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Ñâîáîäíûå íèëüïîòåíòíûå ñóáðèìàíîâû çàäà÷è ðàíãà 2

Ñâîáîäíàÿ íèëüïîòåíòíàÿ àëãåáðà Ëè

ñ 2-ìÿ îáðàçóþùèìè, äëèíû r :

L = Lie(X1,X2) � ëåâîèíâàðèàíòíûå âåêòîðíûå ïîëÿ íà

ñîîòâåòñòâóþùåé ñâÿçíîé îäíîñâÿçíîé ãðóïïå Ëè G

[Xir+1 , . . . , [Xi2 ,Xi1 ] . . . ] = 0, i1, . . . , ir+1 ∈ {1, 2}

Ëåâîèíâàðèàíòíàÿ ñóáðèìàíîâà çàäà÷à:

q̇ = u1X1(q) + u2X2(q), q ∈ G , u = (u1, u2) ∈ R2,

q(0) = q0, q(t1) = q1,∫ t1

0

√
〈q̇, q̇〉 dt =

∫ t1

0

√
u21 + u22 dt → min .

G = Rn
x1...xn , èçîïåðèìåòðè÷åñêàÿ çàäà÷à äëÿ êðèâûõ â R2

x1x2



Çàìêíóòûå êðèâûå (x1(t), x2(t))

• r = 2 ⇒ âåêòîð ðîñòà (2, 3)
ôèêñèðîâàííàÿ ïëîùàäü

çàìêíóòûå êðèâûå: îêðóæíîñòè

• r = 3 ⇒ âåêòîð ðîñòà (2, 3, 5)
ôèêñèðîâàííûå ïëîùàäü è öåíòð ìàññ

çàìêíóòûå êðèâûå: îêðóæíîñòè, ýéëåðîâà

ýëàñòèêà-âîñüìåðêà

• r = 4 ⇒ âåêòîð ðîñòà (2, 3, 5, 8)
ôèêñèðîâàííûå ïëîùàäü, öåíòð ìàññ, è 3 ìîìåíòà

çàìêíóòûå êðèâûå: îêðóæíîñòè, ýéëåðîâà

ýëàñòèêà-âîñüìåðêà, êðèâàÿ ñ 2-ìÿ ïåòëÿìè (Æ.-Ï. Ãîòüå,

øàð ñ ïðèöåïîì íà ïëîñêîñòè)



Ñâîáîäíûå íèëüïîòåíòíûå ñóáðèìàíîâû çàäà÷è

ðàíãà 2, äëèíû r

L = Lie(X1,X2) = span(X1, . . . ,Xn)
n =

∑r
k=1 `2(k), k`2(k) = 2k −

∑
j |k j`d (j)

q̇ = u1X1(q) + u2X2(q), q ∈ G , u = (u1, u2) ∈ R2,

q(0) = q0, q(t1) = q1,∫ t1

0

√
〈q̇, q̇〉 dt =

∫ t1

0

√
u21 + u22 dt → min .

Íîðìàëüíàÿ ãàìèëüòîíîâà ñèñòåìà

ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà:

hi (λ) = 〈λ,Xi 〉, λ ∈ T ∗G ,
H(λ) = 1

2
(h21(λ) + h22(λ))

λ̇ = ~H(λ) èíòåãðèðóåìà ïî Ëèóâèëëþ?



Èíòåãðàëû ãàìèëüòîíîâîé ñèñòåìû
Ñèììåòðèè:

• ïðàâûå ñäâèãè íà G

Y1, . . . ,Yn ∈ Vec(G ), (Rg )∗Yi = Yi

• Âðàùåíèÿ â ∆ = span(X1,X2):
Z ∈ so(∆)

Àëãåáðà Ïóàññîíà èíòåãðàëîâ ãàìèëüòîíîâà ïîëÿ ~H:

I = span(H; g1, . . . , gn; f ; C1, . . .Ck)

• Ãàìèëüòîíèàí ñèñòåìû H,

• Ïðàâîèíâàðèàíòíûå ãàìèëüòîíèàíû gi (λ) = 〈λ,Yi 〉,
• Ãàìèëüòîíèàí âðàùåíèÿ f (λ) = 〈λ,Z 〉,
• ôóíêöèè Êàçèìèðà Cj : L∗ → R, {Cj , hi} = 0 ∀ i = 1, . . . , n.

