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1. Óðàâíåíèÿ àäèàáàòè÷åñêîãî äâèæåíèÿ ãàçà â Rn, n = 1, 2, 3

vit + v1vix1 + . . .+ vnvixn + pxi/ρ = 0, i = 1, . . . , n,

ρt + v1ρx1 + . . .+ vnρxn + ρ(v1
x1 + . . .+ vnxn) = 0,

pt + v1px1 + . . .+ vnpxn +A(ρ, p)(v1
x1 + . . .+ vnxn) = 0 ,

(1)

(v1, . . . , vn) � âåêòîð ñêîðîñòè ãàçà, ρ � åãî ïëîòíîñòü, p �
äàâëåíèå è A(ρ, p) = −ρ(∂S/∂ρ)/(∂S/∂p), ãäå S(ρ, p) �
ýíòðîïèÿ. Âèä ñèñòåìû äëÿ n=1, 2, 3

π : Rn+1 × Rn+2 −→ Rn+1,

π : (t, x1, . . . , xn, v1, . . . , vn, ρ, p) 7→ (t, x1, . . . , xn) = m.

πk : Jkπ −→ Rn+1, πk : jkmS 7→ m

� ðàññëîåíèå k-äæåòîâ ñå÷åíèé ðàññëîåíèÿ π.
Ãåîìåòðè÷åñêè ñèñòåìà (1) � ïîäìíîãîîáðàçèå E â J1π



2. Õàðàêòåðèñòè÷åñêèå êîâåêòîðû

θ1 ∈ E, m = π1(θ1), ξ = ξ0dt+ ξ1dx
1 + . . .+ ξndx

n ∈ T ∗
m è

ξ 6= 0.

ξ � õàðàêòåðèñòè÷åñêèé êîâåêòîð äëÿ θ1, åñëè:

det

(
∂F i

∂wjt
ξ0 +

∂F i

∂wj
x1

ξ1 + . . .+
∂F i

∂wjxn
ξn

)
(θ1) = 0 ,

ãäå F i, i = 1, . . . , n+ 2, - ëåâûå ÷àñòè óðàâíåíèé ñèñòåìû (1),

wj = vj , j = 1, . . . , n, wn+1 = ρ è wn+2 = p.
Âû÷èñëÿÿ ýòîò îïðåäåëèòåëü, ïîëó÷èì:

n = 1, (ξ0 + v1ξ1)(ξ0 + v1ξ1 +
√
A(ρ, p)/ρ ξ1)×

(ξ0 + v1ξ1 −
√
A(ρ, p)/ρ ξ1) = 0,

n = 2, 3, (ξ0 + v1ξ1 + . . .+ vnξn)3×

×
(
(ξ0 + v1ξ1 + . . .+ vnξn)2 − A(ρ, p)

ρ
(ξ2

1 + . . .+ ξ2
n)
)

= 0.



3. Õàðàêòåðèñòè÷åñêèå êîâåêòîðû

Õàðàêòåðè÷òè÷åñêèå êîâåêòîðû ïîðîæäàþò â T ∗
m:

ïðè n = 1, òðè ïîïàðíî òðàíñâåðñàëüíûõ 1-ìåðíûõ

ïîäïðîñòðàíñòâà, îïðåäåëÿåìûå ñîîòâåòñòâåííî óðàâíåíèÿìè

ξ0 + v1ξ1 = 0,

ξ0 + (v1 −
√
A(ρ, p)/ρ)ξ1 = 0, ξ0 + (v1 +

√
A(ρ, p)/ρ)ξ1 = 0 ;

ïðè n = 2, 3, n-ìåðíûå ïëîñêîñòü è êîíóñ, ïåðåñåêàþùèåñÿ

òîëüêî â íóëå è îïðåäåëÿåìûå ñîîòâåòñòâåííî óðàâíåíèÿìè

ξ0 + v1ξ1 + . . .+ vnξn = 0,

(ξ0 + v1ξ1 + . . .+ vnξn)2 − A(ρ, p)

ρ
(ξ2

1 + . . .+ ξ2
n) = 0



4. Ãåîìåòðè÷åñêèå ñòðóêòóðû íà ðåøåíèÿõ

S = (v1, . . . , vn, ρ, p) � ðåøåíèå ñèñòåìû (1), LS � åãî ãðàôèê.

Õàðàêòåðèñòè÷åñêèå êîâåêòîðû ñèñòåìû (1) îïðåäåëÿþò íà

LS ãåîìåòðè÷åñêóþ ñòðóêòóðó.



5. Ðàññëîåíèå 3-òêàíåé, n = 1

Ïóñòü Ψ � 3-òêàíü íà R2, ò. å.

Ψ : m 7−→ {`1m, `2m, `3m}, `im ∈ T ∗
m ∀m ∈ R2,

`iθ1 ∩ `
j
θ1

= {0}, i 6= j. (2)

`im îïðåäåëÿþòñÿ ñîîòâåòñòâåííî óðàâíåíèÿìè

Ψ1
i (m)ξ1 + Ψ2

i (m)ξ2 = 0, i = 1, 2, 3,

îïðåäåëåííûìè ñ òî÷íîñòüþ äî óìíîæåíèÿ íà íåíóëåâûå

ôóíêöèè, ãäå ξ1, ξ2 � êîîðäèíàòû â T ∗
m.

