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Abstract

We consider the free nilpotent Lie algebra L with 2 generators, of
step 4, and the corresponding connected simply connected Lie group G.
We study the left-invariant sub-Riemannian structure on G defined by the
generators of L as an orthonormal frame.

We compute two vector field models of L by polynomial vector fields
in R®, and find an infinitesimal symmetry of the sub-Riemannian struc-
ture. Further, we compute explicitly the product rule in G, the right-
invariant frame on G, linear on fibers Hamiltonians corresponding to the
left-invariant and right-invariant frames on G, Casimir functions and co-
adjoint orbits on L*.

Via Pontryagin maximum principle, we describe abnormal extremals
and derive a Hamiltonian system A = ﬁ(/\), A € T*G, for normal ex-
tremals. We compute 10 independent integrals of H , of which only 7 are
in involution. After reduction by 4 Casimir functions, the vertical subsys-
tem of H on L* shows numerically a chaotic dynamics, which leads to a
conjecture on non-integrability of H in the Liouville sense.

1 Introduction

In this work we study a variational problem that can be stated equivalently in
the following three ways.
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(Agreement No 14.B25.31.0029).



(1) Geometric statement. Consider two points ag,a; € R? connected by a
smooth curve 79 C R?. Fix arbitrary data S € R, ¢ = (cz,¢,) € R?, M =
(Myy, Myy, M) € R3. The problem is to connect the points ag, a; by the
shortest smooth curve v C R? such that the domain D C R? bounded by o U~y
satisfy the following properties:

1. area(D) = S,

2. center of mass(D) = c,

3. second order moments(D) = M.

(2) Algebraic statement. Let L be the free nilpotent Lie algebra with two
generators X1, X, of step 4:

L =span(X;y, ..., Xg), (1)
(X1, Xp] = X3, (2)
(X1, X3] = Xy, [Xo, X3] = X, (3)
[X1, X4] = X6, [X1,X5] = [Xo, X4] = X7, [Xo, X5] = Xs. (4)

Let G be the connected simply connected Lie group with the Lie algebra L, we
consider X1, ..., Xg as a frame of left-invariant vector fields on G. Consider
the left-invariant sub-Riemannian structure (G, A, g) defined by X;, X» as an
orthonormal frame:

A, = span(X1(q), X2(q)), 9(Xi, Xj) = 6ij.
The problem is to find sub-Riemannian length minimizers that connect two
given points qg, q1 € G:
q(t) e G, q(0) =qo, q(t1) =a,
q(t) € Ay,

t1
= v 9(4,q¢) dt — min.
0
(3) Optimal control statement. Let vector fields X1, Xo € Vec(R®) be defined

by (14), (15). Given arbitrary points qo,q; € R3, it is required to find solutions
of the optimal control problem

¢=uX1(q) +u2Xa(q), q€R® (ur,uz) €R? (5)

q0) =q, q(t1) =aq, (6)
1 [

Jzi/o (u? + u2) dt — min . (7)

The problem stated will be called the nilpotent sub-Riemannian problem
with the growth vector (2,3,5,8), or just the (2,3,5,8)-problem. There are
several important motivations for the study of this problem:



e this problem is a nilpotent approximation of a general sub-Riemannian
problem with the growth vector (2,3,5,8) [2,5,7,13,20],

e this problem is a natural continuation of the basic sub-Riemannian (SR)
problems: the nilpotent SR problem on the Heisenberg group (aka Dido’s
problem, growth vector (2,3)) [6,30], and the nilpotent SR problem on the
Cartan group (aka generalized Dido’s problem, growth vector (2,3,5)) [21—
24,

e this problem is included into a natural infinite chain of rank 2 SR problems
with the free nilpotent Lie algebras of step r, » € N, and more generally
into a natural 2-dimensional lattice of rank d SR problems with the free
nilpotent Lie algebras of step r, (d,r) € N2,

e this problem is the simplest possible SR, problem on a step 4 Carnot group,
and it is the first SR problem with growth vector of length 4 that should
be studied.

To the best of our knowledge, this is the first study of the (2,3,5,8)-problem
(although, it was mentioned in [8] as a SR problem with smooth abnormal
minimizers).

The structure of this work is as follows.

In Sec. 2 we construct two models (“asymmetric” and “symmetric”) of the
free nilpotent Lie algebra with 2 generators of step 4 by polynomial vector fields
in R®. For these models, we use respectively an algorithm due to Grayson
and Grossman [12] and an original approach. In the symmetric model, a one-
parameter group of symmetries leaving the initial point fixed is found.

In Sec. 3 we describe explicitly the product rule in the Lie group G = R8, con-
struct a right-invariant frame on G corresponding naturally to the left-invariant
frame given by X1, X5 and their iterated Lie brackets, compute the correspond-
ing left-invariant and right-invariant Hamiltonians that are linear on fibers of
T*@G, describe Casimir functions and co-adjoint orbits in the dual space L* of
the Lie algebra L.

In Sec. 4 we apply Pontryagin maximum principle to the (2,3,5 8) problem
we describe abnormal extremals and derive a Hamiltonian system A = H (N,
A € T*@G, for normal extremals.

In Sec. 5 we study integrability of the normal Hamiltonian field H. We
compute 10 independent integrals of H , of which only 7 are in involution. After
reduction by 4 Casimir functions, the vertical subsystem of H on L* shows
numerically a chaotic dynamics, which leads to a conjecture on non-integrability
of H.

In Sec. 6 we suggest possible questions for further study.

