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Yu.L. SachkovExponential mappingin the generalized Dido problemAbstractThe generalized Dido problem is stated as an optimal control problem in the 5-dimensionalspace with the 2-dimensional control and a quadratic cost functional | the nilpotent sub-Riemannian problem with the growth vector (2,3,5). Extremals of this problem are parametrizedby Jacobian elliptic functions.
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��� 517.977 �.�. � ·ª®¢�ª±¯®¥¶¨ «¼®¥ ®²®¡° ¦¥¨¥¢ ®¡®¡¹¥®© § ¤ ·¥ �¨¤®» 1�®² ¶¨¿�¡®¡¹¥ ¿ § ¤ ·  �¨¤®» ´®°¬³«¨°³¥²±¿ ª ª § ¤ ·  ®¯²¨¬ «¼®£® ³¯° ¢«¥¨¿¢ 5-¬¥°®¬ ¯°®±²° ±²¢¥ ± 2-¬¥°»¬ ³¯° ¢«¥¨¥¬ ¨ ª¢ ¤° ²¨·»¬ ´³ª¶¨® «®¬ |¨«¼¯®²¥² ¿ ±³¡°¨¬ ®¢  § ¤ ·  ± ¢¥ª²®°®¬ °®±²  (2,3,5). �ª±²°¥¬ «¨ ½²®© § ¤ ·¨¯ ° ¬¥²°¨§³¾²±¿ ½««¨¯²¨·¥±ª¨¬¨ ´³ª¶¨¿¬¨ �ª®¡¨.1 �¢¥¤¥¨¥. �®±² ®¢ª  § ¤ ·¨1.1 �¥®¬¥²°¨·¥±ª ¿ ¯®±² ®¢ª  § ¤ ·¨� ª µ®°®¸® ¨§¢¥±²®, ª« ±±¨·¥±ª ¿ § ¤ ·  �¨¤®» ¬®¦¥² ¡»²¼ ±´®°¬³«¨°®¢   ±«¥¤³¾-¹¨¬ ®¡° §®¬. � » ¤¢¥ ²®·ª¨   ¯«®±ª®±²¨, ±®¥¤¨¥»¥ ª°¨¢®© 0, ¨ ·¨±«® S. �°¥¡³¥²±¿±®¥¤¨¨²¼ ½²¨ ²®·ª¨ ª° ²· ©¸¥© ª°¨¢®©  ² ª, ·²®¡» ®¡« ±²¼   ¯«®±ª®±²¨, ®£° ¨·¥ ¿ª°¨¢»¬¨ 0 ¨ , ¨¬¥«  ¯«®¹ ¤¼ S. �§¢¥±²® ¨ °¥¸¥¨¥ ½²®© § ¤ ·¨: ½²® ¤³£  ®ª°³¦®±²¨¨«¨ ®²°¥§®ª ¯°¿¬®©, ±®¥¤¨¿¾¹¨© § ¤ »¥ ²®·ª¨.� ±±¬®²°¨¬ ±«¥¤³¾¹¥¥ ¥±²¥±²¢¥®¥ ®¡®¡¹¥¨¥ § ¤ ·¨ �¨¤®». � ¤ ¤¨¬, ª°®¬¥ ¤¢³µ²®·¥ª (x0; y0); (x1; y1) 2 R2, ±®¥¤¨¿¾¹¥© ¨µ ª°¨¢®© 0 ¨ ·¨±«  S 2 R, ² ª¦¥ ²®·ª³  ¯«®±ª®±²¨ c = (cx; cy) 2 R2. �¥®¡µ®¤¨¬®  ©²¨ ª° ²· ©¸³¾ ª°¨¢³¾ , ±®¥¤¨¿¾¹³¾²®·ª¨ (x0; y0) ¨ (x1; y1), ² ª³¾, ·²®¡» ®¡« ±²¼ D � R2, ®£° ¨·¥ ¿ ¯ °®© ª°¨¢»µ 0 ¨, ¨¬¥«  § ¤ »¥ ¯«®¹ ¤¼ S ¨ ¶¥²° ¬ ±± c.�¥±¬®²°¿   ¯°®±²®²³ ¨ ¥±²¥±²¢¥®±²¼ ´®°¬³«¨°®¢ª¨, ®¡®¡¹¥ ¿ § ¤ ·  �¨¤®»¿¢«¿¥²±¿ ®²ª°»²®©. �¥«¼ ¤ ®© ° ¡®²» | ®¯¨± ¨¥ ½ª±²°¥¬ «¥© ¢ ½²®© § ¤ ·¥.�³¤¥¬ ±·¨² ²¼, ·²® ª°¨¢ ¿  ®°¨¥²¨°®¢   ®² ²®·ª¨ (x0; y0) ª ²®·ª¥ (x1; y1),   ª°¨¢ ¿0 ¢ ¯°®²¨¢®¯®«®¦®¬  ¯° ¢«¥¨¨ (ª°¨¢»¥  ¨ 0 ¡³¤¥¬ ±·¨² ²¼ «¨¯¸¨¶¥¢»¬¨).�® ²¥®°¥¬¥ �²®ª± , ¯«®¹ ¤¼ S ¨ ¶¥²° ¬ ±± (cx; cy) ®¡« ±²¨D, ®£° ¨·¥®© § ¬ª³²®©ª°¨¢®©  + 0 = @D, ¢»·¨±«¿¾²±¿ ±«¥¤³¾¹¨¬ ®¡° §®¬:S = ZZ D dx dy = Z+0 12(x dy � y dx);cx = 1S ZZ D x dx dy = 1S Z+0 12(x2 + y2) dy;cy = 1S ZZ D y dx dy = 1S Z+0 �12(x2 + y2) dx:�¡®§ ·¨¬ ¤¨´´¥°¥¶¨ «¼»¥ 1-´®°¬»:!1 = 12(x dy � y dx); !2 = 12(x2 + y2) dy; !3 = �12(x2 + y2) dx:1� ¡®²  ¯®¤¤¥°¦   �®±±¨©±ª¨¬ �®¤®¬ �³¤ ¬¥² «¼»µ �±±«¥¤®¢ ¨©, ¯°®¥ª² 02-01-00506.1



� ¬¥· ¨¿. (1) � ¤ ¨¥ S, cx, cy ° ¢®±¨«¼® § ¤ ¨¾ ¨²¥£° «®¢Z+0 !1; Z+0 !2; Z+0 !3:(2) � ¢¨±¨¬®±²¼ ®² ª°¨¢®© 0 ¥±³¹¥±²¢¥ , ¢ ¦® «¨¸¼ ²®, ·²® ½²  ª°¨¢ ¿ ±®¥¤¨¿¥²²®·ª¨ (x1; y1) ± (x0; y0). � ¨¬¥®, ¢»¡¥°¥¬  °¿¤³ ± 0 ¤°³£³¾ ª°¨¢³¾ 1, ±®¥¤¨¿¾¹³¾(x1; y1) ± (x0; y0). � ª ª ª Z+0 !i � Z+1 !i = Z0�1 !i;²® § ¤ ¨¥ ¨²¥£° «®¢ R+0 !i, i = 1; 2; 3, ° ¢®±¨«¼® § ¤ ¨¾ ¨²¥£° «®¢ R+1 !i, i =1; 2; 3. �®½²®¬³ ¢ ¤ «¼¥©¸¥¬ ¡³¤¥¬ ±·¨² ²¼ 0 ®²°¥§ª®¬, ±®¥¤¨¿¾¹¨¬ (x1; y1) ± (x0; y0).(3) � ¤ ¨¥ R+0 !i, i = 1; 2; 3, ° ¢®±¨«¼® § ¤ ¨¾ ¨²¥£° «®¢ R !i, i = 1; 2; 3.(4) � ° ««¥«¼»¥ ¯¥°¥®±» ¢ ¯«®±ª®±²¨ R2x;y ¯¥°¥¢®¤¿² °¥¸¥¨¿ § ¤ ·¨ ¢ °¥¸¥¨¿,¯®½²®¬³ ¢ ¤ «¼¥©¸¥¬ ¡³¤¥¬ ±·¨² ²¼, ·²® ª°¨¢»¥  ¢»µ®¤¿² ¨§  · «  ª®®°¤¨ ²:(x0; y0) = (0; 0): (1)1.2 �®¤º¥¬ ¢ R5�³±²¼  = f(x(t); y(t))g | ª°¨¢ ¿, ¢»µ®¤¿¹ ¿ ¨§  · «  ª®®°¤¨ ²: (x(0); y(0)) = (0; 0).�¯°¥¤¥«¨¬ ±«¥¤³¾¹¨¥ ´³ª¶¨¨ ¢°¥¬¥¨:z(t) = Z !1 = Z t0 12(x _y � y _x) dt; (2)v(t) = Z !2 = Z t0 12(x2 + y2) _y dt; (3)w(t) = Z !3 = Z t0 �12(x2 + y2) _x dt: (4)�«¿ ¯«®±ª®© ª°¨¢®© (x(t); y(t)) ®¯°¥¤¥«¥ ¥¥ ¯®¤º¥¬ ¢ ¯¿²¨¬¥°®¥ ¯°®±²° ±²¢®:q(t) = (x(t); y(t); z(t); v(t); w(t)) 2 R5x;y;z;v;w;¢ ²¥°¬¨ µ ª®²®°®£® ®¡®¡¹¥ ¿ § ¤ ·  �¨¤®» ´®°¬³«¨°³¥²±¿ ±«¥¤³¾¹¨¬ ®¡° §®¬.�«¿ ¤ ®© ²®·ª¨ q1 = (x1; y1; z1; v1; w1) 2 R5 ²°¥¡³¥²±¿  ©²¨ ª°¨¢³¾ q(t) =(x(t); y(t); z(t); v(t); w(t)) 2 R5, ³¤®¢«¥²¢®°¿¾¹³¾ ³±«®¢¨¿¬ (1){(4), ª° ¥¢®¬³ ³±«®¢¨¾q(t1) = q1, ² ª, ·²®¡» ¥¥ ¯°®¥ª¶¨¿ (x(t); y(t)) 2 R2 ¨¬¥«   ¨¬¥¼¸³¾ ¢®§¬®¦³¾ ¤«¨³.1.3 � ¤ ·  ®¯²¨¬ «¼®£® ³¯° ¢«¥¨¿ ¢ ª®®°¤¨ ² µ�¢®¤¿ ®¡®§ ·¥¨¿ u1 = _x, u2 = _y, ¬®¦® ±´®°¬³«¨°®¢ ²¼ ®¡®¡¹¥³¾ § ¤ ·³ �¨¤®»ª ª § ¤ ·³ ®¯²¨¬ «¼®£® ³¯° ¢«¥¨¿ ¢ 5-¬¥°®¬ ¯°®±²° ±²¢¥ ± 2-¬¥°»¬ ³¯° ¢«¥¨¥¬ ¨2