Ñòðóêòóðà Ψ îòîæäåñòâëÿåòñÿ ñ ñå÷åíèåì

Ψ : m 7−→ (m, [Ψ1
1(m) : Ψ2

1(m)], [Ψ1
2(m) : Ψ2

2(m)], [Ψ1
3(m) : Ψ2

3(m)] )

òðèâèàëüíîãî ðàññëîåíèÿ

τ : R2 × (RP1 × RP1 × RP1) −→ R2,

τ : (m, [q1
1 : q2

1], [q1
2 : q2

2], [q1
3 : q2

3] ) 7→ m,

ãäå RP1 � 1-ìåðíîå ïðîåêòèâíîå ïðîñòðàíñòâî.



6. Ðàññëîåíèå 3-òêàíåé, n = 1

Ðàññëîåíèå τ åñòåñòâåííîå ' .

Óñëîâèå (2) îçíà÷àåò

det

(
Ψ1
i (m) Ψ2

i (m)
Ψ1
j (m) Ψ2

j (m)

)
6= 0 , 1 ≤ i < j ≤ 3 , ∀ p .

Îíî îïðåäåëÿåò îòêðûòîå ïîäìíîæåñòâî E òîòàëüíîãî

ïðîñòðàíñòâà ðàññëîåíèÿ τ èíâàðèàíòíîå îòíîñèòåëüíî
äèôôåîìîðôèçìîâ, ïîäíÿòûõ ñ áàçû.

µ = τ |E : E −→ R2

� åñòåñòâåííîå ðàññëîåíèå 3-òêàíåé íàä R2.

Ïóñòü S = (v, ρ, p) � ðåøåíèå ñèñòåìû (1). Òîãäà 3-òêàíü íà

ðåøåíèè L
(0)
S � ñå÷åíèå

ΨS : m 7→
(
m, v(m), v(m)−

√
A
(
ρ(m), p(m)

)
/ρ(m),

v(m) +
√
A
(
ρ(m), p(m)

)
/ρ(m)

)
ðàññëîåíèÿ µ.



7. Ðàññëîåíèå ïëîñêîñòåé è êîíóñîâ, n = 2

Ïóñòü Ψ � ãåîìåòðè÷åñêàÿ ñòðóêòóðà íà R3, ñîñòîÿùàÿ èç

ïëîñêîñòè Pm è êîíóñà Cm â êîêàñàòåëüíîì ïðîñòðàíñòâå T ∗
m

ê R3 â êàæäîé òî÷êå m ∈ R3 òàê, ÷òî

Pm ∩Cm = {0} ,∀m ∈ R3 . (3)

Ýòè ïîëÿ ïëîñêîñòåé è êîíóñîâ ìîæíî îïðåäåëèòü

ñîîòâåòñòâåííî óðàâíåíèÿìè

Ψi(m)ξi = 0, Ψij(m)ξiξj = 0. (4)

Òîãäà óñëîâèå (3) îçíà÷àåò, ÷òî

Ψij(m)ξiξj 6= 0 ∀ ξ ∈ Pm è ξ 6= 0 . (5)

Óðàâíåíèÿ (4) îïðåäåëåíû ñ òî÷íîñòüþ äî óìíîæåíèÿ íà

íåíóëåâûå ôóíêöèè. Ñëåäîâàòåëüíî Ψ îòîæäåñòâëÿåòñÿ ñ

ñå÷åíèåì

Ψ : m 7−→ ([Ψ1(m) : Ψ2(m) : Ψ3(m)],

[Ψ11(m) : 2Ψ12(m) : 2Ψ13(m) : Ψ22(m) : 2Ψ23(m) : Ψ33(m)])



8. Ðàññëîåíèå ïëîñêîñòåé è êîíóñîâ, n = 2

òðèâèàëüíîãî åñòåñòâåííîãî ðàññëîåíèÿ

τ : R3 × (RP2 × RP5) −→ R3,

τ : (m, [q1 : q2 : q3], [r11 : r12 : r13 : r22 : r23 : r33]) 7→ m,

ãäå RPi � i-ìåðíîå ïðîåêòèâíîå ïðîñòðàíñòâî.
Óñëîâèå (5) îïðåäåëÿåò îòêðûòîå ïîäìíîæåñòâî E
òîòàëüíîãî ïðîñòðàíñòâà ðàññëîåíèÿ τ , èíâàðèàíòíîå
îòíîñèòåëüíî ïîäíÿòûõ äèôôåîìîðôèçìîâ.

µ = τ |E : E −→ R3

� åñòåñòâåííîå ðàññëîåíèå ãåîìåòðè÷åñêèõ ñòðóêòóð òèïà Ψ.

Ïóñòü S = (v1, v2, ρ, p) � ðåøåíèå ñèñòåìû (1) è ΨS � åå

ãåîìåòðè÷åñêàÿ ñòðóêòóðà, ò.å. ñå÷åíèå

ΨS : m 7→
(
m, v1(m), v2(m), v1(m), v2(m)(

v1(m)
)2−A(ρ(m), p(m)

)
ρ(m)

, v1(m)v2(m),
(
v2(m)

)2−A(ρ(m), p(m)
)

ρ(m)

)
.