2 Realisation by polynomial vector fields in R®

In this section we construct two models of the free nilpotent Lie algebra L(1)—(4)
by polynomial vector fields in RS,



2.1 Free nilpotent Lie algebras

Let L4 be the real free Lie algebra with d generators [10]; L4 is the Lie algebra
of commutators of d variables. We have L4 = @2, L%, where £} is the space
of commutator polynomials of degree i. Then Eg) = Lq/ ®2, ., Ll is the free
nilpotent Lie algebra with d generators of step r.

Denote lq(i) := dim £, lff) = dim Eg) =Y, la(i). The classical expres-
sion of 14(4) is ilg(i) = d* — >l 1<j<i Jla(d)-

In this work we are interested in free nilpotent Lie algebras with 2 generators.
Dimensions of such Lie algebras for small step are given in Table 1.

1 11234 5| 6| 7] 8 9| 10
lo(i) |2]1]12(3] 6| 91830 56| 99

1 235814234171 127] 226

Table 1: Dimensions of free nilpotent Lie algebras £§“

2.2 Carnot algebras and groups

A Lie algebra L is called a Carnot algebra if it admits a decomposition L =
®7_,L; as a vector space, such that [L;, L;] C L;y;, Ly =0for s > r, Ly, =
[Lq1, L;].

A free nilpotent Lie algebra EE[) is a Carnot algebra with the homogeneous
components L; = L.

A Carnot group G is a connected, simply connected Lie group whose Lie
algebra L is a Carnot algebra. If L is realized as the Lie algebra of left-invariant
vector fields on G, then the degree 1 component L; can be thought of as a
completely nonholonomic (bracket-generating) distribution on G. If moreover
L, is endowed with a left-invariant inner product g, then (G, L1,g) becomes
a nilpotent left-invariant sub-Riemannian manifold [7]. Such sub-Riemannian
structures are nilpotent approximations of generic sub-Riemannian structures [2,
5,13,20].

The sequence of numbers

(dim Ly,dim Ly + dim Lo, ...,dim Ly + - - - + dim L, = dim L)

is called the growth vector of the distribution Lq [30].
For free nilpotent Lie algebras, the growth vector is maximal compared with
all Carnot algebras with the bidimension (dim Ly, dim L).

2.3 Lie algebra with the growth vector (2,3,5,8)
The Carnot algebra with the growth vector (2, 3, 5, 8)

£g4) = Span(Xl, ey Xg)



is determined by the following multiplication table:
[Xla X2] = X37

[Xl,Xg] = Xy, [XQ,X3] = X5,
(X1, Xy] = X, [X1,X5] = [Xo, Xy] = X7,  [Xo, X5] = X, (10)

—~ o~
© 0o
=

with all the rest brackets equal to zero. This multiplication table is depicted at

INDZl

X3

Figure 1: Lie algebra with the growth vector (2,3, 5, 8)

2.4 Hall basis

Free nilpotent Lie algebras have a convenient basis introduced by M. Hall [14].
We describe it using the exposition of [12].

The Hall basis of the free Lie algebra L4 with d generators Xi, ..., Xy is
the subset Hall C £, that has a decomposition into homogeneous components
Hall = U2, Hall; defined as follows.

Each element Hj, j = 1,2,..., of the Hall basis is a monomial in the genera-
tors X; and is defined recursively as follows. The generators satisfy the inclusion
X, € Hall;, i =1,...,d, and we denote H; = X;, i = 1,...,d. If we have de-
fined basis elements Hy,..., Hy,_, EBp 1 1 Hall;, they are blmply ordered so
that £ < F'if E € Hall, F € Halll, k < l Hy < Hy <--- < Hp,_,. Also if
E € Hall,, F € Hall; and p = s + ¢, then [E, F] € Hall, if:

1. E>F, and
2. if E =[G, K], then K € Hall; and t > g¢.

By this definition, one easily computes recursively the first components Hall;



of the Hall basis for d = 2:

Hall, = {Hi,H>},  Hi=Xi, H>= X,

Hall, = {H3},  Hs=[Xy, X1],

Hally; = {Hy4, Hs}, Hy = [[X2, X1], Xa], Hs = [[X2, X1], X2,

Hally = {Hg, Hy, Hs},

He = [[[X2, Xu], Xu], Xu], Hr = [[[X2, Xa], X], Xo|, Hg = [[X2, X1], Xo], Xo].

Consequently, £(24) = span{Hq,..., Hs}. In the sequel we use a more convenient
basis of £(24) = span{ X1, ..., Xg} with the multiplication table (8)—(10).

2.5 Asymmetric vector field model for L'gl)

Here we recall an algorithm for construction of a vector field model for the Lie
algebra L'ér) due to Grayson and Grossman [12]. For a given r > 1, the algorithm
evaluates two polynomial vector fields Hy, Hy € Vec(RV), N = dim Lg), which

generate the Lie algebra Eér).
Consider the Hall basis elements span{H;,...,Hy} = ,Cér). Each element
H; € Hall; is a Lie bracket of length j:

Hi = [ ° [[HQ’ij]kaj71]7 . '7H]€1]7
kj =1, kpy1 <k, for1<n<j-—1.

This defines a partial ordering of the basis elements. We say that H is a direct
descendant of Ho and of each Hk, and write i > 2,1 > k;, [ =1,.
Define monomials Ps j in 1, ..., ny inductively by

Pyy = —x; Py if(deg; Pa; + 1),

whenever Hy = [H;, H;] is a basis Hall element, and where deg; P is the highest
power of z; which divides P.
The following theorem gives the properties of the generators.

