¢{�p�x�p�	i�n!��s	muq	}Å~#}|y!xA£±muq���
R0

�
R tl~ ~�zAx���n������ ð �j�������ð ��W;t�n�i#~.�w�¶~�Á¡i#y	rFm�kO�	Á¡Á¡mly	muq	¦��!xAn!�#q	}�v¶��y!x�~#qmlq��	�

ẋ(τ) = f(x(τ), u(τ), τ), x(0) = x0,
¥Ã�±� ð Î È ¨

~��	qwz#m � y!xAn���q	i#�?Á¡i#y	rFm

x(τ) = x0 +

τ
∫

0

f(x(t), u(t), t)dt.
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��i�t<n�m�k�q	mlm�~�}|y!x�£�mlq3�	m©t��	tl�	iAn����li#~°x�q��mlr
δ
�²Á¡��q	p¦����Í�´Á���q	p	¦3���µ¹³ml~.�w�

tlx���k�x
h(t)

rFi-£�q	i��	mlyml���	tlx�z#��~±~.��k�m ¥ ��� ð ò �#¨��

J(τ) =

t
∫

0

[

x(t)δ(τ − t)− f(x(t), u(t), t)h(τ − t)−
x0
t

]

dt = 0, τ ∈ [0, t].

N���q	p	¦3��
h(τ − t)

y!x�~�q!xqw�-n�� �	y3�
t > τ

�´y!x�~#q!xPm�k��	q��	¦	m��	y��
t ≤ τ

�
� i � n�x�tlq	i3¥Ã�±� ð Î+��¨�t<n�x � x�mlrFi#m R ~�i#�#i�����muq	q	i#�¹Á¡��q	p¦����Ux)x � y!x�qw£�xjk!n	�k��	Á¡Á¡mly	muq	¦��!xAn!�#q	i � i ��y!x�~�q	mlq��w��¥ ��� ð Î È ¨��	rFmlm<z�~.�+k

R =

t
∫

0

λ(τ)
[

x(t)δ(τ − t)− f(x, u, t)(h(τ − t)−
x0
t

]

dτ =

= x(t)λ(t)− f(x, u, t)

t
∫

t

λ(τ)dτ −
x0
t

t
∫

0

λ(τ)dτ.

Æ�~#m�k�mlrJÁ���q	p	¦��	�
ψ(t)

zAx�p����{ sz#i
ψ̇(t) = λ(t), ψ(t) = 0,

t
∫

t

λ(τ)dτ = −ψ(t),

t
∫

0

λ(τ)dτ = −ψ(0).

å�tu�	i�n����l���jÁ���q	p	¦3�	�
ψ
{	�	i�n	�ws3�	r

R = ψ̇x+ ψf(x, u, t) + ψ(0)
x0
t
.

¥ ��� ð Î ò ¨
Æ´z�i#r�t�n!��s!x�m�{�p�i � k�x¨�	qwz#mly~°xAn t � x0 Á:�	p�t=�	y	i#~°x�q	}�{��	i#t�n�m�k�q	mlm³t�n�x � x�mlrFi�m~8o<z#i#r ~#}|y!x�£�muq����3qmj�-x�~��	t`�z�i�z��	muy	mlrFmuq	q	}�v3�-x-k�x�s��g�3q	m?~An���	m<z§q	x
��t<n�i#~���ji��z.�r¬x�n��#q	i�tuz.�¢�

��y����-x����	t`���wy	x�~#q	muq���¸¥Ã��� ð Î È ¨�~PtuzAx�q+k�x�yz#qi#�¹Á¡i#y	rFm=¥Ã�±� ð ò �#¨���}�n�i
�tl�	iAn�����i�~°x�q	i�y!x�~#mlqtuz#~�i

x(τ) =

t
∫

0

x(t)δ(τ − t)dt τ ∈ [0, t],

p+i�z�i#y	i#m�tu�	y!x�~#m�k!n��~#i�n�����j~¶t�n!��s!x�m�{�p+i � k�x x(t) D qml�	y	muy	}|~#q	x��8Á���q	pw�
¦3��ª� � n�x � x�mlrFi#m�{°tli�k�mly+£±xA��mlm δ �öÁ���q	p	¦���º~¡~#}|y	x�£�mlq�����k!n!� R {#q!xA��}|~°x���zá Þ ß	Z F H î�Ý ß Ð ä {	x�t<n�x � x�murFi#m�{	q	mHtlilk�muy+£±x���mum δ È�Á��wqp	¦��	�){PD Ý�æ Z F H î�Ý ß Ð ä �
� i�tuzAx�~�n!����^�	mHy	mu��mlq���¢{~#i���m�k��¤�	mH~)y	m � �-n!�y	q	i#m³t<n�x � x�murFi#m³~#}|y	x�£�mlq���
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k!n!�
R
{#�	~�n	�	��z�t½� álà�áuâ�ç�é'H î Ñ Ë�Þ ä Þ í æ Ý é�à���Z Ý	F í!í Ð��	i�i�z#q	i���muq��	�¸p tl~��w�

�1�¹~=Á�i�y	rFm�kO�Á�Á¡muy	mlq¦��!xAn���q	i � i0��y!x�~�q	mlq��w�ª��ó)n	��k��	Á¡Á�muy	mlq¦��!xAn���q	i � i��y!x�~#q	muq����¥Ã��� ð Î È ¨�p¶�mly	~#i�� � y���	�	m)i�z#q	i#t½�wz#t½�?tli�tuzAx�~�n!����^�	m u(t) ��w��W;t�n�i#~.�w�¶~�Á¡i#y	rFm�p�i#q	mus	q	}�v¶tli�i�z#q	i���mlq3�	�
f(y(τ), τ) = 0 ∀τ ∈ [0, t]

¥ ��� ð Î+�#¨
~�p�x�q	i#q��s	mltup�i#�jÁ¡i#y	rFm ¥Ã��� ð ò �#¨�rFi � �+z���}«z#����x����	tlx�q	}�{�p�x�p

J(τ) =

t
∫

0

f(y(t), t)δ(τ − t)dt = 0 ∀τ ∈ [0, t],

Á��wqp	¦���
f
q	ml�y	mly	}|~�q!xj�i¶tui#~#i#pw�w�q	i#tuz��8tu~#i.�wv=x�y � ��rFmuqz#i#~	{�x y q	mu�	y	m��y	}|~#q!xH�	i

t
�-ó�n!��tl~��w��mu�j¥ ��� ð Î+�#¨�tli#t<z�x�~�n!�	���¤�wv�y	mu��mlq���¢{°p+i�z#i�y	}|m|rFi�£ q	i

�#}�n�i��#}Ni�z#qmltuz.�=pP�	mly~#i#� � y���	�	m�{ªq	m<z�� � n�x � x�mlrFi#m R {�tli#i�z#~#m<z#tuz#~�������mlm�#t<n�i�~.�	�&¥Ã��� ð Î7�#¨<{3�	rFmlm<z�Á¡i#y	r$�

R =

t
∫

0

f(y(t), t)λ(τ)δ(τ − t)dτ = λ(t)f(y(t), t),

�	y��	smlrJy	m � �-n!�y	q	i#m)t�n�x � x�murFi#m R1

i�z#t<��z�tuz°~��#muzA�
ÆPzAx���n��-��� ð �������«q	mup�i�z�i#y	}|r?q!x���#i�n�mum;y!x�tl�	y	i�tuz�y!x�q	mlq	q	}|r?z��	�!x�rjp	y3�w�

z#muy��	ml~Hi#�z��	r;xAn��#qi#tuz��4��tl~��w��mu��tli��	i#tuzAx�~An�mlq	}´t<n�x � x�mlrF}|m R0, R
tl~ ~³i#��i#���

��muq	q	i#�8Á���q	p	¦3����x)x � y	x�q£±x R {��i�n!��s	muq	q	}|m zAx�p�£�m�{/p�x�p�ouz#ijtìk�m<n�x�q	ij~�	y��	~�m�k�muq	q	}�v¹�	y��	rFmuy!xAv��;�¡y3�´ouz#i�r»~�}�k�m<n�muq	}&t<n�x � x�murF}|m R tl~
I

�
R tl~

II

{
tli#i�z#~#m<z#tuz#~������¤�	m±y	m � �-n!�y	q	i#�E�Pt`�	q � �-n!�y	q	i#�=tli�tuzAx�~�n!�����ml�ª�xå¡tu�	i�n!����i��
~°x�q��m�o<z.�wv zAx��An��	¦±k�m<n�x�muz�q	muq�+£�q	i����	y	i#¦	m�k���y� �	y��~#m�k�muq����p+i#q	py	muz�q	i#�
�-x�k�x�s��¶p¶pwx�q	i#q��	smltlp+i#�jÁ¡i#y	rFm ¥ ��� ð ò �#¨��

¯¤n � i#y3�z#r?�i�n!��s	mlq3��¡�#t<n�i#~��	��i#�z��	r;xAn���q	i#tuz��)~¤Á¡i#y	rFm$�	y��	q	¦3�	�!x¤r;x�pw�t`�	r$��r;x)k!n!�©~°x�y3�!x�¦��	i�q	q	}�v��-x-k�x�s©tli�tlp�xAn!�	yq	}|rJx�y � ��rFmlqz#i�rJtu~#i�kO�wz#t½�¶pt<n�m�k������¤�	r3i#�	muy!x�¦���rr�
ð ��ó�n!� p+i#q	p	ymuz#qi � i�p	y��wz#muy����i#�z��	r;xAn��#qi#tuz��Û� p�i�q	p	y	m<z#q	}�v �#t<n�i�~.�	��	i8z�x��An��«��� ð �¾�±���0~#}|���tl}|~°x���z¹t�n�x � x�mlrF}|m R0

�
R
�Ù�wv3t<��rFr$�

R =
R0 +

∑

ν

Rν .�w�¬Æ�}�k�m�n!�	��z´�mly	murFmlq	q	}|mP�	mly	~�i#� � y���	�	}�{�~#mupz#i#y3p+i�z#i#y}�v3i#��i���q!x��s!x���z�smly	m<�
u
{��	i��	y!x�~.�wn!�z� ãjí æ Ý�æ ä æ ß!ß Ð ä&í æöÝ é�à��ÆZ Ý�F í!í Ð à-â�ß�à�á î â â æ

álà�áuâ�ç�é'H î Ñ Ë�Þ�æ|Ý�æ=�±æ ß Þ�î
y(t) � ã+à-â±à Ý�Ð;æ ß Þ é±á H�ç8Z�ç æ ä¡à½ä

R0

Þ ß Þ é�à)J�ß�à½ä
Þ èHá H�ç8Z�ç æ ä ÐM½

Rν � álà�à-â±é æ â±áuâ±é F Ñ Ë�Þ?½ álé î è î ä � ß æ à-ã°çAèAç'H Þ á��)é
R0II

Þ
RII

�
È �#ôHt<z�x�~��¤�	mut��±Á���q	p	¦��	i�q!xAn��#q}|m¤tui#tuzAx�~�n	�	���^�	m¤y	m<��muq���±i#�#i��lq!x-s!x���z

s	mlymu�
x(t)

�¶i�z�q	i#t½�z p¶�	muy	mlrFmuq	q	}|r¾~�z�i#y	i#� � y���	�	}��
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ò �<ó)n	���	i�n	�wsmlq	q	i���Á��wqp	¦����
R
��y!xA���.�	muq���)�mly	murFmlq	q	}�v)~#}|���	tu}|~°x���z

tui#i�z�q	i���mlq���0¥Ã��� ð �8�#¨ØÈ�¥ ��� ð � ò ¨<{#���#m�k��	~��¤�tl�	{sz#i��#t�n�i#~.�w�©q	mu�	y	muy	}|~#q	i#t<z_�
�i

u
� � n�x�k�p�i#t<z.�?�	i x ¥Ãtur|�!~#}«��m-¨|~#}|�i�n�q	muq	}��¯Ft<n��)~¤��x�k�x-s	m¬qm¬i#p�x��-x�n�i#tu���	mly	murFmlq	q}«v)�	muy	~#i#� � y���	�}�{Aouz#i�i���q!x-s!x�m<z�{swz#i	{��	tu�	i�n����u���©Á���q	p	¦��	i�q!xAn�x)x � y	x�q£±x{�k!n!��o<z#i#���-x-k�x�s3�©q����	i�i�k�q	i�����tui#t<z�x�~An!�	���¤�wv«�tlp�i�rFi � i?y	m<��mlq3��§q	m�n����u���	iAn!��s��z#�?�#t<n!i#~.��8i#�z��	r;xAn��A�qi#tuz��?~±Á¡i#y	rFm¡�	y3�	q	¦��	�	x�r;x�p�t=�	r$��r;x?¥ ��� ð � ò ¨��
��QM�R�M�M�R¿ ��J3�}�.�R�p����Jp�)L��R¢�Q�£x���M�RJfW�Æ»pwx-s	mlt<z#~�m©i�k�q	i � i�����	y��w�rFmuy	i#~�xAn � i#y��wz#r;x �	i�n!��s	muq���?q	mli��-v°ilkO�	rF}�v¶�#t<n�i�~.�	�?i#�z��	r;xAn��#qi#tuz��y	x�t<�turFi�z#y3�	r3�i�n!��s	mlq3�	m�zAx�p��wv��#t�n�i#~.��©k!n!����x�k�x-s��

I =

t
∫

0

f0(x, u, t)dt+ F0(x(t))→ max,

ẋν = fν(x, u, t), xν(0) = xν0, ν = 1,m, u ∈ V,

¥ ��� ð Î7�°¨

~�tlm¡tl~���1�¶~�p+i�z�i#y	i#�)�	rFml��z�Á¡i#y	r$��kO�	Á¡Á¡mly	muq	¦��	xAn��#q	}�v¶��y!x�~�q	mlq3�	�ª�
Æ�}|���w��mlr3Á���q	p	¦���

R = λ0R0 +
m
∑

ν=1

Rν = λ0f0 +
m
∑

ν=1

(ψνfν + ψ̇νxν) + λ0F0(x)δ(t− t)
¥ ��� ð Î+6#¨

��i�z�rFmuz��	r|{#sz#iH�	mly	murFmlqq	}¤m
u
¥����	y!x�~�n�muq����¨�q3��~

R0
{�q���~

R
q	m�i#pwxA�-xAn��tl�

~?tli�tuzAx�~#m
R0II

�
RII

� � n�m�k�i�~°x�z#m�n��#qi	{À���	y	x�~�n�muq���§~�k�x�q	qi#�8�-x�k�x-s	m�i�z��
qi#t½�z#t½��p©�	muy	mlrFmuq	q	}|rJ�	muy	~#i#� � y���	�}����¡x�y!x�rFm<z#y	}·~��-x-k�x�s	m±¥ ��� ð Î7�#¨¬i�z��
t<�+z#t<z°~�����zA{}��#t<n�i�~.��=i#�wz.�	r;xAn!�#q	i#t<z.�0~©�	y	m�k��	i�n�i-£�mlq��3��tu�+��mutuz#~#i#~°x�q���
ymu��muq����~=pwn�x�tltum�k!n	�¹�i#sz.�¹~#tlm�v

t
kO�Á�Á¡muy	mlq¦��	y�#mlrF}«v

x(t)
�¹qml�	y	m��

y}|~#q	}�v
u(t)

�y��	r$�+z�Á¡i#y	r$�
u∗(t) = argmax

u∈V
R(λ, u, x∗),

∂R

∂xν
= 0, ν = 1,m,

¥ ��� ð Î7Î°¨

swz#i t���s	m<z#i#rJ~.��k�x±Á���q	p	¦3����¥ ��� ð Î+6#¨�olp	~.�~°xAn�muqz#q	i��#t<n�i�~.��	r
u∗(t) = argmax

u∈V
H(ψ, u, x∗),

ψ̇ν = −
∂H

∂xν
= λ0

∂F0

∂xν
δ(t− t), ν = 1,m.