9. Ðàññëîåíèå ïëîñêîñòåé è êîíóñîâ, n = 3

Ïóñòü S = (v1, v2, v3, ρ, p) � ðåøåíèå ñèñòåìû (1) è ΨS � åå

ãåîìåòðè÷åñêàÿ ñòðóêòóðà ïëîñêîñòåé è êîíóñîâ. Òî÷íî òàê,

êàê ïðè n = 2, ýòà ñòðóêòóðà îòîæäåñòâëÿåòñÿ ñ ñå÷åíèåì

ΨS : m 7−→
(
m, v1(m), v2(m), v3(m), v1(m), v2(m), v3(m),(

v1(m)
)2 − A

(
ρ(m), p(m)

)
ρ(m)

, v1(m)v2(m), v1(m)v3(m),

(
v2(m)

)2 − A
(
ρ(m), p(m)

)
ρ(m)

, v2(m)v3(m)

(
v3(m)

)2 − A
(
ρ(m), p(m)

)
ρ(m)

)
åñòåñòâåííîãî ïîäðàññëîåíèÿ ðàññëîåíèÿ

τ : R4 × (RP3 × RP9) −→ R4,

τ :
(
m, [q1 : . . . : q4],

[r11 : r12 : r13 : r14 : r22 : r23 : r24 : r33 : r34 : r44]
)
7→ m.
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10. Ôîðìàëüíûå ñèììåòðèè è àëãåáðû èçîòðîïèè, k = 1

π : E −→M

� åñòåñòâåííîå ðàññëîåíèå äèôôåðåíöèàëüíîãî ïîðÿäêà 1;

π1 : J1π −→M, π1 : jkmS 7→ m

� ðàññëîåíèå 1-äæåòîâ åãî ñå÷åíèé S;

j1S : M −→ J1π, j1S : m 7→ j1
mS

� ñå÷åíèå ðàññëîåíèÿ π1, ïîðîæäåííîå S.

π1,0 : J1π −→ E, π1,0 : j1
mS 7→ S(m).

Âñÿêèé θ1 = j1
mS ∈ J1π îòîæäåñòâëÿåòñÿ ñ êàñàòåëüíûì

ïðîñòðàíñòâîì Kθ1 ê îáðàçó ñå÷åíèÿ j1S â òî÷êå S(m).

X � âåêòîðíîå ïîëå íà M , X(0) � åãî ïîäíÿòèå â E.

Çíà÷åíèå X
(0)
θ0

ïîëÿ X(0) â òî÷êå θ0 ∈ E îïðåäåëÿåòñÿ

1-äæåòîì j1
mX, ãäå m = π(θ0).



11. Ôîðìàëüíûå ñèììåòðèè è àëãåáðû èçîòðîïèè

Ïóñòü θ1 ∈ J1π, θ0 = π1,0(θ1), m = π(θ0) è X � ïðîèçâîëüíîå

âåêòîðíîå ïîëå â îêðåñòíîñòè òî÷êè m. Òîãäà

Aθ1 = { j1
mX |X

(0)
θ0
∈ Kθ1 }

� ïðîñòðàíñòâî ôîðìàëüíûõ ñèììåòðèé äæåòà θ1,

gθ0 = { j1
mX |X

(0)
θ0

= 0 }

� àëãåáðà èçîòðîïèè òî÷êè θ0. ßñíî, ÷òî

gθ0 ⊂ Aθ1 .

Ïîäïðîñòðàíñòâî H ⊂ Aθ1 íàçûâàåòñÿ ãîðèçîíòàëüíûì, åñëè

ïðîåêöèÿ

ρ1,0|H : H → TmM, ρ1,0 : j1
mX 7→ Xm ,

� èçîìîðôèçì.

Aθ1 = H ⊕ gθ0 .



12. Äèôôåðåíöèàëüíûå èíâàðèàíòû

Çíà÷åíèå ñêîáêè [X, Y ]m çàâèñèò îò 1-äæåòîâ j1
mX è j1

mY .
Ïîýòîìó ìîæíî ââåñòè îïåðàöèþ

[ j1
mX, j

1
mY ] = [X, Y ]m .

Îãðàíè÷åíèå åå íà Aθ1 ×Aθ1 äàåò

[ ·, · ] : Aθ1 ×Aθ1 → TmM.

Ãîðèçîíòàëüíîå ïîäïðîñòðàíñòâî H ⊂ Aθ1 îïðåäåëÿåò

âíåøíþþ 2-ôîðìó íà TmM ñî çíà÷åíèÿìè â TmM

ω0
H ∈ TmM ⊗ (T ∗

mM ∧ T ∗
mM)

ïî ôîðìóëå

ω0
H(Xm, Ym) = [ (ρ1,0|H)−1(Xm), (ρ1,0|H)−1(Ym) ]

∀Xm, Ym ∈ TmM.



13. Äèôôåðåíöèàëüíûå èíâàðèàíòû

gθ0 ⊂ TmM ⊗ T ∗
mM .

Êîìïëåêñ Ñïåíñåðà

0→ (gθ0)(1) ↪→ gθ0⊗T ∗
mM

∂1,1−−→ TmM⊗(T ∗
mM∧T ∗

mM)→ 0 , (6)

(gθk)(1) = ( gθk ⊗ T
∗
mM ) ∩

(
TmM ⊗ (T ∗

mM � T ∗
mM)

)
,

∂1,1(h)(Xm, Ym) = h(Xm)(Ym)−h(Ym)(Xm) , ∀Xm, Ym ∈ TmM .