Theorem 1 (Th. 3.1 [1 ]) Letr > 1 and let N = dim E(T). Then the vector
0
fields Hy = R H, = 3$2 + ; Py, i h(we the following properties:

1. they are homogeneous of weight one with respect to the grading

RY = Hall; @ - - - @ Hall,;

2. Lie(Hy, Hy) = £57.



The algorithm described before Theorem 1 produces the following vector
field basis of £V

2 3 2 2
HQ:a%J“a%{%a%f 13328%5+%8%6 x12x28%7 x12x28i$8’
2 2
H3:%+$1%+$2%—%%—$1I2%—%%7
Hy= 844—»’618&%4—1‘2%7
HS__8755+$18£7+3328£3587
H6:_6ix6a
H7:*8i$7,
Hs——aixg,

with the multiplication table

[Ha, Hi] = Hs, (11)
[H3, Hi] = Hy, [Hs3, Hy] = Hs, (12)
[H4,H1] = Hg, [H4,H2} = Hr, [Hg,,Hg] = Hg. (13)

2.6 Symmetric vector field model of 5(24)

The vector field model of the Lie algebra [,;4) via the fields Hq,..., Hg ob-
tained in the previous subsection is asymmetric in the sense that there is no
visible symmetry between the vector fields H; and H. Moreover, no continu-
ous symmetries of the sub-Riemannian structure generated by the orthonormal
frame {Hy, Ha} are visible, although the Lie brackets (11)—(13) suggest that
this sub-Riemannian structure should be preserved by a one-parameter group
of rotations in the plane span{Hy, Ha}.

One can find a symmetric vector field model of £§4) free of such shortages
as in the following statement.



Theorem 2. (1) The vector fields

X, — 0 wy 0 af4a3 & wmay 0 ad 0 ’ (14)
8])1 2 8.1’3 2 8375 4 6.’1?7 6 83?8
2 2 3 2
Xy — 0 g 0 xi+x5 0 zy 0 xixe O ’ (15)
(9{,62 2 a.’IJg 2 81'4 6 8(E6 4 8(E7
0 0 0 x? 0 0 2 0
Xoa = —— — T S 22 7 1
57 Das +m18x4 +x28x5 * 2 Ozg +x1x23x7 + 2 Oxg’ (16)
0 9] 0
= — —_— _— 1
X4 3x4+$1316+x28x7’ ( 7)
0 0 0
Xs= 4 a1 g 1
° 8$5+x18$7+x28$8, (8)
0
Xog= 1
6 81)6’ (9)
0
Xr=— 20
7 ax7a ( )
0
Xg = — 21
8 3x8 ( )

satisfy the multiplication table (8)—(10). Thus the fields X;1,...,Xs €
Vec(R®) model the Lie algebra Lgl).

(2) The vector field

0 0 0 0 0 0 0
Xo=To— — 11— — —xy— + P— — +R—
0 xzal‘l x18$2+x58l‘4 $48$5+ 8$6+Q8$7+ 833‘37
(22)
4 2,2
_ Ty | X1y
P= Y + 3 + x7, (23)
3 3
o 1’11’2 £L’1£U2 B
2,2 4
Ty Ty
R= 3 o T (25)
satisfies the following relations:
[Xo, X1] = Xa, [Xo, Xo] = — X1, [Xo, X3] =0, (26)
[Xo, X4] = X, [Xo, X5] = — X4, (27)
[Xo, X¢] = 2X7, [Xo, X7] = Xz — X, [Xo, Xs] = —2X7. (28)

Thus the field Xq is an infinitesimal symmetry of the sub-Riemannian
structure generated by the orthonormal frame {X1, Xo}.

Proof. In fact, the both statements of the proposition are verified by the direct
computation, but we prefer to describe a method of construction of the vector
fields Xl, “ee ,Xg, and Xo.



(1) In the previous work [21] we constructed a similar symmetric vector field
model for the Lie algebra Eé‘j), which has growth vector (2, 3, 5):

LY = span{X1,..., X5} C Vec(R%), (29)
2 2

X1 = ail - %aig - ;xzai%’ (30)

Xs:&‘ix?,+x18im+x28i:c5’ (32)

Xi= g (33)

X = (34)

with the Lie brackets (8), (9). Now we aim to “continue” these relationships to

vector fields X71,..., Xg € Vec(R®) that span the Lie algebra L’gL). So we seek
for vector fields of the form

0 xy O xi+x5 0 . 0
X - e = - 1
! 8x1 2 (91'3 2 8%5 + ; “ é)xl ’ <35)
0 x1 0 al+a2 9 o~ , 0
X0 = — - _ . i
2 8372 2 81‘3 2 81‘4 ;6 261’1" (36)
d B 5.0
Xo = — %
5= Oms T oz, M20ms T ; % D (37)
0 .0
X - 7
Y= 3 + ; P (38)
Xoe Ly ()
5T 8x5 =6 5 al’z ’
. .0
_ Jj_Y _
X; = ;“i o =678 (40)

such that span{X;,..., Xg} = Egl).
Compute the required Lie brackets:



0 0 da§  0af\ 0
[Xl,XQ] 83+m184+x281‘5+(a$1_6$2)6$6
(o) 0 (005 outy o
(9331 8332 8337 6.%‘1 85(}2 (9373’
9 [ 9d§ 9 | Baf & | 9a} O
[Xl’XS] - 83?4 8.’171 8336 6.’171 81)7 67371871‘8’
0 da$ 0 dal 9 da§ 0
X Xsl = B T B 05 T Oy B T Oy Oy’
8a4 0 8a1 0 da§ 0
X1, X —
[ b 4] 8:51 8$6 8x1 8x7 3%1 a.’t87
X1, Xs] = aag 0 aag 0 aag 0
15 8z1 8506 (91'1 a.’E7 81‘1 6958
X, X4] = 8a2 0 Baz 3] Bai 0
204 8332 6376 8332 8337 8332 6338
dal 0 dal 0 da8 9
[XZ’ X5] 81‘2 8$6 871‘267.137 61‘2 8338

The vector fields X1, ...

