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1. Óðàâíåíèå Ýéíøòåéíà

M - n-ìåðíîå ìíîãîîáðàçèå, g - ìåòðèêà íà M .

g = gij(x)dxidxj - ìåòðèêà, x = (x1, . . . , xn).

Ñâÿçíîñòü Ëåâè-×èâèòà

Γkij(g) =
1

2
gkm(

∂gmi
∂xj

+
∂gmj
∂xi

− ∂gij
∂xm

).

Òåíçîð êðèâèçíû

C
l
ijk(g) =

∂Γlik
∂xj

−
∂Γljk
∂xi

+ ΓljmΓmik − ΓlimΓmjk.

Òåíçîð Ðè÷÷è

Rij(g) = C
m
mij(g) = C

1
1ij(g) + . . .+ C

n
nij(g).

Óðàâíåíèå Ýéíøòåéíà

E(g) ≡ R(g)− Λ g = 0, (1)

Λ - êîñìîëîãè÷åñêàÿ êîíñòàíòà.



2. Çàäà÷à Êîøè

u(x) = (u1(x), . . . , um(x)), x = (x1, . . . , xn).

Cèñòåìà êâàçèëèíåéíûõ Óð×Ï 2-ãî ïîðÿäêà

E(u) = 0,

Aij l1l2(x, u, u1)ujl1l2 +Bi(x, u, u1) = 0,

i, j = 1, 2, . . . ,m, l1, l2 = 1, 2, . . . , n.

M0 - íà÷àëüíàÿ ãèïåðïîâåðõíîñòü.

Íà÷àëüíûå äàííûå:

ϕ = (ϕ1, . . . , ϕm), ψ = (ψ1, . . . , ψm) - âåêòîð-ôóíêöèè íà M0.

X - íåâûðîæäåííîå âåêòîðíîå ïîëå, òðàíñâåðñàëüíîå M0.

Çàäà÷à Êîøè.

Íàéòè òàêîå u, ÷òî:

1◦ E(u) = 0,

2◦ u
∣∣
M0

= ϕ è X(u)
∣∣
M0

= ψ.



2.1. "Âûïðÿìëåíèå". Êîððåêòíîñòü çàäà÷è Êîøè.

ϕ - ïîòîê ïîëÿ X.

Ëîêàëüíî M0 - ãðàôèê ôóíêöèè x1 = h(x2, . . . , xn).
Çàìåíà êîîðäèíàò:

(t1, . . . , tn) 7→
(
ϕ
(
t1, h(t2, . . . , tn)e1 + t2e2 + . . .+ tnen

))
.

Â êîîðäèíàòàõ t1, . . . , tn

X = ∂/∂t1, M0 = {t1 = 0}.

Ïîñêîëüêó

ukxrxs =
∑
l,m

uj
tltm

∂tl

∂xr
∂tm

∂xs
=
∂t1

∂xr
∂t1

∂xs
ukt1t1 + . . . ,

òî çàäà÷à Êîøè:

1◦ Aij l1l2(t, u, u1)
∂t1

∂xl1
∂t1

∂xl2
uj
t1t1

= . . .−Bi(t, u, u1),

2◦ u
∣∣
t1=0

= a è ut1
∣∣
t1=0

= b.



3. Ôîðìàëüíûå ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ Ýéíøòåéíà.

t = x1, x = (x2, . . . , xn).
Çàäà÷à Êîøè:

M0 = {t = 0}, g0 = g0
ij(x)dxidxj , g1 = g1

ij(x)dxidxj ,

g0 - ìåòðèêà, g1 - ñèììåòðè÷í. êâ. ôîðìà.

Íàéòè ìåòðèêó g = gij(t, x)dxidxj

1◦ E(g) = 0,

2◦ g
∣∣
t=0

= g0, gt
∣∣
t=0

= g1.

Ôîðìàëüíîå ðåøåíèå çàäà÷è Êîøè íà M0:

g = g0 + tg1 + . . .+ tkgk + . . . ,

gk = gkij(x)dxidxj , k = 2, 3, . . . ,

E(g0 + tg1 + . . .+ tkgk) = 0 mod tk−1Σ2, ∀ k = 2, 3, . . . .

Σ2 - âñå ñèììåòðè÷íûå êâàäðàòè÷íûå ôîðìû íà M .



4. Äîïîëíèòåëüíûå óñëîâèÿ íà äàííûå Êîøè.

1. Íåõàðàêòåðèñòè÷íîñòü:

|∂/∂t|2g0 ≡ g0(∂/∂t, ∂/∂t) 6= 0 ∀x ∈M0. (2)

g1 = u0 + tg1, θ1 = g1 mod t2Σ2.