Òåîðåìà. Êëàññ êîãîìîëîãèé

ω0
θ1 = ω0

H + ∂1,1(gθ0 ⊗ T ∗
mM)

íå çàâèñèò îò âûáîðà ãîðèçîíòàëüíîãî ïîäïðîñòðàíñòâà

H ⊂ Aθ1 .



14. Äèôôåðåíöèàëüíûå èíâàðèàíòû

Ôóíêöèÿ íà J1π ñî çíà÷åíèÿìè â êîãîìîëîãèÿõ Ñïåíñåðà

ω1 : θk 7−→ ω0
θ1

� äèôôåðåíöèàëüíûé èíâàðèàíò ïîðÿäêà 1 ðàññëîåíèÿ π.

Ïóñòü S � ñå÷åíèå ðàññëîåíèÿ π, ò.å. S � ãåîìåòðè÷åñêàÿ

ñòðóêòóðà íà M , è L
(1)
S � îáðàç ñå÷åíèÿ j1S. Òîãäà

ω1
S = ω1|

L
(1)
S

� äèôôåðåíöèàëüíûé èíâàðèàíò ïîðÿäêà 1 ñòðóêòóðû S.

Åñëè θ0 7−→ Cθ0 � èíâàðèàíòíîå ïîëå òàêèõ ïîäïðîñòðàíñòâ
Cθ0 ⊂ TmM ⊗ (T ∗

mM ∧ T ∗
mM), ÷òî

TmM ⊗ (T ∗
mM ∧ T ∗

mM) = Cθ0 ⊕ ∂1,1(gθ0 ⊗ T ∗
mM),

òî ω1 è ω1
S � òåíçîðíûå äèôôåðåíöèàëüíûå èíâàðèàíòû.



15. Äèôôåðåíöèàëüíûå èíâàðèàíòû

Òåîðåìà. Ïóñòü S � ñå÷åíèå ðàññëîåíèÿ π è ïóñòü

âûïîëíåíû óñëîâèÿ:

1 θ0 7−→ Cθ0 � èíâàðèàíòíîå ïîëå òàêèõ ïîäïðîñòðàíñòâ
Cθ0 ⊂ TmM ⊗ (T ∗

mM ∧ T ∗
mM), ÷òî

TmM ⊗ (T ∗
mM ∧ T ∗

mM) = Cθ0 ⊕ ∂1,1(gθ0 ⊗ T ∗
mM),

2 (gθ0)(1) = {0} äëÿ âñåõ θ0 ∈ L(0)
S .

Òîãäà:

1 íà L
(1)
S îïðåäåëåíà èíâàðèàíòíàÿ ëèíåéíàÿ ñâÿçíîñòü ' ,

2 ω1
S � òåíçîð êðó÷åíèÿ ýòîé ñâÿçíîñòè.



1 Óðàâíåíèÿ àäèàáàòè÷åñêîãî äâèæåíèÿ ãàçà â Rn, n = 1, 2, 3
Õàðàêòåðèñòè÷åñêèå êîâåêòîðû

Ãåîìåòðè÷åñêèå ñòðóêòóðû íà ðåøåíèÿõ

Ðàññëîåíèå 3-òêàíåé, n = 1
Ðàññëîåíèå ïëîñêîñòåé è êîíóñîâ, n = 2
Ðàññëîåíèå ïëîñêîñòåé è êîíóñîâ, n = 3

2 Äèôôåðåíöèàëüíûå èíâàðèàíòû åñòåñòâåííûõ ðàññëîåíèé

Ôîðìàëüíûå ñèììåòðèè è àëãåáðû èçîòðîïèè

Äèôôåðåíöèàëüíûå èíâàðèàíòû

3 ßâíûå ðåøåíèÿ

1-ìåðíàÿ ãàçîâàÿ äèíàìèêà

2-ìåðíàÿ ãàçîâàÿ äèíàìèêà

3-ìåðíàÿ ãàçîâàÿ äèíàìèêà

4 Ëèòåðàòóðà



16. 1-ìåðíàÿ ãàçîâàÿ äèíàìèêà

µ � åñòåñòâåííîå ðàññëîåíèå 3-òêàíåé íà R2, θ0 ∈ J0µ. Òîãäà

gθ0 = { λ
(

1 0
0 1

)
| λ ∈ R }.

g
(1)
θ0

= {0} .

Èç êîìïëåêñà Ñïåíñåðà (6) ñëåäóåò

TmM ⊗ (T ∗
mM ∧ T ∗

mM) = {0} ⊕ ∂1,1(gθ0 ⊗ T ∗
mM).

Ñëåäñòâèå. Ïóñòü ΨS � 3-òêàíü íà ðåøåíèè S = (v, ρ, p)
ñèñòåìû (1). Òîãäà

1 Èíâàðèàíò ω1
ΨS

ðàâåí íóëþ.

2 Íà L
(1)
S îïðåäåëåíà ëèíåéíàÿ ñâÿçíîñòü áåç êðó÷åíèÿ.



17. Òåíçîð êðèâèçíû. Ëîêàëüíî-ïëîñêèå ðåøåíèÿ.