, Xg should be independent, thus the determinant

constructed of these vectors as columns should satisfy the inequality

ag

:@g

8
ag

D =det (X1,...,Xs)

We will choose a{ such that D = 1. It follows

6

az ag
al al| #0.
a7 ag

from the multiplication table for

X1,...,Xg that
d*a§  d*af d*a§
dx]27 dz1dzo dx%z
D d*a} d*a} d*a ‘
T dridrs  dz2
d2a]§ dzag dza?g
dr?  dridze  dxd

In order to get D = 1, define the entries of this matrix in the following symmetric

2

way: a$ = ER al = z119, af = ?2 Then we obtain from the multiplication
da$  0al 2?2 Oal  Oal
table for Xq,...,Xg that —2 — —L =8 = 2L 2 _ 21 — 7T — 412
! a8 8$1 8.132 3 2 8$1 8$2 3 152
da§  0adf x2
—2_ 1 ag = 22 We solve these equations in the following symmetric
8331 (91‘2 2
6 6 T8 . T1x3 . aize 3 g
Way:a1=0,a2=€,a1— 1 2= ,alz—z,aQZO.Thenwe

10



substitute these coefficients to (35), (36) and check item (1) of this theorem by
direct computation.

Now we prove item (2). We proceed exactly as for item (1): we start from
an infinitesimal symmetry [21]

0 0

+ — ui € Vec(R?) (41)

Xo =3 I58m ox
4 5

0 X1 o 0 i)
of the sub-Riemannian structure on R® determined by the orthonormal frame
(30), (31) and “continue” symmetry (41) to the sub-Riemannian structure on
R® determined by the orthonormal frame (14), (15).

So we seek for a vector field Xo € Vec(R®) of the form (22) for the functions
P,Q,R € C~(R?®) to be determined so that the multiplication table (26)—(28)
hold.

3 2
The first two equalities in (26) yield X; P = —%, XoP = 3312332' Further,

x%xz

XgP = [Xl,XQ]P = XlXQP—XQXl.P = X1 —‘r‘)(zﬁ = I1Z2. Slmllarly
it follows that X4P = T2, X5P = I, XGP = 0, X7P = 1, XgP = 0. Since
X¢P = XsP = 0, then P = P(x1,22,23,24,25,27). Moreover, since X;P =
1, then P = x7 + a(x1,x2,x3,24,25). The equality XsP = x; implies that

881“5 = 0, i.e,, a = a(x1,29,23,24). Similarly, since X4P = x5, then a =
0
a(xy,x2,x3). It follows from the equality X3P = xixo that a—a = x179, i.€.,
T3
. rivy
a = x1z9x3 + b(x1,x2). Moreover, the equality XoP = 5 implies that
b 2 2,2
— = —p23 — as x27 ie., b= —xiT7w3 — 11Ts + ¢(x1). Finally, the equality
81'2 4 8 4
3 dc x3 112 T x2x2
X P = —=L implies that — = ——L + 2 e, c= -2 422 Thus
! g HPH da, 6~ 2 T TagT Ty "

equality (23) follows. Similarly we get equalities (24), (25).
Then multiplication table (26)—(28) for the vector field (22)—(25) is verified
by a direct computation. O

3 Carnot group

In this section we study the Carnot group G with the Lie algebra L = Eé4).

3.1 Product rule in GG

In this subsection we compute the product rule in the connected simply con-
nected Lie group G with the Lie algebra L = £§4) on which the vector fields
X1,...,Xs given by (14)—(21) are left-invariant.

Our algorithm for computation of the product rule in a Lie group G with
a known left-invariant frame Xi,..., X, € Vec(G) follows from the next ar-
gument. Let g1,92 € G, and let go = et»X» o ... 0 etX1(Id), t1,...,t, € R,

11



where we denote by eX : G — G the flow of the vector field X. Then
g1 92 =g1-e"Xno. . oerXi(Id) = elnXn 0. . 0el1X1(g) by left-invariance of
X;. So an algorithm for computation of ¢; - g2 is the following:

1. Compute e'¥Xi(g), t; €R, g€ G.
2. Compute enXno.. . 0e1X1(g), t;€R, g€ G.
3. Solve the equation e»Xno...cef1X1(Id) = go for t1,...,t, € R (we assume

that this is possible in a unique way).

tn Xn

4. Compute g1 - g2 =€ 0-~-0€t1X1(92)-

By this algorithm, we compute the product z = x - y in the coordinates on G
(notice that as a manifold G = R®), as follows:

r=(x1,...,28), y= (y1,...,48), 2= (21,...,28) € G = R®,

z1 = T1+ Y1,

Zo = T2 + Yo,

1
z3=T3+ Y3+ 5(951312 — T2y1),

1
Z4 = T4 +Ys+ 5(361(3?1 +y1) + za(x2 + y2) + 21Y3),

1
Z5 = T5 + Y5 — 53/1(331(% +y1) + x2(22 + y2)) + T2Y3,

X
26 = Te + Ys + 1*;(296%312 + 3z1y1y2 — 25 + 621Y3 + 12y4),

1
zp = a7 +yr + ﬁ(fix?yz(%z + 1) — 22(3z2y; + 6yTy2 + 4(y5 — 6y™))
+ 21 (—633y1 + 4y + 6y1y3 + 24w2y3 + 24ys)),

x
28 = xg + Yg + ?2(—%%1/1 + 2y3 — 32y1y2 + 622y3 + 12y5).

3.2 Right-invariant frame on G

Computation of the right-invariant frame on G corresponding to a left-invariant
frame can be done via the following simple lemma. Denote the inversion on a
Lie group G asi : G — G, i(g) =g L.