2. Äèôôåðåíöèàëüíûé èíâàðèàíò, ïðåïÿòñòâóþùèé

ñóùåñòâîâàíèþ ôîðìàëüíûõ ðåøåíèé.

ωθ1 = σdt(Bg1)
(
E(g1)

)∣∣
M0

ωθ1 = 0. (3)

ÎÏÅÐÀÒÎÐ ÁÈÀÍÊÈ

ÅÃÎ ÑÈÌÂÎË



5.Ñóùåñòâîâàíèå ôîðìàëüíîãî ðåøåíèÿ.

Ëåììà 1. Åñëè äàííûå Êîøè óäîâëåòâîðÿþò (2) è (3), òî

ñóùåñòâóåò òàêàÿ ñèììåòðè÷íàÿ 2-ôîðìà

g2 = g2
ij(x)dxidxj, ÷òî

E(g0 + tg1 + t2g2) = 0 mod t1Σ2.

Íàáðîñîê äîêàçàòåëüñòâà.

g1 = g0 + tg1, v = vij(x)dxidxj

E(g1 + t2v) = E(g1) + lg1(E)(t2v) mod t1Σ2

= E(g1) + σdt
(
lg1(E)

)
(2v) mod t1Σ2.

(3)⇔ E(g1) ∈ Kerσdt(Bg1) + t1Σ2.

(2)⇒ òî÷íîñòü êîìïëåêñà

0→ T ∗
σp(Lg1

)
−−−−−→ S2T ∗

σp
(
lg1 (E)

)
−−−−−−−→ S2T ∗

σp(Bg1
)

−−−−−→ T ∗ → 0.



6. Ñóùåñòâîâàíèå ôîðìàëüíîãî ðåøåíèÿ.

Ëåììà 2. Ïóñòü äàííûå Êîøè óäîâëåòâîðÿþò (2) è

E(g0 + tg1 + . . .+ tk+1gk+1) = 0 mod tkΣ2, k ≥ 1.

Òîãäà ñóùåñòâóåò òàêàÿ ñèììåòðè÷íàÿ 2-ôîðìà

gk+2 = gk+2
ij (x)dxidxj, ÷òî

E(g0 + tg1 + . . .+ tk+1gk+1 + tk+2gk+2) = 0 mod tk+1Σ2

Íà÷àëî äîêàçàòåëüñòâà.

gk+1 = g0 + tg1 + . . .+ tk+1gk+1, v = vij(x)dxidxj

E(gk+1 + tk+2v) = E(gk+1) + lgk+1
(E)(tk+2v) mod tk+1Σ2.

Ñóùåñòâóåò ëè tk+2v ∈ tk+2Σ2, ÷òî

E(gk+1) + lgk+1
(E)(tk+2v) = 0 mod tk+1Σ2 ?

Ñïåêòðàëüíàÿ ïîñëåäîâàòåëüíîñòü



7. Êîìïëåêñ Ýéíøòåéíà.

g - ðåøåíèå óðàâíåíèÿ Ýéíøòåéíà.

0→ Ω1 Lg−→ Σ2 lg(E)−−−→ Σ2 Bg−−→ Ω1 → 0 (4)

0→ K1
∂1−→ K2

∂2−→ K3
∂3−→ K4 → 0

. . . = Ki = . . . = Ki ⊃ tKi ⊃ . . . ⊃ tkKi ⊃ tk+1
Ki ⊃ . . .

Fm,n,
m - ôèëüòðóþùàÿ, m+ n = 1, 2, 3, 4 - ãðàäóèðóþùàÿ ñòåïåíè.

∂m+n(Fm,n) = Fm,n+1.

Fm,1−m = K1, m ≤ 0; Fm,1−m = tmK1, m > 0;

Fm,2−m = K2, m ≤ 1; Fm,2−m = tm−1
K2, m > 1;

Fm,3−m = K3, m ≤ 3; Fm,3−m = tm−3
K3, m > 3;

Fm,4−m = K4, m ≤ 4; Fm,4−m = tm−4
K4, m > 4.

ÎÏÅÐÀÒÎÐÛ



8. Êîìïëåêñ Ýéíøòåéíà.

Ãðàäóèðîâàííûé ìîäóëü:

K = K1⊕K2⊕K3⊕K4 .

Äèôôåðåíöèàë ñòåïåíè +1:

∂ = ∂1 ⊕ ∂2 ⊕ ∂3 ⊕ 0,

∂ ◦ ∂ = 0,

∂(Ki) ⊂ Ki+1 .

Ôèëüòðàöèÿ, ñîãëàñîâàííàÿ ñ ãðàäóèðîâêîé:

. . . ⊃ Fm ⊃ Fm+1 ⊃ . . . ,
Fm = Fm,1−m ⊕ Fm,2−m ⊕ Fm,3−m ⊕ Fm,4−m.