Èññëåäîâàíèå Aθ2 ïðèâîäèò ê èíâàðèàíòó ω2
ΨS
. Â òåðìèíàõ

ðåøåíèÿ S = (v, ρ, p)

ω2
Ψ =

(
(−ααtx − uααxx + uxxα

2

+ αtαx + uα2
x − uxααx )/α2

)
(dt ∧ dx),

ãäå α =
√
A(ρ, p)/ρ.

Ðåøåíèÿ S = (v, ρ, p) ñ ω2
S = 0. Ñëó÷àé A(ρ, p) = ρ.

u(t, x) =
x+ c3

t+ c1
− t+ c1

2
− c2 ,

ρ(t, x) =
c2

t+ c1
exp
(
h(t, x)

)
,

p(t, x) =
t+ c1 + c2

t+ c1
exp
(
h(t, x)

)
,

ãäå

h(t, x) =
c2

t+ c1
x+

c2

2
t+ c2

2 ln(t+ c1) +
c2c3

t+ c1
+ c4 ,

c1, c2, c3, c4 � ïîñòîÿííûå.



18. 2-ìåðíàÿ ãàçîâàÿ äèíàìèêà

Ïóñòü S = (v1, v2, ρ, p) � ðåøåíèå ñèñòåìû (1), ΨS �

ãåîìåòðè÷åñêàÿ ñòðóêòóðà íà S è θ0 � òî÷êà èç îáðàçà

ñå÷åíèÿ ΨS .

gθ0 = {

 a 0 0
−v2b a b
v1b −b a

∣∣ a, b ∈ R} .

g
(1)
θ0

= {0} .

0→ 0→ gθ0 ⊗ T ∗
mM

∂1,1−−→ TmM ⊗ (T ∗
mM ∧ T ∗

mM)→ 0 ,

TmM⊗(T ∗
mM ∧T ∗

mM) = (TmM ⊗ (dx ∧ dy))⊕∂1,1(gθ0⊗T ∗
mM) .

ω1
ΨS
∈ TmM ⊗ (dx ∧ dy) .



19. Ðåøåíèÿ ñî ñâÿçíîñòÿìè áåç êðó÷åíèÿ, n = 2

Ñëåäñòâèå. Ïóñòü S = (v1, v2, ρ, p) � ðåøåíèå ñèñòåìû (1).

Òîãäà íà L
(1)
S îïðåäåëåíà ëèíåéíàÿ ñâÿçíîñòü è ω1

ΨS
� åå

òåíçîð êðó÷åíèÿ.

ω1
ΨS

=
1

(v1)2 + (v2)2

( (
v1(v1

y + v2
x)− v2(v1

x − v2
y)
) ∂
∂x

−
(
v2(v1

y + v2
x) + v1(v1

x − v2
y)
) ∂
∂y

)
⊗ (dx ∧ dy).

Ïóñòü S òàêîå ðåøåíèå ñèñòåìû (1), ÷òî ω1
ΨS

= 0, òîãäà

v1
x = v2

y , v1
y = −v2

x .

Ò.å. ñêîðîñòü v = (v1, v2) � êîìïëåêñíî-àíàëèòè÷åñêàÿ
ôóíêöèÿ



20. Ïîëèòðîïíîå äâèæåíèå ãàçà ïîñòîÿííîãî îáúåìà, n = 2.
Ðåøåíèÿ ñî ñâÿçíîñòÿìè áåç êðó÷åíèÿ

Ðåøåíèÿ S = (v1, v2, ρ, p) ñèñòåìû (1) ñ ω1
ΨS

= 0. Ïóñòü
A(ρ, p) = γp, γ � ïîñòîÿííàÿ è ρ = Const.

v1(t, x, y) = k11t+ yc11 + k12,

v2(t, x, y) = k21t− xc11 + k22,

ρ = Const,

p(t, x, y) = ρ
(
t2(k2

11 + k2
21)− 2txc11k21 + 2tyc11k11

+ 2t(k11k12 + k21k22) + x2c2
11 − 2x(c11k22 + k11)

+ y2c2
11 + 2y(c11k12 − k21) + 2k33

)
/2 ,

ãäå cij è kij � êîíñòàíòû.



21. Ïîëèòðîïíîå äâèæåíèå ãàçà, n = 2.
Ðåøåíèÿ ñî ñâÿçíîñòÿìè áåç êðó÷åíèÿ

Ðåøåíèÿ S = (v1, v2, ρ, p) ñèñòåìû (1) ñ ω1
ΨS

= 0. Ïóñòü
A(ρ, p) = γp, γ � ïîñòîÿííàÿ.

v1 =
x+ k3

t+ k1
− e(1−2γ)k2

3− 2γ
(t+ k1)1−2γ |t+ k1|,

v2 =
y + k4

t+ k1
− e(1−2γ)k2

3− 2γ
(t+ k1)1−2γ |t+ k1|,

ρ =
e−2k2+k5

(t+ k1)2
exp
(
e−k2

x+ y + k3 + k4

|t+ k1|
+ e−2γk2 2(t+ k1)2−2γ

(3− 2γ)(2− 2γ)

)
,

p =
e−2γk2+k5

(t+ k1)2γ
exp
(
e−k2

x+ y + k3 + k4

|t+ k1|
+ e−2γk2 2(t+ k1)2−2γ

(3− 2γ)(2− 2γ)