Lemma 1. Let X1, Xo, X3 € Vec(G) and Y1,Y2,Ys € Vec(G) be respectively
left-invariant and right-invariant vector fields on a Lie group G such that Y;(Id) =
—X,(Id), j =1,2,3. Then
WX, =Y;, i=1,23, (42)
(X1, X2l =X3 & [V1,Y3] =Ys. (43)
Proof. Equality (42) follows by the left-invariance and right-invariance of the

fields X, and Y; respectively. Equality (43) follows since the diffeomorphism
i : G — G preserves Lie bracket of vector fields (see e.g. [1]). O

12



Thus if X1,...,X,, € VecG is a left-invariant frame on a Lie group G,
then Y7,...,Y, € VecG, Y; = i.Xj, is the right-invariant frame such that
Y;(Id) = —X,(Id), j =1, ...,n, and the same product rules as for X, ..., X,,.

Immediate computation using the product rule in G given in Subsec. 3.1

gives the following right-invariant frame on the Lie group G = R? :

Y= 0 T2 0 _x1x2+2x3i aﬁi
dxq 2 0xs3 2 Oxy 2 Juxs
3 —6xy O 223 + 3x103 + 1225 0
6 Oz 12 dx7’
o 0 m 0 30 w2 0
0 xo 2 Oxs 2 0xy 2 0xs
3x3xy + 203 — 1224 O 3+ 6x5 0
+ 12 drg 6  duag’
Yi:—aii, 1=3,...,8.

3.3 Left-invariant and right-invariant
Hamiltonians on 7*G

Using the expressions for the left-invariant and right-invariant frames given in
Subsec. 2.6 and Subsec. 3.2, we define the corresponding left-invariant and right-
invariant Hamiltonians, linear on fibers in T*G:

In the canonical coordinates (z1,...,xs,¥1,...,¥s) on T*G [1] we have the
following:
2, .2 2 3
T2 xr] + x5 T125 Th
hy =11 — =3 — - - =
1=11 5 3 5 Vs 1 V7 5 Vs,
x 2 + x2 x3 3z
h2:¢2+%¢3+¥¢4+€1¢6+ 1421P7,

IQ .'L'2
hs = 3 + 2194 + 2215 + ?11116 + 21727 + ?21/’87

ha = Y4 + 21306 + T297,
hs = 15 + 1197 + 2708,
hi:wh 7;:63778a

13



and

x 122 + 22 x?
g1 =~y — Zgpy — F2 T Ty 4 Ty
2 2 2
— 614 223 + 3x122 + 1215
— 44
6 ¢6 12 1/)7, ( )
T1To — 2
g2 = —g — Zﬁd -5 %ws
3:1035 + 223 —12x 3 + 6x
12 : 246 — L 2 g, (45)
12 6
gi = —U;, i=3,...,8. (46)

3.4 Casimir functions on L*

In this subsection we compute Casimir functions on the dual space L* to the
Lie algebra L = £§4), i.e., the smooth functions

f+ L™ — R such that {f, h;} =0, i=1,...,8.

Simultaneously we characterize orbits of the co-adjoint action of the Lie group
G on L*
{Adg-1(h) | g € G}. (47)

Theorem 3. The functions

he, hz, hs, C = hihg— 2hshshy 4+ hihg — 2hs(hhs — h2) (48)

are Casimir functions on L*, L = Egl)
If hehg — h% # 0, then these functions are independent, and any Casimir
function depends functionally of them.

Proof. For all i =6,7,8, j =1,...,8, we have [X;, X;] = 0, thus {h;,h;} = 0.
The equality {C,h;} =0 for j =1,...,8 is verified immediately. Thus hg, hr,
hg, C' are Casimir functions. Now we prove that there are no other Casimir
functions on L*.

Let f € C* (L*) be a Casimir function, then

or 91 of of

{fih}=—hs— s~ Mang ~hoghs ~higns =0 (49)
{f, ha} = %%_h %—h aa;{ hgg—,izo, (50)
{f, hs} = h4a—f + hs a];i 0, (51)
{f ha} = af -+ h7§f{ 0, (52)
{f,hs} = h7ﬁ he 2L g, (53)

Ohs
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These equalities are conveniently rewritten in terms of the following vector fields
V; € Vec L*:

7] 0 0 0

Vl:7h3%7h4%7h687m7h787%’ (54)
PRI BN -
Vi = hea—hl + h7aih2, (57)
V5:h7aihl+hgaih2. (58)

Namely, equalities (49)—(53) have the form V;f =0,i=1,...,5.

The vector fields V;, i = 1,...,5, form a Lie algebra with the product table
[Vi,Va] = Vs, [Vi.Va] = Vi, [Va, Va] = V5. Denote for any h € L* by Oy,
the orbit of the fields Vi, ..., Vs passing through the point A [1]. It is easy to
see that Op, is the orbit (47) of the co-adjoint action of the Lie group G on
L* [16,18].