¥ ��� ð Î7@°¨

¿�k�mltu�HÁ���q	p	¦��w�
H
¥�Á¡��q	p¦���£Bwx�rd�wn��-z#i#q	x°¨��	y	m�k�tuz�x�~�n!�	m<z¡tli��#i#��tu��rFr$��z�m<v

t�n�x � x�murF}�vj~ R {!p+i�z#i�y	}|m���x�~.�	t½�z�i�z u �
H = λ0f0 +

m
∑

ν=1

ψνfν .
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¯Ft<n��)��s	mlt<z#�	{�sz�i��-x��	y	m�k�m<n�x�rd��i�z#ymu��p�x
[0, t] ψ = 0

{-z#ié�w��¥ ��� ð Î7@°¨¢t<n�m�k��#muz�{
sz#i

ψν(t)
~±z�i#s	p�m

t
�	rFmumuz y!x��ly	}|~º�¶�	y��

t = t
�

ψν(t) = λ0
∂F0

∂xν
, ν = 1,m.

¥ ��� ð @ A ¨

W;t<n!i#~.��3¥Ã�±� ð Î8@°¨<{;¥ ��� ð @ A ¨�{/p�i�z#i#y}|m�q�+£ q	ijy	m<��xAz#�Ptui#~#rFmutuz#qiPt�kO�Á�Á¡m��
y	mlq¦��!xAn���q	}|rd��wy	x�~#q	muq���rî�P�-x-k�x�s��´¥ ��� ð Î7�°¨ó�Pp	y!x�ml~#}|rd�P�#t<n!i#~.��rJk!n!�
x
{°tli#t<z�x�~�n!���z�y!x�tls	m<z#q	}|m³tli#i�z�q	i���mlq�����	y��	q	¦3�	�!x)r;x�p+t`�	r$��r;x���i#qwz#y+� � �w�q!x�

å�tl�i�n����li#~°x�q3�	m0xAn � i#y��z�rd�	s	mltlp+i � iJ�	i�k!v#i�k�x¹p·�	i�n!��s	muq��	� q	mli��-v°ilkO�w�
rF}�vj�#t�n�i#~��	�Pi#�z��	r;xAn��#qi#tuz���	i��l~#i�n!�muz��	yi#t<n�m�kO�z#�{¢pwx�p����rFmuq�z�t��Pouz.�
�#t<n�i�~.����	y��)k�i#�°x�~�n�muq�����p��-x�k�x�s	m�z#m�v4�wn��4�	q	}�v�i � y!x�q3�	s	mlq3�	�ª�°���#t<z#�{#q!xA��	y��	rFmuyª{�pj��x�k�x-s	m�¥ ��� ð Î7�°¨¬k�i#�°x�~An�mlqi �#t<n!i#~.�	m�{�tl~����}|~#x�����mlm¡k�y� � t�k�y�°�
� i#r¹�lq!x�smlq���jÁ�x��li#~#}�v��mly	murFmlq	q}«v x ~�rFi#rFmuqz t �

F (x(t)) = 0.
¥ ��� ð @ ð ¨

ÆºÁ���q	p	¦��	�
R
~#i���k�muz t�n�x � x�murFi#m

R̃ = λ̃F (x)δ(t− t),

k!n!�
t < t

�#t<n�i#~���=i��z.�	r;x�n��#q	i�tuz.�J¥ ��� ð Î7@#¨�q	m¤���rFmuq�z�t��¢{/�	y��
t = t

�lq!xA�
s	mlq3�	m�Á¡��q	p¦��	�

ψν
����k�muz z�ml�mly	��y	x�~#q	i

ψν(t) = λ0
∂F0

∂xν
+ λ̃

∂F

∂xν
, ν = 1,m.

¥ ��� ð @+�#¨

ó�i#�	i�n�q3�z#m�n��#q!xA�j�	mly	murFmlqq!x��
λ̃
i��	y	m�k�m<n!�muz#t��¶�#t<n�i�~.�	mlrN¥ ��� ð @ ð ¨<�

N���q	p	¦��w�
F0
~ Á���q	p	¦��i#q!xAn!m)��x�k�x-s���¥ ��� ð Î7�°¨ �jÁ���q	p	¦���

F
~±�#t<n�i�~.���

¥ ��� ð @ ð ¨�rFi � �+z��-x�~.�tlmuz����¶i�z±�w�y!x�~�n!mlq��	�¢��Æºouz�i#rJt<n!��s!x�m)�	y3� t < t
��t<n�i��

~.��3�	y��q	¦��	�!x�r;x�p�t=�	r$��r;x§q	mh�w��rFmlqw�z#t½�ª��WH�y!x�~�n!mlq��	mP£�m
u(t)

k�i�n	£�q	i
��k�i#~An�muz�~#i#y°�z#� t<n�x��#}|r��#t�n�i#~.��r¹n�i#p�xAn���q	i#�¶q	m<�-n!��s��x�mur;i�tuz_�

∂

∂u
[λ0F0 + λ̃F ]δu ≤ 0,

z�x�pjpwx�p¶�	y��
t = t

i#q	i±i#pwxA�-xAn!i#tl���mly	murFmlq	q	i��?~�z#i�y	i#� � y���	�	}��
»:���0L����M£gLO¿M¢��M��J3�RÅO�MLO�.¢��,�þ�}¢���L��O�.��L	��L�N0�R£g�KJ?N�JQ�R�s�.L��.��£f�_£�ä

���Á�¸â�L�QR�����M�R¢3�$�,QRJ3�RÅ���S4ÂÃ�}QMJ����M�?�M�M� Ã @@ÄC��ó�n!����x�k�x-s��

I =

t
∫

0

f0(x, u, t)dt→ max
u∈Vu

/ t
∫

0

f(x(τ), u(τ), t, τ)dt− x(t) = 0
¥Ã�±� ð @ È ¨
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i��#i#����mlq	q	x��PÁ��wqp	¦���hx)x � y!x�q£±x{�tui#tuzAx�~An�mlq	q	x��=t^�	tl�i�n����li#~°x�q3�	mlr¾z�x���n����� ð �j�����w{��	rFmlm<z�~���k

R = λ0f0(x, u, t) +

t
∫

0

λ(τ)f(x(t), u(t), τ, t)dτ − λ(t)x(t);

p8�	mlymlrFmlqq	}¤rï�mly	~#i�� � y���	�	} i�z#q	i#t½�wz#t½�
u(t)

��W;t<n�i�~.���i��z.�	r;x�n��#q	i#t<z.�
�y��	r$�+z�Á¡i#y	r$�

∂R

∂x
= 0⇒ λ(t) =

∂

∂x





λ0f0 +

t
∫

0

λ(τ)f(x, u, τ, t)dτ





 ,

u∗ = argmax
u∈V





λ0f0 +

t
∫

0

λ(τ)f(x, u, τ, t)dτ





 .

¥ ��� ð @ ò ¨

Æ s!x�t<z#q	i�tuz.�ª{�~0��x�k�x-s	m¶���	y!x�~�n!mlq���¹n��	q	mu�	q	}|r i��8Ô�mlpz�i#r,t��	rF�w�-n��#tuq	i#�
�mly	m�v°i�k�qi#��Á¡��q	p¦��	ml�

k(t)
tl~��w���©rFmu£�k��j���	y!x�~An!�	���¤�	r¸~#i���k�ml�tuz#~��	mlrs�

�mly	murFmlq	qi#�?tli#t<z#i-�	q��w�
x
�	rFmumuz Á�i�y	r$����y!x�~�q	mlq��w�jtl~�mlyz�p��

t
∫

0

u(τ)k(t− τ)dτ − x(t) = 0.

WFt<n�i#~���¶i#�z��	r;xAn���q	i#t<z.�§¥ ��� ð @ ò ¨��	mlyml����)��z°t½�?pwx�p

λ(t) = λ0
∂f0
∂x

,

u∗ = argmax
u∈V





λ0f0 + u(t)

t
∫

0

λ(τ)k(τ − t)dτ





 .

¥ ��� ð @+�#¨

� J?N�JQ�R�g�±�����0L����M£}���Í��â)L�QR�����R�KQRJ3�O�K�R�.¢����Í�MQR�M¢��KQR�M�K� ¢��M¿MJ
��J3�}�.�M���R�MJª�$Ä�mup�i�z�i#y	}|m�����#t�n�i#~.����-x-k�x�s3��r;i � �+z��	rFm<z#�Á¡i#yr$�0qmly!xA�~�mlq	t<z#~	�;ó�n!�3�i�n!��s	muq���3�#t<n�i#~��	�¾i#�z��	r;xAn��#qi#tuz��·�	i«�w�un�i-£�mlq	q	i��¾~#}«��m
t v°murFm±o<z.�=q	muy!x�~#muq	tuz�~°x�rFi � �+z��#}«z#�©�	mlyml���t�x�q	}Ç~�Á�i�y	rFm�y!x�~#mlq	t<z#~�t�k�i���#x�~�n�muq��	mur=q	i#~#}�v^�	tup�#tlt<z°~�mlq	q	i¡~#~#ilkO�	rF}�v��	mlymlrFmlqq	}«v��°Ä�x��	y��	rFmuyª{�qmly!xA�
~�mlq	t<z#~#i

f(y(t), t) ≥ 0
¥ ��� ð @7�°¨

t¤k�i��°x�~�n�muq��	mur¹qmli�z�y��	¦!xAz#m<n��#q	i#���	mlymlrFmuq	q	i#�
z(t)

rFi�£�m<z���}«z#���	mlyml���t�xA�
qi�pwx�p¶y!x�~#muq	tuz�~#i
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f(y(t), t)− z(t) = 0.
� i#i�z�~#muz�tuz°~��w����mlm)t<n�x � x�murFi#m�~±Á��wqp	¦���� R �	rFmlm<z�~.�+k

Rν = λ(t)f(y, t)− λ(t)z(t).

��mly	murFmlq	q!xA�
z(t)

i�z�q	i#t`�wz#t��?p+i�~�z�i#y	i#� � yw�w��	m¨�¶q	m¡~�v°i�k��z ~�k�y� � �	m)t<n�xA�
� x�mlrF}|m�Á���q	p	¦3��� R {�p	y	i�r;m Rν

{��	i#o<z#i#r$�¶�#t<n!i#~.��jn!i#pwxAn!�#q	i#�?q	m<�-n!��s��x�m<�
rFi#tuz��

R
�	i

z
t���s	m<z#i#r�z�i � i	{+sz#i¡k�i���#tuz��	r;x���~°x�y��!x�¦3�� δz ≥ 0

{+�	y3�	~#ilk��z
p¶q	mly	x�~#mlqtuz#~#x�r

∂R

∂z
δz ≥ 0⇒

∂Rν

∂z
≥ 0⇒ λ(t) ≥ 0.

��y��¹o<z#i�r
λ(t) = 0

{$p�i � k�x z(t) > 0
{Àz��$m��$p�i � k�x f(y, t) > 0

�
λ(t) > 0

{
p�i � k�x f(y, t) = 0

�Ahj}«�	rFmlmur?�<k�mutl�³�	i�n!q	}|��x�q!xAn!i � �#t<n!i#~.�	�¡k�i#�	i�n�qw�	���^�	�q	mu£�mutuz�p�i#t<z_�?~±r¬xAz#mur;x�z.�	smltlp�i#r3�	y	i � y!x�r;rd�y	i#~°x�q����ª�M�i�z´£±m=�y��	mlr&�	i���~�i�n!�	m<zJ�	iAn!��s��z��J�#t�n�i#~.��¸i��z.�	r;x�n��#q	i#t<z.��3k!n!�
p	y��z�mly���¶z.�	�	x�r;x�p�t=�	rd�	q!x

I = min
t∈[0,t]

f0(y(t), t)→ max,
¥Ã�±� ð @+6�¨

p�i�z�i#y	}|�?rFi-£�muz��#}«z#� t¡~#~#m�k�mlq��mlr¹k�i��°x�~#i#sq	i � i��!x�y	x�rFmuz�y!x a {!q	m¡��x�~.�	t½�w���m � i i�z t {!�	muy	ml�3�	t�x�qª{�pwx�p
a→ max

¥Ã��� ð @8Î°¨
t�k�i#�#x�~�n�muq��	mur¾pj�#t�n�i#~.�w�	rJ�-x�k�x-s��?q	muy!x�~#muq	tuz�~°x{�tu�	y!x�~#m�k!n��	~�i � i��	y��¶n��¤��#i#r´��q!x-s	mlq3���

t ∈ [0, t]
{

f0(y(t), t)− a ≥ 0.
¥Ã�±� ð @7@#¨

ñ�y��z#muy��	� ¥ ��� ð @7Î°¨���#t<n!i#~.�	� ¥ ��� ð @7@#¨�~�Á¡��q	p¦����
R
tli#i�z#~#m<z#t<z°~��#muz?t<n�x��

� x�mlrFi#m
R̃ = λ0

a

t
+ λ(t)f0 − λ(t)a,

~�p+i�z#i#yi#r|{!pwx�p��©k	n!�¶q	muy!x�~#muq	tuz�~°xP¥Ã��� ð @8�°¨<{
λ(t) ≥ 0

{�x

λ(t)[f0(t, y
∗(t))− a∗] = 0.