1) ~H èíòåãðèðóåìî ïî Ëèóâèëëþ?

2) I ñîäåðæèò n íåçàâèñèìûõ èíòåãðàëîâ â èíâîëþöèè?



Âåêòîð ðîñòà (2, 3)

L = Lie(X1,X2) = span(X1,X2,X3)
[X1,X2] = X3

G = R3
xyz

X1 = ∂
∂ x
− y

2
∂
∂ z
, X2 = ∂

∂ y
+ x

2
∂
∂ z
, X3 = ∂

∂ z

λ̇ = ~H(λ) :


ḣ1 = −h2h3
ḣ2 = h1h3

ḣ3 = 0

q̇ = h1X1 + h2X2

Èíòåãðèðóåìîñòü â òðèãîíîìåòðè÷åñêèõ ôóíêöèÿõ

Çàìêíóòûå êðèâûå (x(t), y(t)) � îêðóæíîñòè

Àíîðìàëüíûå òðàåêòîðèè òðèâèàëüíû



Èíòåãðèðóåìîñòü ïî Ëèóâèëëþ â ñëó÷àå (2, 3)

• Ïðàâîèíâàðèàíòíûé ðåïåð Y1,Y2,Y3 ∈ Vec(G ),
Yi (Id) = −Xi (Id):
Y1 = − ∂

∂ x
− y

2
∂
∂ z
, Y2 = − ∂

∂ y
+ x

2
∂
∂ z
, Y3 = − ∂

∂ z

• Âðàùåíèå X0 = y ∂
∂ x
− x ∂

∂ y

Èíòåãðàëû ïîëÿ ~H:

• Ãàìèëüòîíèàí ñèñòåìû H = (h21 + h22)/2

• Ïðàâîèíâàðèàíòíûå ãàìèëüòîíèàíû

g1 = −h1 − yh3, g2 = −h2 + xh3, g3 = −h3
• Ãàìèëüòîíèàí âðàùåíèé h0(λ) = 〈λ,X0〉
• Ôóíêöèÿ Êàçèìèðà h3

Àëãåáðà èíòåãðàëîâ: I = span(H, g1, g2, g3, h0)

Àáåëåâà ïîäàëãåáðà: Ĩ = span(H, g2, g3)



Âåêòîð ðîñòà (2, 3, 5)

L = Lie(X1,X2) = span(X1,X2,X3,X4,X5)

[X1,X2] = X3, [X1,X3] = X4, [X2,X3] = X5

G = R5
xyzvw

X1 = ∂
∂ x
− y

2
∂
∂ z
− x2+y2

2
∂
∂ w

, X2 = ∂
∂ y

+ x
2

∂
∂ z

+ x2+y2

2
∂
∂ v

,

X3 = ∂
∂ z

+ x ∂
∂ v

+ y ∂
∂ w

, X4 = ∂
∂ v

, X5 = ∂
∂ w

λ̇ = ~H(λ) :



ḣ1 = −h2h3
ḣ2 = h1h3

ḣ3 = h1h4 + h2h5

ḣ4 = ḣ5 = 0

q̇ = h1X1 + h2X2



Èíòåãðèðóåìîñòü ïîëÿ ~H â ñëó÷àå (2, 3, 5)
2H = h21 + h22 = r2 = const

h1 = r cos θ, h2 = r sin θ, h3 = c , h4 = α sinβ, h5 = −α cosβ

θ̇ = c , ċ = −αr sin(θ − β), α̇ = β̇ = 0

E = c2/2− αr cos(θ − β) ýíåðãèÿ ìàÿòíèêà

Èíòåãðèðóåìîñòü â ôóíêöèÿõ ßêîáè

(x(t), y(t)) ýëàñòèêè Ýéëåðà

Çàìêíóòûå êðèâûå (x(t), y(t)): îêðóæíîñòè è

ýëàñòèêà-âîñüìåðêà

Àíîðìàëüíûå òðàåêòîðèè � ïðÿìûå



Èíòåãðàëû ïîëÿ ~H â ñëó÷àå (2, 3, 5)