By the Orbit Theorem [1], Oy, is an immersed submanifold of L* of dimension

dim Oy, = dim Liey, (V3, ..., V5) = dimspan(Vi(h), ..., Vs(h)) = rankJ(h),
where

0 hs hg hg hr
—hs 0 hs hr hg
Jh)y=WV,...,Vs) =] —ha —hs 0 0 0 . (59)
—hg —h7 0 0 O
—h7 —hg 0 0 O
Further, since Oy, is a co-adjoint orbit, it is a symplectic, thus even-dimensional
manifold, i.e., dim Oy, € {0,2,4}.
Denote A = hghg — h%, and let A # 0. Since

0 hs he hr
—hs 0 hy hg
—he —h7z 0 O
—h7 —hg 0 O

then rankJ(h) = dim Op, = 4. We have
On C {W € L*|C(I) = C(h), hi(h') = h;i(h), i=6,7,8}. (61)

The subset in the right-hand side of inclusion (61) is arcwise connected, thus
this inclusion is in fact an equality. In greater detail:

det =-A?#£0, (60)

Oh = R}%‘/17h/2 X Q, (62)
Q = { (i, Py, 1) € R¥M, = (e (h)° — 2hehiyh + hs (1)° = C) /(2) }
(63)
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If A >0, then @ is an elliptic paraboloid; and if A < 0, then @ is a hyperbolic
paraboloid.

So in the case A # 0 the orbits O are common level sets of the func-
tions (48). Any Casimir function is constant on the orbits Oy, thus it depends
functionally on the functions (48). O

The next description of co-adjoint orbits follows from the previous proof.

Corollary 1. let h € L*. Denote A = hghg — h%, A1 = hshy — hahg, Aoy =
hshg — hahy.

(1) The co-adjoint orbit {Ad;-.(h) | ¢ € G} coincides with the orbit Oy of
vector fields (54)—(58) through the point h.

2) The orbits Oy have the following dimensions:
(2) g
(21) A2+ A2+ AZ#£0 = dimOy, =4,
(22) A2+ AT+ A3=0, h3+---+h§#0 = dimO, =2,
(23) K3+ +hi=0 = dimO,=0.
, then the orbit Oy 1s described explicitly as s .
3) If A #0, then th bit Oy, is d bed licitl 62), (63

In Subsec. 5.3 we consider the restriction of the vertical part of the Hamil-
tonian vector field H to the orbit Op, A # 0.

4 Pontryagin maximum principle

In this section we apply a necessary optimality condition — Pontryagin Maxi-
mum Principle (PMP) [1,9] to the sub-Riemannian problem (5)—(7) and derive
ODEs for the geodesics of this problem. To this end introduce the Hamiltonian
of PMP

v
R () = wha (V) + usha () + 5 (uf + u3),

\eT*G, u € R?, veR.

Theorem 4 (PMP, [1]). Let q(t), t€[0,¢1], be a SR minimizer corresponding
to a control u(t), t € [0,t1]. Then there exists a Lipschitzian curve A(t) €
T*G, t € [0,t1], m(A(t)) = q(t), and a number v € {—1, 0} such that the
following conditions hold:
1. the Hamiltonian system of PMP
. —
At) = hypy(A®) a.e.t €0, t], (64)
2. the mazimality condition hz(t)(A(t)) = max hE(A(t)), t € [0, t1],
veE

3. and the nontriviality condition (A(t),v) # (0, 0), t € [0, t1].

16



In view of the product rule (8)—(10), the Hamiltonian system (64) reads in
the parametrization T*G 3 A = (hy, ..., hg, q) as follows:

hi = —ushs,

ha = uihs,

hs = uiha + ushs,

ha = urhg + ushs,

hs = uihy + ushs,

e — iy — s — 0,

g =u1 X1+ usXo.

In the next subsections we specialize the conditions of PMP for the abnormal
(v =0) and normal (v = —1) cases.

4.1 Abnormal case

Let v = 0. Then the maximality condition h2(\) = uihi(\) + ugha()\) — max

u€ER?
yields the identities along abnormal extremals: hi(\) = ha(A) = 0. Then
0 = hy = —ughs and 0 = hy = uyhg. Since any minimizer can be reparametrized

to have a constant velocity (u? + u3 = const), we have u? + u3 # 0 along

non—constant trajectory, thus abnormal extremals satisfy one more identity:
hd()\) =0. Then 0 = h3 = U1h4+UQh5, thus (’U,l(t), UQ(t)) = k(t)(—h5(t), h4(t))
along abnormal extremals. After reparametrization of time we get the abnor-
mal controls u; = —hs, us = hg. Summing up, abnormal extremals A(t) are
described as follows.

Proposition 1. Abnormal extremals of the (2,3,5,8) sub-Riemannian prob-
lem (5)—(7) are reparameterizations of curves A(t) € T*G that satisfy the con-
ditions

hi(A(t)) = ha(A(t)) = ha(A(t)) =0,
h h hy —h
Ge)=r () 2=(2 T) )
he = hy = hg = 0,
G = —hs X1+ hyXs.

We have trD = 0, A = det D = hghg — h%, and the following cases are
possible:

(1) A <0, then system (65) has the saddle phase portrait,
(2) A > 0, then system (65) has the center phase portrait,
(3) A =0, D # 0, then the phase portrait of (65) consists of lines and fixed

points,
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(4) D =0, then the phase portrait of (65) consists of fixed points.

Thus follows that abnormal extremals are analytic (this is related to the famous
open question on smoothness of sub-Riemannian minimizers [7,8]).
One can show that projections of abnormal extremal trajectories to the plane

R2 ., in these cases are respectively the following:

1) hyperbolas, their separatrices, and center,

2) homothetic ellipses and their center,

parabolas,

)
)
)
4)

fixed points.

Trajectories that project to hyperbolas and parabolas are strictly abnormal
(i.e., abnormal trajectories that are not normal trajectories [1,29]). Moreover,
one can parameterize the abnormal variety, i.e., the submanifold of G filled by
abnormal trajectories [8]. These results will appear in a forthcoming work [28].