¨²¥£° «¼»¬ ª°¨²¥°¨¥¬:q = (x; y; z; v; w) 2 R5; u = (u1; u2) 2 R2; (5)_x = u1; (6)_y = u2; (7)_z = 12(xu2 � yu1); (8)_v = 12(x2 + y2)u2; (9)_w = �12(x2 + y2)u1; (10)q(0) = 0; q(t1) = q1; (11)l = Z t10 qu21 + u22 dt! min : (12)�¢¥¤¥¬ ®¡®§ ·¥¨¿ ¤«¿ ¢¥ª²®°»µ ¯®«¥© ¯°¨ ³¯° ¢«¥¨¿µ:X1 = @@ x � y2 @@ z � x2 + y22 @@ w ; X2 = @@ y + x2 @@ z + x2 + y22 @@ v :�®£¤  § ¤ ·  § ¯¨±»¢ ¥²±¿ ±«¥¤³¾¹¨¬ ®¡° §®¬:_q = u1X1 + u2X2; q 2M = R5; u = (u1; u2) 2 U = R2; (13)q(0) = q0 = 0; q(t1) = q1; (14)l = Z t10 qu21 + u22 dt! min : (15)�®¯³±²¨¬»¥ ²° ¥ª²®°¨¨ q(t) «¨¯¸¨¶¥¢», ¯®½²®¬³ ¤®¯³±²¨¬»¥ ³¯° ¢«¥¨¿ u(t) ¨§¬¥-°¨¬» ¨ «®ª «¼® ®£° ¨·¥».� ¬¥· ¨¥. �¥°¬¨ «¼®¥ ¢°¥¬¿ t1 ¬®¦® ±·¨² ²¼ ª ª ´¨ª±¨°®¢ »¬, ² ª ¨ ±¢®¡®¤»¬,².ª. ¯°¨ ¯¥°¥¯ ° ¬¥²°¨§ ¶¨¿µ ¢°¥¬¥¨   ª°¨¢®© q(t) ´³ª¶¨® « ²¨¯  ¤«¨» l ¥ ¨§¬¥-¿¥²±¿ ¢¢¨¤³ ®¤®°®¤®±²¨ ¯®¤»²¥£° «¼®© ´³ª¶¨¨.1.4 �³¡°¨¬ ®¢  § ¤ · � ±±¬®²°¨¬ ¢ ¯°®±²° ±²¢¥ R5 ° ±¯°¥¤¥«¥¨¥ ° £  2, ².¥. ¯®«¥ ¤¢³¬¥°»µ ¯«®±ª®±²¥© ¢ª ± ²¥«¼»µ ¯°®±²° ±²¢ µ, ¯®°®¦¤¥®¥ ¯®«¿¬¨ X1, X2:�q = span(X1(q); X2(q)); q 2M;  ² ª¦¥ ±ª «¿°®¥ ¯°®¨§¢¥¤¥¨¥ h � ; � i ¢ ° ±¯°¥¤¥«¥¨¨ �, ª®²®°®¥ § ¤ ¥²±¿ ¯®«¿¬¨ X1,X2 ª ª ®°²®®°¬¨°®¢ »¬ ¡ §¨±®¬:hXi; Xji = �ij; i; j = 1; 2:� ±¯°¥¤¥«¥¨¥ � ¨ ±ª «¿°®¥ ¯°®¨§¢¥¤¥¨¥ ¢ ¥¬ h � ; � i § ¤ ¾² ±³¡°¨¬ ®¢³ ±²°³ª²³°³  M ,   ®¡®¡¹¥ ¿ § ¤ ·  �¨¤®» ¿¢«¿¥²±¿ ±®®²¢¥²±²¢³¾¹¥© ±³¡°¨¬ ®¢®© § ¤ ·¥©:_q 2 �q;q(0) = q0; q(t1) = q1;l = Z t10 ph _q; _qi dt! min :3



1.5 �¨«¼¯®²¥² ¿ ±³¡°¨¬ ®¢  (2,3,5) § ¤ · �»·¨±«¨¬ ¯®¢²®°»¥ ª®¬¬³² ²®°» (±ª®¡ª¨ �¨) ¯®«¥© X1, X2, ·²®¡» ¯®«³·¨²¼ ¡ §¨± ¢ª ± ²¥«¼®¬ ¯°®±²° ±²¢¥ TqM ¬®£®®¡° §¨¿ M :X3 = [X1; X2] = @@ z + x @@ v + y @@ w ;X4 = [X1; X3] = @@ v ;X5 = [X2; X3] = @@ w ;TqM = span(X1; X2; X3; X4; X5)(q):� ±±¬®²°¨¬  «£¥¡°³ �¨, ¯®°®¦¤¥³¾ ¯®«¿¬¨ X1, X2:L = Lie(X1; X2) = span(X1; X2; X3; X4; X5):�±¥ ¥³«¥¢»¥ ª®¬¬³² ²®°» ¢ ½²®©  «£¥¡°¥ �¨ ¨±·¥°¯»¢ ¾²±¿ ª®¬¬³² ²®° ¬¨ ¯®°¿¤ª  1¨ 2: [X1; X2] = X3; [X1; X3] = X4; [X2; X3] = X5: (16)�»¬¨ ±«®¢ ¬¨, L = span(X1; : : : ; X5) ¿¢«¿¥²±¿ ¯¿²¨¬¥°®© ¨«¼¯®²¥²®©  «£¥¡°®© �¨± ¥³«¥¢»¬¨ ±ª®¡ª ¬¨ (16).�®½²®¬³   ¬®£®®¡° §¨¨M ¬®¦® ¢¢¥±²¨ ±²°³ª²³°³ £°³¯¯» �¨ ±  «£¥¡°®© �¨ L ² ª,·²® ¯®«¿Xi, i = 1; : : : ; 5, ®¡° §³¾² «¥¢®¨¢ °¨ ²»© °¥¯¥°  M . � ¨¬¥®, ¯°®¨§¢¥¤¥¨¥¢ £°³¯¯¥ �¨ M § ¤ ¥²±¿ ¤¥©±²¢¨¥¬ ¯®²®ª®¢ ¯®«¥© Xi:et5X5 � et4X4 � et3X3 � et2X2 � et1X1(q) = q � et1X1 � et2X2 � et3X3 � et4X4 � et5X5 ;£¤¥ ±«¥¢  ±²®¨² ª®¬¯®§¨¶¨¿ ¯®²®ª®¢ ¢¥ª²®°»µ ¯®«¥©,   ±¯° ¢  | ¯°®¨§¢¥¤¥¨¥ ½«¥¬¥²®¢£°³¯¯» �¨. �¥±«®¦®¥ ¢»·¨±«¥¨¥ ¯®ª §»¢ ¥², ·²® ¢ ª®®°¤¨ ² µ ³¬®¦¥¨¥ ¢ £°³¯¯¥ �¨M = R5x;y;z;v;w § ¤ ¥²±¿ ±«¥¤³¾¹¨¬ ®¡° §®¬:0BBBB@ x1y1z1v1w1 1CCCCA �0BBBB@ x2y2z2v2w2 1CCCCA = 0BBBB@ x1 + x2y1 + y2z1 + z2 + 12(x1y2 � y1x2)v1 + v2 + 12(x21 + y21 + x1x2 + y1y2)y2 + x1z2w1 +w2 � 12 (x21 + y21 + x1x2 + y1y2)x2 + y1z2 1CCCCA :�«£¥¡°  �¨ L ¿¢«¿¥²±¿ £° ¤³¨°®¢ ®©:L = L1 � L2 � L3;[Li; Lj ] = Li+j ; Li = f0g ¯°¨ i > 3;L1 = span(X1; X2) = �;L2 = span(X3);L3 = span(X4; X5);¨ ¯®°®¦¤ ¥²±¿ ª®¬¯®¥²®© ¯®°¿¤ª  1:L = Lie(L1) = Lie(�):4



�® ²¥°¬¨®«®£¨¨ [8], ±³¡°¨¬ ®¢  ±²°³ª²³°  (�; h � ; � i)  §»¢ ¥²±¿ ¯«®±ª®©.�« £ ° ±¯°¥¤¥«¥¨¿ �:� � �2 = [�;�]� �3 = [�;�2] � � � � � TM;¨¬¥¥² ¢¨¤: � = L1 = span(X1; X2);�2 = L1 � L2 = span(X1; X2; X3);�3 = L1 � L2 � L3 = span(X1; X2; X3; X4; X5):�®½²®¬³ ¢¥ª²®° °®±²  ° ±¯°¥¤¥«¥¨¿ �:(n1; n2; : : : ; nN ); ni = dim�i(q); nN = dimLie(�)(q)° ¢¥ (2; 3; 5).�² ª, (�; h � ; � i) ¿¢«¿¥²±¿ «¥¢®¨¢ °¨ ²®© ¨«¼¯®²¥²®© ±³¡°¨¬ ®¢®© ±²°³ª²³°®©  £°³¯¯¥ �¨ M ± ¢¥ª²®°®¬ °®±²  (2,3,5). �  ¿¢«¿¥²±¿ «®ª «¼®© ª¢ §¨®¤®°®¤®© ¨«¼-¯®²¥²®©  ¯¯°®ª±¨¬ ¶¨¥© ¯°®¨§¢®«¼®© ±³¡°¨¬ ®¢®© ±²°³ª²³°»   5-¬¥°®¬ ¬®£®®¡-° §¨¨ ± ¢¥ª²®°®¬ °®±²  (2,3,5), ±¬. [2], [8].� ª ¯®ª § ® ¢ ° ¡®²¥ [19], ¯«®±ª ¿ (2,3,5) ±³¡°¨¬ ®¢  ±²°³ª²³°  ¥¤¨±²¢¥  ± ²®·-®±²¼¾ ¤® ¨§®¬®°´¨§¬  £°³¯¯ �¨. �¡®¡¹¥ ¿ § ¤ ·  �¨¤®» ¿¢«¿¥²±¿ ®¤®© ¨§ ¬®¤¥«¥©¯«®±ª®© (2,3,5) ±³¡°¨¬ ®¢®© ±²°³ª²³°». �°³£¨¥ ¬®¤¥«¨ ¬®¦®  ©²¨ ¢ ° ¡®² µ [19], [6].�¥ª²®° °®±²  (2,3,5) ¿¢«¿¥²±¿ ¬ ª±¨¬ «¼»¬ ¤«¿ ° ±¯°¥¤¥«¥¨© ° £  2   5-¬¥°»µ¬®£®®¡° §¨¿µ, ¯®½²®¬³ ° ±¯°¥¤¥«¥¨¥ ®¡¹¥£® ¢¨¤  ° £  2   5-¬¥°®¬ ¬®£®®¡° §¨¨¨¬¥¥² ¢ ²®·ª¥ ®¡¹¥£® ¯®«®¦¥¨¿ ¨¬¥® ½²®² ¢¥ª²®° °®±² . �²® ®¡º¿±¿¥² ¢ ¦®±²¼ ¯«®±-ª®© (2,3,5) ±³¡°¨¬ ®¢®© ±²°³ª²³°» ¤«¿ ±³¡°¨¬ ®¢®© £¥®¬¥²°¨¨ ¨ ²¥®°¨¨ ®¯²¨¬ «¼®£®³¯° ¢«¥¨¿.�³¡°¨¬ ®¢» ±²°³ª²³°» ± ¢¥ª²®°®¬ °®±²  (2,3,5) ¢®§¨ª ¾² ¢ ¥ª®²®°»µ ¢ ¦»µ ¯°¨-ª« ¤»µ § ¤ · µ, ±°¥¤¨ ª®²®°»µ:� § ¤ ·  ® ª ·¥¨¨ ¤¢³µ ²¢¥°¤»µ ²¥« ¤°³£ ¯® ¤°³£³ ¡¥§ ¯°®ª°³·¨¢ ¨¿ ¨ ¯°®±ª «¼§»-¢ ¨¿ [16, 9, 4, 17],� ¬ ¸¨  ± ¤¢³¬¿ ¯°¨¶¥¯ ¬¨ [15, 20],� § ¤ ·  ® ¤¢¨¦¥¨¨ § °¿¤  ¢ ¯«®±ª®±²¨ ¯®¤ ¤¥©±²¢¨¥¬ «¨¥©®£® ¬ £¨²®£® ¯®«¿ (½²®¯«®±ª ¿ (2,3,5) ±³¡°¨¬ ®¢  ±²°³ª²³° ) [6].1.6 �±²®°¨¿ § ¤ ·¨�¡®¡¹¥ ¿ § ¤ ·  �¨¤®» (².¥. ¯«®±ª ¿ (2,3,5) ±³¡°¨¬ ®¢  § ¤ · ) ° ±±¬ ²°¨¢ « ±¼ ¥-±ª®«¼ª¨¬¨  ¢²®° ¬¨.� ° ¡®²¥ [12] �. �°®ª¥²² ¨ �. � ¨ ¤®ª § «¨ ¨²¥£°¨°³¥¬®±²¼ ½ª±²°¥¬ «¥© ¢ ½²®© § ¤ ·¥ ¢²¥°¬¨ µ ½««¨¯²¨·¥±ª¨µ ´³ª¶¨© �ª®¡¨. � ° ¡®²¥ [14] �. �°¥¥° ¨ �. �¨ª¨²¨ ¨±±«¥¤³¾²½²¨ ½ª±²°¥¬ «¨ ·¨±«¥®. � ° ¡®²¥ [19]  ¢²®°®¬ ¢»·¨±«¥» ¨´¨¨²¥§¨¬ «¼»¥ ±¨¬¬¥²-°¨¨ § ¤ ·¨. � ° ¡®²¥ [6] �. �§ «¤®-�¥¥§¥± ¨ �. �®°®©-�¥°¥§ · ±²¨·® ¯®¢²®°¿¾² ½²®²°¥§³«¼² ² ® ±¨¬¬¥²°¨¿µ ± ¯®¬®¹¼¾ ¤°³£®© ²¥µ¨ª¨.�°¥¤¸¥±²¢³¾¹¨© ¬ ª±¨¬ «¼»© ¢¥ª²®° °®±²  (2,3), ².¥. ª®² ª²»© ±«³· ©, ¡»« ¯®¤-°®¡® ¨§³·¥: 5