• Ãàìèëüòîíèàí ñèñòåìû H = (h21 + h22)/2

• Ïðàâîèíâàðèàíòíûå ãàìèëüòîíèàíû g1, g2, g3, g4 = −h4,
g5 = −h5

• Ãàìèëüòîíèàí âðàùåíèÿ h0(λ)

• Ôóíêöèè Êàçèìèðà E =
h2
3

2
+ h1h5 − h2h4, h4, h5

Àëãåáðà èíòåãðàëîâ: I = span(H, g1, . . . , g5, h0, E )

Àáåëåâà ïîäàëãåáðà: Ĩ = span(H, g3, g4, g5, E )



Âåêòîð ðîñòà (2, 3, 5, 8)

L = Lie(X1,X2) = span(X1, . . . ,X8)

[X1,X2] = X3, [X1,X3] = X4, [X2,X3] = X5, [X1,X4] = X6,

[X1,X5] = [X2,X4] = X7, [X2,X5] = X8.

G = R8
x1...x8

Ïîñòðîåíèå ðåàëèçàöèè ñâîáîäíîé íèëüïîòåíòíîé àëãåáðû Ëè

ïîëèíîìèàëüíûìè âåêòîðíûìè ïîëÿìè:

M.Grayson, R.Grossman, Nilpotent Lie algebras and vector �elds

(1989)



Ëåâîèíâàðèàíòíûé ðåïåð â ñëó÷àå (2, 3, 5, 8)

X1 =
∂

∂ x1
− x2

2

∂

∂ x3
− x21 + x22

2

∂

∂ x5
− x1x

2
2

4

∂

∂ x7
− x32

6

∂

∂ x8
,

X2 =
∂

∂ x2
+

x1

2

∂

∂ x3
+

x21 + x22
2

∂

∂ x4
+

x31
6

∂

∂ x6
+

x21 x2

4

∂

∂ x7
,

X3 =
∂

∂ x3
+ x1

∂

∂ x4
+ x2

∂

∂ x5
+

x21
2

∂

∂ x6
+ x1x2

∂

∂ x7
+

x22
2

∂

∂ x8
,

X4 =
∂

∂ x4
+ x1

∂

∂ x6
+ x2

∂

∂ x7
,

X5 =
∂

∂ x5
+ x1

∂

∂ x7
+ x2

∂

∂ x8
,

X6 =
∂

∂ x6
, X7 =

∂

∂ x7
, X8 =

∂

∂ x8
.



Íîðìàëüíîå ãàìèëüòîíîâî ïîëå â ñëó÷àå (2, 3, 5, 8)

λ̇ = ~H(λ) :



ḣ1 = −h2h3,
ḣ2 = h1h3,

ḣ3 = h1h4 + h2h5,

ḣ4 = h1h6 + h2h7,

ḣ5 = h1h7 + h2h8,

ḣ6 = ḣ7 = ḣ8 = 0,

q̇ = h1X1(q) + h2X2(q)



Èíòåãðàëû ïîëÿ ~H â ñëó÷àå (2, 3, 5, 8)

• Ãàìèëüòîíèàí ñèñòåìû H = (h21 + h22)/2

• Ïðàâîèíâàðèàíòíûå ãàìèëüòîíèàíû g1, g2, g3, g4, g5,

g6 = −h6, g7 = −h7, g8 = −h8
• Ãàìèëüòîíèàí âðàùåíèÿ h0

• Ôóíêöèè Êàçèìèðà

C = h25h6− 2h4h5h7 + h24h8− 2h3(h6h8− h27) = C (g3, . . . , g8),
h6, h7, h8

Àëãåáðà èíòåãðàëîâ: I = span(H, g1, . . . g8, h0)

Àáåëåâà ïîäàëãåáðà: Ĩ = span(H, g3, . . . g8)

~H èíòåãðèðóåìî ïî Ëèóâèëëþ?



