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Èíäóêòèâíàÿ ÷àñòü

Êâàíòîâàííûé äèôôåðåíöèàëüíûé îïåðàòîð

Ĥ = H
(
x,−ih

∂

∂x

)
h � ìàëûé ïàðàìåòð

Ðåãóëÿðíàÿ è ñèíãóëÿðíàÿ (ÂÊÁ) àñèìïòîòèêà

u(x, h) = e
i
h S(x)ϕ(x, h)

ϕ(x, h) '
∞∑

j=0
h jϕj(x)

� ÂÊÁ àñèìïòîòèêà.

Ĥu(x, h) = O(hN).

Ðàññìîòðèì ïåðâûé ÷ëåí àñèìïòîòèêè: ϕ0(x) = ϕ(x),N = 2.
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Ïåðâûé ÷ëåí àñèìïòîòèêè

h0 : H
(
x, ∂S

∂x

)
ϕ(x) = 0, ϕ(x) , 0 H

(
x, ∂S

∂x

)
= 0 (∗)

h1 :
[
Hpi

(
x, ∂S

∂x

)
∂
∂x i + 1

2
∂2S
∂x i∂x j Hpipj

(
x, ∂S

∂x

)]
ϕ(x) = 0 P̂ϕ = 0

Ðåøåíèå óðàâíåíèÿ Ãàìèëüòîíà�ßêîáè (*) íå ñóùåñòâóåò âñþäó!


H(x, p) = x2 + p2 − 1
p = ∂S

∂x(
∂S
∂x

)2
+ x2 = 1
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Âîïðîñ: êàêîâ âèä ðåøåíèÿ
âáëèçè îñîáûõ òî÷åê?

êàíîíè÷åñêîå
ïðåîáðàçîâàíèå

−→

Ñîîòâåòñòâóþùåå êâàíòîâàííîå ïðåîáðàçîâàíèå

f(x) 7−→ F1/h
x→p{f(x)} = (−i/2πh)1/2

∫
e−

i
h px f(x)dx

u1(x, h) = (F1/h
x→p)−1

{
e

i
h S̃(p)ϕ̃(p)

}
� ïðåäñòàâëåíèå ðåøåíèé â îêðåñòíîñòè îñîáûõ òî÷åê.
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Ãëîáàëèçàöèÿ:

Ïîòðåáóåì ÷òîáû

u(x, h) − u1(x, h) = O(h)

íà ïåðåñå÷åíèè èõ îáëàñòåé îïðåäåëåíèÿ.

e
i
h S(x)ϕ(x)

?
=

(
i

2πh

)1/2 ∫
e

i
h [px+S̃(p)]ϕ̃(p)dp (mod h) (1)
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Ôîðìóëà ñòàöèîíàðíîé ôàçû

ξ(x) : ∂Φ
∂ξ

(x, ξ) = 0, det HessξΦ , 0

(
i

2πh

)m/2 ∫
e

i
h Φ(x,ξ)a(x, ξ)dξ ≡

e
i
h Φ(x,ξ)a(x, ξ)√

det Hessξ(−Φ(x, ξ))

∣∣∣∣∣∣∣
ξ=ξ(x)

(mod h)

ãäå λj � ñîáñòâåííûå çíà÷åíèÿ äëÿ Hessξ(−Φ);
argλj(x, ξ) ∈ (−3π/2, π/2).
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Ïðèìåíåíèå ôîðìóëû ñòàöèîíàðíîé ôàçû

(1)⇔

a) S(x) è S̃(p) îïðåäåëÿþò îäíó è òó æå êðèâóþ L
â ôàçîâîì ïðîñòðàíñòâå ñ êîîðäèíàòàìè (x, p);

b) ϕ è ϕ̃ îïðåäåëÿþò ïîëóïëîòíîñòè.

a)

 x = −
∂S̃
∂p

(p)

L

⇒ p = p(x)

S(x) = xp(x) + S̃(p(x))

⇒
∂S(x)

∂x
= p(x)

L

⇒

(ïðåîáðàçîâàíèå Ëåæàíäðà)

dS = pdx

dp ∧ dx |L = 0

Á.Þ.Ñòåðíèí,À.Þ.Ñàâèí (ÐÓÄÍ) Àñèìïòîòèêè äëÿ óðàâíåíèé 06.12.2010 7 / 22



b)