� ¯«®±ª¨© (2,3) ±«³· ©, ¢®§¨ª ¾¹¨©   £°³¯¯¥ �¥©§¥¡¥°£ , ¡»« ° ±±¬®²°¥ �. �°®-ª¥²²®¬ [11], �.�. �¥°¸¨ª®¬ ¨ �.�. �¥°¸ª®¢¨·¥¬ [21],� ®¡¹¨© (2,3) ±«³· © ¡»« ¨±±«¥¤®¢  ª ª ¢®§¬³¹¥¨¥ ¯«®±ª®£® ±«³· ¿ �.�. �£° ·¥¢»¬,�.�. �®²¼¥ ¨ ±® ¢²®° ¬¨ [1], [5].1.7 �²°³ª²³°  ° ¡®²»� ° §¤¥«¥ 2 ®¡±³¦¤ ¥²±¿ ±³¹¥±²¢®¢ ¨¥ ®¯²¨¬ «¼»µ ³¯° ¢«¥¨© ¢ ®¡®¡¹¥®© § ¤ ·¥�¨¤®».� ° §¤¥«¥ 3 ¬» ¯°¨¬¥¿¥¬ ¯°¨¶¨¯ ¬ ª±¨¬³¬  �®²°¿£¨  ¢ ¨¢ °¨ ²®© ´®°¬¥,¢»¯¨±»¢ ¥¬ £ ¬¨«¼²®®¢³ ±¨±²¥¬³ ¤«¿ ®°¬ «¼»µ ½ª±²°¥¬ «¥©, ¨  µ®¤¨¬  ®°¬ «¼»¥½ª±²°¥¬ «¨.� ° §¤¥«¥ 4 ° ±±¬ ²°¨¢ ¾²±¿ ¥¯°¥°»¢»¥ ±¨¬¬¥²°¨¨ § ¤ ·¨. �ª±¯®¥¶¨ «¼®¥ ®²®-¡° ¦¥¨¥ ´ ª²®°¨§³¥²±¿ ¯® ¤¥©±²¢¨¾ ®¤®¯ ° ¬¥²°¨·¥±ª®© £°³¯¯» ±¨¬¬¥²°¨©.� ° §¤¥«¥ 5 ¬» ¨²¥£°¨°³¥¬ ®°¬ «¼³¾ £ ¬¨«¼²®®¢³ ±¨±²¥¬³. �®ª § ®, ·²® ±¨±²¥¬ ¨¬¥¥² ¤®±² ²®·®¥ ª®«¨·¥±²¢® ¯¥°¢»µ ¨²¥£° «®¢ ¨ ¯®²®¬³ ¨²¥£°¨°³¥¬  ¯® �¨³¢¨««¾.�«¿ ¨²¥£°¨°®¢ ¨¿ ±¨±²¥¬» ¢¢®¤¿²±¿ ±¯¥¶¨ «¼»¥ ª®®°¤¨ ²», ¯®°®¦¤¥»¥ ¯®²®ª®¬³° ¢¥¨¿ ¬ ¿²¨ª . � ½²¨µ ª®®°¤¨ ² µ £ ¬¨«¼²®®¢  ±¨±²¥¬  ¤«¿ ®°¬ «¼»µ ½ª±²°¥-¬ «¥© ¨²¥£°¨°³¥²±¿ ¢ ²¥°¬¨ µ ½««¨¯²¨·¥±ª¨µ ´³ª¶¨© �ª®¡¨.� ° §¤¥«¥ 6 ° ±±¬ ²°¨¢ ¾²±¿ ¯°®¥ª¶¨¨ ½ª±²°¥¬ «¥©   ¯«®±ª®±²¼ (x; y) | ½« ±²¨ª¨.� ª®¥¶, ¢ ¯°¨«®¦¥¨¨ ¤«¿ ³¤®¡±²¢  ·¨² ²¥«¿ ¯°¨¢¥¤¥» ®¯°¥¤¥«¥¨¿ ¨ ¥ª®²®°»¥±¢®©±²¢  ½««¨¯²¨·¥±ª¨µ ´³ª¶¨© �ª®¡¨.2 �³¹¥±²¢®¢ ¨¥ ®¯²¨¬ «¼»µ °¥¸¥¨©�¯° ¢«¿¥¬ ¿ ±¨±²¥¬  (13) ¨¬¥¥² ¯®«»© ° £,   ¯°®±²° ±²¢® ±®±²®¿¨© M ±¢¿§®, ¯®½²®-¬³ ½²  ±¨±²¥¬  ¯®«®±²¼¾ ³¯° ¢«¿¥¬    M : «¾¡»¥ ¤¢¥ ²®·ª¨ M ¬®£³² ¡»²¼ ±®¥¤¨¥»²° ¥ª²®°¨¥© ±¨±²¥¬» [13].�³¹¥±²¢®¢ ¨¥ ®¯²¨¬ «¼»µ ³¯° ¢«¥¨© ¢ § ¤ ·¥ ®¯²¨¬ «¼®£® ³¯° ¢«¥¨¿ (13){(15)±«¥¤³¥² ¨§ ²¥®°¥¬» �¨«¨¯¯®¢  [3].3 �ª±²°¥¬ «¨� ª ¦¥ ª ª ¢ °¨¬ ®¢®© £¥®¬¥²°¨¨, ¯¥°¥©¤¥¬ ®² ´³ª¶¨® «  ¤«¨» ª ´³ª¶¨® «³ ¤¥©-±²¢¨¿. �¥° ¢¥±²¢® �®¸¨-�³¿ª®¢±ª®£®Z t10 qu21 + u22 dt � pt1 sZ t10 (u21 + u22) dt;¯°¥¢° ¹ ¥²±¿ ¢ ° ¢¥±²¢® ²®«¼ª® ¯°¨ u21 + u22 � const, ¯®½²®¬³ § ¤ ·  ¬¨¨¬¨§ ¶¨¨ ±³¡-°¨¬ ®¢®© ¤«¨» (15) ½ª¢¨¢ «¥²  § ¤ ·¥ ¬¨¨¬¨§ ¶¨¨ ¤¥©±²¢¨¿:J = 12 Z t10 (u21 + u22) dt! min; (17)¢ ±«¥¤³¾¹¥¬ ±¬»±«¥: «¾¡ ¿ ¬¨¨¬ «¼ ¤«¨» ¯®±²®¿®© ±ª®°®±²¨:u21 + u22 � const; (18)6



¿¢«¿¥²±¿ ¬¨¨¬ «¼¾ ¤¥©±²¢¨¿, ¨ ®¡° ²®. �®½²®¬³ ¢ ¤ «¼¥©¸¥¬ ¬» ° ±±¬ ²°¨¢ ¥¬ § -¤ ·³ (13), (17).3.1 �°¨¶¨¯ ¬ ª±¨¬³¬  �®²°¿£¨ �«¿  µ®¦¤¥¨¿ ½ª±²°¥¬ «¥© ¬» ¨±¯®«¼§³¥¬ ¯°¨¶¨¯ ¬ ª±¨¬³¬  �®²°¿£¨  ¢ ¨¢ °¨- ²®© ´®°¬³«¨°®¢ª¥. � ¯®¬¨¬ ± · «  ¥ª®²®°»¥ ´ ª²» £ ¬¨«¼²®®¢  ´®°¬ «¨§¬   ª®ª ± ²¥«¼®¬ ° ±±«®¥¨¨ [7].� ±±¬®²°¨¬ ª®ª ± ²¥«¼®¥ ° ±±«®¥¨¥ T �M £« ¤ª®£® ¬®£®®¡° §¨¿ M ± ª ®¨·¥±-ª®© ¯°®¥ª¶¨¥© � : T �M ! M , �(�) = q ¤«¿ ª®¢¥ª²®°  � 2 T �qM . � ¢²®«®£¨·¥±ª ¿ 1-´®°¬  s 2 �1(T �M )   ª®ª ± ²¥«¼®¬ ° ±±«®¥¨¨ ®¯°¥¤¥«¥  ±«¥¤³¾¹¨¬ ®¡° §®¬. �³±²¼� 2 T �M ¨ v 2 T�(T �M ), ²®£¤  hs�; vi = h�; ��vi (¢ ª®®°¤¨ ² µ s = p dq). � ®¨·¥±ª ¿±¨¬¯«¥ª²¨·¥±ª ¿ ±²°³ª²³°    ª®ª ± ²¥«¼®¬ ° ±±«®¥¨¨ � 2 �2(T �M ) ®¯°¥¤¥«¿¥²±¿ ª ª� = ds (¢ ª®®°¤¨ ² µ � = dp^dq). �¾¡®¬³ £ ¬¨«¼²®¨ ³ h 2 C1(T �M ) ¬®¦® ±®¯®±² -¢¨²¼ £ ¬¨«¼²®®¢® ¢¥ª²®°®¥ ¯®«¥   ª®ª ± ²¥«¼®¬ ° ±±«®¥¨¨ ~h 2 Vec(T �M ) ¯® ¯° ¢¨«³��( � ;~h) = d�h.�°¨¶¨¯ ¬ ª±¨¬³¬  �®²°¿£¨  [18] ¤«¿ § ¤ ·¨ (13), (14), (17) ¨¬¥¥² ±«¥¤³¾¹³¾ ¨-¢ °¨ ²³¾ ´®°¬³«¨°®¢ª³ [13], [3].�¢¥¤¥¬ «¨¥©»¥   ±«®¿µ ª®ª ± ²¥«¼®£® ° ±±«®¥¨¿ T �M £ ¬¨«¼²®¨ », ±®®²¢¥²-±²¢³¾¹¨¥ ¡ §¨±»¬ ¯®«¿¬:hi(�) = h�;Xii; � 2 T �M; i = 1; : : : ; 5;  ² ª¦¥ ±¥¬¥©±²¢® £ ¬¨«¼²®¨ ®¢hu;�(�) = h�; u1X1 + u2X2i+ �2 (u21 + u22)= u1h1(�) + u2h2(�) + �2 (u21 + u22); � 2 T �M; u 2 R2; � 2 R:�¥®°¥¬  3.1 (�°¨¶¨¯ ¬ ª±¨¬³¬  �®²°¿£¨ ). �³±²¼ qt ¨ u(t), t 2 [0; t1], ¿¢«¿-¾²±¿ ®¯²¨¬ «¼®© ²° ¥ª²®°¨¥© ¨ ±®®²¢¥²±²¢³¾¹¨¬ ®¯²¨¬ «¼»¬ ³¯° ¢«¥¨¥¬ ¢ § ¤ -·¥ (13), (14), (17). �®£¤  ±³¹¥±²¢³¥² ¥²°¨¢¨ «¼ ¿ ¯ ° (�; �t) 6= 0; � 2 R; �t 2 T �qtM;¤«¿ ª®²®°®© ¢»¯®«¥» ³±«®¢¨¿:_�t = ~hu(t);�(�t) = u1(t)~h1(�t) + u2(t)~h2(�t); (19)hu(t);�(�t) = maxu2R2hu;�(�t); t 2 [0; t1]; (20)� � 0:�¤®¢«¥²¢®°¿¾¹ ¿ £ ¬¨«¼²®®¢®© ±¨±²¥¬¥ (19) ¨ ³±«®¢¨¾ ¬ ª±¨¬³¬  (20) ª°¨¢ ¿ �t 2T �M  §»¢ ¥²±¿ ½ª±²°¥¬ «¼¾,   ¥¥ ¯°®¥ª¶¨¿ qt = �(�t) 2 M | ½ª±²°¥¬ «¼®© ª°¨¢®©(¨«¨ ±³¡°¨¬ ®¢®© £¥®¤¥§¨·¥±ª®©).3.2 �®°¬ «¼»¥ ½ª±²°¥¬ «¨� ±±¬®²°¨¬ ± · «  ®°¬ «¼»© ±«³· ©: � = �1.7