4.2 Normal case

Let v = —1. Then the maximality condition h;1(\) = u1hi(N) + ugha(\) —

% (u% —&—u%) — maﬂg yields the normal controls u; = hi, us = hs. Thus the
ue

normal extremals are trajectories of the Hamiltonian system
A=HO), reT*G, (66)
with the normal Hamiltonian
1
H=3 (k7 +h3). (67)

In the parametrization T*G 3 A = (hy, ..., hs,q), system (66) reads as follows:

hy = —hahs,

ha = hihs,

hs = hihg + hohs,
hy = hihg + hohs,
hs = hihs + hohs,
he = hy = hg = 0,
G =hi1 X1+ ha Xo.
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5 Integrability of the normal Hamiltonian field

In this section we study integrability of the Hamiltonian field H. We compute
10 independent integrals of H , of which only 7 are in involution. Recall that for
the Liouville integrability of the Hamiltonian system A = H()\) with 8 degrees
of freedom we need 8 independent integrals in involution [4]. After reduction by
Casimir functions (48), the vertical subsystem of H shows numerically a chaotic
dynamics, which leads to Conjecture 1 below on non-integrability of H.

5.1 Algebra of integrals of H

The normal Hamiltonian system A = H (M) reads in the canonical coordinates
(1,...,0g;x1,...28) on T*G as follows:

. 2 1 2
1 =hy <$1¢5 + 33221/)7) — hy <2¢3 + x19¥4 + %7% + Il;Q ¢7> ;

. 1 1T 2 2
Yo =My <21/13 + x5 + %1/17 + 221//8> — hy (I2¢4 + 211/17) ;
¥; =0, i=3,...,8,
4= h1X1(q) + haXa(q),
2, .2 2 3
L2 7 + T3 15 x5
o T2 _ _ T 4
hi =1 5 V3 5 Vs 1 Py 6 s, (74)
x x? + x2 x5 22z
h2=¢2+§1¢3+ 12 2¢4+€1¢6+ 1421P7~ (75)

In view of results of Secs. 2, 3, the Hamiltonian field H has the following
integrals:

e the system Hamiltonian H (67),

e right-invariant Hamiltonians g1, ..., gs (44)—(46),

e the Hamiltonian of rotation ho(X) = (A, Xo) (22),

e Casimir functions hg, h7, hg, C (48),

e the cyclic variables 93, ..., 1g of the Hamiltonian H (67), (74), (75).

Of these integrals, only 10 are functionally independent, thus we get an algebra
of integrals
I:Span(Hagla"'ag87h0) (76)

with the nonzero brackets

{ho, 94} = gs, {ho, 95} = —ga, (77)
{ho, 96} = 297, {ho, g7} = g8 — ge, {ho, g8} = —2g7. (78)
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So we have an Abelaian algebra generated by 7 independent integrals:
A:Span(Hag37"'7g8)' (79)
We proved the following statement.

Theorem 5. The normal Hamiltonian vector field H has an algebra I (76)-
(78) of 10 independent integrals, and an Abelian algebra A (79) of 7 independent
integrals.

Thus there lacks just one integral commuting with the integrals in A in order
to have Liouville integrability of H.
5.2 Homogeneous integrals of H

A natural source of integrals of H are homogeneous polynomials in the mo-
menta h;: P, = Py(hy,...,hs), deg P, = k. Although, for £k = 1,2,3 we
get no new integrals in this way, i.e., P;, P>, Ps are expressed through the
Casimir functions and the Hamiltonian H.

Theorem 6. Let a homogeneous polynomial Py(hy, ..., hs) be an integral of the
field H. Then:

(1) P = Z?:(; aih;, a; € R,
(2) Py =330 g aishih; +bH,  ay, bER,
(3) b= Zi“:g; aijihihjhy + H Y5 o bihi + aC, aiji, bi, a €R.
Proof. (1) Let P, = Z?Zl a;hi, a; € R, be an integral of H, then
0={H,P1} = —aihihs + azhahs + as(hiha + hahs) + as(hahe + hahr)
+ as(hihr + hahs),

thus a] = -+ =4a5 = 0, SO P1 = Z?:G alhl
Statements (2) and (3) are proved similarly. O

In addition to attempts to prove Liouville integrability of H , we tried also
to apply noncommutative integrability theory [19], but failed.

On the other hand, in the next subsection we present a numerical evidence of
chaotic dynamics for the (reduction of) the Hamiltonian field H, which suggests
thet this field is not Liouville integrable.

5.3 Reduction of the vertical subsystem

The Hamiltonian field H on T*G has a vertical part ﬁvcrt defined on L* as
follows (see e.g. [1]):

Huert(\) = (addH)*\, A€ L*.
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In the coordinates (hq,...,hs) on L*, the ODE \ = ﬁvert()\) reads just as
equations (68)—(73).

For any p = (hQ, h9, h3,C°) € R*, consider the common level surface of the
Casimir functions (48)

O,={\eL*|h()\)=h, i=6,7,8, C(\)=C%

By Corollary 1, in the generic case A® = hghd — (h9)? # 0, the level set O,
is an orbit of co-adjoint action of the Lie group G on L*, it is 4-dimensional,
and is parameterized by the coordinates (hi, ha, hq, hs) as (62), (63). In these
coordinates, the restriction of the vertical subsystem A\ = ﬁvert(k) to O, reads
as follows:

hi = —hg hs(ha, hs),
hy = hy hs(ha, hs),
ha = hihQ + hahY,
hs = hih9 + hohy,
h3(ha, hs) = (hghi — 2h9hshs + hghi — C°)/(2A°).
Restriction of this system to the level surface { H = 1/2} gives, in the coordinates

h1 =cosf, hg=sinf, hz=c,

h4:CL, h5:b7 hﬁzma h7:p7 h8:n7

the following 3 equations:

0 = (2pab — na® — mb?)/(2A) + k, (80)
a =mcosf 4+ psind, (81)
b= pcosf + nsinb, m, m, p, k= const. (82)

If () is increasing (or decreasing), then system (80)—(82) defines a Poincare
mapping
P : R? - R? P(a,b) = (d', V),
(6(1),a(t), b(t))],=o = (0,a,b),
(0(t), a(t), b(t))li=pso = (27, 0", V).
We computed numerically the orbits {P%(a,b) | i € N}, and for various values

of the parameters (m,n,p, k) and initial points (a,b), we get regular or chaotic
bahaviour, see Figs. 2-7. This numeric evidence leads to the following

Conjecture 1. (1) The Hamiltonian vector field H is not Liowville integrable
on T*G.