Äèôôåðåíöèàë ñîõðàíÿåò ôèëüòðàöèþ:

∂(Fm) ⊂ Fm.



9. Ñïåêòðàëüíàÿ ïîñëåäîâàòåëüíîñòü.

Zmr = {x ∈ Fm | ∂x ∈ Fm+r}; Zmr = Fm, r ≤ 0.

Bm
r = Fm ∩ ∂Fm−r = ∂(Zm−rr )

Zmr ⊃ Zm+1
r−1 , Zmr ⊃ Bm

r−1.

Zm,nr = Zmr ∩Km+n, Bm,n
r = Bm

r ∩Km+n, m+ n = 1, 2, 3, 4.

Em,nr = Zm,nr /(Bm,n
r−1 + Zm+1,n−1

r−1 ); Em,nr = 0, r < 0.

Îïåðàòîð ∂ îïðåäåëÿåò î÷åâèäíûì îáðàçîì îïåðàòîðû

∂m,nr : Em,nr −→ Em+r,n−r+1
r .

Ñïåêòðàëüíàÿ ïîñëåäîâàòåëüíîñòü:

{Em,nr , ∂m,nr }
r = 0, 1, 2, . . . , m ∈ Z, m+ n = 1, 2, 3, 4.



10. Ñïåêòðàëüíàÿ ïîñëåäîâàòåëüíîñòü.

. . . −→ Em−r,n+r−1
r

∂m−r,n+r−1
r−−−−−−−→ Em,nr

∂m,n
r−−−→ Em+r,n−r+1

r −→ . . .

Ker ∂m,nr / Im ∂m−r,n+r−1
r = Em,nr+1 .

×ëåí {Em,n0 , ∂m,n0 }:

Em,n0 = Fm,n/Fm+1,n−1,

∂m,n0 ïîðîæäåí îïåðàòîðîì ∂m+n.

Òåîðåìà. Åñëè âûïîëíåíî óñëîâèå |∂/∂t|2g0 6= 0 äëÿ âñåõ

x ∈M0, òî

Em,nr = 0, ∀ r ≥ 1.



11. Êîìïëåêñ Ýéíøòåéíà äëÿ ïðèáëèæåííîãî ðåøåíèÿ.

g = g0 + tg1 + . . .+ tk+1gk+1, E(g) = 0 mod tkK3 .

K1 = {〈g,X〉 ⊂ Ω1 |X − âåêòîðíîå ïîëå, êàñàòåëüíîå êM0}.

0→ K1 /t
k+3

K1
L̄u−−→ K2 /t

k+2
K2

l̄u(E)−−−→ K3 /t
k
K3

B̄u−−→ K4 /t
k−1

K4 → 0.

K1 /t
k+3

K1 ⊃ t1 K1 /t
k+3

K1 ⊃ . . . ⊃ tk+2
K1 /t

k+3
K1,

K2 /t
k+2

K2 ⊃ t1 K2 /t
k+2

K2 ⊃ . . . ⊃ tk+1
K2 /t

k+2
K2,

K3 /t
k
K3 ⊃ t1 K3 /t

k
K3 ⊃ . . . ⊃ tk−1

K3 /t
k
K3,

K4 /t
k−1

K4 ⊃ t1 K4 /t
k−1

K4 ⊃ . . . ⊃ tk−2
K4 /t

k−1
K4 .



12. Ñïåêòðàëüíàÿ ïîñëåäîâàòåëüíîñòü êîìïëåêñà Ýéíøòåéíà,
àññîöèèðîâàííîãî ñ ïðèáëèæåííûì ðåøåíèåì.

0 −→ Em,1−mr
∂m,1−m
r−−−−−→ Em+r,2−m−r

r
∂m+r,2−m−r
r−−−−−−−−→

Em+2r,3−m−2r
r

∂m+2r,2−m−2r
r−−−−−−−−−→ Em+3r,4−m−3r

r −→ 0,

r = 0, 1, 2, . . . , m ∈ Z.

Òåîðåìà. Åñëè âûïîëíåíî óñëîâèå |∂/∂t|2g0 6= 0 äëÿ âñåõ

x ∈M0, òî

Em,nr =

{
0, m+ n 6= 2,

〈 (dt)2〉 ⊗ (dt)m−1, m+ n = 2

äëÿ âñåõ m,n è r ≥ 1.



13. Ïðèìåíåíèÿ ê çàäà÷å Êîøè.