�§ ³±«®¢¨¿ ¬ ª±¨¬³¬  (20) ±«¥¤³¥², ·²® ¢¤®«¼ ®°¬ «¼»µ ½ª±²°¥¬ «¥© u1(t) = h1(�t),u2(t) = h2(�t). �® ¥±²¼ ¬ ª±¨¬¨§¨°®¢ »© ®°¬ «¼»© £ ¬¨«¼²®¨  ¨¬¥¥² ¢¨¤H(�) = maxu2R2hu;�1(�) = 12(h21(�) + h22(�)):� ±¨«³ £« ¤ª®±²¨ H, ®°¬ «¼»¥ ½ª±²°¥¬ «¨ ¿¢«¿¾²±¿ ²° ¥ª²®°¨¿¬¨ ±®®²¢¥²±²¢³¾¹¥©£ ¬¨«¼²®®¢®© ±¨±²¥¬» _� = ~H(�); � 2 T �M: (21)�»¯¨¸¥¬ ½²³ ±¨±²¥¬³ ¢ ª®®°¤¨ ² µ hi   ±«®¿µ ¢ T �M . �¬¥¥¬_h1 = fH;h1g = h1fh1; h1g+ h2fh2; h1g = �h2h3: (22)�¤¥±¼ ´¨£³°»¥ ±ª®¡ª¨ fh; gg ®¡®§ · ¾² ±ª®¡ª³ �³ ±±®  £ ¬¨«¼²®¨ ®¢ h ¨ g. � ª ª ª¢±¥ ¥³«¥¢»¥ ±ª®¡ª¨ �¨ ¯®«¥© Xi ¨±·¥°¯»¢ ¾²±¿ ª®¬¬³² ²®° ¬¨ (16), ¢±¥ ¥³«¥¢»¥±ª®¡ª¨ �³ ±±®  «¨¥©»µ   ±«®¿µ £ ¬¨«¼²®¨ ®¢ hi ¨±·¥°¯»¢ ¾²±¿ ±«¥¤³¾¹¨¬¨:fh1; h2g = h3; fh1; h3g = h4; fh2; h3g = h5:�»·¨±«¿¿ _hi, i = 2; : : : ; 5, ² ª ¦¥ ª ª _h1 ¢ (22), ¯®«³· ¥¬, ·²® £ ¬¨«¼²®®¢  ±¨±²¥¬  (21)§ ¯¨±»¢ ¥²±¿ ±«¥¤³¾¹¨¬ ®¡° §®¬: _h1 = �h2h3; (23)_h2 = h1h3; (24)_h3 = h1h4 + h2h5; (25)_h4 = 0; (26)_h5 = 0; (27)_q = h1X1 + h2X2: (28)�» ¡³¤¥¬ ° ±±¬ ²°¨¢ ²¼ £¥®¤¥§¨·¥±ª¨¥, ¯ ° ¬¥²°¨§®¢ »¥ ¤«¨®© ¤³£¨, ².¥. ®£° ¨-·¨¬±¿ ¯®¢¥°µ®±²¼¾ ³°®¢¿ fH = 1=2g. � ¯®«¿°»µ ª®®°¤¨ ² µh1 = cos �; h2 = sin �; h4 = � sin �; h5 = �� cos �;³° ¢¥¨¿ (23){(27) ±¢®¤¿²±¿ ª ³° ¢¥¨¾ ¬ ¿²¨ª :�� = �� sin(� � �); �; � = const : (29)�§¢¥±²®, ·²® ½²® ³° ¢¥¨¥ ¨²¥£°¨°³¥¬® ¢ ½««¨¯²¨·¥±ª¨µ ´³ª¶¨¿µ �ª®¡¨ [22]. �¨¦¥¬»  ©¤¥¬ ¿¢»¥ ¢»° ¦¥¨¿ �(t) ¨ qt ¢ ¬®¤¥«¨ ®¡®¡¹¥®© § ¤ ·¨ �¨¤®» ·¥°¥§ ½««¨¯-²¨·¥±ª¨¥ ´³ª¶¨¨ cn, sn, dn, E.3.3 �®°¬ «¼»¥ ½ª±²°¥¬ «¨�¥¯¥°¼ ° ±±¬®²°¨¬  ®°¬ «¼»© ±«³· ©: � = 0.�§ ³±«®¢¨¿ ¬ ª±¨¬³¬  (20) ±«¥¤³¥², ·²® ¢¤®«¼  ®°¬ «¼»µ ½ª±²°¥¬ «¥© h1 = h2 � 0.�°®¤¨´´¥°¥¶¨°®¢ ¢ ½²¨ ²®¦¤¥±²¢  ¢¤®«¼ £ ¬¨«¼²®®¢®© ±¨±²¥¬» (19), ¯®«³· ¥¬_h1 = fu1h1 + u2h2; h1g = �u2h3 � 0; _h2 = fu1h1 + u2h2; h2g = u1h3 � 0;8



¯®½²®¬³ (u21+u22)h23 � 0. �® ¬» ¨¹¥¬ ª°¨¢»¥ ¯®±²®¿®© ±ª®°®±²¨ (18) (¯°¨·¥¬ ¥³«¥¢®©),¯®½²®¬³ h3 � 0 ¢¤®«¼  ®°¬ «¼»µ ½ª±²°¥¬ «¥©. �¨´´¥°¥¶¨°³¿ ½²® ²®¦¤¥±²¢® ¢¤®«¼£ ¬¨«¼²®®¢®© ±¨±²¥¬» (19), ¯®«³· ¥¬ _h3 = u1h4+u2h5 � 0. �°®¬¥ ²®£®, ®·¥¢¨¤®, ¢ ±¨«³±¨±²¥¬» (19) ¨¬¥¥¬ _h4 = _h5 � 0. �®½²®¬³  ®°¬ «¼»¥ ²° ¥ª²®°¨¨ ¨¬¥¾² ¢¨¤:_q = u1X1 + u2X2; u1; u2 = const :�²® | ®¤®¯ ° ¬¥²°¨·¥±ª¨¥ ¯®¤£°³¯¯» ¢ £°³¯¯¥ �¨ M , ª ± ¾¹¨¥±¿ ° ±¯°¥¤¥«¥¨¿ �.�®®²¢¥²±²¢³¾¹¨¥ ³¯° ¢«¥¨¿ u1 = cos �, u2 = sin �, � = const, (  ª°¨¢»µ, ¯ ° ¬¥²°¨-§®¢ »µ ¤«¨®© ¤³£¨) ³¤®¢«¥²¢®°¿¾² ³° ¢¥¨¾ ¬ ¿²¨ª  (29), ¯®½²®¬³  ®°¬ «¼»¥£¥®¤¥§¨·¥±ª¨¥ ¥ ¿¢«¿¾²±¿ ±²°®£®  ®°¬ «¼»¬¨.� ¬®¤¥«¨ ®¡®¡¹¥®© § ¤ ·¨ �¨¤®» ¯°®¥ª¶¨¨  ®°¬ «¼»µ £¥®¤¥§¨·¥±ª¨µ   ¯«®±-ª®±²¼ (x; y) ¿¢«¿¾²±¿ ¯°¿¬»¬¨, ¯®½²®¬³  ®°¬ «¼»¥ £¥®¤¥§¨·¥±ª¨¥ qt ®¯²¨¬ «¼» ¤«¿t 2 [0;+1).3.4 �¯²¨¬ «¼®±²¼ ®°¬ «¼»µ £¥®¤¥§¨·¥±ª¨µ� ª ª ª ®°¬ «¼»© ¬ ª±¨¬¨§¨°®¢ »© £ ¬¨«¼²®¨  H £« ¤ª¨©, ¬ «»¥ ¤³£¨ ®°¬ «¼-»µ £¥®¤¥§¨·¥±ª¨µ ®¯²¨¬ «¼» [3]. �®½²®¬³   «¾¡®© £¥®¤¥§¨·¥±ª®© qt ¥±²¼ ²®·ª  ° §°¥§ ,².¥. ²®·ª , ¢ ª®²®°®© £¥®¤¥§¨·¥±ª ¿ ²¥°¿¥² ®¯²¨¬ «¼®±²¼ (²®·ª  ° §°¥§  ¬®¦¥² ¡»²¼ ¨  ¡¥±ª®¥·®±²¨, ª ª    ®°¬ «¼»µ £¥®¤¥§¨·¥±ª¨µ). � ²®·ª µ ° §°¥§  ²¥°¿¥²±¿ £«®¡ «¼ ¿®¯²¨¬ «¼®±²¼ £¥®¤¥§¨·¥±ª¨µ. �®ª «¼»¬   «®£®¬ ²®·¥ª ° §°¥§  ¿¢«¿¾²±¿ ±®¯°¿¦¥»¥²®·ª¨, ¢ ª®²®°»µ £¥®¤¥§¨·¥±ª¨¥ ²¥°¿¾² «®ª «¼³¾ ®¯²¨¬ «¼®±²¼.�®¯°¿¦¥»¥ ²®·ª¨ ¿¢«¿¾²±¿ ª°¨²¨·¥±ª¨¬¨ § ·¥¨¿¬¨ ½ª±¯®¥¶¨ «¼®£® ®²®¡° -¦¥¨¿: Exp : (�; t) 2 C �R+ 7! qt = � � et ~H (�) 2M;£¤¥ C = fH = 1=2g \ T �q0M½²® ¶¨«¨¤°  · «¼»µ § ·¥¨© ¤«¿ ½ª±²°¥¬ «¥© �t = et ~H(�0).� µ®¦¤¥¨¥ ²®·¥ª ° §°¥§    ®°¬ «¼»µ £¥®¤¥§¨·¥±ª¨µ | § ¤ ·  £®° §¤® ¡®«¥¥ ±«®¦- ¿, ·¥¬ ¢»·¨±«¥¨¥ £¥®¤¥§¨·¥±ª¨µ, ½²  § ¤ ·  ¡³¤¥² ¯°¥¤¬¥²®¬  ¸¥© ±«¥¤³¾¹¥© ° ¡®²».4 �¥¯°¥°»¢»¥ ±¨¬¬¥²°¨¨�«¿ ¯®¨¦¥¨¿ ° §¬¥°®±²¨ ¨±¯®«¼§³¥¬ ±¨¬¬¥²°¨¨ § ¤ ·¨.�¥ª²®°®¥ ¯®«¥ X 2 VecM  §»¢ ¥²±¿ ¥¯°¥°»¢®© ±¨¬¬¥²°¨¥© ±³¡°¨¬ ®¢®© ±²°³ª-²³°» (�; h � ; � i)  M , ¥±«¨ ¯®²®ª X ±®µ° ¿¥² ½²³ ±³¡°¨¬ ®¢³ ±²°³ª²³°³, ².¥. ±®µ° ¿¥²ª ª ° ±¯°¥¤¥«¥¨¥ �, ² ª ¨ ±ª «¿°®¥ ¯°®¨§¢¥¤¥¨¥ h � ; � i, ±¬. [10], [19]. �®¦¥±²¢® ¢±¥µ ¥-¯°¥°»¢»µ ±¨¬¬¥²°¨© ±³¡°¨¬ ®¢®© ±²°³ª²³°» (�; h � ; � i) ®¡° §³¥²  «£¥¡°³ �¨, ª®²®°³¾¬» ¡³¤¥¬ ®¡®§ · ²¼ Sym(�; h � ; � i).4.1 �° ¹¥¨¿�²¢¥°¦¤¥¨¥ 4.1. �³¹¥±²¢³¥² ¥¤¨±²¢¥®¥ ¢¥ª²®°®¥ ¯®«¥ X0 2 VecM ² ª®¥, ·²®:(1) X0 2 Sym(�; h � ; � i),(2) X0(Id) = 0, 9