¿�k�mltu�
λ0 = 1

k!n!��qml~#}|y	i-£±k�mlq	qi � i�� λ0 = 0
k!n	��~#}|y	i-£±k�muq	q	i � i�ymu��mlq���¢���i#tlp+i�n��#pw���!x�y!x�rFmuz#y

a
q	m¤~�v°ilkO�z)q3��~�p�x�p��	m�k�y� � �	m�t�n�x � x�murF}|m R {#p	y	i#rFm



ò 68Î ú¤Ð¢Í É Ñ�¡�Ï ý Í�Ï�÷»èEé	Ó�þ�Ð�Ï,��� É!Î#ý ü³Ï4e2�_���+Í�Í

R̃
{?��q!x)ouz#i�z±�	x�y!x�rFm<z#y©q	m�q!xAn�i-£±muq	i�i � y!x�q3�	s	mlq3�	�ª{�	i#t<z#i�n!�#p���w�³�#t<n�i�~.��t<zAx�¦��	i#q	x�y	q	i#t<z.�P�i

a
Á���q	p¦��	i#q!x�n�x�x)x � y!x�q£±x L t<n�m�k��#muz

∂L

∂a
=

t
∫

0

∂R̃

∂a
dt = 0⇒ λ0 =

t
∫

0

λ(t)dt.
¥ ����� A7A ¨

¯³q	xAn�i � �	s	q	i?y!x�tlturFi�z#ymlq	q	}|rï�	y3�	rFmly!x�rNrFi � �+zP�#}«z#�?�	i�n!��s	muq	} �#t<n!i��~���©i#�z��	r;xAn���q	i#tuz��jy	m<��muq����k!n!�©t�x�rF}�v©y!xA��q	}�v��-x�k�x�sª{~�z#i#r¹s��	t�n�m³k!n	�
~�tlm�vz�m<v�{/sz#i��	y��	~�m�k�muq	}»~�y	x��<k�m<n�m���� ð ��M$x��An��¢�±� ð ��������rFi-£�q	i��	i#�i�n	�
qw�z#��k	n!�jk�y� � �wv=py��z#muy��	ml~)�=i � y!x�q��s	mlq���ª{/�	i�n!��s!xA� R0

�
Rj

s	muy	mu�±��xA�
�3�	tl�±�#t<n!i#~.�	�j~±pwx�qi#q��	s	mutlp+i#�jÁ�i�y	rFm��



�������;�u� �����>�������n�k���

���5���u� HO�������Æün° � ° � � ��J�� �_�Z� ���?° � ü6 'Hb  �u¡ � ï ° �£¢ ����¤b��� � ° � ° �¦¥ �  �§J¨�©
¼/����  � ° � °�ªm«�¬Jb¬V®�¯�°�±�¬�²�³�´Dµ¶³¸·¹°L³�ºZ» � »�¬Z¼½®$³�µ¶¬�¾�¿�° ��À ¬_º_Á � ¾�º � ºZ»�¬_µ �
ªm«�³�ÂL¬_º_ºZ±&ºÃ³D$° � µ � ºV»�³ À ° � ÁÄ³�µÆÅ�Å å ´_² �#ÇbÈ>ÉÊ��Ë °L¬_«�ÌZ¬Z» � Á½¿ �½�¸Í�Í Î �_Î�Ï½�
Ð ��Ñ Î�ÈLÒ8Î �

Ï½�5���u� ¤O�������ÆüÔÓ � Ó � � ��Õ�� �_�Z� ���5Ó � ü6 _¤b  �u¡ � ï Ó �£¢ ����¤b��� � Ó×Ö�Ó �¦¥ �  �§J¨�©
¼/����  � Ó � ÓØª�«L¬�b¬�®$¯�°�±�¬�²�³G´Dµ¶³¸·¹°�³�ºZ» � »�¬Z¼½®$³�µ¶¬�¾�¿�° ��À ¬_º_Á � ¾Ùº � ºV»�¬_µ
ºÊ°�¬_ºZÁÄ³#®$¯�Á � µ ��� ºZ»�³ À ° � ÁÄ¿�µ � Å�Å å ´_² �ØÇbÈ>ÉÊ�ÚË °�¬Z«�Ì_¬V» � Á½¿ �Ô�¸Í�Í�Í½�bÎÙ���
Û �$ÜL� È Ñ�ÝL�

ÜL�5���u� ¤O�������=ü¶Ó � Ó � Ö	 ��$ÞÊ����  �ß Ó �0¢ ����¤$��� � Ó×Ö�ÓÚà>¼L» � µ0¿T®$¯�°�±�¬á¼�«�³GâÂ�¬Zº_ºZ±�²Ê°�¬_³�ã�«�¿G» � µ¶±;¾�»�¬Z«�µ¶³D � °�¿�µ ��À ¬_º_Á � ¾ � µ � Á�«�³�äZÁÄ³�°L³�µ ��À ¬Zº_Á � ¾
º � ºZ»�¬_µÔ¿#¾	Å�Å È ��å �$Ï�Ý�Ý�Ï½�ÄÎ�Ñ�� Û �$Ü È Ï Ò �

Ñ�� �æ  ð � �_ç�� ����� � Ó � Ó � Ö ¡ � ¡_èG¡Tç Ö�Ó � Ó �é¢ ����¤b��� � Ó×Ö�Ó�àmºZ«�¬�$°�¬_°�°L±æ¬ � ²�¬Vâ«�³¸êL»�°�³�ºZ»�°�±�¬m´¸¿Tb¿ À�� ³�¼L» � µ � ´D¿�Â �3� ²áº � ºZ»�¬ZµÔ¿#¾Në½¼L«�¿�²G®$¬Z° � ê�Å�Å È ��å �
�¸Í�ì�ÝL�ÄÎ�í½� Û �$î�ì È íGîL�

Ò � � � ¤Lï �_ç   � Ó ï Ó �Ú¢ ����¤$��� � Ó×ÖðÓ�à>¼L» � µÔ¿T®$¯�°�³�¬�ë½¼L«�¿�²G®$¬Z° � ¬n¼�³�ÁLëÄ¼�Á�³�ñ �¼�«�³_!¿G·Ê¬Zñ�Â�¬Z°�°�±;¾�ã�ëÄµÔ¿�ÌòÅ�Å È ��å �ó�¸Í�Í�ì½�½Î�Ñ�� Û �Ø�¸Ü Ò â �_Ñ�ÜL�
îL� � �`�u� �5Ó � ü ¡ � � �_ç   ¥ Ó � Ó �¦¢ ����¤$��� � Ó×Ö�Ó!à�¾�¿�«�¿�Á½»�¬_«L¬uë�ºV»G¿G°�³�² � ²Gôá¬Vâ
Ì_³�ºJêÊ«L¬Z· � µÔ¿��®�êÊ°�¬ZÁÄ³�»�³�«�±;¾Ê» � ¼�³�²>ëÄ¼�«�¿�²G®�ê�¬_µ¶±;¾Ê³�ãGõÚ¬_ÁL»�³�²uÅ�Å È ��å �
�¸Í�í�ÍL�ÄÎ�Ï½� Û �bí È �TÏÄ�

í½� � ¡ � �Äï�� ¡Tç ��ö + Ó å ¬V¾½° ��À ¬_ºZÁ½¿Gê�»�¬Z«�µ¶³D � °�¿�µ � ÁÄ¿ �!÷Æ�×øbùéË åÊú �DÍ Ò�Ò �
ìL� �6� ¡ ÕZï�� � ����� � Ó×Ö�Ó � + �� GÞ � � � � Ó � Ö�� ½  _¤ � �  Ó Ë Á�º_¬_«LÌ_¬Z» ��À ¬_º_Á � ñ9µ¶¬�â»�³_ � ¬ZÌ_³�¼�« � ®�³T·Ê¬_° � ê �b÷Æ�×øbË °�¬_«LÌ_³�¿#»�³�µ � ´�e¿#» ú �DÍ�ì�ìL�
ÍL� �æ¨�ÞÊ� ¡Tç�� ����� � Ó×ûbÓ½à>¼L» � µÔ¿#®$¯�°L³�¬æëÄ¼�«�¿�²G®$¬Z° � ¬�º � ºZ»�¬ZµÔ¿�µ � º�«�¿�ºZ¼�«�¬�$¬Vâ
®$¬Z°�°�±�µ � ¼�¿�«�¿�µ¶¬V»�«�¿Gµ � �!÷Æ��ø$É ¿DëÄÁ½¿ ú �¸Í�î Ò �



Ñ�ì�Ý ï¦ü�ý!þZÿ�é���ý������	�
��F����

�¸ÝL� �  V�$§� ��¼ ÓÃà>¼L» � µÔ¿#®$¯�°L³�¬�ë½¼L«�¿�²G®$¬Z° � ¬��mëÄ°�ÁLÂ � ³�°�¿T®$¯�°�±�µ �g�  � �>â
��¬_«�¬Z°�Â � ¿T®$¯�°�±�µ � ëÄ«�¿�²�°L¬_° � ê�µ � �!÷Æ�×ø$É ¿¸ëÄÁ½¿ ú �¸Í�í�í½�

����� � ¡ ¤b� ¡Tç  	Ö�Ó Ê Ó � Ö	 ,��� ¡Tç ûbÓ ï Ó ��¢ ����¤$��� � Ó×Ö�Ó��ó¿T!¿ À�� ³�¼L» � µÔ¿#®$¯�°�³�Ì_³ëÄ¼�«�¿�²G®�¬_° � ê º�°�¬Z¼�«�¬Z«�±�²�°�±�µ ���  � ºZÁ�«�¬V»�°�³ � ´Dµ¶¬Z°Lê���� � µ � º�ê ¼�¿�«�¿Tâ
µ¶¬Z»�«�¿�µ � Å�Å��>´D² ��ÈnÉ Û�Û�Û Ç£� å ¬�¾L° � Á � ã�¬Z«�°�¬V» � Á½¿ �$�¸Í�î�ÍL�#Î�Ï½� Û � Ü�î È Ñ�ÏÄ�

�TÏ½� û���� �  G� ¡Tç�� Ó � Ó x ¬ZÁ�Â �3� ¼�³kµÔ¿G»�¬_µÔ¿G» ��À ¬_º_ÁÄ³�ñ�»�¬_³�« ��� ä_ÁÄºV»�«�¬_µÔ¿T®$¯�°�±;¾
´¸¿Tb¿ À Å�Å Ç ¬_ÌVë¸®�êL«�°�¿Gê � ¾�¿�³�» ��À ¬Zº_Á½¿#ê� � °�¿�µ � Á½¿ ú �m·Ê¬Z²�º_Á ú ÏGÝ�Ý�ÜL�

�¸ÜL� û�¤ � � � Õ ¡ � � ï Ó ï �$�$§ ¡ ¼ ��� � Ó å ¬_«�µ¶³_ � °�¿Gµ ��À ¬_ºZÁ½¿Gê�»�¬Z³�« � ê�ºV»�«LëÄÁL»�ë�â
«�± ú ë�ºZ»�³�ñ À�� ²�³�ºZ» ��� �m®�ë½Á½»�ë�¿�Â � ñ �!÷Æ��øb÷ � « ú �¸Í�í�ÜL�

�DÑ�� û$� ¡T¡ Þ��ÔÓ � Ö�  è ¨_� ï Ó É ¬Z«�¿�²�°�³�²�¬Zº_°�¿Gê>»�¬_«Lµ¶³D � °�¿�µ � Á½¿ �G÷Æ�×øT÷ � « ú �DÍ�î�Ñ��
� Ò � û�¨_� �  G� � Ó � Ó$ªm« � °�Â � ¼�«�¿�ºVô � «�¬_° � ê�²�ä_Á�ºZ»�«L¬_µÔ¿#®$¯�°L±A¾�´¸¿¸!¿ À ¿T¾ �$÷Æ�×ø

�¤� ´DµÔ¿G»D® � » ú �¸Í�Í�í½�
�¸îL� û�¨ ½ �  �� � Ó � Ó0à>ã�³�ºZ°�³�²�¿�° � ê½¾ »�¬_«�µ¶³_ � °�¿Gµ � Á � �0÷Æ�×ø¶Ë °�¬_«�ÌZ³�¿G»�³�µ � ´Zâ

!¿G» ú �¸Í�ì�îL�
�Tí½�  ¡ ¤b G� Þ Ó �Ó ÷ � ÁL«�³�äZÁÄ³�°�³�µ � Á½¿ � ÛA¿�°�ÁL»#â`ªm¬Z»�¬_«�ã�ëÄ«�Ì �×ø à>«�ÁÄ¬ZºZ»�« ú �¸Í�Í�Ñ��
�¸ìL�  ¨ ð ¡#ç ��������� � Ó! Ó � Ö	��¤�Ñ�ÞÊ��� � Ó � Ó"�ó¿Tb¿ À�� °�¿�äZÁÄºV»�«�¬_µ6ëÄµ ¼�« � °�¿#â

® ��À��3� ³�Ì_«�¿�° ��À ¬Z° � ñ	Å�Å$#ßëÄ«�° �&%A÷ � ÷ � �Ø�¸Í�î Ò½ú Î ÜL���
�¸ÍL� ë ¨ ð ¡#ç �Ó � Ó � ���u� ¤O�������'�ÔÓ � Ó �æ¢ ����¤$��� � Ó×Ö�Ó"( «�¿Gº À ¬V»�ë À�� º�®b¿9»�¬Z³Gâ

«�¬Z» ��À ¬Zº_Á � ¾�»G¿G«�¬V®$³�Á � ²�±�º_³G»�± Á�³G®$³�°L°�±.«�¬ZÁL» � � � Á½¿�Â ��� Å�Å*) � µ ��À ¬Vâ
º_ÁÄ¿Gê�¼�«L³�µ¶±Aôò®$¬Z°�°�³�ºZ»�¯ �!Ï�Ý�Ý�Ï½�ÄÎÙ�TÏÄ�

Ï�ÝL�   V�$� ¡ �ÔÓ Ç ¿G´_µ¶±Aôò®$¬Z° � ¬ò³ $² � ·�ë
� ¬_ñ�º � ®$¬�³�ÌZ°Lê � ³�µÔ¿Gô � °�¿#¾ ���×� Å�Å
% »�³�«�³�¬u°�¿ À ¿#®�³�»�¬Z«�µ¶³D � °�¿�µ � Á � �e÷Æ� â x �×ø$ù ³�ºZ»�¬V¾ � ´V!¿#» ú �¸Í�Ü�Ñ��

Ï½���  ¡ ��Ñ ½ ¡TçG� ����� ï Ó � Ó ÷ � Á�«�³�äZÁÄ³�°L³�µ ��À ¬Zº_ÁÄ³�¬ðµ¶³_b¬V® � «�³�²�¿�° � ¬	ã�¿�°�Á�³�²Gâ
º_Á�³�ñ $¬ZêL»�¬V®�¯�°�³�ºV» � � ÛA¿G°�ÁL»Gâªm¬Z»�¬_«�ã�ë½«�Ì �×ø ª � »�¬_« ú Ï�Ý�ÝL���

Ï�Ï½�  ¡ �$�9û!Ó �  ¡ ���.��Ó$Û;¼�«�¿�²�³ À ° � Á�¼L³�µÔ¿G»�¬ZµÔ¿G» � ÁÄ¬>�®�ê�°�¿¸ë À °�±;¾�«�¿�ã�³�»Gâ
° � Á�³�² �b÷Ù��ø$É ¿Dë½ÁÄ¿ ú �DÍ�í�ÜL�

Ï�ÜL�  � ¡ Þ ¡Tç � Ó + Ó � û�¨_� �  �� � Ó � Ó ÷ ¬V»�³_b± � ´D¿T!¿ À3� ³�¼L» � µÔ¿#®$¯�°�³�ÌZ³>ë½¼L«�¿�²Gâ®$¬_° � ê �b÷Æ�×ø$É ¿DëÄÁ½¿ ú �¸Í�í�Ü½�



+ ü�ý!þZÿ-,���ý������	�
�/.���� Ñ�ìL�

ÏGÑL�  ¨ è � � � ¡#ç¹� Ó×ûbÓ � í ¨�Õ � ��� ¡�� Ó � Ó �A¢ ����¤$��� � Ó×Ö�Ó¦à>¼L» � µÔ¿#®$¯�°L³�¬�ëÄ¼�«�¿�²#â®$¬Z° � ¬�²�»�¬Z«�µ¶³D � °�¿�µ ��À ¬_º_Á � ¾¹º � ºZ»�¬_µÔ¿#¾kºæÁÄ³�°L¬ À °�³�ñk¬_µ¶ÁÄ³�ºZ»�¯�� � ºV»�³ À â
° � Á�³�²¹Å�Å È ��å �ó�¸Í�ì Ò �ÄÎ9îL� Û � Ò î È î�Ï½�

Ï Ò �*0  ���ÕT G¨ 0 Ó �Ó � 0 � � � ��� Ê Ó×ÖðÓ£ÛÃ»#¿G» � º_» ��À ¬_º_Á½¿Gê1� � ´ � Á½¿ �é÷Æ�×øÚÉ ¿¸ëÄÁ½¿ ú�¸Í�î�Ñ��
Ï�î½�*0 ��� � �������2�ÔÓ×�5Ó � í ¡ ÕT�Äï$� � ����� � Ó Ê Ó ��¢ ����¤$��� � Ó×ÖðÓ#à>¼L» � µÔ¿T®$¯�°�±�¬ÔÂ � Á½â®$± ¾�³#®$³D � ®$¯�°�±;¾ µÔ¿Gô � ° � »�¬_¼½®�³�²�±;¾ °�¿�ºZ³�ºZ³�²ÆÅ�Å3�>´_² �6È>É Û�Û�Û Çé�

Ë °�¬ZÌ54�¬V» � ÁÄ¿ � »�4�¿�°Lº_¼�³64L» �é�¸Í�ì Ò �½Î9îL� Û ��Ñ�Ï È Ñ�ÍL�
Ï�íÄ�*0 ��� � �������7�ÔÓ×��Ó �é¢ ����¤$��� � Ó×Ö�Ó$à>Â�¬Z°�Á½¿ò»�¬_«Lµ¶³D � °�¿�µ ��À ¬_º_Á�³�Ì_³�ºZ³�²�¬Z«½âôá¬Z°�ºV»�²�¿ � ³�¼½» � µ � ´D¿�Â � ê�»�¬_¼½®$³�³�ã�µ¶¬_°L° � ÁÄ³�²>Å�Å å ¬_¼½®$³�ä_°�¬Z«�Ì_¬V» � ÁÄ¿ ���DÍ�ì�ìL�

ÎÙ�¸Ý½� Û �$ì�í â ÍL���
Ï�ì½� Ö� ���� ¡Tç � Ó ï Ó � �æ D¤$¨�� ¡Tç + Ó � Ó Ç ¬_ÁL» � � � Á½¿�Â � ê ¿#»�¬Z«�µÔ¿#®$¯�°L±;¾ðº_µ¶¬Zº_¬_ñ �÷Æ�×øb÷ �*) ÷ ú �¸Í�í�ÍL�
Ï�Í½� Ö� ���� ¡Tç ûbÓ ï Ó �æ¢ ����¤$��� � Ó×ÖðÓ98Ôº�®$³�² � ê ³�¼½» � µÔ¿#®�¯�°�³�ºV» � ¼�4 � 4�¿G´V® ��À â°�±;¾2��³�4�µÔ¿#¾¹´D¿�¼ � º � ¼�4�³�ÂL¬_ºZºD¿ÊëÄ¼�4�¿�²#®$¬_° � ê�Å�Å:�>´D² �LÈ>É Û�Û�Û Çé� å ¬�¾Äâ

° ��À ¬_ºZÁ½¿Gê9Á � ã�¬54L°�¬Z» � Á½¿ �é�DÍ�í�ÜL�ÄÎ Ò � Û �$î�Ü È í½���
Ü�Ý½� Ö� D¤ ÐM½�� Ó 0 Ó å ¬_«Lµ¶³D � °�¿�µ ��À ¬Zº_Á � ¬ð³�ÌZ«�¿�° ��À ¬_° � ê � ä5�;��¬_ÁL» � ²�°L³�ºZ»�¯

� ´_³�»�¬Z«�µ ��À ¬_º_Á � ¾�¼�«�³�ÂL¬_º_ºZ³�²¹«�¿G´�b¬V®$¬Z° � êðÅ�Å=< ¬_¼ �>% � É � å � �½Î�Ï�Ý�ÏGÝ â
%Aì�íÄ�ó�¸Í�ì�íÄ� Û �Ø�TÏ½�

ÜL��� Ö� V�$Þ Ð � ¡Tç�� ����� � Ó?�ÔÓ�@ � Á½®$± ú ºy¾�¬_µ¶± � ¾�¿�«�¿GÁL»�¬Z« � ºZ» � Á � »�¬_¼½®$³G»�«�¿�°�ºVâ
��³�«�µÔ¿#»�³�«�³�² �b÷Ù��øbË °�¬Z«�Ì � ê ú �¸Í�í�Í½�

Ü�ÏÄ� Ö���� ¡ � ¡Tç   � Ó � Ó � ���u� ¤O�������A�ÔÓ � Ó �á¢ ����¤$��� � Ó×Ö�Ó ÷ ¿G»�¬ZµÔ¿G» �LÀ ¬_º_Á � ¬
µ¶¬Z»�³D$± »�¬Z«�µ¶³D � °�¿�µ � Á � ¼�« � Á�³�°�¬ À °�³�µ ²�«�¬_µ¶¬Z° � �!÷Æ�×ø ) � µ � ê ú Ï�Ý�Ý�ÝL�

Ü�Ü½� Ö���� ¡ � ¡Tç   � Ó � Ó � � ¡ ð ¡ ¤ �Zç � Ó � Ó �Ô¢ ����¤$��� � Ó×ÖðÓóà>¼L» � µÔ¿#®$¯�°�³�¬uëÄ¼�«�¿�²#â®$¬Z° � ¬u¼�³�»�³�Á½¿Gµ � º_±�«L¯�ê � ÌZ³�»�³�²�³�ñ�¼�«�³D�ë½ÁLÂ ��� ¼½ëÄ»�¬_µ.²�±�ã�³�«�¿�Â�¬Z°	Å�Å
È �Lå �ó�¸Í�Í�ìL�½Î�ÏÄ�

Ü�ÑL� Ö���� ¡ � ¡Tç   � Ó � Ó �5¢ ����¤$��� � Ó×ÖðÓÔªm«�¬�b¬�®$¯�°L±�¬�²�³�´_µ¶³T·k°�³�ºV» �Í� ³�¼½» � âµÔ¿#®$¯�°�¿GêÊ³�«�Ì�¿�° � ´D¿�Â � ê�«�¬ZÌ_¬_°L¬_«�¿G» � ²�°L³�Ì_³�»�¬_¼Ä®$³�³�ã�µ¶¬Z°�¿òÅ�Å å ¬_¼Ä®$³�ä_°L¬_«½â
Ì_¬V» � Á½¿ �Ú�¸Í�ì�íÄ�½Î�Ï½� Û �$Ü�Ï È Ü�îL�
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Ü Ò � Ö	��� ¡ � ¡#ç   � Ó � Ó ��¢ ����¤$��� � Ó×ÖðÓ � �6  �  V����� ¥ Ó×�5Ó å ¬Z«�µ¶³D � °�¿�µ ��À ¬Zº_Á � ñ
¿�°�¿#® � ´�¼�«L³�Â�¬_ºZº_³�²�«�¿#´Vb¬�®$¬_° � ê�ÌV¿G´_³�²�±;¾ ºZµ¶¬_ºZ¬_ñ�Å�ÅB) � µ ��À ¬Zº_ÁÄ¿Gê�¼L«�³Gâ
µ¶±Aôò®$¬Z°�°�³�ºV»�¯ �Ú�¸Í�ì�ì½�½Î9ì½� Û ��Ñ�ì�î È Ñ�Í�ÝL�

Ü�îL� Ö ¡ ¤ ¡ ö½����� ¡Tç �5Ó Þ Ó �6¢ ����¤b��� � Ó×Ö�Ó å ¬_«�µ¶³_ � °�¿Gµ ��À ¬_ºZÁ � â ³�¼L» � µÔ¿#®$¯�°L±æ¬¼�«�³�� � ® � ÁÄ³�°LÂ�¬_°L»�«�¿�Â � ñð²k´¸¿¸!¿ À ¿T¾ � ´D³�»�¬_«�µ ��À ¬_º_ÁÄ³�Ì_³ °�¬Z³�ã�«�¿#» � µ¶³�ÌZ³
µÔ¿�º_ºZ³�¼�¬Z«�¬_°L³�ºD¿¹Å�Å å àC) å �e�¸Í�Í�ÝL�ÄÎ�Ï½� Û �Ø�¸ÍL� È �¸Í�í½�

Ü�í½� ÷£��¤ ¡#ç � Ó � Ó � í ¡_èG¡ � ¡ ß � 0 Ó � Ó!àmÂL¬_°�Á � ä5�;��¬ZÁL» � ²�°�³�ºZ» � ëÄ¼�«�¿�²G®�êL¬_µ¶±;¾»�¬Z«�µ¶³D � °�¿�µ ��À ¬Zº_Á � ¾�¼L«�³�Â�¬Zº_º_³�²Ê°�¿ ³�ºZ°�³�²�¬5ëÄ«�¿�²�°�¬_° � ñ�ã�¿T®b¿�°�º_¿ ä_°L¬_«½â
Ì ��� ²�¬D�á¬ZºZ»�²�¿ � äZ°L»�«�³�¼ ��� � ) % ºZ¬_ºZ³��5´ � º_³�²�¬D� � ¼�³ò¼�«�³�ã#®$¬_µÔ¿�µÆë½¼L«�¿�²Gâ
®$¬_° � ê �b÷Æ�×ø$É ¿DëÄÁ½¿ ú �¸Í�ì�î½�

Ü�ìL� ÷£��¤ ¡#ç � Ó � Ó � í ¨�Õ � ��� ¡ � Ó � ÓÔà>¼L» � µÔ¿#®$¯�°�³�¬Në½¼L«�¿�²G®$¬Z° � ¬�²�´¸¿T!¿ À ¿#¾ ³¼�«�¬Jb¬V®$¯�°�±;¾¹²�³�´Dµ¶³¸·¹°L³�ºZ»¸ê½¾�°�¬Z³�ã�«�¿#» � µ¶±;¾�»�¬_«�µ¶³_ � °�¿�µ �LÀ ¬_º_Á � ¾¹¼L«�³Gâ
Â�¬_ºZº_³�²FE ³�ãG´D³�«&G�Å�Å È ��å �ó�¸Í�ì Ò �½Î Ò � Û �!í È Ñ����

Ü�ÍL� ï � Þn� ¡Tç � Ó � Ó ÷ ¿G»�¬ZµÔ¿G» �LÀ ¬_º_Á½¿Gê9µ¶³_b¬�®$¯�«L±�°�³ À °L³�Ì_³�«�¿G²�°�³�²�¬Zº � ê �$÷Æ�×ø
É ¿¸ëÄÁ½¿ ú �¸Í�î�îL�

Ñ�ÝL� ï � Þn� ¡Tçu� Ó � Ó Ë Á�³�°�³�µ � ÁÄ¿ ��÷ ³D$¬V® � ��% ± À�� ºV® � »�¬V®$¯�°�±�ñ�ä_Á�º_¼�¬Z« � µ¶¬_°L» �
÷Æ�×ø$É ¿DëÄÁ½¿ ú �¸Í�Í�î½�

Ñ���� ï ¡IH � ¡#ç ¥ Ó?�ÔÓ å ¬_³�« � êmµÔ¿�Á�«�³�º � ºZ»�¬_µ ú «�¿G²�°�³�²�¬_º_°L±�¬Ôµ¶³Db¬�® � �T÷Æ�×ø 8 Ç Û�Û ú
�¸Í�Í�Í½�

Ñ�Ï½� ï ¡ ��Þn�½ïb§J��� 0 Ó?�ÔÓ ÷ ¿#»�¬_µÔ¿#» ��À ¬_º_Á½¿#êò»�¬Z³�« � êò³�¼L» � µÔ¿T®$¯�°�±;¾u¼�«�³�Â�¬_ºZº_³�² �
÷Æ�×ø �4� ´DµÔ¿G»D® � » ú �¸Í�î½���

Ñ�ÜL� ï ¡T�DH$� ¤ ¡Tç�� Ó×ûbÓ	< � °�¿�µ ��À ¬Zº_Á�³�¬¹³�¼ � º_¿�° � ¬kÁÄ³G®L®$¬_ÁL» � ²�°�³�Ì_³�¼L³�²�¬�$¬_° � ê
°�¿ «�±�°�Á�¬ÆÅ�Å ÷ ¿G» � µ¶³_b¬�® � «�³�²�¿�° � ¬ øæ÷ ¬Z»�³Db± ³�¼ � º_¿�° � ê �j� º_ºV®�¬�b³#â
²�¿�° � ê º�®$³T·k°�±;¾.º � ºZ»�¬ZµßÅ�Å Ç ¬� � ÛA¿�µÔ¿�«�ºZÁ � ñ È ��È � ú ÷ ³ � ºZ¬_¬Z² ÉÊ� ÉÊ� ú
ªm¬Z»�«L³�² Èò� Èò�b÷Æ�×øbÉ ¿DëÄÁ½¿ ú �¸Í�ì�Í½�

Ñ�Ñ�� ï �$�$§ ¡ ¼ ��� � Ó �  � � � � í Ó�) � µ ��À ¬_ºZÁ½¿#êð»�¬_«�µ¶³_ � °�¿Gµ � Á½¿ �Ú÷Æ�×øóÉ ¿DëÄÁ½¿ ú�¸Í�î�î½�
Ñ Ò � í ¡DèG¡ � ¡ ß � 0 Ó � Ó�ªm« � °LÂ � ¼�µÔ¿�Á�º � µ6ëÄµÔ¿ x � Û � ªm³�°½»�«�êLÌ � °�¿u²>»�¬_³�« ��� ³�¼½â

» � µÔ¿T®$¯�°�±;¾�º � ºZ»�¬Zµ�Å�Å È ��å �ó�¸Í Ò ÍL�ÄÎ �¸Ý ú ��� ú �TÏ½�
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Ñ�î½� í ¡_èG¡ � ¡ ß � 0 Ó � ÓÄà>ã�µ¶¬Z° � «�¿�ºZ¼�«�¬�$¬V®$¬_° � ¬�«�¬_ºVëÄ«�º_³�²JE2³�ã�³�ã��á¬Z°�°�±�ñ�»�¬Z«½â
µ¶³_ � °�¿�µ �LÀ ¬_ºZÁ � ñÙ¼L³D�¾�³_�G>Å�Å ì â ìñìÌì �!È ��å �£�¸Í�í�ÜL��Î Ò � Û �£��� Ò�È �¸Ü�ÏLK�Î9îL�
Û �$î Ò1È í�ÍMKÄÎ9ìL� Û �$ì�Ï È �¸Ý�ÜL�

Ñ�íÄ� í ¡_èG¡ � ¡ ß � 0 Ó � Ó � Ö� D¤$� � �_çG� ����� � Ó � Ó ÷ ³_b¬V®�¯ð¾�¿G³�» ��À ¬_º_Á�³�Ì_³Æ³�ã�µ¶¬_°�¿«�¬ZºZëÄ«�º_¿�µ �Ù� ¿�°�¿T®$³�Ì ��� µ¶¬Z·Ê$ë »�¬_«�µ¶³_ � °�¿�µ � ÁÄ³�ñ � äZÁÄ³�°�³�µ � ÁÄ³�ñ Å�Å
% ºZ¬_ºZ³��5´ � º_³�²�¬D�á¿�° � ¬á¼�³N¼�«�³�ã#®$¬_µÔ¿�µ.ëÄ¼�«�¿�²G®�¬_° � ê �óÇ ¬5��¬_«�¿#»�± b³�Á½®b¿#â
b³�² �ó�¸Í�í½� ú Û �bÏ�Ý�í È Ï�Ý�Í½�

Ñ�ì½� í ¡_èG¡ � ¡ ß � 0 Ó � Ó � í ¨�Õ � ��� ¡ � Ó � Ó �0¢ ����¤$��� � Ó×ÖðÓN�mºZ¼�³G®$¯�´_³�²�¿G° � ¬ µ¶¬V»�³Gâb³�²5³�¼L» � µ � ´¸¿GÂ ��� �®�ê ³�Â�¬Z°�Á � ¼�«�¬Jb¬V®$¯�°�±;¾á²�³�´Dµ¶³¸·¹°L³�ºZ»�¬_ñÊ¿�ã�º_³�«Lã�Â � â
³�°�°L³Gâ $¬_º_³�«�ã�Â � ³�°�°�±;¾�Â � ÁÄ®$³�²¹Å�Å å àC) å �e�¸Í�ì�Ñ��ÄÎ9ÜL� Û �$Ü�î�Ï È Ü�í�Ý½�

Ñ�Í½� í ¡_èG¡ � ¡ ß � 0 Ó � Ó ��¢ ����¤$��� � Ó×ÖðÓmàmã ³�¼L» � µÔ¿#®$¯�°�±;¾ »�¬_«Lµ¶³D � °�¿�µ ��À ¬Vâ
º_Á � ¾.¼�«�³�Â�¬Zº_º_¿#¾�Å�ÅPO ìÌìñì % º_¬_º � ºZ³�²�¬/� � ¼�³&¼L«�³�ãG®$¬ZµÔ¿�µ ëÄ¼�«�¿�²#®$¬_° � ê �
å ¬Z´ � b³�Á½® �Ø�¸Í�ì�Ý½� Û �bí Ò1È í�í½�

Ò Ý½� í ¡_èG¡ � ¡ ß � 0 Ó � Ó �æ¢ ����¤$��� � Ó×ÖðÓ¶à>¼L» � µÔ¿#®$¯�°L³�¬¹ëÄ¼�«�¿�²G®$¬Z° � ¬¹»�¬Z«�µ¶³D � â°�¿�µ �LÀ ¬_ºZÁ � µ � º � ºZ»�¬_µÔ¿�µ � Å�Å È ��å ���¸Í�ì�ÜL�_ÎÙ��� Û �Gí�Ý È íGÍMK_Î�Ï½� Û �#ì�ì È �DÝL��K
Î9ÜL� Û � Ò Ý È î�Ñ��

Ò ��� í ¨�Õ � ��� ¡æ� Ó � Ó � ÷£��¤ ¡Tç � Ó � Ó�ªm«�¬Jb¬V®�¯�°�±�¬æ²�³�´_µ¶³T·k°�³�ºV» � °�¬_³�ã�«�¿G» � µ¶±;¾»�¬Z«�µ¶³_ � °�¿�µ �LÀ ¬_º_Á � ¾�¼�«�³�ÂL¬_º_ºZ³�²3E à>ã�´_³�«&GæÅ�Å å ¬_¼Ä®$³�äZ°�¬_«�ÌZ¬Z» � Á½¿ �é�¸Í�ì�ÑL�
Î9ÍL� Û �$î�ì È í�ÝL�

Ò ÏÄ� � ¡ � � �_ç Ö�Ó � ÓQ( «�¿Gº À ¬V»�ë ¿GÁL» � ²�°�³�ñ »�¬_¼½®�³�²�³�ñ � ´D³G®�êLÂ ��� Å�Å å àC) å �
�¸Í�ì�ìL�ÄÎ9ÜL� Û �Ø� Ò Ý È � Ò í½�

Ò Ü½� � ¡ � � �_ç   ¥ Ó � Ó � ¢ ����¤b��� � Ó×Ö�ÓC8¶ºV®$³�²�°�¿Gê,³�¼L» � µ � ´D¿�Â � ê ú µ¶¬Z»�³Db± �
´¸¿¸!¿ À3� �b÷Æ��ø 8 Ç Û�Û ú Ï�Ý�Ý�ÜL�

Ò ÑL� ��� ¡ � � ��¡#ç � Ó � Ó ù ¬Z³�µ¶¬Z»�« ��À ¬_º_Á � ñ ¿G°�¿#® � ´A � °�¿�µ � Á � ã�³#®$¯�ô � ¾�ä_Á�³�°�³Gâµ ��À ¬Zº_Á � ¾&º � ºZ»�¬_µ Å�Å É ¬�® � °�¬Zñ�°�¿Gê&äZÁÄ³�°�³�µ ��À ¬Zº_Á½¿#ê  � °�¿�µ � ÁÄ¿ �¦É �;@
Ç ¬ZÌZë¸®�êL«�°�¿Gê � ¾�¿�³G» ��À ¬Zº_ÁÄ¿Gê� � °�¿�µ � ÁÄ¿ �bÏ�Ý�Ý�ÝL� Û �Ø�Tí#Ñ È �¸Í�ìL�

Ò�Ò ��Ru� � ç ¨�Õ í Ó å ¬Z«�µ¶³D � °�¿�µ � ÁÄ¿ò«�¿�²�°�³�²�¬_ºZ°�±;¾¹¼�«�³�ÂL¬_º_ºZ³�² ��÷Æ�×øL÷ � « ú �¸Í�ì�Ü½�
Ò î½� ¢ ����¤$��� � Ó×Ö�ÓL8ÔºV®$³�² � ê¹³�¼L» � µÔ¿#®$¯�°L³�ºZ» � ë�ºZ«�¬�b°L¬_°�°�±A¾¹´¸¿Tb¿ À º5°�¬_ºV»#¿#âÂ � ³�°�¿�«�°L±�µ � ¼�¿�«�¿�µ¶¬V»�«�¿Gµ � Å�ÅS<á³�Á½®b¿Tb± ÇbÈ>ÉÊ��Ï�Ý�Ý�ÝL�¸Î�Ï½� Û �L�Tí�í È �TíGÍL�
Ò íÄ� ¢ ����¤$��� � Ó×Ö�Ó�à>¼L» � µÔ¿T®$¯�°�±�¬;¼�«�³�Â�¬_ºZº_± � ëÄ¼�«�¿�²G®$¬Z° � ¬;²5°�¬_³�ã�«�¿G» � µ¶³�ñµ � Á�«L³�ä_Á�³�°�³�µ � ÁÄ¬ Å�Å È ��å �$Ï�Ý�ÝL���½Î Ò �
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Ò ìL� ¢ ����¤$��� � Ó×ÖðÓ�àm¼½» � µ � ´D¿�Â � ê�² º_«L¬�b°�¬Zµ � ºZÁÄ³#®$¯�´_êL� � ¬ð«�¬Z· � µ¶± ²
´¸¿Tb¿ À ¿T¾ ³�¼L» � µÔ¿#®$¯�°�³�ÌZ³ÙëÄ¼�«�¿G²G®$¬_° � ê.Å�Å3�>´_² �6È>É Û�Û�Û Çé� å ¬�¾L° � Á � â
ã�¬_«L°�¬Z» � Á½¿ �Ú�¸Í�í#Ñ��½Î�ÏÄ� Û �Ø�_Ñ�Ü È � Ò ���

Ò ÍL� ¢ ����¤$��� � Ó×ÖðÓT8Ôº�®$³�² � ê&³�¼½» � µÔ¿#®�¯�°�³�ºV» � ¼L¬54 � ³D ��À ¬_º_Á � ¾ ë�ºZ»#¿�°�³�² � ²Gâô � ¾�º�êU4�¬Z· � µ¶³�²	»�¬�¾½°�³G®$³�Ì ��À ¬_º_Á � ¾ ¼�4�³�ÂL¬_º_ºZ³�² Å�Å å àC) å �Ã�DÍ�íGÑ��ÚÎ�Ï½�
Û ��Ñ�Ü È½Ò ÝL�

î�ÝL� ¢ ����¤$��� � Ó×ÖðÓ�à>¼L» � µÔ¿T®$¯�°�±�¬	Â � Á½®$± � Â � ÁÄ® ��À ¬Zº_Á � ¬�«�¬Z· � µ¶± �A÷Æ�×ø
Ë °�¬_«LÌ_³�¿#»�³�µ � ´V!¿#» ú �¸Í�ì Ò �

îL��� ¢ ����¤$��� � Ó×ÖðÓbà>¼L» � µÔ¿#®$¯�°�³�¬mëÄ¼�«�¿�²G®$¬Z° � ¬�¼�«�³�ÂL¬_ºZºD¿�µ � °�¬Z³�ã�«�¿#» � µ¶³�ÌZ³»�¬Z¼½®$³Gâ � µÔ¿�ºZº_³�¼L¬_«�¬Z°�³�º_¿�Å�Å��>´_² �bÈ>É Û�Û�Û Çé� å ¬V¾½° �LÀ ¬_ºZÁ½¿Gê�Á � ã�¬_«L°�¬Vâ
» � ÁÄ¿ �Ø�¸Í�ÍL���ÄÎ�Ï½� Û �$ìL� È ì�îL�

î�Ï½� ¢ ����¤$��� � Ó×Ö�ÓV8Ôº�®$³�² � ê ³�¼L» � µÔ¿#®$¯�°L³�ºZ» � 4L¬Zôá¬Z° � ê ë�ºD4�¬Jb°�¬_°�°�±;¾ ´D¿#â
!¿ À µÔ¿G»�¬_µÔ¿#» ��À ¬_º_Á�³�Ì_³�¼�4�³�Ì54�¿Gµ¶µ � 4�³�²�¿G° � êÙÅ�Å$< ³�Á½®b¿Tb± Ç!ÈnÉ��¦�DÍ�Í�Ï½�
å � Ü�Ï�Ü½�½ÎÙ���

î�ÜL� ¢ ����¤$��� � Ó×ÖðÓ å ¬54�µ¶³_ � °�¿Gµ � Á½¿,ä_ÁÄ³�°�³�µ ��À ¬Zº_Á � ¾ º � ºZ»�¬_µ Å�Å å 4LëD$±
��ªòÛ ÇbÈ>ÉÊ�Ø�¸Í�Í�Ñ�� å �×��� Û � î�Ñ È í�ìL�

î�Ñ�� ¢ ����¤$��� � Ó×Ö�Óbà>¼L» � µÔ¿#®$¯�°L³�¬>ëÄ¼�«�¿�²#®$¬_° � ¬�³�ã�µ¶¬Z°�³�µ «�¬ZºZëÄ«�º_¿�µ � ²Êä_Á�³Gâ°�³�µ ��À ¬_º_Á � ¾9º � ºZ»�¬_µÔ¿#¾	Å�Å È ��å �Ø�DÍ�Í Ò �ÄÎ9ÜL� Û �×���¸î È �¸Ï�îL�
î Ò � ¢ ����¤$��� � Ó×ÖðÓ ÷ ¬Z»�³Db± ë�ºZ«�¬�b°L¬_°�°�³�ñ ³�¼L» � µ � ´¸¿GÂ ���^�¶� ¾�¼L« � ®$³¸·�¬Z° � ê �÷Æ�×ø �4� ´DµÔ¿G»D® � » ú �¸Í�Í�í½�
î�îL� ¢ ����¤$��� � Ó×Ö�Ó % »�³�«�³�ñò´¸¿�Á�³�°ò»�¬Z«�µ¶³D � °�¿�µ � Á �4� ¼�«�¬Jb¬V®$¯�°�±�¬A²�³�´_µ¶³T·�â°�³�ºV» � »�¬Z¼½®$³�²�±;¾kµÔ¿Gô � °¹Å�Å�# ëÄ«�° � »�¬�¾½° ��À ¬_º_ÁÄ³�ñW� � ´ � Á � ���¸Í�Í�ÍL� å � î�ÍL�

ÎÙ��� Û �Ø�DÑ�Ý È �DÑ�ÏÄ�
î�í½� ¢ ����¤$��� � Ó×ÖðÓ¦à>¼L» � µÔ¿#®$¯�°�±A¬¹¼�«L³�Â�¬Zº_º_± ²9°L¬_³�ã�«�¿G» � µ¶³�ñÆ»�¬_«�µ¶³_ � °�¿Tâ

µ � ÁÄ¬ � µ � Á�«L³�ä_Á�³�°�³�µ � ÁÄ¬ �!÷Æ�×ø �¤� ´DµÔ¿#»¸® � » ú Ï�Ý�Ý�ÜL�LÑ��¸î º �
î�ìL� ¢ ����¤$��� � Ó×Ö�Ó É ¬_³�ã�«�¿G» � µ¶±�¬0³�Â�¬Z°�Á � ¼�«�¬Jb¬V®�¯�°�±;¾u²�³�´_µÔ³¸·k°�³�ºZ»�¬_ñ�»�¬_«½âµ¶³D � °�¿�µ ��À ¬Zº_Á � ¾ � µ � Á�«L³�ä_Á�³�°�³�µ ��À ¬_ºZÁ � ¾	º � ºV»�¬_µ �Ø÷Ù��ø!É ¿¸ëÄÁÄ¿ ú ÏGÝ�Ý�ÜL�

Ü�Ñ�ì º �
î�ÍL� ¢ ����¤$��� � Ó×Ö�Óéà>¼L» � µ � ´¸¿�Â � ê	b¬Zê½»�¬V®�¯�°�³�ºV» � ¼�³�º_«�¬Jb° � ÁÄ¿�² ë�ºV®$³�² � ê½¾´¸¿T$¬_«�·¹Á � ¼�³�ºV»G¿G²�³�Á � ¼½®b¿G»�¬Z·Ê¬_ñ	Å�Å È ��å �½Î9ÜL�$Ï�Ý�Ý�ÝL�
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í�Ý½� ¢ ����¤$��� � Ó×Ö�ÓL8ÔºV®$³�² � ê¹³�¼L» � µÔ¿#®$¯�°L³�ºZ» � ë�ºZ«�¬�b°L¬_°�°�±A¾¹´¸¿Tb¿ À º5°�¬_ºV»#¿#âÂ � ³�°�¿�«�°L±�µ � ¼�¿�«�¿�µ¶¬V»�«�¿�µ � Å�ÅX< È>ÉÊ�$Ï�Ý�Ý�ÝL� å � Ü�íGÑ��ÄÎ�Ï½� Û �Ø�Tí#Ñ È �Tí�í½�
í½��� ¢ ����¤$��� � Ó×Ö�Ó�à>¼L» � µÔ¿T®$¯�°�±�¬;¼�«�³�Â�¬_ºZº_± � ëÄ¼�«�¿�²G®$¬Z° � ¬;²5°�¬_³�ã�«�¿G» � µ¶³�ñµ � Á�«L³�ä_Á�³�°�³�µ � ÁÄ¬ Å�Å È ��å ��Ï�Ý�ÝL���½Î Ò � Û �Ø� Ò Í È �TíGÝL�
í�ÏÄ� ¢ ����¤$��� � Ó×Ö�Ó � ���u� ¤O�������Y�ÔÓ � Ó � ���u� ¤O��������  Ö�Ó � Ó ÷ ³D$¬V®$¯ ¼�«�³ � ´Vâ²�³_bºZ»�²�¬_°L°�³�ñP� � «�µ¶± ²�³G»�Á�«�±A»�³�ñÆµ � Á�«L³�ä_Á�³�°�³�µ ��À ¬_ºZÁÄ³�ñÆº � ºZ»�¬_µ¶¬¹Å�Å