)
,

ãäå k1, . . . , k5 � ïðîèçâîëüíûå êîíñòàíòû,



22. Ïîëèòðîïíîå äâèæåíèå ãàçà, n = 2.
Ðåøåíèÿ ñî ñâÿçíîñòÿìè áåç êðó÷åíèÿ

v1 =
x+ k3

t+ k1
− k6

e(1−2γ)k2

3− 2γ
(t+ k1)1−2γ |t+ k1|,

v2 =
y + k4

t+ k1
− k6

e(1−2γ)k2

3− 2γ
(t+ k1)1−2γ |t+ k1|,

ρ =
e−2k2

(t+ k1)2

(
e−k2

x+ y + k3 + k4

|t+ k1|

+ e−2γk2 2k6(t+ k1)2−2γ

(3− 2γ)(2− 2γ)
+ k5

)k6−1
,

p =
e−2γk2

(t+ k1)2γ

(
e−k2

x+ y + k3 + k4

|t+ k1|

+ e−2γk2 2k6(t+ k1)2−2γ

(3− 2γ)(2− 2γ)
+ k5

)k6 ,
ãäå k1, . . . , k6 � ïðîèçâîëüíûå êîíñòàíòû.



23. Ïîëèòðîïíîå äâèæåíèå ãàçà, n = 2.
Ðåøåíèÿ ñî ñâÿçíîñòÿìè áåç êðó÷åíèÿ

v1 =
t+ k1

(t+ k1)2 + k2
2

x+
k2

(t+ k1)2 + k2
2

y + c(t) , k2 6= 0 ,

v2 =
k2

(t+ k1)2 + k2
2

x+
t+ k1

(t+ k1)2 − k2
2

y + d(t) ,

ρ =
e−2k3+k4

(t+ k1)2 + k2
2

exp(f) ,

p =
e−2γk3+k4(

(t+ k1)2 + k2
2

)γ exp(f) ,

f =
e−k3(

(t+ k1)2 + k2
2

)1/2 (x(cosβ − sinβ) + y(cosβ + sinβ)
)

−
∫

e−k3(
(t+ k1)2 + k2

2

)1/2 ( c(t)(cosβ−sinβ)+d(t)(cosβ+sinβ)
)
dt ,



24. Ïîëèòðîïíîå äâèæåíèå ãàçà, n = 2.
Ðåøåíèÿ ñî ñâÿçíîñòÿìè áåç êðó÷åíèÿ

β = arctg(
t+ k1

k2
) + k5 ,

c(t) =
(
(e(1−2γ)k3Γc+k6) cosβ−(e(1−2γ)k3Γd+k7) sinβ

)(
(t+k1)2+k2

2

) 1
2 ,

d(t) =
(
(e(1−2γ)k3Γc+k6) sinβ+(e(1−2γ)k3Γd+k7) cosβ

)(
(t+k1)2+k2

2

) 1
2 ,

Γc =
1

δ2 + 1

∫
1(

(t+ k1)2 + k2
2

)γ+1

(
(δ2 − 2δ − 1)(t+ k1)2

+ 2k1(−δ2 − 2δ + 1)(t+ k1) + k2
1(−δ2 + 2δ + 1)

)
dt ,

Γd =
1

δ2 + 1

∫
1(

(t+ k1)2 + k2
2

)γ+1

(
(δ2 + 2δ − 1)(t+ k1)2

+ 2k1(δ2 − 2δ − 1)(t+ k1) + k2
1(−δ2 − 2δ + 1)

)
dt ,

δ = tg(k5) è k1, . . . , k7 � ïðîèçâîëüíûå êîíñòàíòû.



25. Ïîëèòðîïíîå äâèæåíèå ãàçà, n = 2.
Ðåøåíèÿ ñî ñâÿçíîñòÿìè áåç êðó÷åíèÿ

v1 =
t+ k1

(t+ k1)2 + k2
2

x+
k2

(t+ k1)2 + k2
2

y + k4c(t) , k2 6= 0 ,

v2 =
k2

(t+ k1)2 + k2
2

x+
t+ k1

(t+ k1)2 − k2
2

y + k4d(t) ,

ρ =
e−2k3

(t+ k1)2 + k2
2

(f)k4−1 ,

p =
e−2γk3+k4(

(t+ k1)2 + k2
2

)γ (f)k4 ,

ãäå k1, . . . , k4 � ïðîèçâîëüíûå êîíñòàíòû, à ôóíêöèè c(t),
d(t) è f âû÷èñëÿþòñÿ ïî òåì æå ôîðìóëàì, ÷òî è âûøå.



26. 3-ìåðíàÿ ãàçîâàÿ äèíàìèêà

Ïóñòü S = (v1, v2, v3, ρ, p) � ðåøåíèå ñèñòåìû (1), ΨS �

ãåîìåòðè÷åñêàÿ ñòðóêòóðà íà S è θ0 � òî÷êà èç îáðàçà

ñå÷åíèÿ ΨS .

gθ0 = {


a 0 0 0

−bv2 − cv3 a b c
bv1 − dv3 −b a d
cv1 + dv2 −c −d a

 ∣∣ a, b, c, d ∈ R }.

g
(1)
θ0

= {0} .