(3) [X0; X1] = �X2, [X0; X2] = X1 ¢ ¥¤¨¨·®¬ ½«¥¬¥²¥ Id £°³¯¯» �¨ M .�¥³«¥¢»¥ ª®¬¬³² ²®°» ¯®«¿ X0 ± ¡ §¨±»¬¨ ¯®«¿¬¨ ¨¬¥¾² ¢¨¤:[X0; X1] = �X2; [X0; X2] = X1; [X0; X4] = �X5; [X0; X5] = X4: (30)�»¬¨ ±«®¢ ¬¨, ¯® ±³²¨, ±³¹¥±²¢³¥² ¥¤¨±²¢¥ ¿ ¥¯°¥°»¢ ¿ ±¨¬¬¥²°¨¿  ¸¥© § -¤ ·¨ ®¯²¨¬ «¼®£® ³¯° ¢«¥¨¿, ².¥. ±¨¬¬¥²°¨¿ ±³¡°¨¬ ®¢®© ±²°³ª²³°» (�; h � ; � i), ±®-µ° ¿¾¹ ¿  · «¼³¾ ²®·ª³ q0 = Id. �±«®¢¨¥ (3) | ½²® ¯°®±²® ³±«®¢¨¥ ®°¬¨°®¢ª¨.�®ª § ²¥«¼±²¢®. � ° ¡®²¥ [19] ¯®ª § ®, ·²®  «£¥¡°  �¨ Sym(�; h � ; � i) ¸¥±²¨¬¥°  ¨ ¯®-°®¦¤ ¥²±¿ ¯° ¢®¨¢ °¨ ²»¬¨ ¯®«¿¬¨ �1, : : : , �5 ¨ ¯®«¥¬ X0, ² ª¨¬, ·²®[X0; X1] = �X2; [X0; X2] = X1: (31)�¤¨±²¢¥®±²¼ ¢¥ª²®°®£® ¯®«¿ X0 ±® ±¢®©±²¢ ¬¨ (1){(3) ±«¥¤³¥² ¨§ ²®£®, ·²® ²®«¼ª®¢¥ª²®°»¥ ¯®«¿ ¢¨¤  kX0, k 2 R, ³¤®¢«¥²¢®°¿¾² ³±«®¢¨¿¬ (1) ¨ (2).�¥°¢»¥ ¤¢  ¨§ ª®¬¬³² ²®°®¢ (30) ¯®«¿ X0 ± ¡ §¨±»¬¨ ¯®«¿¬¨ ³¦¥ ¯®«³·¥» ¢ (31),  ®±² «¼»¥ ±«¥¤³¾² ¨§ ¨µ ± ¯®¬®¹¼¾ ²®¦¤¥±²¢  �ª®¡¨.� ¬®¤¥«¨ ®¡®¡¹¥®© § ¤ ·¨ �¨¤®» ±¨¬¬¥²°¨¿X0 = �y @@ x + x @@ y �w @@ v + v @@ w¿¢«¿¥²±¿ ®¤®¢°¥¬¥»¬ ¢° ¹¥¨¥¬ ¢ ¯«®±ª®±²¿µ (x; y) ¨ (v; w):esX0 : 0BBBB@ xyzvw 1CCCCA 7! 0BBBB@ x cos s� y sin sx sin s + y cos szv cos s �w sin sv sin s + w cos s 1CCCCA :4.2 �¨« ² ¶¨¨�³¹¥±²¢³¥² ² ª¦¥ ¢¥ª²®°®¥ ¯®«¥ Y 2 VecM ² ª®¥, ·²®[Y;X1] = �X1; [Y;X2] = �X2; [Y;X3] = �2X3;[Y;X4] = �3X4; [Y;X5] = �3X5: (32)�²® ¯®«¥ ª®¬¬³²¨°³¥² ± X0: [Y;X0] = 0. � ¬®¤¥«¨ ®¡®¡¹¥®© § ¤ ·¨ �¨¤®»Y = x @@ x + y @@ y + 2z @@ z + 3v @@ v + 3w @@ w ;½²® ¤¨« ² ¶¨¨ ¢ R5x;y;z;v;w: erY : 0BBBB@ xyzvw 1CCCCA 7! 0BBBB@ erxerye2rze3rve3rw 1CCCCA :10



4.3 �®¤º¥¬ ¢° ¹¥¨© ¨ ¤¨« ² ¶¨©   T �M�¢¥¤¥¬ «¨¥©»¥   ±«®¿µ £ ¬¨«¼²®¨ »h0(�) = h�;X0(q)i; hY (�) = h�; Y (q)i; � 2 T �M;¨ ±®®²¢¥²±²¢³¾¹¨¥ £ ¬¨«¼²®®¢» ¢¥ª²®°»¥ ¯®«¿:~h0; ~hY 2 Vec(T �M ):�®£¤  [~h0; ~H] = 0; ~h0H = 0;[~hY ; ~H] = �2 ~H; ~hYH = �2H:�¡®§ ·¨¬ ² ª¦¥ ¢¥°²¨ª «¼®¥ ½©«¥°®¢® ¯®«¥   T �M : e = P5i=1 hi @@ hi . � ª ª ª £ ¬¨«¼-²®¨  H ª¢ ¤° ²¨·¥   ±«®¿µ, £ ¬¨«¼²®®¢® ¯®«¥ ~H «¨¥©®   ±«®¿µ, ¯®½²®¬³[e; ~H] = ~H; eH = 2H:�«¥¤®¢ ²¥«¼®, ¢¥ª²®°®¥ ¯®«¥ Z = ~hY + e ³¤®¢«¥²¢®°¿¥² ° ¢¥±²¢ ¬[Z; ~H] = � ~H; ZH = 0: (33)�®«¥¥ ²®£®, [~h0; Z] = 0: (34)�§ ª®¬¬³² ²®°®¢ (33), (34) ¯®«³· ¥¬, ·²® ¯®²®ª¨ ¯®«¥© ~H, ~h0 ¨ Z ¢§ ¨¬®¤¥©±²¢³¾² ±«¥-¤³¾¹¨¬ ®¡° §®¬.�²¢¥°¦¤¥¨¥ 4.2. �«¿ «¾¡»µ t; s; r 2 R, � 2 T �MerZ � es~h0 � et ~H(�) = et0 ~H � erZ � es~h0(�); £¤¥ t0 = ter :�¡®§ ·¨¬ £°³¯¯» ±¨¬¬¥²°¨©   T �M ¨ M :G~h0;Z = nes~h0 � erZ j s 2 S1; r 2 Ro� Di�(T �M );G~h0 = nes~h0 j s 2 S1o � Di�(T �M );GX0;Y = �esX0 � erY j s 2 S1; r 2 R	� Di�(M );GX0 = �esX0 j s 2 S1	 � Di�(M ):4.4 � ª²®°¨§ ¶¨¿ ½ª±¯®¥¶¨ «¼®£® ®²®¡° ¦¥¨¿� ª ª ª ¯®«¿ ~h0 ¨ ~H ª®¬¬³²¨°³¾², ¨µ ¯®²®ª¨ ² ª¦¥ ª®¬¬³²¨°³¾²:es~h0 � et ~H (�) = et ~H � es~h0 (�): (35)11



� «¥¥, ² ª ª ª ~h0H = 0 ¨ (��~h0)(q0) = X0(q0) = 0, ¯®«³· ¥¬, ·²® ¯®«¥ ~h0 ±®µ° ¿¥² · «¼»© ¶¨«¨¤° C: G~h0 (C) = C. � ª ª ª ��~h0 = X0, ° ¢¥±²¢® (35) ¬®¦® § ¯¨± ²¼ ¢²¥°¬¨ µ ½ª±¯®¥¶¨ «¼®£® ®²®¡° ¦¥¨¿:esX0 � Exp(�; t) = Exp(es~h0 (�); t): (36)�¯°¥¤¥«¨¬ ¥±²¥±²¢¥®¥ ¤¥©±²¢¨¥ £°³¯¯» G~h0 ¢ ®¡« ±²¨ ®¯°¥¤¥«¥¨¿ ½ª±¯®¥¶¨ «¼-®£® ®²®¡° ¦¥¨¿:es~h0 : C �R+! C �R+; es~h0 : (�; t) 7! (es~h0 (�); t):�®£¤  ° ¢¥±²¢® (36) § ¯¨±»¢ ¥²±¿ ±«¥¤³¾¹¨¬ ®¡° §®¬:esX0 � Exp(�; t) = Exp �es~h0 (�; t):�®½²®¬³ ¬®¦® ´ ª²®°¨§®¢ ²¼ ½ª±¯®¥¶¨ «¼®¥ ®²®¡° ¦¥¨¥ ¯® ¤¥©±²¢¨¾ £°³¯¯ G~h0 (¢¯°®®¡° §¥) ¨ GX0 (¢ ®¡° §¥): ®¯°¥¤¥«¥® ´ ª²®°¨§®¢ ®¥ ½ª±¯®¥¶¨ «¼®¥ ®²®¡° ¦¥¨¥Exp0 : C0 �R+ !M 0, £¤¥C0 = C=G~h0 ; C0 �R+ = (C �R+)=G~h0 ; M 0 =M=GX0 ;² ª, ·²® ±«¥¤³¾¹ ¿ ¤¨ £° ¬¬  ª®¬¬³² ²¨¢ :C �R+ Exp����! M??y�00 ??y�01C0 �R+ Exp0����! M 0�¤¥±¼ �00 : C �R+! C0 �R+; �00 : (�; t) 7! (�0; t) = G~h0 (�; t);�01 : M !M 0; �01 : q 7! q0 = GX0 (q)¿¢«¿¾²±¿ ¥±²¥±²¢¥»¬¨ ¯°®¥ª¶¨¿¬¨.4.5 � ª²®°¨§ ¶¨¿  · «¼®£® ¶¨«¨¤°  C�²¬¥²¨¬, ·²® � =ph24 + h25 ¿¢«¿¥²±¿ ¯¥°¢»¬ ¨²¥£° «®¬ ®°¬ «¼®© £ ¬¨«¼²®®¢®© ±¨±-²¥¬»: ~H� = 0. �¢¥¤¥¬ ² ª¦¥ ¨²¥£° « ½¥°£¨¨E = h232 + h1h5 � h2h4;«¥£ª® ¢¨¤¥²¼, ·²® ~HE = 0. � ª®®°¤¨ ² µ (�; c = h3; �; �)   ±«®¿µ ¢ T �M ½¥°£¨¿ ¨¬¥¥²¢¨¤ E = c22 � � cos(� � �) 2 [��;+1):12