÷ ¿G» � µ¶³D$¬V® � «�³�²�¿�° � ¬ �bÏ�Ý�Ý�ÏÄ� å �×�DÑL�½Î�Ñ�� Û �bÏ½� È Ü�Ñ��
í�Ü½� ¢ ����¤$��� � Ó×ÖðÓ � � � ¤½ï �Zç   � Ó � ÓÚªm«�¬Jb¬V®�¯�°�±�¬�²�³�´Dµ¶³¸·¹°L³�ºZ» � ¼�«�³�ÂL¬_º_ºZ³�²»�¬Z¼½®$³�³�ã�µ¶¬_°�¿NÅ�Å å ¬_¼½®�³�ä_°L¬_«�ÌZ¬Z» � Á½¿ �Ú�¸Í�Í�ì½�½Î9ÍL� Û � Ò Ü ÈLÒ�Ò �
íGÑL� ¢ ����¤$��� � Ó×Ö�Ó �    è  G� ¡#ç � Ó � Ó�à>ã#®b¿�ºZ»�¯5«�¬D¿#® � ´_ë�¬Zµ¶³�ºZ» � »�¬_«LµÔ³_ � °�¿�µ � âÀ ¬Zº_Á � ¾�º � ºV»�¬Zµ�´¸¿¸!¿�°�°�³�ñ�¼�«�³ � ´D²�³_ � »�¬V®$¯�°�³�ºZ» � Å�Å��m´_² �eÇbÈ>ÉÊ�óË °�¬_«Äâ

Ì_¬V» � Á½¿ �!Ï�Ý�ÝL���½Î Ò � Û ��Ñ�Ñ ÈLÒ ���
í Ò � ¢ ����¤$��� � Ó×Ö�Ó � Ö���� ¡ � ¡Tç   � Ó � Ó � ���u� ¤O�������A�ÔÓ � Ó�ª�«L³�Â�¬Zº_º_± µ � ° � â

µÔ¿#®$¯�°�³�ñN � º_º � ¼�¿�Â ��� Å�Å å àC) å �ó�DÍ�Í�í½� å � ÜL���ÄÎ9îL� Û �$î�Ñ�Í È î Ò ì½�
í�î½� ¢ ����¤$��� � Ó×Ö � Ö���� ¡ � ¡Tç   � Ó � Ó �  � Ð ¤ ¡Tç ¥ Ó×ÖðÓ#Û;¬ZÌ_«�¬ZÌ � «�³�²�¿G°�°�±�¬0¼�«�³Gâ

Â�¬Zº_ºZ±�²Ê¾ � µ ��À ¬Zº_Á�³�ñ9»�¬�¾L°L³G®$³�Ì ��� �e÷Æ�×ø ) � µ � ê ú �¸Í�íGìL�
í�íÄ� ¢ ����¤$��� � Ó×Ö�Ó � �L��Þ ¡Tç   � Ó � Ó É ¬Z³�ã�«�¿#» � µ¶±�¬Æ³�Â�¬_°LÁ � µ � ° � µÔ¿#®�¯�°�³�ñ

«�¿�ã�³�»�± �®�ê�¼�«�³�Â�¬_ºZº_³�²k«�¿G´Vb¬�®$¬Z° � ê�Å�Å å àC) å ��Ï�Ý�ÝGÑ��½Î9Ü½�
í�ì½�*Z   � ð ¡ Õ# _¤O� ï Ó Ç ¿G´_² � » � ¬ � ¼�« � ®$³¸·�¬Z° � ¬�¼�³�°Lê½» � ê�äZ°L»�«�³�¼ ��� �Ä÷Æ��ø�É ¿Tâ

ëÄÁ½¿ ú �¸Í�î�í½�
í�Í½�\[\]W^/_a`cbed�f Ó [ Ó ��gNh beij_kbed2[ Ó!lðÓ>m*4Mnpo ��q6r Ðts�u�owv5x�u�yTz ¾ o{v5xD| q6}�~��9r uI�C|�o }2qÐtu � 4 r x/�3m*4>x } ì }�~ Ý |�n ¾ o q�r"�
� |�npx � Å�ÅJm�4>x }1��� | �	� ì } y�u ¾ ��q npowu }��\�
} �ìLøó�¸î�Í È �¸ìL����Ï�Ý�Ý½���
ì�Ý½�\[\d>�6i�^ h ^/d�� Ó � �*^/ijij��� Ó f Ó �N� be��� ÿ d�[ Ó � f ÿ _ ÿ ]W�cd�� Ó��Ss�x ¾ � u ~M�
}�q�� o{vD|"o }� } o!npxCnpo � x ø ì � �Ss�x�|�npxD4½âgÐ q ¾ } u�n�v � v r xmÅ�ÅXz�s � | ��� xD� ��È �!�¸Í�í�í½� O ��� Ò ��Î Ò �z �bÏ�Ý�ì�î È Ï�Ý�Í�ÜL�
ìL���\[\d>�6i�^ h ^/d�� Ó � �*^/ijij��� Ó f Ó �Q� d>�6ip^�����^/d lðÓw�LÓ � f ÿ _ ÿ ]W�cd�� Ó �Ss�x ¾ � u ~L�L}�q â

� o{vD|Cy�u ¾ 4 ¾ u
vDx5|�|¡x5|*o } � } own¡x;npo � xòÅ�Å$¢CvDv � Ðts�x � �>� x5| �é�DÍ�ì�Ñ�� O ���¸í½��Î9ìL�z �bÏ�î�î È Ï�í½���
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ì�Ï½��[�d>�6ip^ h ^/d�� Ó �Q£ �ci��
�cd �LÓ!l�ÓMm*4Mn¡o ��q6r s�x q npo }M¤Xq6}�~ v5u
u r o }M¤ |�n ¾ q n¡x ¤ owx5|¥y�u ¾s�x q n�x/�Lv�s q6}�¤ x5| ~ xD|¡o ¤6} Å�Å$¦ � ¢�4M4 r � z"s � | �¨§u���ó�¸Í�Í�ÏÄ� z �bí½� È íGìL�
ì�ÜL��[�d>�6ip^ h ^/dJ� Ó � �S©Mª5bed l�Ó!«�Ó � �*^/ijij�B� Ó f Ó
¢¬� q o r{q6 o r o!n � y�u ¾ � } ownpx�â?n¡o � xS4 ¾ u#âv5xD|¡|¡xD| �t® x } x ¾ q�r n¡s�x5u ¾ �¯q6}�~Uq�� u ~ x r Å�Å°¦ � z"s � | � Ðts�x � �A�¸Í�ì�Ü½� O � ì�í½�ÎÙ� Ò �
ì�Ñ���[�d>�6ip^ h ^/dW� Ó � f ÿ _ ÿ ]W�cd�� Ó � �*^/ijij�X� Ó f Ó
�SsMx ¾ � u ~M�
}�q�� owv5|Vo } � } own¡xCn¡o � xÅ�Å±z"s � | � �¬u ~�qI� �Ø�¸Í�ì�ÑL�½Î9î�Ï½�
ì Ò ��[�d>�6ip^ h ^/d$� Ó � f ÿ _ ÿ ]W�cd±� Ó � �*^/ijij��� Ó f Ó6�Ss�x ¾ � u ~M�
}�qG� owv5|To } � } own¡xQnpo � x øx/�
n ¾ x ��q6r |�y�u ¾ o � 4>x ¾ y�x5vDn;s�x q nBx }�¤ o } xD| Å�Å�¦ � Ðts�x � � z"s � | �0�¸Í�í�í½� O � î�îL�Î�Ñ�� z �ó� Ò í½� È � Ò í�íÄ�
ì�îL��[�d>�6ip^ h ^/d�� Ó � o } own¡xVâ²npo � x�n¡s�x ¾ � u ~L�L}�q�� o{v5| � Ðtu�4>x } s q6¤ x } ú �¸Í�ì�ÜL�
ì�í½��[��cip^ h � Óp³£Ó � l ÿ i/�´bed ÿ h=µ Ó [ Ó § u } â�x5¶ Ý o r o  ¾ o Ý � x/��u r Ý n¡o{u }�q ¾ � x5vDu } u � owvnps�xDu ¾ � Å�Å;z �
· Ý�¾ r x � ú ¦ � � u�|�npx ¾ E´x ~ | � GV¸�vDu } u � owv5| q6}M~ n¡s�x ¾ � u ~M�
}�qG� owv5| ø

} xD�¹4>x ¾ |¡4>x5v/npo!��x5|$u } x5vDu } u � o{v q6}�q6rw� |¡ow|ÊÅ�Å · u6|�npu } �¥º r Ý �txD»:¢Sv q6~ x � owvz Ý �r ow|¡s�xD»¡| �Ø�¸Í�Í�ÑL� z �bí�Ü-¼½Í�ìL�
ì�ìL��[��cip^ h � Óp³¦Ó!½�l ÿ ij�´bed ÿ hPµ Ó*¾ q |�npx¿z9u�npx } npo q6r ¸ } np»�u�4 � ø �Ss�x¿À r n¡o ��q npx¸"v5u6n¡uI�Lo{vÂÁáÅ�Å$¸"vDu } u � o{x�¢\4�4 r o{¶�Ã�xDx ú O �ÅÄ*Æ O*Ç�Ç�Ç ��Î�Ï½�ó�¸Í�Í Ò � z �$Í Ò ¼b�TÏ�ÝL�
ì�ÍL��[��cip^ h � Óp³£Ó!½ �;È bei9É ÓÂ�Ss�xD»¡Ê�u ~M�
}�q Ê�o{vD| q�}�~ ¸"v5u } u6Ê�owv5|ÚÅ�Å�z"s�o{|�o{v5|N�¬u ~�qI� ��¸Í�ì�ÑL� O � Ü�íÄ� z �$ÜL�DÜ-¼½Ü�Ï Ò �
Í�ÝL��� È iji�^/ip^ l�Ó Æ xt»¡u r x ~ Ã=npx5Ê�4�| ~�q Ã�|¥Ç�ËÅu�4Mn¡o{Ê�o{| q npo!u }B~ xD|¥v � v r x5|Tnps�xD»¡Ê�u ~M� â

}�q Ê�o{¶�Ã�xD|�Å�Å � x/�
Ã�x ¤ x } x5» q6r x ~ x�nps�xD»¡Ê�o{¶�Ã�x ú �DÍ�ì�ÝL�ÄÎ�Ï�ÏGìL� z �$Í�Í Ò ¼b�DÝ�Ý�îL�
ÍL�����*^�Ì È d�[ ÓL¸ } n¡»¡u�4 ��¤ x } x5» q npowu } Ê�o } owÊ�o!Í q n¡owu } ø n¡s�x } xD�Înps�xD»¡Ê�u ~M�
}�q Ê�o{vD|u6yS� } own¡xW|¡o{ÍDx ~ xD�
owv5xD| q�}�~ � } o!npx�npowÊ�x�4�»�u
v5xD|¡|�Å�ÅF¦ � ¢\4�4 r � z"s � | ���DÍ�Í�îL�Î�í�ÍL� z �Ø���DÍL�/¼b�TÏÄ�¸ìL�
Í�Ï½���*^�Ì È dX[ Ó�¸ } n¡»¡u�4 �;¤ x } x5» q npo{u } nps�»�u�Ã ¤ sXs�x q n q6}�~XÏ ÃMo ~;Ï u-� �c§u�ÑÐá�×ø ¾Òo r x � ú�¸Í�Í�ÑL�
Í�ÜL���*^�Ì È d±[ Ó � u r ÃLnpo{u } |"Ó q6} Ã q6r y�u�»"¸ } np»�u�4 � ® x } x5» q npowu } nps�»�u�Ã ¤ s�Ô�x q n q�}�~

�Tr ÃMo ~Õ�9r uI� ��§u�ÑÐá��ø ¾Òo r x � ú �DÍ�ì�Ñ��
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Í�ÑL�*�*^/ijij�¿� Ó f Ó!½ [\d>�6i�^ h ^/dÖ� Ó\�Ss�xD»¡Ê�u ~M�
}�q Ê�o{vPv5u } |�np» q o } np|�o } xDv5u } u6Ê�owv
q6}�q�r ow|¡ow|æÅ�Å � x r y âVu6» ¤ q6} o{Í q npowu }Õq�}�~�~ o{|�|¡ow4 q npo!��x�|�np»¡ÃMvDnpÃM»¡x5| ø ¢\4�4 r owv q n¡o{u } |o } n¡s�xÕ4�s � |¡o{v q6rSq6}�~ |¡u
v5o q6r |¡vDo{x } v5xD| � ¸ ~ ��· � ¾ � Ð � � vjs�owxD��x q6}M~ z � Ó �¢ rwr x } � À } o!��x5»�|¡own � u6yT�¬xj� q |�z"»¡xD|¡| � ¢\Ã�|�n¡o } � �¬x/� q | �Ú�¸Í�ì�Ï½�

Í Ò �*�*^/ijij�;� Ó f Ó!½ µ=Èch5È ` �c×�Ø Ó [ Ó!½ f&b²^/d�be©
�Ù� �¡��f Ó!½ fL�5Ú Èch �ÜÛ Ó È d>� gNh bei/_Ýbed�[ Ó!l�Ó�Ss�xD»¡Ê�u ~M�
}�q Ê�o{vÞm*4MnpowÊ�owÍ q n¡owu } u�y � o } o!npxP�SowÊ�x7z"»¡u
vDx5|�|¡x5|ÆÅ�ÅU¾Òo r x � �Ðts�owvjsMx5|�n¡x5» ú �¸Í�Í�ÍL�
Í�î½�*�Cip�5�6��[ Ó!½�l È i/�´bed Èch:µ Ó!½ f È ÌÂ� µ ÓÜ¸"|¡| qÂ� u } Ó q v5»�u
x5v5u6Ê�u�Ê�owv5|�Å�ÅW¢Cv/n qm*x5vDu } u�Ê�o{v q �e�¸Í�ì Ò � O � Ü Ò �½ÎÙ� Ü-¼�Ñ�� z �$Ü�Ü�íI¼ÄÜ�Ñ�ÜL�
Í�íÄ�*�Cip�5�6�:[ Ó¨�Ss�x:À�|¡xBu6y"�Ss�xD»¡Ê�u ~M�
}�q Ê�o{vBÓ�u ~ x r |\o } ¸"vDu } u�Ê�o{vD|nÅ�Å$Ç } z �· Ã�» r x � ú ¦ � � u�|�npx5»�E´x ~ | � G	¸"v5u } u�Ê�owv5| q6}�~ �SsMx5»¡Ê�u ~M�
}�q Ê�owv5| ø } x/�74¨xD»¡|�4>x5vVânpo!��x5|Xu } x5v5u } u�Ê�o{v q6}�q6rw� |�o{|òÅ�Å º r Ã��Qx5»;¢Cv q6~ xDÊ�owv�z"Ã Mr o{|�s�x5»�| �¬· u6|�npu } ú�¸Í�Í�Ñ��
Í�ì½�*�Cij� È d�� ��Ó [ �Ss�xD»¡Ê�u ~M�
}�q Ê�o{v q 4�4�»¡u q vjs2npu$x5vDu } u�Ê�o{vD|�Å�Å±¸ } x5» ¤�� ¸"v5u#â