Ðåäóêöèÿ âåðòèêàëüíîé ïîäñèñòåìû

äëÿ ñèñòåìû λ̇ = ~H(λ)
2H = h21 + h22 = 1

h1 = cos θ, h2 = sin θ,
h3 = c , h4 = a, h5 = b, h6 = m, h7 = p, h8 = n

θ̇ = c,

ċ = a cos θ + b sin θ,

ȧ = m cos θ + p sin θ,

ḃ = p cos θ + n sin θ,

m, n, p = const .

δ = p2 −mn 6= 0⇒
θ̇ = (2pab − na2 −mb2)/(2δ) + k ,

ȧ = m cos θ + p sin θ,

ḃ = p cos θ + n sin θ, m, n, p, k = const .



Ïðîåêöèè (x1(t), x2(t)) íîðìàëüíûõ ýêñòðåìàëåé

Ñïåöèàëüíûå ñëó÷àè:

• c = a = b = m = n = p = 0⇒ (x1(t), x2(t)) ïðÿìûå

• a = b = m = n = p = 0⇒ (x1(t), x2(t)) îêðóæíîñòè

• m = n = p = 0⇒ (x1(t), x2(t)) ýëàñòèêè Ýéëåðà

Îáùèé ñëó÷àé ⇒ (x1(t), x2(t)) îáîáùåííûå ýëàñòèêè

Çàìêíóòûå îáîáùåííûå ýëàñòèêè?

Æ.-Ï. Ãîòüå: êðèâûå ñ 3-ìÿ ïåòëÿìè (Øàð ñ ïðèöåïîì íà

ïëîñêîñòè)



Îáîáùåííûå ýëàñòèêè
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Îáîáùåííûå ýëàñòèêè
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Îáîáùåííûå ýëàñòèêè
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Àíîðìàëüíûå òðàåêòîðèè äëÿ ñëó÷àÿ (2, 3, 5, 8)

h1 = h2 = h3 = 0,(
ḣ4
ḣ5

)
= A

(
h4
h5

)
, A =

(
h7 −h6
h8 −h7

)
= const

ḣ6 = ḣ7 = ḣ8 = 0,

q̇ = −h5X1 + h4X2.

• detA < 0 ⇒ (x1(t), x2(t)) ãèïåðáîëû,

• detA > 0 ⇒ (x1(t), x2(t)) ýëëèïñû,

• detA = 0 ⇒ (x1(t), x2(t)) ïàðàáîëû èëè ïðÿìûå.

Ãèïåðáîëû è ïàðàáîëû íå ÿâëÿþòñÿ íîðìàëüíûìè

òðàåêòîðèÿìè ⇒ îíè ñòðîãî àíîðìàëüíû



Çàêëþ÷åíèå

• Ñâîáîäíàÿ íèëüïîòåíòíàÿ ñóáðèìàíîâà çàäà÷à ñ âåêòîðîì

ðîñòà (2, 3, 5, 8),

• Ðåàëèçàöèÿ â R8,

• Ñèììåòðèè íîðìàëüíîé ãàìèëüòîíîâîé ñèñòåìû,

• Èíòåãðàëû íîðìàëüíîé ãàìèëüòîíîâîé ñèñòåìû:

10 èíòåãðàëîâ, èç íèõ â èíâîëþöèè ëèøü 7,

• Ïðîåêöèè àíîðìàëüíûõ òðàåêòîðèé � êðèâûå 2-ãî ïîðÿäêà,

• Ñóùåñòâóþò ñòðîãî àíîðìàëüíûå ýêñòðåìàëüíûå

òðàåêòîðèè,

• Âû÷èñëåíû ôóíêöèè Êàçèìèðà è îðáèòû

êîïðèñîåäèíåííîãî ïðåäñòàâëåíèÿ,

• Íàïèñàíû 2 ñòàòüè, 3-ÿ â ðàáîòå.