4.5.1 �¥ª®¬¯®§¨¶¨¿ C� §®¡¼¥¬ ¶¨«¨¤° C   7 ª«¥²®ª ±«¥¤³¾¹¨¬ ®¡° §®¬:C = 7[i=1Ci; Ci \Ci = ;; i 6= j;C1 = f� 2 C j � 6= 0; E 2 (��; �)g;C2 = f� 2 C j � 6= 0; E 2 (�;+1)g;C3 = f� 2 C j � 6= 0; E = �; � � � 6= �g;C4 = f� 2 C j � 6= 0; E = ��g;C5 = f� 2 C j � 6= 0; E = �; � � � = �g;C6 = f� 2 C j � = 0; c 6= 0g;C7 = f� 2 C j � = c = 0g:4.5.2 �®®°¤¨ ²» ¢ C0� ª®®°¤¨ ² µ (�; c; �; �)   ¶¨«¨¤°¥ C £°³¯¯  G~h0 ¤¥©±²¢³¥² ±«¥¤³¾¹¨¬ ®¡° §®¬:es~h0 : 0BB@ �c�� 1CCA 7! 0BB@ �0c��0 1CCA = 0BB@ � + sc�� + s 1CCA : (37)�®®°¤¨ ²» ¢ C0i, i = 1; : : : ; 5. �³±²¼ � 2 [5i=1Ci = C \f� 6= 0g. �®« £ ¿ s = �� ¢ (37),¯®«³· ¥¬ �0 = 0, �0 = � � �. �®½²®¬³ ª®®°¤¨ ²» ¢ ®¡« ±²¨ [5i=1C0i ´ ª²®°  C0 ¬®¦®¢»¡° ²¼ ±«¥¤³¾¹¨¬ ®¡° §®¬:(�0; c; �); �0 2 S1; c 2 R; � > 0; �0 = � � �:�®®°¤¨ ²» ¢ C06. �®¦¥±²¢® C6 = C \ fc 6= 0; � = 0g ¿¢«¿¥²±¿ 2-¬¥°»¬ ¬®£®®¡° -§¨¥¬: C6 ' (S1� �Rc>0)[ (S1� �Rc<0). � ª²®° C06 ®¤®¬¥°¥ ¨ ¯ ° ¬¥²°¨§®¢  ¯ ° ¬¥²°®¬c 6= 0: C06 ' Rc>0[Rc<0; C06 = f�0 = 0; c 6= 0; � = 0g:� ª²®°¨§ ¶¨¿ C 07. �®¦¥±²¢® C7 = C \fc = � = 0g ¿¢«¿¥²±¿ ®ª°³¦®±²¼¾: C7 ' S1� , ¨´ ª²®°¨§³¥²±¿ ¢ ²®·ª³ C07 = f�0 = c = � = 0g:5 �²¥£°¨°®¢ ¨¥ £ ¬¨«¼²®®¢®© ±¨±²¥¬»5.1 �²¥£°¨°³¥¬®±²¼ £ ¬¨«¼²®®¢®© ±¨±²¥¬»�²¢¥°¦¤¥¨¥ 5.1. � ¬¨«¼²®¨ » h4, h5 ¨ E ª®¬¬³²¨°³¾² ¢ ±¬»±«¥ ±ª®¡ª¨ �³ ±±® ±® ¢±¥¬¨ ´³ª¶¨¿¬¨   ¯°®±²° ±²¢¥ T �IdM ±®¯°¿¦¥®¬ ª  «£¥¡°¥ �¨ TIdM , ².¥. ¿¢«¿¾²±¿´³ª¶¨¿¬¨ � §¨¬¨° . 13



�®ª § ²¥«¼±²¢®. � ª ª ª adX4 = adX5 = 0, £ ¬¨«¼²®¨ » h4 ¨ h5 ª®¬¬³²¨°³¾² (¢±¬»±«¥ ±ª®¡ª¨ �³ ±±® ) ±® ¢±¥¬¨ hi:fh4; hig = fh5; hig = 0; i = 1; : : : ; 5:�¥¯®±°¥¤±²¢¥®¥ ¢»·¨±«¥¨¥ ¯®ª §»¢ ¥², ·²® ½²® ¢¥°® ¨ ¤«¿ ½¥°£¨¨ E:fh1; Eg = h3 fh1; h3g| {z }h4 �h4 fh1; h2g| {z }h3 = 0;fh2; Eg = h3 fh2; h3g| {z }h5 +h5 fh2; h1g| {z }�h3 = 0;fh3; Eg = �h4 fh3; h2g| {z }�h5 +h5 fh3; h1g| {z }�h4 = 0;fh4; Eg = fh5; Eg = 0:�®½²®¬³ h4, h5 ¨ E ª®¬¬³²¨°³¾² ±® ¢±¥¬¨ hi, ².¥. ®¨ ¿¢«¿¾²±¿ ´³ª¶¨¿¬¨ � §¨¬¨°   ¤¢®©±²¢¥®¬ ¯°®±²° ±²¢¥ ª  «£¥¡°¥ �¨ T �IdM .�«¥¤±²¢¨¥ 5.1. � ¬¨«¼²®¨ » h4, h5 ¨ E ¿¢«¿¾²±¿ § ª® ¬¨ ±®µ° ¥¨¿ (².¥. ¯¥°¢»-¬¨ ¨²¥£° « ¬¨ ®°¬ «¼®£® £ ¬¨«¼²®®¢  ¯®²®ª ) ¤«¿ «¾¡®© «¥¢®¨¢ °¨ ²®© § ¤ ·¨®¯²¨¬ «¼®£® ³¯° ¢«¥¨¿   £°³¯¯¥ �¨ M .�«¥¤±²¢¨¥ 5.2. � ¬¨«¼²®®¢® ¯®«¥ ~H ¨¬¥¥² 4 ¥§ ¢¨±¨¬»¥ ¨²¥£° «  ¢ ¨¢®«¾¶¨¨: h4,h5, E, h0. �«¥¤®¢ ²¥«¼®, £ ¬¨«¼²®®¢  ±¨±²¥¬  _� = ~H(�) ¨²¥£°¨°³¥¬  ¯® �¨³¢¨««¾.�®½²®¬³ ½ª±²°¥¬ «¨ ¢ ±³¡°¨¬ ®¢®© § ¤ ·¥ ¬®£³² ¡»²¼  ©¤¥» ¢ ª¢ ¤° ²³° µ. �» ©¤¥¬ ¢»° ¦¥¨¿ ½ª±²°¥¬ «¥© ¢ ¬®¤¥«¨ ®¡®¡¹¥®© § ¤ ·¨ �¨¤®» ·¥°¥§ ½««¨¯²¨·¥±ª¨¥´³ª¶¨¨ �ª®¡¨.5.2 � ¿²¨ª ¨ ½««¨¯²¨·¥±ª¨¥ ª®®°¤¨ ²»�° ¢¥¨¥ ¬ ¿²¨ª  �� = � sin �, � 2 S1 § ¯¨±»¢ ¥²±¿ ¢ ¢¨¤¥ ±¨±²¥¬» ¯¥°¢®£® ¯®°¿¤ª ( _� = c_c = � sin � (�; c) 2 S1� �Rc:�²  £ ¬¨«¼²®®¢  ±¨±²¥¬  ± ®¤®© ±²¥¯¥¼¾ ±¢®¡®¤» ± £ ¬¨«¼²®¨ ®¬ (¨²¥£° «®¬ ½¥°-£¨¨) E = c22 � cos � 2 [�1;+1)¨²¥£°¨°³¥¬  ¢ ½««¨¯²¨·¥±ª¨µ ´³ª¶¨¿µ �ª®¡¨ (±¬. [22],   ² ª¦¥ �°¨«®¦¥¨¥).5.2.1 �««¨¯²¨·¥±ª¨¥ ª®®°¤¨ ²» ¢ S1� �Rc�¢¥¤¥¬ ª®®°¤¨ ²» ¤¥©±²¢¨¥-³£®« ('; k) ¢ ®¡« ±²¿µ   ¶¨«¨¤°¥ S1� �Rc:C1 = f(�; c) 2 S1� �Rc j E 2 (�1; 1)g; C2 = f(�; c) 2 S1� �Rc j E 2 (1;+1)g:�³¤¥¬  §»¢ ²¼ ª®®°¤¨ ²» ('; k) ½««¨¯²¨·¥±ª¨¬¨ ª®®°¤¨ ² ¬¨ ¢ ´ §®¢®¬ ¯°®±²° ±²¢¥¬ ¿²¨ª . �²¨ ª®®°¤¨ ²» ®¯°¥¤¥«¿¾²±¿ ±«¥¤³¾¹¨¬ ®¡° §®¬.14



(1) (�; c) 2 C1: 8<:sin �2 = k sn';c2 = k cn'k =rsin2 �2 + c24 2 (0; 1);' 2 [0; 4K]:(2) (�; c) 2 C2: 8><>:sin �2 = � sn 'k ;c2 = �1k dn 'k� = sgn c;k = 1qsin2 �2 + c24 2 (0; 1);' 2 [0; 2kK]:� ®¡« ±²¨ C2 ¡³¤¥¬ ¨±¯®«¼§®¢ ²¼,  °¿¤³ ± ª®®°¤¨ ² ¬¨ ('; k), ² ª¦¥ ª®®°¤¨ ²»( ; k) ² ª¨¥, ·²®  = 'k 2 [0; 2K]:5.2.2 �° ¢¥¨¥ ¬ ¿²¨ª  ¢ ½««¨¯²¨·¥±ª¨µ ª®®°¤¨ ² µ�¥£ª® ¯°®¢¥°¨²¼, ·²® ¢ ®¡« ±²¿µ Ci, i = 1; 2, ³° ¢¥¨¥ ¬ ¿²¨ª  ¢ ½««¨¯²¨·¥±ª¨µ ª®®°-¤¨ ² µ ¯°¨¨¬ ¥² ¯°®±²³¾ ´®°¬³:( _� = c_c = � sin � () ( _' = 1_k = 0�««¨¯²¨·¥±ª ¿ ª®®°¤¨ ²  ' ¿¢«¿¥²±¿ ¢°¥¬¥¥¬ ¤¢¨¦¥¨¿ ¢¤®«¼ ²° ¥ª²®°¨© ³° ¢¥¨¿¬ ¿²¨ª ,   k | ½²® ¯ ° ¬¥²°, ° §«¨· ¾¹¨© ²° ¥ª²®°¨¨ ± ° §»¬¨ ½¥°£¨¿¬¨.�«¥¤®¢ ²¥«¼®, °¥¸¥¨¿ ³° ¢¥¨¿ ¬ ¿²¨ª  ¨¬¥¾² ¢ ½««¨¯²¨·¥±ª¨µ ª®®°¤¨ ² µ¯°®±²³¾ ´®°¬³: k = const; 't = '+ t:�±«¨  · «¼»¥ § ·¥¨¿ (�; c) ¢»° §¨²¼ ¢ ²¥°¬¨ µ ½««¨¯²¨·¥±ª¨µ ª®®°¤¨ ² ('; k), ²®°¥¸¥¨¿ ³° ¢¥¨¿ ¬ ¿²¨ª  ¯°¨¬³² ±«¥¤³¾¹³¾ ´®°¬³:(1) (�; c) 2 C1: sin �t2 = k sn't;ct2 = k cn't;'t = ' + t:15