0 −→ Ek+2,−k−1
0

∂k+2,−k−1
0−−−−−−→ Ek+2,−k

0

∂k+2,−k
0−−−−−→

Ek+2,1−k
0

∂k+2,1−k
0−−−−−→ Ek+2,2−k

0 −→ 0,

ãäå

Ek+2,−k−1
0 = tk+2

K1 /t
k+3

K1, ∂k+2,−k−1
0 = L̄u|(tk+2 K1 /tk+3 K1),

Ek+2,−k
0 = tk+1

K2 /t
k+2

K2, ∂k+2,−k
0 = l̄u(E)|(tk+1 K2 /tk+2 K2),

Ek+2,1−k
0 = tk−1

K3 /t
k
K3, ∂k+2,1−k

0 = B̄u|(tk−1 K3 /tk K3).

Ñóùåñòâîâàíèå ôîðìàëüíûõ ðåøåíèé



14. Êîãîìîëîãè÷åñêàÿ åäèíñòâåííîñòü.

0 −→ Ek+2,−k−1
0

∂k+2,−k−1
0−−−−−−→ Ek+2,−k

0

∂k+2,−k
0−−−−−→

Ek+2,1−k
0

∂k+2,1−k
0−−−−−→ Ek+2,2−k

0 −→ 0.

g = g0 + tg1 + . . .+ tk+1gk+1, E(g) = 0 mod tkK3, k ≥ 1 è

tk+1v ∈ Ek+2,−k
0 .

Ëåììà 3.

E(g + tk+1v) = 0 mod tkK3 ⇐⇒ tk+1v ∈ Ker ∂k+2,−k
0 .

Ëåììû 1,2,3 =⇒ Sol - ìíîæåñòâî ôîðìàëüíûõ ðåøåíèé
Òåîðåìà. Åñëè h - ïðîèçâîëüíîå ôîðìàëüíîå ðåøåíèå, òî

h ∈ Sol.



15. Êîãîìîëîãè÷åñêàÿ åäèíñòâåííîñòü.

0 −→ Ek+2,−k−1
0

∂k+2,−k−1
0−−−−−−→ Ek+2,−k

0

∂k+2,−k
0−−−−−→

Ek+2,1−k
0

∂k+2,1−k
0−−−−−→ Ek+2,2−k

0 −→ 0.

gk+1 = g0 + tg1 + . . .+ tk+1gk+1, E(g) = 0 mod tkK3, k ≥ 1 è

tk+1v ∈ Ek+2,−k
0 .

Ëåììà 4. Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

tk+1v ∈ Im ∂k+2,−k−1
0 ,

∃F, F (M0) = M0, F ∗(gk+1) = gk+1 + tk+1v,

ãäå F - äèôôåîìîðôèçì ìíîãîîáðàçèÿ M .

Òåîðåìà. Èìååò ìåñòî åñòåñòâåííàÿ áèåêöèÿ:

{Ìíîæåñòâî îðáèò ôîðìàëüíûõ ðåøåíèé} ≡
∞∑
k=1

Ek+2,−k
1 (gk+1).
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6. Îïåðàòîðû E, Lg è Bg

Îïåðàòîð Ýéíøòåéíà E:

E : Σ2
0 −→ Σ2, E(g) = R(g)− λg,
σdt(E) : S2T ∗ −→ S2T ∗.

Åãî ëèíåàðèçàöèÿ lg(E) íà ìåòðèêå g:

lg(E)(h) =
d

dτ

∣∣∣
τ=0

E(g + τh).

Îïåðàòîð Lg:

Lg : Ω1 −→ Σ2, Lg(q) = Lg−1(q)g,

σdt(Lg) : T ∗ −→ S2T ∗.

Îïåðàòîð Áüÿíêè Bg:

Bg : Σ2 −→ Ω1, Bg(h) = −1

2
d〈g−1, h〉+ 〈g−1,∇gh〉,

σdt(Bg) : S2T ∗ −→ T ∗.

ÄÀÍÍÛÅ ÊÎØÈ ÊÎÌÏËÅÊÑ ÝÉÍØÒÅÉÍÀ



4. Ñèìâîë äèôôåðåíöèàëüíîãî îïåðàòîðà.

Ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð â êîîðäèíàòàõ:

x = (x1, . . . , xn), u(x) = (u1(x), . . . , um1(x)),

∆ : u 7→
(
Aij l1...lk(x)

∂kuj

∂l1 . . . ∂lk
+ . . .

)
,

ãäå i = 1, . . . ,m2, j = 1, . . . ,m1 lr = 1, 2, . . . , n è r = 1, . . . , k.

df = f1dx
1 + . . .+ fndx

n.

Cèìâîë îïåðàòîðà ∆ îãðàíè÷åííûé íà (df)k:

σdf (∆) : u 7→
(
Aij l1...lk(x)fl1 . . . flku

j
)
.

ÄÀÍÍÛÅ ÊÎØÈ