∂2

∂p2
{−xp − S̃(p)} = −

∂2S̃
∂p2

=
∂x
∂p

ϕ(x) = ϕ̃(p)

√
∂p
∂x

(ïðè íåêîòîðîì âûáîðå çíàêà)

Äëÿ óäîáñòâà áóäåì ñ÷èòàòü, ÷òî:

µ ÿâëÿåòñÿ
ìåðîé íà L


ϕ(x) 7→ ϕ(x)

√
∂µ

∂x , ϕ̃(p) 7→ ϕ̃(p)
√

∂µ

∂p

ϕ(x)
√

∂µ

∂x = ϕ̃(p)
√

∂µ

∂p
∂p
∂x

Òîãäà (ϕ, ϕ̃) çàäàþò ôóíêöèþ íà L .
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Äåäóêòèâíàÿ ÷àñòü

+ L ⊂ T ∗Rn �ëàãðàíæåâî ìíîãîîáðàçèå

+ (x, p) � êîîðäèíàòû íà T ∗Rn

+ dp ∧ dx |L = dp1 ∧ dx1 + ... + dpn ∧ dxn|L = 0
+ µ � ìåðà íà L .

+ I ⊂ {1, 2, ..., n};
+ I � äîïîëíåíèå I;
+ {UI, (x I, pI)} � êàíîíè÷åñêèé àòëàñ íà L .

SI : dSI = pIdx I − x IdpI; µI =
∂µ

∂(x I, pI)

KI : C∞0 (UI) −→ C∞(Rn
x);

KI(ϕ) = FpI→x I{e
i
h SI
√
µIϕ}
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ϕ ∈ C∞0 (UI ∩ UJ): KI(ϕ) = e
i
h c(1)

IJ +iπc(2)
IJ KJ(ϕ) mod h

•c(1)
IJ âîçíèêàåò èç-çà íåîäíîçíà÷íî-

ñòè âûáîðà SI

{c(1)
IJ } ∈ H1(L ,R)

•c(2)
IJ âîçíèêàåò èç-çà íåîäíîçíà÷íî-

ñòè âûáîðà
√
µI

{c(2)
IJ } ∈ H1(L ,Z)

Óñëîâèÿ
êâàíòîâàíèÿ

{c(1)
IJ } ∼ 0
{c(2)

IJ } ∼ 0
⇐⇒ ∃d(j)

I
c(1)

IJ = d(1)
I − d(1)

J

c(2)
IJ = d(2)

I − d(2)
J

⇒

Ãëîáàëüíûé êàíîíè÷åñêèé îïåðàòîð

∃K(L ,µ) : C∞0 (L) −→ C∞(Rn
x):

K(L ,µ) ≡ KI (modh) íà UI,

åñëè ìîäèôèöèðîâàòü SI,
√
µI íàäëåæàùèì îáðàçîì.
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Theorem (Ïåðâàÿ òåîðåìà î êîììóòàöèè)

H
(
x,−ih

∂

∂x

)
K(L ,µ)(ϕ) ≡ K(L ,µ)(H(x, p)|Lϕ) (modh).

Åñëè H(x, p)|L = 0, òî ìîæíî âû÷èñëèòü ñëåäóþùèé ÷ëåí.

Lemma

H(x, p)|L = const
L � ëàãðàíæåâî ìíî-
ãîîáðàçèå

⇔

L èíâàðèàíòíî îòíîñè-
òåëüíî âåêòîðíîãî ïîëÿ

V(H) = Hp
∂

∂x
− Hx

∂

∂p
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De�nition

(L , µ) àññîöèèðîâàíà ñ
ôóíêöèåé Ãàìèëüòîíà

H(x, p)
⇔

a) H(x, p)|L = 0
b) LV(H)µ = 0 (ïðîèçâ.Ëè)

Çàìå÷àíèå. Óñëîâèå b) íåñóùåñòâåííî.