(2) (�; c) 2 C2, � = sgn c: sin �t2 = � sn t;ct2 = �1k dn t; t =  + tk :5.2.3 �««¨¯²¨·¥±ª¨¥ ª®®°¤¨ ²» ¢ C� ¯®¬¨¬, ·²® ¨²¥£° « ½¥°£¨¨ ¨¬¥¥² ¢¨¤E = h232 + h1h5 � h2h4 = c22 � � cos(� � �) 2 [��;+1):�¢¥¤¥¬ ½««¨¯²¨·¥±ª¨¥ ª®®°¤¨ ²» (k; '; �; �) ¢ ¯®¤¬®¦¥±²¢ µ C1, C2 ¨ C3 ¶¨«¨¤°  C±«¥¤³¾¹¨¬ ®¡° §®¬.� 2 C1: � 6= 0; E 2 (��; �);k =rE + �2� =rsin2 � � �2 + c24� 2 (0; 1);' 2 [0; 4K];8<:sin � � �2 = k sn(p�');c2 = kp� cn(p�'):� 2 C2: � 6= 0; E 2 (�;+1);k =r 2�E + � = 1qsin2 ���2 + c24� 2 (0; 1);' 2 [0; 2kK];8><>:sin � � �2 = � sn p�'k ;c2 = �p�k dn p�'k ;� = sgn c; = 'k : 16



� 2 C3: � 6= 0; E = �; � � � 6= �;k = 1;' 2 (�1;+1);8><>:sin � � �2 = � th(p�');c2 = � p�ch(p�') ;� = sgn c:� ½««¨¯²¨·¥±ª¨µ ª®®°¤¨ ² µ ('; k; �; �)   [3i=1Ci ¢¥°²¨ª «¼ ¿ · ±²¼ ®°¬ «¼®©£ ¬¨«¼²®®¢®© ±¨±²¥¬» _� = c; _c = �� sin(� � �); _� = _� = 0³¯°®¹ ¥²±¿: _' = 1; _k = _� = _� = 0:5.3 � ° ¬¥²°¨§ ¶¨¿ £¥®¤¥§¨·¥±ª¨µ�³±²¼ � = 1; � = 0: (38)�®£¤  £ ¬¨«¼²®®¢  ±¨±²¥¬  (23){(28) § ¯¨±»¢ ¥²±¿ ¢ ¢¨¤¥:_� = c;_c = � sin �;_x = cos �;_y = sin �;_z = 12(x sin � � y cos �) = 12(x _y � y _x);_v = 12 sin �(x2 + y2) = 12 _y(x2 + y2);_w = �12 cos �(x2 + y2) = �12 _x(x2 + y2):�²¥£° « ½¥°£¨¨ ¨¬¥¥² ¢¨¤E = c22 � cos � 2 [�1;+1):5.3.1 �«³· © � = 1, � = 0�¨¦¥ ¬» ¯®«³· ¥¬ ¢»° ¦¥¨¥ ¤«¿ ®°¬ «¼»µ £¥®¤¥§¨·¥±ª¨µ qt = (xt; yt; zt; vt; wt) ¢ ±«³-· ¥ (38) ± ¯®¬®¹¼¾ ½««¨¯²¨·¥±ª¨µ ª®®°¤¨ ² ¢ ´ §®¢®© ¯«®±ª®±²¨ ¬ ¿²¨ª , ¢¢¥¤¥»µ¢ ° §¤¥«¥ 5.2.1.�¡®§ ·¨¬ � = �0, c = c0. 17



�«³· © � 2 C1: E 2 (�1; 1). �³±²¼k =rE + 12 =rsin2 �2 + c24 2 (0; 1);'t = '+ t:�®£¤  xt = 2(E('t)� E(')) � ('t � ');yt = 2k(cn'� cn't);zt = 2k(sn't dn't � sn' dn') � k(cn'+ cn't)xt;vt = 2k sn't dn'txt � k cn'tx2t � (1� 2k2 + 2k2 cn' cn't)yt;wt = �16 �x3t + 2(2k2 � 1 + 6k2 cn2')xt + 2('t � ')+ 8k2(sn't cn't dn't � sn' cn' dn')�24k2 cn'(sn't dn't � sn' dn')� :�«³· © � 2 C2: E 2 (1;+1). �³±²¼k =r 2E + 1 = 1qsin2 �2 + c24 2 (0; 1); t =  + tk :�®£¤  xt = 2k �E( t)� E( ) � 2� k22 ( t �  )� ;yt = �2k (dn � dn t);zt = ��2(sn t cn t � sn cn )� 1k (dn + dn t)xt� ;vt = ��2 sn t cn txt � 1k dn tx2t�+ 1k2 (2� k2 � 2 dn dn t)yt;wt = �16 �x3t + 2k2 (2 � k2 + 6dn2  )xt + 2k( t �  )+ 8k (sn t cn t dn t � sn cn dn )�24k dn (sn t cn t � sn cn )� ;� = sgn c:�«³· © � 2 C3: E = 1, � 6= �. �¡®§ ·¨¬'t = '+ t:18



�®£¤  xt = 2(th't � th') � ('t � ');yt = �2� 1ch' � 1ch't� ;zt = ��2� sh'tch2't � sh'ch2 '�� � 1ch' + 1ch't�xt� ;vt = �� 2sh'txt � 1ch'tx2t�+ �1� 2ch' ch't� yt;wt = �16 �x3t + 62 + ch2'ch2 ' xt + 6('t � ')� 24ch' � sh'tch2 't � sh'ch2'�� 8(th3't � th3 ')� ;� = sgn c:�«³· ¨ � 2 C4: E = �1 ¨ � 2 C5: E = 1, � = �.xt = t;yt = 0;zt = 0;vt = 0;wt = � t36 :5.3.2 �«³· © � = 0, � = 0�«³· © � 2 C6 : c 6= 0. xt = sin �c ;yt = 1� cos �c ;zt = � � sin �2c2 ;vt = cos 2� � 4 cos � + 34c3 ;wt = sin2� � 4 sin � + 2�4c3 ;� = ct: 19



�«³· © � 2 C7 : c = 0. xt = t;yt = 0;zt = 0;vt = 0;wt = � t36 :5.3.3 �¡¹¨© ±«³· ©� ° ¬¥²°¨§ ¶¨¿ £¥®¤¥§¨·¥±ª¨µ ¢ ®¡¹¥¬ ±«³· ¥ ¯®«³· ¥²±¿ ¨§ ´®°¬³« ¤«¿ · ±²»µ ±«³· -¥¢, ¯°¨¢¥¤¥»µ ¢ ° §¤¥« µ 5.3.1, 5.3.2 ± ³·¥²®¬ ¤¢³µ¯ ° ¬¥²°¨·¥±ª®© £°³¯¯» ±¨¬¬¥²°¨©G~h0;Z ®¯¨± ®© ¢ ° §¤¥«¥ 4.3.� ª ª ª ��~h0 = X0 ¨ ��Z = Y , ¨§ �²¢¥°¦¤¥¨¿ 4.2 ±«¥¤³¥², ·²®Exp(�; t) = e�sX0 � e�rY � Exp(erZ � es~h0 (�); ter);� = (�; c; �; �) 2 C; � 2 S1; c 2 R; � � 0; � 2 S1:�³±²¼ � 6= 0. �®£¤  ¤«¿ s = ��, r = 12 ln� ¯®«³· ¥¬erZ � es~h0 : 0BB@ �c�� 1CCA 7! 0BB@ �0c0�0�0 1CCA = 0BB@ � � �c=p�10 1CCA ; ter = tp�:�®½²®¬³ ®°¬ «¼»¥ £¥®¤¥§¨·¥±ª¨¥, ±®®²¢¥²±²¢³¾¹¨¥ ¯°®¨§¢®«¼®¬³  · «¼®¬³ ª®¢¥ª-²®°³ � = (�; c; �; �) 2 C, � 6= 0 ¨¬¥¾² ¢¨¤Exp(�; c; �; �; t) = e�sX0 � e�rY � Exp(�0; c0; �0 = 1; �0 = 0; t0);�0 = � � �; c0 = cp�; t0 = tp�;s = ��; r = 12 ln�;  ½ª±¯®¥¶¨ «¼®¥ ®²®¡° ¦¥¨¥ ¤«¿ � = 1, � = 0 ¡»«® ¢»·¨±«¥® ¢ ° §¤¥«¥ 5.3.1. �¡®§ -· ¿ Exp(�; c; �; �; t) = 0BBBB@ xtytztvtwt 1CCCCA ; Exp(�0; c0; �0 = 1; �0 = 0; t0) = 0BBBB@ x0t0y0t0z0t0v0t0w0t0 1CCCCA ;¯®«³· ¥¬ 0BBBB@ xtytztvtwt 1CCCCA = 0BBBB@ e�r(x0t0 cos s + y0t0 sin s)e�r(�x0t0 sin s+ y0t0 cos s)e�2rz0t0e�3r(v0t0 cos s +w0t0 sin s)e�3r(�v0t0 sin s + w0t0 cos s) 1CCCCA :20



�³±²¼ � = 0. �®§¼¬¥¬ s = ��, ²®£¤ es~h0 : 0BB@ �c� = 0� 1CCA 7! 0BB@ �0 = 0c� = 0� 1CCA :�®½²®¬³ ¤«¿ � = (�; c; � = 0; �) 2 C £¥®¤¥§¨·¥±ª¨¥ ¨¬¥¾² ¢¨¤Exp(�; c; � = 0; �; t) = e�sX0 � Exp(�0 = 0; c; � = 0; �; t);s = ��;  ½ª±¯®¥¶¨ «¼®¥ ®²®¡° ¦¥¨¥ ¤«¿ � = 0, � = 0 ³¦¥ ¡»«® ¢»·¨±«¥® ¢ ° §¤¥«¥ 5.3.2.�¡®§ · ¿Exp(�; c; � = 0; �; t) = 0BBBB@ xtytztvtwt 1CCCCA ; Exp(�0 = 0; c0; � = 0; �; t) = 0BBBB@ x0ty0tz0tv0tw0t 1CCCCA ;¯®«³· ¥¬ 0BBBB@ xtytztvtwt 1CCCCA = 0BBBB@ x0t cos s + y0t sin s�x0t sin s + y0t cos sz0tv0t cos s +w0t sin s�v0t sin s + w0t cos s 1CCCCA :5.4 �®¤°®¡®±²¨ ¨²¥£°¨°®¢ ¨¿ £ ¬¨«¼²®®¢®© ±¨±²¥¬»�«³· © � 2 C1. �¬¥¥¬ cos �t2 = dn't;cos �t = 2dn2 't � 1;sin �t = 2k sn't dn't:�²¥£° « zt = Z _ytxt dt� xtyt2 ;¢»·¨±«¿¥²±¿ ± ¯®¬®¹¼¾ ±«¥¤³¾¹¨µ ´®°¬³«:Z sn t dn tE(t) dt = � cn tE(t) + 12 sn t dn t+ 12 Z cn t dt;Z t sn t dn t dt = �t cn t+ Z cn t dt:�²¥£°¨°®¢ ¨¥ vt = y3t6 + 12 Z x2t _yt dt21