0→ 0→ gθ0 ⊗ T ∗
mM

∂1,1−−→ TmM ⊗ (T ∗
mM ∧ T ∗

mM)→ 0 ,



27. Ñòðóêòóðíûé äèôôåðåíöèàëüíûé èíâàðèàíò íà ðåøåíèè, n=3.

Ñëåäñòâèå. Ïóñòü S � ðåøåíèå ñèñòåìû (1). Òîãäà ω1
ΨS

�

ôóíêöèÿ íà L
(1)
S ñî çíà÷åíèÿìè â êîãîìîëîãèÿõ Ñïåíñåðà.

ω1
ΨS

=
∂

∂y
⊗
(

(v2
x + v1

y)dt ∧ dx+ (v2
y − v1

x)dt ∧ dy
)

+
∂

∂z
⊗
(

(v3
x + v1

z)dt ∧ dx+ (v3
y + v2

z)dt ∧ dy + (v3
z − v1

x)dt ∧ dz
)

+ ∂1,1( gθ0 ⊗ T ∗
mM ).



28. Ïîëèòðîïíîå äâèæåíèå ãàçà ïîñòîÿííîãî îáúåìà, n = 3.
ßâíûå ðåøåíèÿ

Ðåøåíèÿ S = (v1, v2, v3, ρ, p) ñèñòåìû (1) ñ ω1
ΨS

= 0. Ïóñòü
A(ρ, p) = γp, γ � ïîñòîÿííàÿ è ρ = Const.

v1(t, x, y, z) = k11t+ yc11 + zc21 + k12 ,

v2(t, x, y, z) = k21t− xc11 + zc31 + k22 ,

v3(t, x, y, z) = k31t− xc21 − yc31 + k32 ,

ρ = Const ,

p(t, x, y, z) = ρ
(
x2(c2

11 + c2
21) + 2xyc21c31 − 2xzc11c31

− 2x
(
c11(k21t+ k22) + c21(k31t+ k32) + k11

)
+ y2(c2

11

+ c2
31) + 2yzc11c21 + 2y

(
c11(k11t+ k12)− c31(k31t− k32)

− k21

)
+ z2(c2

21 + c2
31) + 2z

(
c21(k11t+ k12) + c31(k21t

+ k22)− k31

)
+ k2

11t
2 + 2k11k12t+ k2

21t
2 + 2k21k22t

+ k2
31t

2 + 2k31k32t+ 2k33

)
/2

ãäå cij è kij � êîíñòàíòû.



29. Ïîëèòðîïíîå äâèæåíèå ãàçà, n = 3. ßâíûå ðåøåíèÿ

Ðåøåíèÿ S = (v1, v2, v3, ρ, p) ñèñòåìû (1) ñ ω1
ΨS

= 0. Ïóñòü
A(ρ, p) = γp, γ � ïîñòîÿííàÿ.

v1 =
x+ k3

t+ k1
− e(2−3γ)k2

4− 3γ
(t+ k1)2−3γ |t+ k1|,

v2 =
y + k4

t+ k1
− e(2−3γ)k2

4− 3γ
(t+ k1)2−3γ |t+ k1|,

v3 =
z + k5

t+ k1
− e(2−3γ)k2

4− 3γ
(t+ k1)2−3γ |t+ k1|,

ρ =
e−3k2+k6

|t+ k1|3
exp(f),

p =
e−3k2γ+k6

|t+ k1|(t+ k1)3γ−1
exp(f),

ãäå

f = e−k2
x+ y + z + k3 + k4 + k5

|t+ k1|
+ e(1−3γ)k2 3(t+ k1)3−3γ

(3− 3γ)(4− 3γ)
,

à k1, . . . , k6 � ïðîèçâîëüíûå êîíñòàíòû.



30. Ïîëèòðîïíîå äâèæåíèå ãàçà, n = 3. ßâíûå ðåøåíèÿ

v1 =
x+ k3

t+ k1
− k7

e(2−3γ)k2

4− 3γ
(t+ k1)2−3γ |t+ k1|,

v2 =
y + k4

t+ k1
− k7

e(2−3γ)k2

4− 3γ
(t+ k1)2−3γ |t+ k1|,

v3 =
z + k5

t+ k1
− k7

e(2−3γ)k2

4− 3γ
(t+ k1)2−3γ |t+ k1|,

ρ =
e−3k2+k6

|t+ k1|3
fk7−1,

p =
e−3k2γ+k6

|t+ k1|(t+ k1)3g−1
fk7 ,

ãäå

f = e−k2
x+ y + z + k3 + k4 + k5

|t+ k1|
+ e(1−3γ)k2 3k7(t+ k1)3−3γ

(3− 3γ)(4− 3γ)
,

a k1, . . . , k7 � ïðîèçâîëüíûå êîíñòàíòû.