(2) There exist symplectic submanifolds S C T*G, 0 < dim S < dimT*G,
such that H is Liouville integrable on S.

21



Figure 2: Regular orbit of Poincaré map (5-10° points)

Figure 3: Regular orbit of Poincaré map (5-10° points)
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Figure 4: Chaotic orbit of Poincaré map (5-10° points)

X 60

—60

Figure 5: Chaotic orbit of Poincaré map (5-10° points)
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Figure 6: Chaotic orbit of Poincaré map (5-10° points)

Figure 7: Chaotic orbit of Poincaré map (5-10° points)
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5.4 Lower-dimensional projections

For special initial values of A € L*, projections of normal geodesics ¢(t) of the
(2,3,5,8)-problem to certain subspaces of the state space R® yield geodesics of
lower-dimensional sub-Riemannian problems since there is an obvious nested
chain of nilpotent SR problems on Carnot groups, like Russian Matryoshka:

(2) C (2,3) C (2,3,5) C (2,3,5,8),
corresponding to the chain of subspaces:
R} 10y C R apay CRY, 4y CRE, oy
Multiplication table in the Heisenberg algebra (growth vector (2,3)) is
(X1, Xo] = X3, (83)
and in the Cartan algebra (growth vector (2,3,5)) is
[X1,X2] = X3, [X1,X35] =Xy, [Xo,X3]=Xs. (84)

Multiplication tables (83) and (84) are depicted resp. in Figs. 8 and 9 (compare
with Fig. 1 for the (2,3,5,8) Carnot algebra).

Figure 8: The Heisenberg algebra

If hg(A) = -+ = hg(A) = 0, then (x1(t),z2(t)) is a Riemannian geodesic in
the Euclidean plane Rimv i.e., a straight line.

If ha(X) = -+ = hg(A) = 0, then (x1(t),x2(t), z3(t)) is a sub-Riemannian
geodesic in the Heisenberg group R3 . thus the curve (z1(t),z2(t)) is a

straight line or a circle [6,30].

If hg(N) = h7(A) = hg(A) = 0, then (z1(¢),...,x5(t)) is a sub-Riemannian
geodesic in the Carnot group R . thus the curve (x1(t),z2(t)) is an Euler
elastica — a stationary configuration of elastic rod in the plane [11,17,21-27],
see the plots of elasticae for various values of elastic energy at Figs. 10-13.

For generic A € L*, the curves (x1(t), x2(t)) look like “elasticae of variable
elastic energy”, see Figs. 14, 15.
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Figure 9: The Cartan algebra

Figure 10: Inflexional elastica Figure 11: Inflexional elastica

There is an obvious relation of optimality of trajectories of the (2,3,5,8)-
problem and its lower-dimensional projections due to the following simple state-
ment.

Proposition 2 ( [3]). Consider two optimal control problems:
i'=f'(¢'u), ¢ €M, uel,
¢'(0) =aqy, q'(h) =i,
ty
J = / p(u) dt — min,
0
i=1,2.
Suppose that there exists a smooth map G : MY — M?, s. t. if ¢*(t) is the tra-
jectory of the first system corresponding to a control u(t), then ¢(t) = G(q¢*(t))
is the trajectory of the second system with the same control.
Further assume that ¢*(t) and ¢*(t) are such trajectories. If ¢*(t) is locally

(globally) optimal for the second problem, then q'(t) is locally (globally) optimal
for the first problem.

This proposition provides lower bounds for the cut time

teat(N) = sup{t > 0 | w0 e*# (\) is globally optimal for s € [0,]}
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Figure 12: Inflexional elastica Figure 13: Non-inflexional elas-
tica

-05

Figure 14: Elastica of variable elastic energy

Figure 15: Elastica of variable elastic energy
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and the first conjugate time
teonj(A) = sup {t >0|7mo eSﬁ(x\) is locally optimal for s € [O,t}}

of the (2,3,5,8)-problem in terms of the same functions for its lower-dimensional
projections.

For the Riemannian problem on the plane, the straight lines are optimal
forever, so the cut and first conjugate times are +oo, thus for the (2,3,5,8)-
problem

hs(A) =...hg(\) =0 = te(A) =1t}

conj ()‘) = +00.

For the sub-Riemannian problem on the Heisenberg group, the circles are locally
and globally optimal up to the first loop, thus for the (2,3,5,8)-problem

1 2m

Similar, but much more complicated bounds hold for the case hg(A) = hy(A) =
hg(A) = 0 via comparison with the cut and first conjugate times for the sub-
Riemannian problem on the Cartan group [21-24].

hs(A) #0,  ha(A)=---=hs(A) =0 =

conj

6 Conclusion

We see the following interesting questions for the (2,3,5,8)-problem:
1. study optimality of abnormal geodesics,

2. describe all cases where the normal Hamiltonian vector field H is Liouville
intergable, integrate and study the corresponding normal geodesics,

3. describe precisely the chaotic dynamics of the normal Hamiltonian vector
field H.

We plan to address these questions in forthcoming works.
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