Theorem (Âòîðàÿ òåîðåìà î êîììóòàöèè)

Åñëè (L , µ) àññîöèèðîâàí ñ H(x, p), òî

H
(
x,−ih

∂

∂x

)
K(L ,µ)(ϕ) ≡ −ihK(L ,µ)

(
P̂ϕ

)
(modh2),

ãäå P̂ = V(H) − 1
2Hxp |L � îïåðàòîð ïåðåíîñà
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Äðóãèìè ñëîâàìè, åñòü:

(àñèìïòîòè÷åñêè) êîììóòàòèâíàÿ äèàãðàììà

C∞0 (L)
−ihP̂
−→ C∞0 (L)

↓ K(L ,µ) ↓ K(L ,µ)

C∞(Rn
x)

Ĥ
−→ C∞(Rn

x)

ò.å. óðàâíåíèå Ĥu = 0 ñâîäèòñÿ ê îáûêíîâåííîìó
äèôôåðåíöèàëüíîìó óðàâíåíèþ P̂u = 0.
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Íåîäíîðîäíûå óðàâíåíèÿ

Ðàññìîòðèì óðàâíåíèå

H(x, p̂)u = f , p̂ = −ih
∂

∂x
. (2)

Ñòðîèòñÿ ïðàâûé ïî÷òè-îáðàòíûé îïåðàòîð R̂, òàêîé ÷òî

ĤR̂ = 1̂ + Q̂ , ãäå ‖Q̂‖ < ch.

Îáðàùàÿ ïðè ìàëûõ h îïåðàòîð 1̂ + Q̂, ïîëó÷àåì òî÷íîå
ðåøåíèå óðàâíåíèÿ (2).
Ïðàêòè÷åñêè àñèìïòîòèêó ðåøåíèÿ íàõîäÿò ìåòîäîì
èòåðàöèé. Ñëåäóþùèé íèæå ïðèìåð èëëþñòðèðóåò ýòîò ìåòîä
äëÿ çàäà÷ êâàíòîâîé ìåõàíèêè è äèôôðàêöèè. Ïðè ýòîì,
ñ÷èòàåòñÿ, ÷òî k = h−1.
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Ïðèìåð 1. Îäíîãîðáàÿ èîíîñôåðà

∆u + k 2n2(y)u = 0, u = u0 + v , k� áîëüøîé ïàðàìåòð

u0 � ïëîñêàÿ âîëíà, v ïîä÷èíåíî óñëîâèþ Çîììåðôåëüäà.

ϕ âåëèêî ϕ ìàëî

u0 = e ik(p1x+p2y) tgϕ = p1/p2 p2
1 + p2

2 = 1
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n2(y) íå çàâè-
ñèò îò x

7→

u = e ikp1xU
u0 = e ikp1xU0

v = e ikp1xV
7→

d2U
dy2

+ k 2(n2(y) − p2
1)U = 0

U = U0 + V
n2(y) − p2

1 � ïðèâåäåííûé êîýôôèöèåíò
äèôôðàêöèè

p2
1 < n2

min ⇒ ϕ ìàëî; p2
1 > n2

min ⇒ ϕ âåëèêî

u0 � íóëåâàÿ èòåðàöèÿ
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Áîëüøèå çíà÷åíèÿ ϕ

òóííåëüíûé ýôôåêò
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Ìàëûå çíà÷åíèÿ ϕ

Íàäáàðüåðíîå îòðàæåíèå

Êâàíòîâàÿ ìåõàíèêà
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Òóííåëüíûé ýôôåêò

Á.Þ.Ñòåðíèí,À.Þ.Ñàâèí (ÐÓÄÍ) Àñèìïòîòèêè äëÿ óðàâíåíèé 06.12.2010 19 / 22



Ïðèìåð 2. Äâóãîðáàÿ èîíîñôåðà

×àñòè (I) è (II) äëÿ ðåøåíèÿ ñòðîÿòñÿ êàê è âûøå
×àñòü (III): òðàåêòîðèÿ äîëæíà áûòü îòðåçàíà íå òîëüêî â
íà÷àëüíîé òî÷êå (íà äèàãîíàëè), íî è â êîíå÷íîé òî÷êå.
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Êàíîíè÷åñêèé îïåðàòîð îïðåäåëÿåòñÿ îäíîçíà÷íî ñ òî÷íîñòüþ
äî ìíîæèòåëåé âèäà e ikc1+iπc2 .

Äëÿ êîìïîíåíòû (III) èìååì:

(1 − e ikc1+iπc2)S(x, p) = 1

c1 =

∫
(III)

pdx; c2 = index(III)

(èíäåêñû Ìàñëîâà)
Íàì íàäî ñîêðàòèòü ìíîæèòåëü (1 − e ikc1+iπc2) ⇒

ðåçîíàíñû ïî ïåðåìåííîé k

(â ôèçè÷åñêîé ñèòóàöèè íåîáõîäèìî ïðèíèìàòü âî âíèìàíèå
ïîãëîùåíèå)
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