1 Óðàâíåíèÿ àäèàáàòè÷åñêîãî äâèæåíèÿ ãàçà â Rn, n = 1, 2, 3
Õàðàêòåðèñòè÷åñêèå êîâåêòîðû

Ãåîìåòðè÷åñêèå ñòðóêòóðû íà ðåøåíèÿõ

Ðàññëîåíèå 3-òêàíåé, n = 1
Ðàññëîåíèå ïëîñêîñòåé è êîíóñîâ, n = 2
Ðàññëîåíèå ïëîñêîñòåé è êîíóñîâ, n = 3

2 Äèôôåðåíöèàëüíûå èíâàðèàíòû åñòåñòâåííûõ ðàññëîåíèé

Ôîðìàëüíûå ñèììåòðèè è àëãåáðû èçîòðîïèè

Äèôôåðåíöèàëüíûå èíâàðèàíòû

3 ßâíûå ðåøåíèÿ

1-ìåðíàÿ ãàçîâàÿ äèíàìèêà

2-ìåðíàÿ ãàçîâàÿ äèíàìèêà

3-ìåðíàÿ ãàçîâàÿ äèíàìèêà

4 Ëèòåðàòóðà



31. Ëèòåðàòóðà

V. Lychagin, V. Yumaguzhin, On geometric structures of

2-dimensional gas dynamics equations, Lobachevskii Journal

of Mathematics, 2009, Vol. 30, No. 4, pp. 327-332.

Ë. Â. Îâñÿííèêîâ, Ëåêöèè ïî îñíîâàì ãàçîâîé äèíàìèêè,

Ìîñêâà, ¾Íàóêà¿, 1981, 368 ñ.

È.Ã. Ïåòðîâñêèé, Ëåêöèè îá óðàâíåíèÿõ ñ ÷àñòíûìè

ïðîèçâîäíûìè, Ìîñêâà, ¾Ãîñ. èçä-âî òåõ.-òåîð. ëèò-ðû¿,

1950, 303 ñ.

V. Yumaguzhin, Di�erential invariants of 2-order ODEs, I,

Acta Applicandae Mathematicae, (2010), Vol. 109, No. 1,
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n = 1 vt + vvx + px/ρ = 0, Âåðíóòüñÿ

ρt + vρx + ρ vx = 0,

pt + vpx +A(ρ, p) vx = 0.

n = 2 v1
t + v1v1

x1 + v2v1
x2 + px1/ρ = 0,

v2
t + v1v2

x1 + v2v2
x2 + px2/ρ = 0,

ρt + v1ρx1 + v2ρx2 + ρ (v1
x1 + v2

x2) = 0,

pt + v1px1 + v2px2 +A(ρ, p)(v1
x1 + v2

x2) = 0.

n = 3 v1
t + v1v1

x1 + v2v1
x2 + v2v1

x3 + px1/ρ = 0,

v2
t + v1v2

x1 + v2v2
x2 + v3v2

x3 + px2/ρ = 0,

v3
t + v1v3

x1 + v2v3
x2 + v3v3

x3 + px3/ρ = 0,

ρt + v1ρx1 + v2ρx2 + v3ρx3 + ρ (v1
x1 + v2

x2 + v3
x3) = 0,

pt + v1px1 + v2px2 + v3px3 +A(ρ, p)(v1
x1 + v2

x2 + v3
x3) = 0.



Åñòåñòâåííûå ðàññëîåíèÿ

π : E −→M - ëîêàëüíî-òðèâèàëüíîå ðàññëîåíèå.

Ðàññëîåíèå π åñòåñòâåííîå, åñëè âûïîëíåíû óñëîâèÿ:

1 Äëÿ êàæäîãî äèôôåîìîðôèçìà f : M →M îïðåäåëåí

äèôôåîìîðôèçì f (0) : E → E òàêîé, ÷òî êîììóòàòèâíà

äèàãðàììà

E
f (0)−−−−→ E

π

y yπ
M −−−−→

f
M

2 (idM )(0) = idE .

3 (f ◦ g)(0) = f (0) ◦ g(0).

Ýòè óñëîâèÿ îïðåäåëÿþò ïîäíÿòèå f (0) îäíîçíà÷íî.

Ïðèìåðàìè åñòåñòâåííûõ ðàññëîåíèé ÿâëÿþòñÿ êàñàòåëüíîå,

êîêàñàòåëüíîå ðàññëîåíèÿ, ðàññëîåíèå òåíçîðîâ òèïà (r, s) è
ò.ä. Âåðíóòüñÿ



Ëèíåéíûå ñâÿçíîñòè

ρ : TM −→M êàñàòåëüíîå ðàññëîåíèå íàä M.

ρ1,0 : J1TM −→ TM , ρ1,0 : j1
mX 7→ Xm.

Ëèíåéíàÿ ñâÿçíîñòü íà M - ýòî ñå÷åíèå

Γ : TM −→ J1ρ , ρ1,0 ◦ Γ = idTM

ëèíåéíîå íà êàæäîì ñëîå TmM .

Êëàññè÷åñêîå îïðåäåëåíèå ëèíåéíîé ñâÿçíîñòè.

Γ̃i
′
j′m′(x̃) =

∂x̃i
′

∂xi
∂2xi

∂x̃j′∂x̃m′ +
∂x̃i

′

∂xi
Γijm(x)

∂xj

∂x̃j′
∂xm

∂x̃m′ .

Òåíçîð êðó÷åíèÿ ñâÿçíîñòè.

T ijk = Γijk − Γikj .

Òåíçîð êðèâèçíû ñâÿçíîñòè.

Rijkl =
∂Γijl
∂xk

+ ΓikrΓ
r
jl −

∂Γikl
∂xj

− ΓijrΓ
r
kl.

Âåðíóòüñÿ
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