} u�Ê�owv5| �e�¸Í�ì�ÏÄ� O � ÑL� z ��Ü�î-¼ Ò Ý½�
Í�Í½��ß9��^/d ��Ó!½Jà È d¿Û Ó!½�á bed £ Ó È d>��[\d>�6ip^ h ^/d¯� Ó"m } n¡s�x�ÐtÃ�»�Í5u } â�¢\s r{ u�» }xDâ�vDo{x } v ��q6}M~ ownp|CvDu }�} xDvDn¡o{u } �Co!npsÕnps�xXx/â�vDo{x } v5owx5|\u6yT»¡x q6r sMx q n\x }�¤ o } x5|Å�Å±¸ } xD» ¤6� Ðtu } ��xD»¡| � Ó ¤�} n �bÏGÝ�Ý�ÝL�ÄÎ�Ñ�Ï½� z �Ø�TíGÜ-¼b�¸ì½���
�¸Ý�ÝL�$ß9��^/d á6Ó!½*ã ©Fß Ó È d&�=f&©
dJä Ó � o } ownpxtnpowÊ�x�n¡s�x5»�Ê�u ~L�L}�q Ê�owvSu�4MnpowÊ�owÍ q n¡owu }u�»�x } n¡»¡u�4 �å¤ x } x5» q npowu } Ê�o } o{Ê$o!Í q n¡owu } u6y$x } x5» ¤6� | � |�npx5Ê�|ÙÅ�ÅÎ¦ ��§ u } â¸"¶�Ã�o r o  � �Ss�x5»�Ê�u ~M�
} �Ø�¸Í�Í�ÍL�½Î�Ï#Ñ�� z �$Ü�Ï�íI¼ÄÜ Ò ÍL�
�¸ÝL���$ß9�
b È/æ æ �cijbX� Ó [ Ó!½Xz9xD»¡xDÍVâgÐ q |�npo r owu � � ú O�x5» ~ o{xD» � � � 4 q n¡o q6r Ðtu6Ê�4>x/npo!npo{u }o } n¡s�x �q6}�ç o }�¤ | � |�npx5Ê ú r u
v q6r owÍ q npo!u } ú v5»¡u6|¡|gâ?|¡Ã  |¡o ~ x5| q6}�~ »�x ¤ Ã�» q npowu } u�yo } npxD»¡xD|�n�» q npxD|JÅ�Å$¸"Ã�»�u�4>x q�} ¸"v5u } u�Ê � � xD�
o{x/� �Ø�¸Í�Í Ò � O � Ü�ÍL� z �$ì�ì�Í-¼ÄÍL�¸ÍL�
�¸Ý�Ï½�$ß¥©
i¡�-��d3ä Ó!á6Ó!½ [C�
_!ª5©
i/d°� ÓN¸¥â�v5owx } v � u6y q Ð q » } u6n*x }�¤ o } x q n*Ê q �Lo{Ê:ÃMÊ4>u-�Qx5»Cu�ÃMn¡4�ÃMn � ¢�Ê�x5» � ¦ � z�s � |¡owv5| �Ú�¸Í�í Ò � O ��Ñ�ÜL� z �bÏ�ÏI¼LÏGÑL�
�¸Ý�ÜL��è:^ÒØ&� h [ Ó�¸ }�~ u�»¡x/��x5»¡|�o �r x3nps�xD»¡Ê�u
x5vDu } u�Ê�o{vD|�Å�Å¯¸ } xD» ¤6� Ðtu } ��x5»�|¡o{u }Ó q6}�q6¤ xDÊ�x } n � O � Ü�îL�½ÎÙ���ó�DÍ�Í Ò � z �Ø�j¼ Ò �
�¸Ý�Ñ���è:^BØ&� h [ Ó-¸ }�~ u6»¡xD��xD»¡|¡o �r xV¸"v5u } u�Ê�o{vD|éÅ�Å�¸ } xD» ¤6� Ðtu } ��xD»¡|�o{u };}�q6¤ xDÊ�x } n ��¸Í�Í�í½� O � Ü�ìL�½Î�Ñ�� z �$Ü½���/¼½Ü½�Tí½�
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�DÝ Ò ��è;�I` ^¿ß Ó � »¡u�Ê x } np»¡u64 � npu¿xDv5u } u�Ê �Òq npsMu�» } � 4 q nps Å�ÅÞ¢ ~ � q6} vDx5|�o }Ô\Ã�Ê q6} ¸"v5u r u ¤6� �ó�¸Í�Í�ÏÄ� O ����� z �Ø�_Ñ�Í-¼b�¸í�îL�
�DÝ�îL��ä�ip�c]W�c×Ibe����f&� Ó § u } ¼�Æ o } x q »N4�»¡u ¤ » q Ê�Ê�o }M¤ �Co!nps�» q6}�~ u�Ê�o{| q npowu } Å�ÅSÓ q6}�q â

¤ x5Ê�x } n � v5o � |�x5» � ¢ �Ú�¸Í�î Ò � O �������½Î9ÍL�
�DÝ�í½� £ ^��ci²é
^ h �/© © �C�I^²é
^/d � Ó¥�Ss�x�¸ } n¡»¡u�4 � Æ q � q�}�~ n¡s�xÕ¸"v5u } u�Ê�owvJz�»�u
v5xD|¡| �Ð q Ê  »¡o ~�¤ x ø Ô q »�� q » ~ À } ow��xD»¡|�own � z"»¡xD|¡| �é�DÍ�í½���
�DÝ�ìL� « �ëêC] È d µ Ó!«mÓ!½\ã È �ë�cÚ"b²���:f Ów�LÓ È d>���*^/ijij�*� Ó f Ó�Å�Å�¦ � ¢�4M4 r � z�s � | ���DÍ�ì Ò �Î Ò ìL� z �bÏ½�j¼LÏ Ò �
�DÝ�ÍL� « �c_k� h � ��Ó [ Ó!½W³ i5ª È d��cÚ"b²�¡� µ Ó6Ðts q u�|=ìDu } n¡»¡u r o } x5ìDu } u�Ê�o{ì q6r Ê�u ~ x rV �npowÊ�x�â ~ x r�qÂ� x ~ y�x5x ~��q ì ç Ê�x/nps�u ~ Å�Å�z"s � | � ¢ �½Ï�Ý�Ý�ÝL� O � Ï�ì�í½�#Î9Ü-¼ÄÑ�� z � Ò ì�íÂ¼Ò Í�ìL�
���¸ÝL� « ©
ijÚ"b²�¡� á6Ó!½ �Sb²���
�ë^/i l�ÓL¢ } Ç } npx ¤ » q� o r o!n � Ðtu }�~ o!npowu } �Cownps�¢�4�4 r o{ì q n¡o{u } |npuCÀ�n¡o r oín � �Ss�xDu�» ��q6}�~ �Ss�xD»¡Ê�u ~M�
}�q Ê�o{ìD|éÅ�ÅS¦ � u6y�Ó q nps�xDÊ q n¡o{ì q6r ¸"ì5u } u6Ê�owì5| ��¸Í�í�Í½� O � îL� z �$íI¼b�DÑ��
��������É5ª5i È �
be] � Ó!l�Ó!½ µ _{^/bedJf Ó [ Ó!½	l be������^/_e_ �LÓ�ã�ÓL¸¥î�xDìDn¡|Qu6y�Ç�»�»¡xD��xD»¡|�o  o r o!n �:q�}�~¸"ì5u } u6Ê�owì5|¥u } npsMxCz9x5»�y�u�»¡Ê q6} ìDxSu6y q Ô\x q nV¸ }�¤ o } xæÅ�Å�¦ � u6y � u r{q »¥¸ } xD» ¤6�¸ }�¤ o } x5xD»¡o }M¤ �ó�¸Í�Í�Ï½� O ���_Ñ���� z �bÏ�î�íI¼½Ï�í½���
���TÏ½� µ _{^/bed l�Ó [ Ó��Ss�x5u6» � u6y�nps�x �q�}�ç o }�¤ ��»¡Ê Å�Å°¦ � u6y*Ó�u } x � � Ðt»�x ~ o!n q�}�~

�*q6}�ç o }�¤ �ó�¸Í�í½��� O � ÜL� z �bÏGÝ Ò ¼LÏÄ�¸ìL�
���¸ÜL� µ i È d�^¥� Ów�LÓI¢¯|�x5ìDu }�~Xr�q � q�}�q6rw� |�o{|Nu6y�nps�x"u64MnpowÊ±ÃMÊ ~ xD|¡o ¤6}Xq6}�~ u�4>xD» q n¡o{u }u6y�n¡s�x5»�Ê q�r x } xD» ¤6� |�npu�» q6¤ xQ| � |�npxDÊ�|¶Å�ÅCÇ } n � ¦ � Ô\x q n"Ó q |¡|T�¬» q�} |�y�xD» �½�DÍ�ì�í½�O � Ü�ÝL�½ÎÙ���
���DÑ�� á È d>� h ªD^/iÙéS� Ó g Ó!½�á ^�ïj� «�Ó f ÓI�SsMx5»¡Ê�u ~M�
}�q Ê�o{ìTì � ì r x5|	�Co!nps } x q » rw� Ã } ow��xD»¡| q�rÊ q �MowÊ:Ã�ÊÊâ²�Qu�» ç xDâ�ì5owx } ìDo{xD|nÅ�Å$¦ � z"s � | � ¢ ø Ó q n¡s �>® x } �$Ï�Ï½�
��� Ò � á ^j^ ã�Ópà¦Ó!½ µ be]ðf Ó f ÓbÅ�Å±¸ } x5» ¤�� �Ú�DÍ�Í�Ï½�ÄÎÙ�Tí½� z �bÏ�í Ò ¼LÏ�í�Í½�
���¸îL� á ^�ê «mÓ f Ó¬�Ss�xD»¡Ê q6r xDâ�ìDo{x } ì �1q nXÊ q �MowÊ:Ã�Êñ�tu�» ç u6ÃMnp4�ÃMn øÜ§ xD�ò»¡x5|�Ã r n¡|y�u�»Su rw~ s�x q n�x }M¤ o } xD|5Å�Å:¢�Ê � ¦ � z"s � | �Ú�DÍ�ì�í½�ÄÎ Ò�Ò � z �$î�Ý�ÏÂ¼½îL�¸Ý½�
���Tí½� á b²���
d�^/i��cÚ"b²�¡� l�Ó!½�á b²���
d�^/ip�cÚ"b²�¡�W[ ÓQ¸"ì5u } u�Ê�owx2xDn��Ss�x5»�Ê�u ~L�L}�q Ê�o{¶�Ã�x øÀ } Ó�u ~ x r x ~ x5ì�s q6}�¤ xXx5ì5u } u�Ê�o{¶�Ã�xuÅ�Å±¸�ìDu } � xDn � u
ì5o{x/npxD| �Ø�¸Í�íÄ��� O � Ò �
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���¸ìL� á b²���
d�^/ip�cÚ"b²�¡� l�ÓNÀ } Ê�u ~ x r x ~ xDìjs q6}�¤ x=x5ì5u } u�Ê�o{¶�Ã�xJE´xDì5u } u�Ê�o{xXxDn\nps�x�â»¡Ê�u ~M�
}�q Ê�ow¶�Ã�xIGAÅ�Å:¢ }�}�q6r xD| ~ x r ËÅÇ } |�n¡own¡ÃMn�Ô�x } »�o¬z¬u�o } ì q »¡x �ó�¸Í�í�ÝL�ÄÎ�Ï½�
���¸ÍL� á �cd
é � Ó Ø Ó!½ f&b²^5ª/^/ij� «mÓ Æ qÂ� â�u6î � xD|�np» q o } np| ú ¸�Ê�4 r u � Ê�x } n � Ã  |¡o ~ o{xD| ú q6}�~npsMx � x5Ê q6}�~ u�y Æ q6 u�»ðÅ�Åóm�4Lnpo{Ê q6r Ðtu } np»�u r �SsMx5u�» �ôq6}M~ ¸"ì5u } u6Ê�owì¢ }�q6rw� |�o{| � O � Ï½� Å ®Ê� � x5owì�s�npo }�¤ xD» � ¢�Ê�|�n¡x5» ~�q Ê ú �¸Í�ì Ò �
�TÏ�ÝL� á © ` È � h �LÓ9m } ìDx$Ê�u6»¡x q6 u�ÃMn�x5ì5u } u�Ê�o{ì:x } np»�u�4 � Å�ÅJ¢SìDn q m*xDì5u } u6Ê�owì q ��¸Í�ì�ÍL� O ��Ñ����½ÎÙ�/¼LÏ½� z �Ø�DìL�/¼b�DÍ�Ï½�
�TÏ½��� l È d��ë^²é6d È � Ó � Ó!½ � È _ È é6�cbXÛ Ó!½ f&� È d�_{^/� «mÓ!õAÓS¢�4 r o{ì q npowu } |Wu6yB|�n q n¡o{|�npo{ì q6rÊ�x5ì�s q6} owì5|�npu$� }�q6} ìDx Å�Å±z"s � | � ¢ �Ú�¸Í�Í�Í½� O � Ï�í#Ñ�� z �bÏÄ�¸î-¼LÏ�Ï½���
�TÏ�Ï½� l È i/�´bed Èch"µ ÓÂ¢  u�ÃMn	Ç�»¡»¡x/��x5»�|¡o  o r o!n � o } Ó�o{ì5»�u
x5ìDu } u�Ê�o{ìD|ÚÅ�Å � x5|�x5»¡ì�s � xD4¨u6»�nE´¢�Ô � �;â ì�Í â � G � � x54 q »�npÊ�x } nÜu6y Æ uI�1�9xDÊ�4>xD» q n¡Ã�»¡x�z"s�o{|�o{ìD| �I� u r{q6}�~ ¸"u6n¡��u�|À } ow��xD»¡|¡o!n � �&· Ã ~�q 4>xD|�n ú �DÍ�ì�ÍL�
�TÏ�ÜL� l È i/�´bed Èch"µ ÓÂÇ�»¡»¡x/��x5»�|¡o Mr x"Ê�o{ìD»¡u�xDì5u } u�Ê�o!ì5|ØÅ�Å�Ðtu�Ê�4 r xj� �
� |�n¡x5Ê�|Üo } § q npÃ½â» q�r	q6}�~ ¸"ì5u } u�Ê�owì � ìDo{x } ì5xD| � Ó q n¡» q y�Ã�»�x ~ ú �¸Í�Í Ò �
�TÏGÑ�� l È i/�´bed Èch"µ ÓÂÇ�»¡»¡x/��x5»�|¡o Mr xVÓ�owì5»�u
x5ì5u } u�Ê�o{ìD| ú Ç } npx5» } Å�ÅSm } | q6¤ x5»`â?¾1u�» ç |�s�u�4 �Æ x5o ~ x } �bÏ�Ý�Ý�ÝL� z �Ø�DÑ�íÂ¼b� Ò ÏÄ�
�TÏ Ò � l bei��cd��c× È Ø Ó!½ gNh bei/_kbed:[ Ó!½ µ=È � È ` �c×JØ Ó!½ �*^/iji/��� Ó f Ó � o } own¡xVâ?n¡o!Ê�xVn¡s�x5»�Ê�uGâ