¢»¯®«¿¥²±¿ ± ¯®¬®¹¼¾ ±«¥¤³¾¹¨µ ¨²¥£° «®¢:Z sn t dn tE2(t) dt = �E2(t) cn t +E(t) sn t dn t� �23k2 � 1� cn t� k23 sn2 t cn t+ Z E(t) cn t dt;Z t sn t dn tE(t) = �t cn tE(t) + 12 t sn t dn t + 12 cn t+ 12 Z t cn t dt+ Z cn tE(t) dt;Z t2 sn t dn t dt = �t2 cn t + 2 Z cn t dt:�²¥£° « ®² ´³ª¶¨¨ wt = �x3t6 � 12 Z _xty2t dt¡¥°¥²±¿ ± ¯®¬®¹¼¾ ±«¥¤³¾¹¨µ ´®°¬³«:Z cn2 t dn2 t dt = 13 sn t cn t dn t+ 13 �1 + 1k2�E(t) + 13 �1� 1k2� t;Z cn t dn2 t dt = 12 sn t dn t+ 12 Z cn t dt;Z cn2 t dt = �1� 1k2� t+ 1k2 E(t):�«³· © � 2 C2. �¬¥¥¬ cos �t2 = cn t;cos �t = k2 � 2k2 + 2k2 dn2  t;sin �t = 2 sn t cn t:�³ª¶¨¿ zt = xtyt2 � Z _xtyt dt¨²¥£°¨°³¥²±¿ ± ¯®¬®¹¼¾ ´®°¬³«:Z sn2 t dt = 1k2 (t � E(t));Z dn t dt = am t;Z sn2 t dn t dt = �12 sn t cn t+ 12 am t:� «¥¥, ª®¬¯®¥²  vt = y3t6 + x2tyt2 � Z xt _xtyt dt22



¢»·¨±«¿¥²±¿ ± ¯®¬®¹¼¾ ¨²¥£° «®¢Z sn2 t dn tE(t) dt = �12 sn t cn tE(t) � 16k2 dn3 t+ 12 Z E(t) dn t dt;Z t sn2 t dn t dt = �12 t sn t cn t � 12k2 dn t + 12 Z t dn t dt;Z sn2 tE(t) dt = 1k2 Z E(t) dt� 12k2 E2(t);Z t sn2 t dt = 12k2 t2 � 1k2 tE(t) + 1k2 Z E(t) dt:� ª®¥¶, ª®¬¯®¥²  wt = �x3t6 � 12 Z y2t _xt dt¢»·¨±«¿¥²±¿ ± ¯®¬®¹¼¾ ¨²¥£° « Z sn2 t dn2 t dt = �13 sn t cn t dn t+ 1� k23k2 t + 2k2 � 13k2 E(t):�«³· © � 2 C3. �»° ¦¥¨¿ ¤«¿ £¥®¤¥§¨·¥±ª¨µ ¯®«³· ¾²±¿ ¨§ °¥§³«¼² ²®¢ ¤«¿ ±«³· ¥¢� 2 C1; C2 ± ¯®¬®¹¼¾ ¯°¥¤¥«¼®£® ¯¥°¥µ®¤  k! 1� 0.6 �« ±²¨ª¨�  °¨±³ª µ 1{23 ¨§®¡° ¦¥» ¯°®¥ª¶¨¨ ®°¬ «¼»µ £¥®¤¥§¨·¥±ª¨µ   ¯«®±ª®±²¼ (x; y).�²¨ ª°¨¢»¥ (x(t); y(t)) ³¤®¢«¥²¢®°¿¾² ±¨±²¥¬¥_x = cos �;_y = sin �;�� = � sin �:� ª¨¥ ª°¨¢»¥  §»¢ ¾²±¿ ½« ±²¨ª ¬¨ �©«¥° : ®¨ ¡»«¨ ®²ª°»²» �©«¥°®¬ ª ª ±² ¶¨® °-»¥ ¯°®´¨«¨ ³¯°³£®£® ±²¥°¦¿, ±¬. [13].� ¦¤ ¿ ½« ±²¨ª  ±®®²¢¥²±²¢³¥² ¥ª®²®°®© ²° ¥ª²®°¨¨ ¬ ¿²¨ª  �t. � ª ¨§¢¥±²®, µ -° ª²¥° ¤¢¨¦¥¨¿ ¬ ¿²¨ª  ®¯°¥¤¥«¿¥²±¿ ¥£® ½¥°£¨¥©E = _�22 � cos � 2 [�1;+1):�®®²¢¥²±²¢¥® ° §«¨·³¾ ´®°¬³ ¨¬¥¾² ½« ±²¨ª¨; § ¬¥²¨¬, ·²® ª°¨¢¨§  ½« ±²¨ª¨ ° ¢ _x�y � �x _y = _�:�°¨ ¬¨¨¬ «¼®© ½¥°£¨¨ E = �1 ¬ ¿²¨ª  µ®¤¨²±¿ ¢ ³±²®©·¨¢®¬ ¯®«®¦¥¨¨ ° ¢-®¢¥±¨¿ � = 0, ¢ ½²®¬ ±«³· ¥ ½« ±²¨ª  ¿¢«¿¥²±¿ ¯°¿¬®© (�¨±. 1).�°¨ ¬ «®© ½¥°£¨¨ E 2 (�1; 1) ¬ ¿²¨ª ±®¢¥°¸ ¥² ª®«¥¡ ¨¿, ¥ ¤®±²¨£ ¿ ¥³±²®©·¨-¢®£® ¯®«®¦¥¨¿ ° ¢®¢¥±¨¿ � = �. �®®²¢¥²±²¢³¾¹¨¥ ½« ±²¨ª¨ ¨¬¥¾² ²®·ª¨ ¯¥°¥£¨¡  ¨ §»¢ ¾²±¿ ¨´«¥ª±¨®»¬¨ [13] (�¨±. 2{13).23



�°¨ ª°¨²¨·¥±ª®© ½¥°£¨¨ E = 1 ¬ ¿²¨ª «¨¡®  µ®¤¨²±¿ ¢ ¥³±²®©·¨¢®¬ ¯®«®¦¥¨¨° ¢®¢¥±¨¿ � = �, «¨¡® ±²°¥¬¨²±¿ ª ¥¬³ ¯°¨ t!�1. �®®²¢¥²±²¢³¾¹¨¥ ½« ±²¨ª¨ ±¬.  �¨±. 14, 15.�°¨ ¡®«¼¸®© ½¥°£¨¨ E 2 (1;+1) ¬ ¿²¨ª ¢° ¹ ¥²±¿ ¢ ®¤®¬  ¯° ¢«¥¨¨, ½« ±²¨ª¨±®µ° ¿¾²  ¯° ¢«¥¨¥ ¢»¯³ª«®±²¨, ¨  §»¢ ¾²±¿ ¥¨´«¥ª±¨®»¬¨ (�¨±. 16{22).� ª®¥¶, ¯°¨ ¡¥±ª®¥·®© ½¥°£¨¨ E = +1 ¬ ¿²¨ª ¢° ¹ ¥²±¿ ± ¡¥±ª®¥·®© ±ª®°®±-²¼¾, ¨ ±®®²¢¥²±²¢³¾¹ ¿ ½« ±²¨ª  | ®ª°³¦®±²¼ (�¨±. 23).�¥®¤¥§¨·¥±ª¨¥ ¢ ®¡®¡¹¥®© § ¤ ·¥ �¨¤®» | ½« ±²¨ª¨ | ®¡° §³¾² § ¬¥· ²¥«¼®¥±¥¬¥©±²¢® ª°¨¢»µ, ±®¥¤¨¿¾¹¥¥ ¯°¿¬³¾ ± ®ª°³¦®±²¼¾ | £¥®¤¥§¨·¥±ª¨¥ ¢ ª« ±±¨·¥±ª®©§ ¤ ·¥ �¨¤®».7 �°¨«®¦¥¨¥: ½««¨¯²¨·¥±ª¨¥ ´³ª¶¨¨ �ª®¡¨�««¨¯²¨·¥±ª¨¥ ¨²¥£° «» ¢ ´®°¬¥ �ª®¡¨�««¨¯²¨·¥±ª¨¥ ¨²¥£° «» ¯¥°¢®£® °®¤ :F ('; k) = Z '0 dtp1� k2 sin2 t ;¨ ¢²®°®£® °®¤ : E('; k) = Z '0 p1� k2 sin2 t dt:�®«»¥ ½««¨¯²¨·¥±ª¨¥ ¨²¥£° «»: K(k) = F ��2 ; k� ;E(k) = E ��2 ; k� :�¯°¥¤¥«¥¨¥ ½««¨¯²¨·¥±ª¨µ ´³ª¶¨© �ª®¡¨' = amu , u = F ('; k);snu = sin amu;cnu = cos amu;dnu =p1� k2 sn2 u;E(u) = E(amu; k):�² ¤ °²»¥ ´®°¬³«»�°®¨§¢®¤»¥ ¨ ¨²¥£° «» am0 u = dnu;sn0 u = cn u dnu;cn0 u = � sn u dnu;dn0 u = �k2 snu cnu:24



Z u0 dn2 t dt = E(u):�»°®¦¤¥¨¥k! +0 ) snu! sinu; cn u! cosu; dnu! 1; E(u)! u;k! 1� 0 ) snu! thu; cn u; dnu! 1ch u; E(u)! thu:�« £®¤ °®±²¼�¢²®° ¢»° ¦ ¥² ¡« £®¤ °®±²¼ ¯°®´. �.�. �£° ·¥¢³ §  ¯®±² ®¢ª³ § ¤ ·¨ ¨ ¯®«¥§»¥ ±®-¢¥²» ¢® ¢°¥¬¿ ° ¡®²».�®«¼¸ ¿ · ±²¼ ¤ ®© ° ¡®²  ¡»«  ¢»¯®«¥  ¢® ¢°¥¬¿ ±² ¦¨°®¢ª¨ ¢ �¥¦¤³ °®¤®©¸ª®«¥ ¢»±¸¨µ ¨±±«¥¤®¢ ¨© ¢ �°¨¥±²¥, �² «¨¿.�¯¨±®ª «¨²¥° ²³°»[1] Agrachev A.A. Exponential mappings for contact sub-Riemannian structures // JournalDyn. and Control Systems. �. 2. N 3. 1996. �. 321{358.[2] �£° ·¥¢ �.�., � °»·¥¢ �.�. �¨«¼²° ¶¨¿  «£¥¡°» �¨ ¢¥ª²®°»µ ¯®«¥© ¨ ¨«¼¯®²¥² ¿ ¯¯°®ª±¨¬ ¶¨¿ ³¯° ¢«¿¥¬»µ ±¨±²¥¬// �®ª«. �� ����. 1987. �. 295.[3] Agrachev A.A., Sachkov Yu. L. Control Theory from the Geometric Viewpoint// PreprintSISSA 77/2002/M, SISSA, Trieste, Italy.[4] Agrachev A.A., Sachkov Yu.L. An Intrinsic Approach to the Control of Rolling Bodies//Proceedings of the 38-th IEEE Conference on Decision and Control, Phoenix, Arizona,USA, December 7{10, 1999, vol. 1, 431{435.[5] El-Alaoui C., Gauthier J.P., Kupka I. Small sub-Riemannian balls on R3// Journal Dyn.and Control Systems. �. 2. N 3. 1996. �. 359{421.[6] Anzaldo-Menezes A., Monroy-P�erez F. Charges in magnetic �elds and sub-Riemanniangeodesics// In: Contemporary trends in nonlinear geometric control theory and itsapplications, World Scienti�c, 2002, pp. 183{202.[7] �°®«¼¤ �.�. � ²¥¬ ²¨·¥±ª¨¥ ¬¥²®¤» ª« ±±¨·¥±ª®© ¬¥µ ¨ª¨, �.: � ³ª , 1989.[8] Bellaiche A. The tangent space in sub-Riemannian geometry// In: Sub-Riemanniangeometry, A. Bellaiche and J.-J. Risler, Eds., Birkh�auser, Basel, Swizerland, 1996, 1{78.[9] Bicchi A., Prattichizzo D., Sastry S. Planning motions of rolling surfaces// IEEE Conf. onDecision and Control, 1995.[10] �®· °®¢ �.�., �¥°¡®¢¥¶ª¨© �.�., �¨®£° ¤®¢ �.�. ¨ ¤°. �¨¬¬¥²°¨¨ ¨ § ª®» ±®µ° -¥¨¿ ³° ¢¥¨© ¬ ²¥¬ ²¨·¥±ª®© ´¨§¨ª¨, �.: � ª²®°¨ «, 1977.25
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