~M�
}�q Ê�owì5| ø ¸¥�LxD» ¤6��q6}�~ u�4Mn¡o{Ê�owÍ q npowu } u6y¥n¡o{Ê�xVâ�ìDu } |�np» q o } x ~ 4M»¡u
ì5xD|¡|¡xD|uÅ�Å¦ � ¢�4�4 r � z"s � | �Ú�¸Í�ÍGÑ��½Î�íGîL� z ��î�Ï�ÍL�
�TÏ�îL� l bei��cÚ h `cb=� Ó�Ó�u�»¡xÞÔ�x q n�n¡s q6} Æ o ¤ s�n � ¸"ì5u } u�Ê�o{ì5| q | � u
ìDo q6r z�s � |¡o{ìD| úz"s � |¡owì5| q | § q npÃ�»�x6ËÅ|�¸�ìDu } u6Ê�owì5| � Ô\ow|�npu6»¡o{ì q6r 4>x5»¡|�4>x5ì/npow��xD|Fu } Ê�u ~ x5» }x5ìDu } u6Ê�owì5|�Å�Å�Ð q Ê  »¡o ~�¤ x�À } ow��x5»�|¡o!n � z"»¡x5|�| � Ð q Ê  »�o ~�¤ x ú �DÍ�ì�ÍL�
�TÏ�í½� l �cd��Ùb l�Ó � x54>u�|�own ú ì5»�x ~ o!n q�}�~ o } npx5»�x5|�n�» q n¡x ~ x/npxD»¡Ê�o }�q npo{u } Ã }M~ x5» q6r n¡xVâ» }�q npo!��x �q6}Mç u 
ö x5ìDn¡ow��xD|ÃÅ�Å�Ó�x/nps�xDÊ q npo{ì q6r |TÊ�x/nps�u ~ |¥u6y&� }�q6} ì5x � ¢�Ê�|�npxD»gâ

~�q Ê ø�§ u�»�nps½â�Ô\u rwr{q6}�~ ú �¸Í�í�Ï½�
�TÏ�ìL� l �5�5©Lip` ^/Ú"b²�¡� lðÓ È d>�:��^/i/ij�B� Ó f Ó�m*4MnpowÊ�owÍ q npo!u } u�y q sMx q n�x }M¤ o } x �q |�x ~u }7q�~ ow|¡|¡ow4 q n¡ow��x$| � |�n¡x5Ê Å�Å�¦ � ¢\4�4 r � z"s � | �0�¸Í�ì�ÜL� O � Ò Ñ��óÎ�í½� z �éÜ�î Ò �j¼Ü�î�îL���
�TÏ�ÍL� ��È ` È à¦Ó!½ g ^/i Èch �
be� È lðÓ�¢ } o } npx5»�Ê�x ~ o q npx;s�x q npo }M¤Jq6}�~ ìDu
u r o }�¤ Ê�xDnpsMu ~y�u�» q�~ o{|�n¡o rwr{q npo!u } ì5u r Ã�Ê } Å�Å�¦ � u6y�ÐtsMx5Ê � ¸ }M¤ � u6y�¦ q 4 q6} �Ô�¸Í�ì�ÝL� O �×�����Î�Ï½�
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�DÜ�ÝL� � b²���c_kb h=£ ½ �Qi/b!é
�¡é6bed�^tÉ Ó � x r y â�u�» ¤ q6} owÍ q n¡owu } o }�} u } xD¶�Ã r o  »¡owÃ�Êò| � |�n¡x5Ê�|�Å�Å¦6u } ¾Òo r x � � � u } | ú �¸Í�í�í½�
�DÜL��� � �c×Ib{` �c×�É Ó É ÓQ�Ss�x�xDâ�ìDo{x } ì � u6y q n¡u�Ê�o{ìÕ4>u-�Qx5»W|�n q npo{u } |NÅ�ÅP¢�n � ¸ } x5» ¤ ��¸Í Ò í�Ü E ��� G �!K ¸ }�¤�r ow|¡s¯np» q�} | r{q npowu } o } ¦ ��§ Ã�ì r x q »�¸ } xD» ¤6� �¸Í Ò ìL�£Î�í½� z �

Ï Ò ¼b�¸Ï�ìL�
�DÜ�Ï½� � d>�6i�^�����^/d lðÓw�LÓ!½ [\d>�6i�^ h ^/dB� Ó!½�l �5�5©
i�` ^/Ú"b²��� l�Ó!½ �*^/ijij�S� Ó f Ó-Ó q �LowÊ±ÃMÊ�tu�» ç y�»¡u�Ê q � } ownpxÕ»�x5|¡xD»���u6o{» �� |¡x5¶�Ã�x } n¡o q6r Ð q » } u6n�ì � ì r xD|NÅ�Å3¢\Ê � ¦ �z"s � | �Ú�¸Í�ì½���½Î�Ñ�ÍL� z �$î�ìL���
�DÜ�ÜL� � d>�6i�^�����^/d lðÓw�LÓ!½ �*^/ijij�±� Ó f Ó!½ [�d>�6ip^ h ^/d�� Ó��Ss�xD»¡Ê�u ~M�
}�q Ê�o{ìD|Co } � } o!npxnpowÊ�x ø ¢÷ìjsMx5Ê�o{ì q�r{r!��~ »¡ow��x } x }�¤ o } x�Å�Å±¦ � ÐtsMx5Ê � z"s � | �ó�¸Í�ì�ÝL� O ��í�Ï ú Î9ÍL�z � Ò ���¸ì-¼ Ò �TÏGÑ��
�DÜ�Ñ�� � d>�6i�^�����^/d lðÓw�LÓ!½ �*^/ijij�±� Ó f Ó!½ [�d>�6ip^ h ^/d�� Ó��Ss�xD»¡Ê�u ~M�
}�q Ê�o{ìD|Co } � } o!npxnpowÊ�x ø z"»¡u
ìDx5|¡|�x5|S�Cown¡sWnpxDÊ�4>xD» q n¡Ã�»¡x�â ~ xD4>x }�~ x } nCì�s�x5Ê�o{ì q6r »¡x q ìDnpowu } |�Å�Å:¦ �Ðts�x5Ê � z"s � | �é�DÍ�ì�ÝL� O � í�ÜL�½ÎÙ����� z � Ò ì�Ü�ì-¼ Ò ì�Ñ�ÜL�
�DÜ Ò � � ij_{�c×2Ø Ó � Ó!½ �*^/iji/�*� Ó f Ó z9uI�txD»"u�ÃMnp4MÃMn¥y�»¡u�Ê q6} ow»¡»¡x/��x5»�|¡o �r xts�x q n"x }M¤ o } x�Cown¡s qX} u } Ã } o!y�u�»¡ÊY�tu6» ç o }�¤XÏ Ã�o ~ Å�ÅXz"s � | �a� xD� �e�¸Í�Í�ÝL� ¢ ��ÎÙ�TÏ½� z �Lí�Ï�Ü�ÝL�
�DÜ�îL� � ij_{�c×�Ø Ó � Óc¢ }�q6r!� n¡o{ì q6r |¡u r ÃMn¡o{u } |	o } u�4MnpowÊ q6r ì5u } n¡»¡u r u6yMì � ì r o{ì�s�x q nÜnp» q�} |gây�x5»S4�»¡u
ìDx5|¡|�x5|>Å�Å �
� | � � ìDo{x } �Ø�¸Í�ì�ÍL� O ��� Ò �½ÎÙ���
�DÜ�í½���Qi��I� æ�h �LÓ!á6Ó � Ó¥m*» ¤�q6} owÍ q n¡o{u }Pq6}�~7~ o{|¡|�o{4 q npo{u } o } xDì5u } u�Ê�owì$| � |�n¡x5Ê�|ÊÅ�Å¦ � u6y � u
ìDo q6rNq6}�~ · owu r u ¤ o!ì q6rN� n¡»¡Ã�ì/npÃ�»�x5| �Ú�¸Í�ì�ÜL� O � îL� z �$Ü Ò ÜI¼½Ü�î�î½�
�DÜ�ìL���S©�ª5bed l�Ó!«mÓ�m*4Mn¡o{Ê q6r ìDu } � ¤ Ã�» q npo{u } u6y q ì r{q |¡|Nu6yLow»¡»�xD��x5»�|¡o �r xTs�x q nÜx }�¤ o } x5| �ì � Ç ú Ç¡ÇAÅ�Å±z"s � | �>� xD� � ¢ �Ø�¸Í�í�ÝL� O �×�¸ÍL�½Î9ÜL� z �Ø�TÏ�í�ÏÄ�
�DÜ�ÍL�*f È _ È ]W�cdP� Ó!½ � be�{� È dP[ Ó � o } own¡x=npo{Ê�x:u�4Mn¡o{Ê�owÍ q npowu } |*u6y q § xD�Sn¡u } ËÅ| r{q �Ð q » } u6n�ì � ì r xòÅ�Å$¦ � ÐtsMx5Ê � z�s � | �Ú�¸Í�ìL��� O � íGÑL�LÎ9î½� z �$Ü Ò Ñ�î-¼½Ü Ò î�ÝL�
�_Ñ�ÝL�*f È _ È ]W�cdU� Ó!½ � È d>� à£Ó � Ó!½ µ=È ïjijb � ÓQÓ q �LowÊ±ÃMÊø4>uI�tx5»$y�»�u�Ê q ì � ì r o }�¤�tu�» ç o }�¤±Ï Ã�o ~ Å�Å$¦ � ¢\4�4 r � z"s � | �Ú�¸Í�ì�Ï½� Ò Ü E � G �
�_Ñ����*f È _ È ]W�cd¿� Ó!½�« �ëêC] È d µ Ó!«�Ó!½ fN���
©Mª/^/i/�*f Ó!½ �*^/iji/��� Ó f Ó È d>��[�d>�6ip^ h ^/d� Ó�¾Òs q ntìDu }�~ o!npowu } |VÊ q6ç x�Ê�o } owÊ=Ã�ÊYx } n¡»¡u�4 � 4�»¡u ~ ÃMìDnpowu } x5¶�Ã�o!� q6r x } nVnpuÊ q �MowÊ:Ã�Êù4>uI�txD»=4�»¡u ~ Ã�ìDn¡o{u } Á Å�Å�¦ �9§ u } â�¸�¶�Ã�o  »¡o � �SsMx5»¡Ê�u ~M�
} �6ÏGÝ�ÝL���O � Ï�îL�



+ ü�ý!þZÿ-,���ý������	�
�/.���� Ñ�ÍL�

�DÑ�Ï½�*f È _ È ]W�cdX� Ó!½ � be��� È dX[ Ó!½ [�d>�6ip^ h ^/dB� Ó È d>�C�*^/ijij�S� Ó f Ó-Ó�o } o{Ê:Ã�ÊÒx } np»¡u64 �4�»�u ~ Ã�ìDn¡o{u }úq6}�~ nps�x�u�4Mn¡o{Ê�owÍ q npowu } u6y�s�x q nWx }�¤ o } x5|NÅ�Å1z"s � | ��� xD� � ¢ ��¸Í�ì�ÝL��Ï½��� z �$Ï½��� Ò ¼½Ï½�TÏ�Í½�
�DÑ�ÜL�*f È _ È ]W�cdJ� Ó!½ � ©
_k�ë�cd ��Ó è Ó!½ f&bei È é6© h5È�£ Ó!½ [\d>�6ip^ h ^/d g Ó � Ó È d&� á be]W�cdW[ Óz"»¡o } ì5ow4 r xD|�u6y�ìDu } n¡»¡u r n¡s�x5»�Ê�u ~L�L}�q Ê�owì5|¹Å�ÅP¸ } x5» ¤�� ú �Ss�x�Ç } n � ¦ �;Ï�Ý�ÝL���O � Ï�î½�
�DÑ�Ñ��*f È _ È ]W�cd�� Ó>z"s � |¡owì5|C��x5»¡|�Ã�|\x }�¤ o } xDx5»¡o }�¤ u6y9� } o!npxVâ²npowÊ�x�nps�xD»¡Ê�u ~M�
}�q Ê�o{ìÊ�u ~ x r | q6}�~ u�4Mn¡o{Ê�owÍ q npo!u } |6Å�Å\�Ss�x5»�Ê�u ~M�
}�q Ê�owìSm�4Lnpo{Ê�owÍ q npo!u } u6y!Ðtu�Ê�4½â

r xj�J¸ } x5» ¤6�2�
� |�n¡x5Ê�| ú ¸ ~ | ø ¢ ��· x ö¡q6}Õq6}M~ ¸ � Ó q Ê:ÃMn ú º r Ã �tx5»t¢Sì q6~ x5Ê�o{ìz"Ã �r o{|¡sMx5»¡| ú � u�» ~ »¡xDìjs n ú ��s�x § x/nps�xD» r{q6}�~ | ú �DÍ�Í�ÍL� z ��Ñ�Ï½�/¼ÄÑ�ÏGÑ��
�DÑ Ò �*f È _{� æ f Ó
Ó�u } u64>u r ow|�npowìtìDu�Ê�4>x/npo!npo{u } �Cown¡s$u�ÃLnp|¡o ~ x ¤ u
u ~ |0Å�Å · x r{r ¦6u6Ã�» }�q�ru6yT¸"ì5u } u6Ê�owì5| �Ø�DÍ�í�ÍL� O �×�¸ÝL� z �Ø�DÑ��/¼$� Ò îL�
�DÑ�îL�*f È ]±©�^/_ h �cd�� Ó [ Ó
¸T�
npx } |¡owu } u6y>npsMx Æ xDÐts q n¡x r o{x5»�z"»�o } ìDo{4 r xæÅ�Å�¸"ì5u } u�Ê�x/ndâ»¡owì q �ó�¸Í�î�ÝL� O � ÏGìL�½Î�Ï½�
�DÑ�í½�*f È ]±©�^/_ h �cdJ� Ó [ Ó�Ó q �Lo{Ê:Ã�Êûz"»¡o } ì5ow4 r x�o } ¢ }�q6r!� n¡o{ì q6r ¸"ìDu } u�Ê�o{ìD|AÅ�Å;�Ss�x¢�Ê � ¸"ìDu } �&� x/� �Ø�¸Í�í�Ï½� O �ü·�Ï½� z �bÏGÑ�ÍI¼LÏ�î�ÏÄ�
�DÑ�ìL�*f�� È ]�ª È � È _>� Ó Æ xD|nÐtx } np» q6r xD| § Ã�ì r x q »¡o{| � z q »�o{| ø ¢\»¡Ê q6}�~ Ðtu r o } ú �DÍ Ò í½�
�DÑ�ÍL�*f&b²^/d�be©
�Ù� �¡�Þf Ó!½ �*^/ijij�U� Ó f Ó��Ss�x5»�Ê q�r Ó q |¡| q6}�~ �Ss�x5»�Ê q6r Ç } npxDx5»¡o q o }

�Tr Ã�o ~ | ¼ ¢�Ðtu�Ê�4 q »¡o{|�u } u6yTÔ � 4>u�s�xD|¡xD|mÅ�Å$m�4>x } | � |�npxDÊ � o } y�u�»¡Ê q n¡owu }
~M�
}�q Ê�owì5| � O Ñ��LÎÙ���Ø�DÍ�í�í½�

� Ò ÝL�*f&b²^/d�be©
�Ù� �¡�Sf Ó � o } own¡xVâ?�SowÊ�xV�SsMx5»¡Ê�u ~M�
}�q Ê�o{ìD| q�}�~ �Ss�x5»�Ê�u
xDì5u } u�Ê�o{ì5|6Å�Å
� owx } owÃMn � ìDÍ � � q�}�~��Mq6r{q Ê�u } z �&§ â ÐÊø � qI�
r u6» � � » q6} ìDo{| ú �¸Í�Í�Ý½�

� Ò ���*f æ beip`c_ ã�Ó!½ �Cb²^ h «mÓ\m*4MnpowÊ q6r � } ownpx�â?��Ê�xFx }M~ u�»¡x/��x5»�|¡o �r x°4�»�u
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